Real Analysis Comprehensive/Qualifying Exam August, 2020

Instructions: You must solve 2 problems from Part I, 2 problems from Part II, and 1 problem
from Part III. All problems have equal weight. Each solution submitted must be written on a
separate sheet of paper with your name and problem number at the top. Indicate on a separate
sheet the problems you omit.

Carefully show all your steps. You may appeal to a well known theorem, but state it precisely
and show that the hypothesis is clearly satisfied. Unless otherwise indicated, all references to
measure and integration are in the sense of Lebesgue, and A\ denotes Lebesgue measure on R.
Be sure to write the number for each problem you work out, and write your name clearly at the
top of each page you turn in for grading. You have three hours. Good luck!

Part I. Choose 2 of the following 3 problems.

1. Let P(X) denote the class of all subsets of a non-empty set X. Suppose that p is finitely
additive measure on a field Y C P(X), and p(X) < co. Prove that u is countably additive
on U if and only if for each decreasing sequence

A1 DA DDA, D
in U, with N5, A, = 0, we have lim;,,_,o u(Ay) = 0.
2. Let A C (0,1) be a measurable set and A(A) = 0. Show that

Mz?:x€ A} =0 and Mz:2z€ A} =0.

3. Suppose that p is a measure on B; := B(R!) that is finite for bounded sets, and is
translation-invariant, i.e., u(B + z) = u(B) for all B € By and = € RL.

(i) Show that pu(B) = aA(B) for some a > 0.

(ii) Does the above result extend to R%? Explain.

Part II. Choose 2 of the following 3 problems.

1. Let n
fn(@) = 2(na)"
for x > e and n € N.
(i) For which n € N does the Lebesgue integral [ f,,(z)dxz exist?
(ii) Determine limy,_o0 frn(x) for z > e.

(iii) Does the sequence { f,} satisfy the assumptions of Lebesgue’s dominated convergence
theorem?




Real Analysis Comprehensive/Qualifying Exam August, 2020

2. For n > 3, let
n2x if 0<z<1/n

fn@)=42n—n’z if 1/n<x<2/n

0 if 2/n <z <1.

\

Sketch the graphs of f3 and f;. Prove that if g is a continuous real-valued function on

[0, 1], then
1

lim [ fu(z)g(z)dz = g(0).

n—oo 0

(Hint: First show that fol fo(z)dz =1.)
3. Let (X, M, ) and (Y, N, v) be two measure spaces given by X =Y = [0, 1];
M =N = Bjy1j; i = Lebesgue measure on [0, 1] and v = counting measure on [0, 1].
If D={(x,z): 2 €[0,1]} is the diagonal in X x Y, then find
() [y [x 1pdpdv, [ [y 1pdvdp, and [y 1pd(p x v).
(Hint: To compute [y, 1pd(p x v) = (u x v)(D), use the definition of p x v.)
(ii) Explain why Fubini’s theorem fails in part (i).

Part III. Choose 1 of the following 2 problems.

1. (i) If F is absolutely continuous on [0, 1], then show that F' is a function of bounded
variation on [0, 1].

(ii) Does the converse to (i) hold? If so, prove it. Otherwise, give a counterexample.

2. Suppose that p and v are o-finite measures on a measurable space (X, M) with v << pu.

d d
Define p = pu + v. Ifd—]/:f, prove that 0 < f <1 p a.e. and d—yzf/(l—f).
p u




