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The Ginzburg+Landau energy functional may be represented in the following dimensionless
form,*

0 Ll AT S
E:f —|c|*+ ——+|H|*+|Vc—iAc

2 K

2
)dxdy, ~1.1

in which C is the ~complex superconducting order parameter, such ti@&t varies from|C|
=0 ~when the material is at a normal state |C |=1 ~or the purely superconducting stat&he
magnetic vector potential is denoted By-the magnetic ®eld is, then, given b=V X A), and
k is the Ginzburg+Landau parameter which is a material property. Superconductors for which
k<1W2 are termed type | superconductors, and those for wkieti//2 have been termed type
Il. Note thatE is invariant to the gauge transformation
C—ekie; A-A+VUL .2

We look for local minimizers ofE in the semi-in®nite strilS=${x,y) e R?|—l< x<|;0
< y% n the the case where the applied magnetic ®eld is constant and perpendicular to the plane.
The EulertlLagrange equations associated W&itlthe steady state Ginzburg+Landau equations
are given by

H 2
|
(;V+A) c=c-~1-|cl?, ~1.3d

i
—V><~V><A!=ﬂ~C*VC—CVC*!+|C|2A. ~1.30

The natural boundary conditions satis®ed] éhfor this problem are

% c-=0, ~.44d

i
Lven
H=h2z. ~.4H
As the Ginzburg+Landau equations are gauge-invariant, we may choose the-fydiogéng

Refs. 15 and 16A=(0,A(X,y),0). Thus,H=(0,0H(x,y)) andH=]A/]x. We then linearize
~1.3 near the normal stat€[ 0, A=hx, to which end we assume the asymptotic expansion

Cc=ée"c, ~1.5d
A=hx+ ea, -1.50
h=h©®+en@ ... ~1.5d
a=a@+ea®+---, ~1.5d
c=cOt+ecD4.... ~1.5d
Applying the transformations
h(©)

1_ 1_ 1
x'=kx, y=ky, h PR

the linearized form of1.3d becomes@e omit the superscripts 1 anfl! in the following#
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—(%4—% +2ihx%=c—h2xzc. ~1.6

The boundary conditiorl.4d for the speci®c gauge we have chosen becomes, after linearization,
c,—+1,y!'=0, ~1.7d
icy~,0l+hxc~x,0!=0. ~.70

As some of the results we obtain in the next two sections are based on the linear bifurcation
analysis of the Ginzburg+Landau equations in the in®nite @ripl#xXR, we brie'y review
some of the results in Ref. 5. In this case the conditions which should be satis®ed on the boundary
of the ®Im-strip! are given by~1.7d. Some of the solutions ofl.6 together with~1.7d are
expressible in the form

c~x,y!=F~le 'V, 1.8
whereinF satis®es
F"—@hx—v!2— 14 =0, .94
F'~+11=0. -1.90
The general solution of1.94 is
Fx!=CiU~!+CU—/!, .10

where

2
JXv!i= \[ﬁ~hx—v!, ~.11

U(x)[ U(a,x) is a parabolic cylinder functioror Whitaker's functioh, anda= —1/(2h).
Nontrivial solutions to-1.9 exist iff

U'~5~— 1 viU —jd vl —U'~4,vIU ~—j—1,vII=0 .12

for some real value of. Equation~1.12, thus, implicitly de®nes a functidm=h(l,v) -€f. Ref.
5. Furthermore, leh;p(1) be the in®mum of the set &f values inR* s.t. the normal solution
(c[ 0,H=h) is a local minimizer ofE. Then,

hip~!= suph~,v!. ~1.13

veR

In the next section we derive the asymptotic behavior of solutionsl@ and ~1.7! for
y>1. We ®rst prove the following result:
Theorem 1: Any solution of (1.6) and (1.7) for which>hh, satis®ed e>0

lim|c~x,y!|e®vo~ @Y=,
y—'

wherev  is the root of (1.12) with the smallest positive imaginary p@r ,>0).
Note that the roots ofL.12 depend on the value tfs, the onset ®eld ofl.68! and~1.7. Once
hs is found, the exponential rate of decay oftan be easily deduced fror.12.
In the second part of Sec. Il we ®nd, after making two mild assumptions on the redt$af
the exact asymptotic form af for y>1. In Sec. Ill we prove compactness of the set of solutions
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of 4.7 in the rectangle®, = @-|,|#<X @,L#for L> L,>0. The compactness proof as well as the
proof of Theorem 1 assume the inequality>h,p . In Sec. IV we prove this inequality by using
a variational approach, concluding the proof of the following theorem.
Theorem 2: The onset ®eld of (1.6) and (1.7) lexists and is greater than the one-
dimensional onset ®eld f.
From the results in Sec. Il we may then deduce the existence of at least one onset 8ode in
We conclude Sec. IV by proving that the onset ®elR,in h, tends tohgasL—" . Under the
assumptions made in Sec. Il on the rootsbfl2 we also show thalt, is strictly greater thahg.

II. ASYMPTOTIC BEHAVIOR OF SOLUTIONS

In the following we obtain the leading order behavior of solutionslo® in the semi-in®nite
strip S satisfying~1.7! on its boundary S. To this end we ®rst take the Fourier transformio6!
in they direction, i.e., we multiply it by exp-ivy%@nd integrate between 0 and Integration by
parts then yields

— &+ @hx—v 12— 1#B=i-hx—v1c~,0l, 2.14
A —+1=0, 2.14
where
5~x,v!=J e Wex,y! dy. 2.2
0

The solution of2.1d can be written in the form
- |
A~x,v!=if ~hs—v!IG~x,s,v!c~s,0 ds, 2.3
~1

in which Green's functior is given by

G~X,s,v!
=m-~h!
[(@~MU'~— 1 +U~— AU A 1#@ ~—j~— 11U~ 1+ U '~ ~— 11U~ 1 #
U5~y ~—j~1n—u’'~5 41y’ ~—j~—I '
X<S,
% @~MU'~—j~—I1+U~— MU' ~—I1#@ ~— 41U~ 1 +U' 51U~ I #
U5~y ~—j~1—u’'~5 41y’ ~—j~—I '
L X>S,
2.4
wherein
el = G-1/2+al 25
2yph '

j=j(x,v) is given by-1.11, and/7=j (s,v). We note that2.3 is valid only whenG exists for
all v, i.e., when the denominator 2.4 does not vanish. The largest valuetofat which the
denominator vanishes, or at whieh.12 is satis®ed, for some= v, is exactly the onset ®eld of
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ip es

FIG. 1. The path of integration in the complex plane along which the integrél is evaluated.

the one-dimensional problem, by . Thus, the analysis in the rest of this section is valid only for
h values which are greater théipp . In Sec. IV we prove that the onset ®eld for the semi-in®nite
strip S, hg, is indeed greater tham . B

In view of 2.2 the inverse Fourier transform d¥ is

cxy!, y>0,

1 R

5P.V.f\e“/y6~x,v!dv= 1c~,01, y=0, 2.6
0, y<o.

As stated earlier we seek an approximatiorcgk,y) for y>1. We obtain such an approxi-
mation by using complex plane methods when evaluating the Fourier integralaln Figure 1
displays the path, denoted in the following By along which the integration is carried in the
complex plane. We now calculate the integral

f eVYAx vidy 2.7

along the various parts @ We note that that the Fourier transformafé{(x,v), need not exist
for all Jv >0. Yet, its analytic continuation, de®ned 43, does exist irC, except perhaps for
a ®nite number of poles, where the denominateRidl vanishes. For real values of for which
2.2 is valid, it can be shown via integration by parts that

~ c~x,0! 1
Ax,v!; i O(F . 2.8

It is easy to show tha®.8 remains valid orC,. andC_ as long as(x,v) is analytic in the strip
0< Jv< b. Furthermore;2.8 remains valid even if\x,v) possesses a ®nite number of poles in
C. To prove it we just need to subtract the singular te@isich are of the fornC, (v — v )~ "«#
The remainder would then be analytic @ and one can substitute its inverse Fourier transform
into 2.2, and obtain2.8 once again via integration by parts.

By 2.8, the integrals along the segmeigts andC_ decay in the limitR—" . The integral
on the interval@- R,R#tends, by de®nition, te2.6!. To estimate the integral alortf}, we utilize
the asymptotic approximationsf., for instance, Ref. 17

C,~z! 3
o Pl —a-112 1 | ﬁz_ . 0< argz<—-,
Umazl— ~2.9d
V2p 24 a-1/ Gzt 3p
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1 > C,2! 3
_ T a4, —-a+1/2 <
. | 2e z 1+ —2—|Z| , 0O< argz L o
~a,z! = 2.
’ Vp 2 Csz!| 3p
P oA a2y o
sGazral® YT gE | g TaneEe

in which C;(z) (i=1,2) and their derivatives are bounded in any sectoradgz<3p/4— e for
positive ¢ and, similarly,C;(z) (i=3,4) are bounded in@3/4— e< argz< p. Similar expansions
are satis®ed in the lower half-plane. Fqr/8 — e< argz<3p/4 — e we have

2 V2p 2 1
I —2°l4,—a-12 214 ja-12|| q 4 = 2.
U-a,z!; |e z Giral e z! 1+0 |z|2”’ 2.10d4
1 Jp ) 1
’ 1- _ T Az, —a+ 12 z°lA___ 5ja—1/2 T -
U’'-a,z!; 5€ "z 2Ga/27ar® z! 1+0 |z|2) . 2.104
From the above approximations it can easily be deduced that
: b .
Gx,s,R+ib!; Gx,s,R!1+0 R/|: @s R—".
and hence, in view 0f2.3, that
~ _ ~ b .
ExR+ib!; AxR![1+0 5| as R 2.11

@ote that the above approximation can be obtained directly fa@ as well# Consequently,

U eVYAx vidv|<C-ple b, 2.12
Cp

We conclude that if1.12 is not satis®ed insidg, then
|c~x,y!l|<C~ble .

For suf®ciently largeh, however,~1.12 is satis®ed inside the contodron a ®nite set of
points. We demonstrate this fact by calculating the phase change of the left-hand-sld&2of
along asymptotically large circles centered on the origin. Utilizia@ and the identity

G- —al
U~axl= —— @ iP@2+ Uy 5 ix| + e P@2+ 14y 5 —ixI#
2p

we ®nd

| | y y o 2lv, |v|<pl2,
P MU ~— 1 —U ~ AU ~— f~—] 11
ogfJ'~ nu'~—j~Adn—-u’'5~nu’'—j 1195 “alv. pla<|argv]<p.

2.13
For p/2— e<|argv|<p/2+ e the derivative of the left-hand-side is boundedRis:" , except
perhaps for a countable set of points whetel2 is satis®ed. Consequently,

J =-~8l-CéelR,

d
j' ‘ d—vlog$U’~j~—|!!U’~—j4!!—U’~j4!!U’~—j~—|!!%v
v|=R
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whereC is independent oR. As e can be set to be arbitrarily small, the phase change of the
left-hand-side in<1.12 along the circle$v|=R tends to' asR—" . Therefore, by the argument
principle 4.12 is satis®ed countably many timesGn

Suppose, then, thafl.12 is satis®ed on the s$/,f=iak+igk9{iL1 (a,> 0) inside the
contour. We note that if1.12 is satis®ed av =a+ig, it must be satis®Red at=—a+ig as
well, since the equation is invariant to the transformation — v *. Yet, a may be equal to zero.
Such indeed is the situation in the one-dimensional case, for which it was pravat for
suf®ciently small only symmetric solutions can exi@nd thusv =0 in ~1.8# We arrange the set
of zeros such thay,, ;> g. Then, since

N
cx,y!; 2pi( @esv, B, vieu Resy  Ax vieYogrOe Y1, 214
k¥=1
we have
cx,y!; O~e 91, 2.18

which proves Theorem 1.
Note that-2.14 does not guarantee that Iyim‘ cel9 @Y=" as the relevant residues may

vanish. To have the above asymptotic behavior we must have
! + =+
J ~hx—vy!Fy~x!c~,0! dxp O, -2.14
-

whereF; :@-1,l1#—Cis any solution of1.9 with h=hgandv =v, (F, is just the same for

v=v,). As -2.1d seems quite plausible, we shall assume it through the rest of this section.
It is possible to obtain, however, not only the exponential rate of decayasy— " , but also

the exact form of the leading order term 2.14. We assume, to this end, thag, are simple

poles ofé(x,v), and that no more than two poles for whigh = g, coexist, i.e.,
g0<gl' ""217’

Utilizing ~.12, we obtain from-2.14, 2.3, and-2.4

cxy!; Ce VgL, +f !g~x,v§!e‘aoy+~£‘,;ﬁ§¥—x,vgle“aoy% 2.184
wherein
gXVvil=U~5xv U 5, —vgll+U~—j~x, v U ~—j~,—vg !, 2184

/J,,g:C@I,I#—»C is the functional

|
E"Jf:f,, g~s, vy !~hs—v{!f~slds, 2.18¢

and
A=A g, 2.18d

where f(s)=c(s,0). If 2.17 is violated~which we believe to be very unlikelyit would be
necessary to introduce additional terms2nl84d re ecting the additional poles ofiv =g,. It is
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not dif®cult to show, using?2.9 and-2.10Q, that the number of such poles is ®nite. If one of the
poles is not simple, the corresponding term would be different tBalrl8d but the exact term can
still be obtained. The latter case seems to be improbable as well.

Let c(x,y) be a solution of1.6! and~1.7!. Then

f X, yl=-~ac~x,y! +bA—x,y!!, 2.19
where|a|=|b|, is a solution as well. Substituting.18 into 2.19 it is not dif®cult to show that
Fxy!; e 9Y4C,g~X,v g e d0+ Cgh—x,v e 1409, 2.20

where|C,|=|C,|. In this case, if vortices exist, they must be located periodically along the line
x=0 with spacingo/ay between them. To prove their existence it suf®ces to follow the variation
of argf around the boundary of the rectang® |,1#X @,y + p/aq# which is exactly p, for
suf®ciently largey, by 2.20.

Except for the exponential rate of decag.20 bears striking similarities to the classical
periodic solution in an in®nite strig;%i.e.,

c~x,y!=aFxle % +bF~—x!le', 2.21

whereF satis®es1.9, andc is the positive root 0f1.12 ath=h, . In fact,~2.18H is a solution
of 1.9 for v=v§ andh=hg. Kulik*?> has demonstrated, by obtaining the solvability condition
for the next order balance in the expansiérbl, that two different types of solutions of the form
~2.21 can exist. The ®rst one, for whi¢h|=|b| is the symmetric state, and the other one for
which eithera or b vanish, is known as the boundary state. Boeck and Chalfnpenformed
weakly non-linear stability analysis of both the boundary and the symmetric states. For suf®ciently
large k their results suggest that the symmetric state is the only stable solution.

In view of the above results it appears reasonable to believe that the symmetric solution in a
semi-in®nite strip would be stable at least in some ®nite domain irkthefdlane. The equivalent
of the boundary state in an in®nite stfigan be obtained by picking

a=L,.f, 2.224
b= —EVSA 2.224

in 2.19 to obtain
c; Cefgoy@cvgﬂz—|£Vgﬁzﬁg~x,v§!e‘a0y. 2.23

If |£ng|=|£‘,54-%\, we haveé(—x,y); Cc(x,y) asy—" where|C|=1, in which case only the
equivalent of the symmetric state in an in®nite strip exists. Equafidi8 suggests that the
number of independent nontrivial solutions .6l and 1.7 at h=hg is two. If, however,
|£ng|=|£vgﬁ, only the symmetric mode seems to exist. Further research is necessary in this
direction.

Ill. THE SOLUTION IN LONG RECTANGLES

In this section we prove the following result.
Lemma 1: Letc‘(x,y,h.) denote any nontrivial solution of (1.6) in the rectanglg R
=@ |,1#<X @,L# satisfying the boundary conditions

ci~+1,y!=0, 3.1d
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icy=x,0! +h xchx,0l=icyx,L!+h xctx,L1=0. -3.1H

Let f_(x)=c"(x,0) and let||f_(x)|- =1. Let h_ denote the maximal value of h for which non-
trivial solutions to (1.6) together with (3.1) exist. Suppose thht, such that

L> Lo=h,p<B< h_<h;. 3.2

Then we have the following
(@) The set® (x)%- Lo is compact in @-1,1#
(b) LetﬂLK(x)%go, where L" , be convergent in @-|,I# Then ¢,, ——— ¢ pointwise in

k—"

S. Furthermore,c is a solution of (1.6) together with (1.7)

The assumed inequalitg.?! will be proved in Lemma 3 in the next section. The existence of
the critical ®eld$), and their corresponding mode$ will be proved in the next section as well.
To prove Lemma 1 we need ®rst the following auxiliary result.

Lemma 2: Denote b the domain@-|,1#x @ |,1#x R/@ N,N#x @,,h,# where N>h,l.
Then V(x,s,v,h) e D we have

1
Gx,s,v,h! = m@1~x,s,v,h!e""“"‘s‘+Gz~x,s,v,h!e‘|"|(2"x‘s)

+G3X,s, v, hle Vi@ +xts)y 3.3d

1
V@X,s,V,h! —GxX,s,V, hi#= — @,x,s,v,hle VK5l Gox s v hie™IVI@—x=s)

V]
+GgX,s, v, hle VI@+xts)y -3.30
in which the G's satisfy
sup |Gj~x,s,v,hl|< M, ~-3.3d
(x,s,v,h)e D
1<i<6
1Gi
sup  |[5—x,s,v,h!|< M. ~3.3d
(x,s,v,h)e D ]X
1<i<6 ;xbs

Proof: Utilizing 2.9 it is easy to show that in the limit —" , for x<<s and positivev,
G(x,s,v,h) satis®es3.3d with

1 ~v —hsla 12 &\~x,s,v,h!
G]_=|V|EWGX §h~52—x2! 1+T , 3.4d
1 ~v —hl122 1 &x,s,v,h!
Go=|v|5 ~V_hx!aﬂ,zw_hs!aﬂ,zexp[§h~2|2—sz—x2! 1+ ——>—| 340
1 ~v +hl122 1 &yx,s,v ,h!
Gg=|v|§ ~V_hx!a+1,2~v_hs!a+1,zexp[§h~2lz—sz—xz! 1+ —— 75— 34d

where é,\(i =1,2,3) and their derivatives with respect xoare bounded irfD for x<s and v
> 0. As

G~x,s,v ,h!=G~s,x,v ,h!=G~—x,—s,— v ,h!, 3.5
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~3.3d is proved. To prove3d.3d we simply substitute3.4! into its left-hand-side. ' O
We now prove partal of Lemma 1. Letx(L)= 2p/L. Upon multiplying~1.6 by e™'""*Y we
integrate by parts to obtain, utilizing.1d,

— &+ @hx—nx12— 148 = —i-hx—nx!f !, 3.6d
A~11=0, -3.64
where
. L
é\~x,nx!=f e MYl y! dy. 3.7
0

Note that-3.6d is exactly~2.1d with v replaced bynx and c(x,0) by f, (x). Hence,
~ |
é\~x,nx!=—if ~hs—nx!G~x,s,nx!f ~s! ds, 3.8
—I

and

1 1 ‘
—E@'-~x,0!+c'-~x,L!#= EP'V'( \ A x,nx!. 3.9
WAL

Similarly, multiplying 1.6 by e '("*12XY and integrating by parts we obtain

1 1
—f, 1= — ~ | x|
5 fLx! LP'V'ng_\ A x,~-n+1/2x!, 3.10

where
.. |
&~x,~n+1/2!x!=iJ ~hs——n+1/2x!Gx,s,~n+1/2 x!@~s,0' + c~s,L!#ds. 3.11
-

We ®rst show thatct(x,0)+ ct(x,L)|- is bounded a& —" . By 2.3 we have~ecall that
It =1)

INX] ) |
K f |G~x,s,nx!|ds-hl+N!+ ’( f @1)G~x,s,nx!
n=S[N/x] J i n=[N¥x]+1 J I

|ct~x,01+ ct~x,L!|< T

+G~X,s,—nx!|+nx|G~x,s,nx! —G~x,s,— nx! |#ds] : ~3.12

The ®rst integral on the right-hand-side-8f12 can be estimated using the uniform boundedness
of G(x,s,v,h) for |[v|< N, i.e.,

|
f |G~x,s,nx!| ds-hI+N!< C. -3.13
=1

The second integral can be estimated using Lemma 2,
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|
f @I1|G~x,s,nx! +G~x,s,— nx!|+nx|G~x,s,nx! —G~X,s,— nx! |#ds
=1

C C
< —nx\x—sl_l_ —nx(21=x=35) 4 a=Nx(2l+x+s) < ) 14
— ﬁl@ e e #ds 22 3.14

In the preceding and in the followinG does not necessarily represent the same constant. It is,
however, always independent bf Combining-3.12+-3.14 we obtain

L . C [N/x] N 1
|ctx,01+ ¢t Ll|< — g 1+ ’( t<c 315
L [ n=3[n/x] n=[N¥x]+1 Nx!

We now prove equicontinuity of the sgt, %. L,- By 3.10, 3.11, and-3.139 we have

[N/x] |
[f x!—f ~z!|< —[ (‘ f |G~x,s,~n+1/21 x! — G~z,s,~n+1/2 x!|ds-h|+ N!
L {n=-pNix-1 J=1

) |
+ $ f @I4G~x,s,~n+1/2 x!
n=[N¥xfl+1 J -1

—G-z,5,N+1/2x!|+|G~x,s,—n+ 1/2 x! —G~z,5,—n+ 1/2! x!| %

+-n+1/2 x| @~x,s,~n+1/2 x! = G~xX,s,— N+ 1L/2 x 1 #

- @-z,5,N+1/2x! —G~z,5,—n+1/2 x'#] ds; . -3.14

The ®rst sum on the right-hand-side is estimated using the uniform bounded@gg,sfv) for
[vI<N, ie.,

|
f |G~x,s! = G~z,s!| ds-hl+N!< C|x—Zz], ~3.17
-
@hereG(x,s)[ G(x,s,(n+1/2)x)]. The second integral is estimated usig3. For instance,

| C |
= | — - | - = | — - | —(n+ 1/2)X|X—S|
J_IhI|G X,s! —G~z,s!| ds< YT f_l@Gl X,s! —G;~z,s!|e

+]Gy%,8! — Gyz,8,~n+ 1/2 x!|e~ (NTV2X(21=x=9)

+ |G3~X,S! _ G3~Z,S! |e—(n+ 1/2)X(2|+X+5)#d5

C I
+— ~z,s!||e” (Mt U2xIx—s| _ o= (n+1/2)x|z—s|
ﬂ+1/2!xf,.@sl ] |

4 |G2~Z sl | |ef(n+ 1/2)x(21 —=x—s) _ ef(n+ 1/2)x(2lfzfs)|

+]Ggz,s!||e" (M UDX(@+x+9) _g=(n+12x(21+7+9)| 445 3.19

Utilizing 3.3d and-~3.3d we obtain
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|
_ —(n+ 1/2)x\x—s|+ —(n+1/2)x(2l —x—5)
i), @ :

|
f hl|G~x,s! —G~z,s!| ds<
-

C |
+ e~ (N+1/2)x(21+x+5) + J —(n+1/2)x|x—s]
€ #ds ~-n+1/2' x 4@
_e—(n+1/2)x\z—s||+|e—(n+1/2)x(2l—x—s)_e—(n+1/2)x(2I—z—s)|

+ | e (n+1/2)x(21 +x+s) _ e (n+1/2)x(21+z+s) | #ds. 3.19

The integrals on the right-hand-side can be calculated analytically. For instance,
I 1 .
f |e—v\x—s\_e—v\z—s|| ds= V@_e—v|x—z|#@+e—v(l—max(x,z))+e—v(l+m|n(x,z))#
-
+ 3@_e—v|x—z\/2#2< E@_e—v\x—z|#
v v

Hence,

C~1— e(n+ 1/2)x|x—2| I

+ 3.20

-n+1/21%x%

|
J7|h||G~X,S! _G~Z,S!|d3< m|x—2|

All other integrals on the right-hand-side .18 can be bounded in the same manner to obtain,
combining-3.16, 3.17, and-3.20,

C~1— e+ 12Xx=2) 4 C|x— g

1
|f x!—f ~z!|< C|x—2z|+ —

|
n=[y(/x]+1 N+ 1/21%x2 ' .2t
For somelL >0,
1_ef(n+1/2)x\xfz\ . 1_efv|xfz|
n:[y(/x]+1 N+ 1/212x2 CJ v?2 dv
1_efN|xfz\ . efv\xfz|
= N +|x—2 JN —, dv
< C|x—z|~1+log|x—2|! -3.22
for all L>L,. Consequently,
|f ~x!—f ~z!|< C|x—2z|~1+log|x—2|!, -3.23
and, hence, the s& | %. L is equicontinuous, and therefore compact.
We now prove parth! of Lemma 1. By-3.71 we have for 6<y<L
1, _
ctx,yl=— ( A, nx1enxy, -3.24
L n=>-"

Applying the Poisson summation formula we obtain
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ctx,y!l= ( ~ fixy—nL! -3.254
.
in which
1 T s
fixyl= EP'V'I i VYA ~x,vidy. -3.254

Using the same complex plane techniques which were used to d2riM# it is easy to show that
asly|—"

fLxy!; O~e 9%l 3.28

We note that in the limity— —" we have to use a different complex plane path which is the
re ection of the path in Fig. 1 with respect to the horizontal axis.
LetL,]” ask—", and Iethk be convergent. By3.2 th is compact, too, and hence we

shall assume it to be convergefittherwise we choose the right subsequéngéen, f | con-
verges pointwise in the semi-in®nite st¥p Denote the limit byf. By ~3.254 and ~3.28 CL,
—f pointwise. To complete the proof we need yet to show that the various derivativzcaLsk of
converge to the corresponding derivativescofThis can be done by using the Shauder estimates
in Ref. 18.

Asc, is a Cauchy sequence @(V), whereV is any compact subset & and since.6
together with-1.71 ®ts into the rather general framework in Ref. 18, by theorem 9.3 th_ekre;
a Cauchy sequence @, (V). Hencec —c in C,(V), which completes the proof of Lemma 1.

In addition to the convergence «rka to a solution of-1.6! together with~1.7' we have also
demonstrated convergence m_fk to one of the critical values df for which nontrivial solutions

to ~1.6! together with-1.7 exist. It is not clear, however, if the limit value is indeed the onset ®eld
hs. Furthermore, the results of Lemma 1 depend all on the boundedn&lss%f L assumed in

~3.2. In the next section we prove.2! and discuss the possible limit valueshgf.

IV. VARIATIONAL INEQUALITIES

The results we have obtained in the previous sections were based on the assumption that the
onset ®elds for a semi-in®nite sthipand for suf®ciently long rectanglas are greater thah,p,
the onset ®eld for a slab, and are uniformly bounded from above. In the following we prove the
existence of these bounds. The proof is based on the estimation of the in®mum of the following
sesquilinear form,

| ~h,Vi= inf f |~V —ihxj! c|?dxdy, 4.1
ceHiv,g 7V
lellzpyy=1

whereV may denote any domain iR?> whose boundary is itC?, except perhaps for a ®nite
number of points. Direct methods of the calculus of variation show that for compact domains the
| (h,V) is achieved for some valuee H*(V,Q) ~f., for instance, Ref. 19 It is also easy to
show ¢f., for instance, Ref. I6that, whenl (h,R.)=1, there exists a solution oi.6 together

with 3.11. By 4.1, | (h,R|) is the principal eigenvalue of the linear operator associated with the
above sesquilinear form, i.e.,
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J?c J%c ~Je
—| 5= + 5|+ 2ihx 5+ h?x%c.
Ix= 1y 1y

Therefore, as the above operator is uniformly elliptic in the bounded rect&pglé (h,R,) is a
branch of a holomorphic function df, L, andl, and hence must be continuous in all these
variables-cf. section VIII-§ 6.5 in Ref. 20

The foregoing discussion founds the basis for the following proof of the inequalidy.

Lemma 3:3L, s.t. L> Loy=h;p<fx h <h;<" .

Proof: To prove the upper bound we ®rst show théh,R, )<l (h,R, ). Let ¢, be the
minimizer of 4.1' on R, . Then,

I4Lij::f |~V —ihxj1c, |2 dxdy
R

2L

::f |~V—4hxﬂczd2dxdy+f |-V —ihxj! ¢, |2 dxdy
O<y<L

L<y<2L

>| ~h,RL!<f |02L|2dxdy+f |02L|2dxdy)
0<y<L L<y<2L

We then apply the transformation

1
XY= —=~X,y!
y /n y
to obtain
| -h,R !'=hl LR, 4.3

whereR{! denotes the rectang@- al,al#< @,aL# In a manner similar to that used to she#v2!
we can easily show

| 1R3> ~1R!
and, hence,
| 1R3> inf | 1R Va> 1. 4.4
l<a'<?2
Combining~4.2+~4.41, we obtain
I ~h,R!>h inf [|-1Rf VL>L,. 4.5
1< a<?2
Lo<L<2Lg

As| (h,R}{) is a continuous function of both and a, the in®mum on the right-hand-side-¢t5!
is positive. Hence, if
-1

h>[ inf | -1R

l<a<2
Lo< L<2Lg

I (h,R.) must be greater than 1 and, hence, no solution can exist.® together with~3.11,
which proves the upper bound 4.6l
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To prove the lower bound we usé.3 and the continuous dependencd ainh. Thus, if we
®ndfhsuch thatl (MR )< 1, thenh, > A We then have to prove the existencefdfh;p for
which | (I\R))< 1. Let

c=C~ed~c +df!, ~4.6d

where
c.—e Ye'Vfxl ~4.6H

and

f =—ielc"Wfxi-hx—cl. ~4.6d
In the abovef andc satisfy~1.9 for h=hp, ||f|| 2,-;;;=1, dand eare small numbers, and
C?=2e@+ PeA# ! ~4.6d

where
A=J||f2~hx—c!2dx>0, ~4.6€

so that] c|| 25 =1.
Let h=h;p. Then, integration by parts yields

I-th,c,S!:J |-V —ihpxj!c|? dxdy
S
=C2f |-V —ihpxj!c 2 dxdy
S

+20C29‘i‘ f f*
S

+J f*V—ihpXj!c, Ads
IS

Ice
1y

—V2¢ +2ihpX=— +h2;x2c 4| dxdy

+02c2f|~V—ithxi!f|2dxdy
S

=C? ! Ad+ 1+ i +Bd?|, 4.7
v 2e 1te/€ -

whereinB is independent o and d Picking d= € we obtain, sinceC?<2e,
I-hip,C,S!< 1—2A¥2+ B, 4.8

where B\is independent ofe Note that the choice4.68 takes advantage of the fact that the
one-dimensional solution(x)e'®Y does not satisfy the boundary condition p# 0.
It is easy to show thalt(h;p,c,R.)=1(h;p,c,S)+0O(e" %) and thatl is continuous irh.
Hence for suf®ciently largé and for suf®ciently small but positive andﬁFh1D we have
I (ﬁ\RL)< I(ﬁ\c R,)< 1. Henceh, -and its corresponding modze-) exists and satis®e3.2!.[]
Note that to prove existence bf it is enough to usé (0,R, ) =0 together with the result of
Giorgi and Philips | (h,V)> C(V)h for h> hy>0, which is valid for any bounded domain R?
-as well as domains iR®). Lemma 3 is necessary in order to prove both the lower bdnd
>hyp and to prove uniformity of the upper bound fop L.
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In the previous section we proved that any converging sequence of onse@cz%gl for
the rectangIeQSRLko,@l tends to a critical ®eld for the semi-in®nite stlpprovided thath;p

<A h, for all Ly<L. From Lemma 3 together with Lemma 1 it is then clear that the onset
®eld forS, exists and is greater thdn . Theorem 2 is proved.
It is now easy to show tha‘thHhs. In a similar manner te4.28 we write

| ~h,S1= -V —ihxjlcg?dxdy>l ~h,R,!. 4.9
S

n=0 fnL< y< (n+1)L

Hence, ahi>h =1 (h,R.)>1, we havens< h_, which proves that the critical ®eld to which any
converging sequendaa,_k tends must be the onset ®é&ld. Thereforeh, —— hg.

L—"
It is not obvious, however, thdt, is strictly greater thaing. To prove the latter we need the
following result:

Lemma 4: Given the conjecture (2.17),vif; is a simple pole ofg(x,v), and if |£V;f|
=} |/£Vgﬁ, then3dL, s.t. L> Lg=h, >hg.
Proof: In a similar fashion to the proof of the previous lemma we shdWws,R,)<1. Letcg

denote a solution ofL.68 and~1.7! whoseL? norm is unity, i.e.| ¢ g 2(s)= 1. Integration by parts
yields

*RL|~V—ih5xf!c|2dxdy_ L Tes®y ly= dx

I~hg,cq,R.!= = ~4.10
SrEsTL ||CS||L2[RL] ||Cs||L2[RL]
Let L>1, then pickinga andb as in~2.23 we obtain
2
c
]|]—ys||y=L; — go|Cl?e 290Y<0. ~4.11
Thus,| (hs,R)<I(hg,cs,R)<1 and the lemma is proved. O
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