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The Ginzburg{Landau model for superconductivity is considered in two dimensions. We
show, for smooth bounded domains, that the superconductivity order parameter decays
exponentially fast away from the boundary as the Ginzburg{Landau parameter tends
to in nity. We prove this result for applied magnetic elds satisfying hex log =,
and therefore, improve a recent result of Pan [16].
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1. Introduction

Consider a planar superconducting body which is placed in su ciently low temper-
ature (below the critical one) under the action of an external magnetic eld . Its
energy is given by the Ginzburg{Landau energy functional which can be represented
in the following dimensionless form [6]
z - .
E= i j2+JTJ+jh hexiZ + ~1 +A  dxdy (1.1)
in which is the (complex) superconducting order parameter, such that j j varies
fromj j =0 (when the material is at a normal state) toj j =1 (for the purely su-
perconducting state). The magnetic vector potential is denoted by A (the magnetic
eld is then given by h = r  A), hex is the constant applied magnetic eld, and is
the Glnzburgg_andau parameter which is a material property. Superconductors Br
which < 1=" 2 are termed type | superconductors, and those for which > 1=
are termed type Il. The superconductor lies in a smooth domain (@ is at |I5t
C?Z ) and its Gibbs free energy is given by E. Note that E is invariant to the gauge
transformation

e . AYA+Tr 1.2)

It is known both from experiments [15] and rigorous analysis [10] that for a
su ciently strong magnetic eld the normal state ( 0, h = hex) would prevail.
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If the eld is then decreased, there is a critical eld, depending on the sample’s
geometry, where the material would enter the superconducting state. For samples
with boundaries, this eld is known as the onset eld and has been termed Hc,.

The simplest case in which the bifurcation from the normal state to the super-
conducting one was calculated is the case of a half-plane [18]. The analysis in this
case is one-dimensional: the linearized Ginzburg{Landau equations were solved on
R.+. Even in this simple case the onset eld is substantially larger than the bifurca-
tion eld on R [9]. The situation is not di erent in two dimensions: it was proved in
[14] and [7] that the bifurcating mode in R is one-dimensional and that the value
of He, is exactly the same as in the one-dimensional case. Similarly, the bifurcation
from the normal state in R? takes place when the applied magnetic eld is identical
with the bifurcation eld for R, which has been termed Hc,.

In addition to the di erence in the values of the applied eld, it was found by
Saint-James and de Gennes [18] that superconductivity is concentrated at the onset
near the boundary for a half-plane, i.e.  decays exponentially fast away from the
boundary. This phenomenon, which appears only in the presence of boundaries have
been termed, therefore, surface superconductivity. It was later proved for general
two-dimensional domains with smooth boundaries [14; 7], that as the domain’s scale
tends to in nity the onset eld tends to de Gennes’ value, and that if the boundaries
include wedges the onset eld will be larger than de Gennes’ value [4;13;19;12].

Surface superconductivity re ects another di erence between the problems in
RZ2 and R?, where the bifurcation takes place in the form of periodic solutions
[1;5;2] known as Abrikosov’s lattices. The transition, as the applied magnetic

eld decreases, from surface superconductivity to the experimentally-observed [8]
Abrikosov’s lattices is not yet well understood. Rubinstein [17] conjectured that
superconductivity remains limited to a neighborhood of the boundary until about
Hc, when a new solution which is similar in bulk to Abrikosov lattice appears.

Two recent contributions [16; 3] study the behavior of the global minimizer of
the energy functional (1.1) for external elds satisfying = Hc, < hex < Hc,. In
[16] the limit ¥ 1 is considered: it is demonstrated that  decays, in L? sense,
exponentially fast away form the boundary. The results are valid whenever hex
las ¥ 1, and are stated for the global minimizer of (1.1). In addition the energy
of the global minimizer is shown to be evenly distributed along the boundary. In
[3] the large domain limit is considered: it is demonstrated for the global minimizer
that both and h tend, in C sense, to the normal state, exponentially fast away
from the boundary. The results are valid whenever hex O(1) as the domain’s
size tends to in nity.

In the present contribution we focus on the limit ¥ 1. We prove that for
any critical point of (1.1) ( ;A) tends to the normal state exponentially fast away
from the boundary as long as hex log = , which extends the validity of the
results in [16]. Furthermore, we show that the magnetic eld tends to a constant
not only away from the boundaries but also near the boundary for this limit case.
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The Euler{Lagrange equations associated with the energy functional de ned in
(1.1), or the steady state Ginzburg{Landau equations, are given by
- 2
lrva =@ i (1.32)

roroA=S(rr )+ PA (1.30)
and the natural boundary conditions by
lr+A  A=0: h=he: (1.4a,b)

We consider two-dimensional settings where we can write h = (0; 0; h(x;y)) and
hex = (0;0; hex). In the next section we consider the global minimizer of (1.1) in
smooth bounded domainsas ¥ 1. We show that for su ciently large , the global
minimizer of (1.1) which must solve (1.3) together with (1.4), tends exponentially
fast away from the boundaries to a normal state as long as hex log = .

Furthermore, we show that
log 1
+p— (1.5)
T (e )
To prove the above results we use a di erential inequality which was proved in [3].
Let

kh hexkiap; C

u=h +_— 2: (1.6)

N

Then
u= S+ Zi . (L7

The precise de nition of 3 will not concern us. We shall be interested only in its
property

r.2u 2

3?2 =jru?; (1.8)

which is proved in [3]. Finally, in Sec. 3 we brie y discuss a few key points which
are not mentioned in Sec. 2.

2. Exponential Rate of Decay
We prove here the following theorem:

Theorem 2.1. Let = P (hex( ) );andlet ( ;A)=( (; );A(; )) denote
a solution of (1:3) and (1:4). Then; 9 ¢ >0; o>0; =>0;andh such that for
every > gand > o(log )*? we have

iD j C e 9x€)  forall 0and x 2 (2.1a)
h h Ce d060) (2.1b)
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Dh h) C lg 4@ for all 1and x 2 (2.1c)

N ohey C19 . (2.1d)

To prove the theorem we rst need a number of auxiliary results. The rst of
them includes the following well-known estimates:

Lemma 2.2. Let hey . Then; any solution of (1:3) and (1:4) must satisfy

k k|_:|_( ) <1 (228)

kh hexkery C (2.2b)

lr+a C: (2.20)
L2 )

Proof. The proof of (2.2a) is well known and follows immediately from (1.3a) and
the real part of the boundary condition (1.4a). The proof of (2.2b) and (2.2c) can

be found in [11]. |
Lemma 2.3. Let hex . Then; any solution of (1:3) and (1:4) satis es; for
su ciently large
z
a C (2.3a)
z log?
h he’ C-23 (2.3b)

2
where C is independent of
Proof. We rst prove (2.3a). To this end, we integrate (1.7) over . In view of

(2.2b) we have,
z 2 Z z z

ru 2 1 . ou ..
+ u-+ > . @n C: (2.9)
Hence, applying (2.2b) once again, we have, since hex
z z z 1=2
4 Cc+ 2h hex) C 1+ 4 (2.5)

from which (2.3a) is readily veri ed.
To prove (2.3b) we integrate (1.3a) multiplied by 2 and integrate over . We
obtain,
z . 2 z z
> Tevn 1 2rp= @ 2y
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By (1.3b) we have
Z Z i ,» Z
jrhj? 2 _r+A 4.

We now apply Poincare inequality and (1.4b) to obtain
z

jh hej* Cc ° <. (2.6)

In a manner similar to [7; 3] we now de ne a local coordinate system near @
Let denote the distance from the boundary, s the arclength along the boundary,
with some point xg 2 @ corresponding to s = 0, and 1(s) the curvature of @
which must be uniformly bounded in [ L=2;L=2]. This local coordinate system is
well de ned in the rectangle

S= (5) 5<s<z0< <o @.7)

where L denotes the arclength of @ , and ¢ satis es

inf 1 1(s) 0 >0:
s2[ L=2;L=2]

Denote by ! the domain enclosed in = | i.e.,
"=fx2 jdx;0 )> g:

Integrating (1.7) on ° yields

z 2 Z z z 2 1=2
r r
- . i ¢ rd : (2.8)
0 0 @ ° @n @ °

However, by (2.6) we have
z

C
0 2u 0 2(h hex) —: (2.9
Furthermore, for every 0 < < o, there exists =2 < < such that
z
ru® ¢° ru®
@ 0 0:2

which can be applied recursively to obtain
z z 2
- .2
jruj —
0 0
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Moreover, it is easy to show in view of (2.4), that
z

C
. jruj 72( T (2.10)
We can now use Schwarz Inequality, and the local coordinate system de ned in
(2.7), to obtain
Z 2 2
. . @Qu Qu 1 d
us;0)  u(s; )j? —d — += d —_—
J ( ) ( )J o 0 0 0 o ( + 1= )

Integrating the above with respect to s we obtain
Z L=2 Z L=2 Z

ju(s;0) u(s; )j?ds Clog(1+ ) ds  jruj? +1g
L=2 L=2 0

z

By changing the order of integration it is easy to show that
Z,., Z z Z,., Z
ds jrui?d = d ds  jrujd :
L=2 0 0 L=2 1
However, in view of (2.10), we have
Z,., Z z
ds jrujdd C jruj?

L=2 1

Furthermore, since

we must have

z L=2 2
jus 0 ugs Hpds coedr ).
L=2
Utilizing (2.11) we obtain
z Z, z
ju (hex Di* 2 jus;i0) u(s; )ifds+2  ju (hex )i
0

(2.11)

@ L=2

2
clod~ ), (2.12)
However,
z z z
ju (hex i C ju (hex DiFP+C  jruj;
0
and hence, with the aid of (2.12), we obtain

z
. . log?(1+ ) c _
Ju (hex )Jz C 2 + 2( + 1: ) .







