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We consider an inhomogeneity of ‘arbitrary’ shape embedded within an infinite isotropic
elastic medium (matrix) subjected to antiplane shear deformations under the assumption of
uniform remote loading. The inhomogeneity—matrix interface is assumed to be imperfect,
characterized by a single interface function. Under these assumptions, we present a novel
method leading to the solution of the problem concerned with identifying the shape of
the inhomogeneity and the form of the corresponding interface function which leads to a
uniform interior stress field. The analysis is based on complex variable methods. Specific
solutions are derived in closed form and verified by comparison with existing solutions. As
aconsequence of our analysis, we present an interesting result on the uniqueness (within
acertain class of smooth curves) of the circular inhomogeneity as the only inhomogeneity
which, under the given conditions, leads to a uniform interior stress field when the interface
function is constant (homogeneously imperfect interface).
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1. Introduction

Problems involving elastic inhomogeneities with imperfect bonding at the inhomogene-
ity/matrix interface (imperfect interface) are receiving an increasing amount of attention in
the literature (see, for example, Ru & Schiavone, 1997 for an extensive literature review).
Interest in these problems is motivated mainly by a desire to study interface damage in
composites (for example, debonding, sliding and/or cracking across an interface) and its
subsequent effect on the effective properties of composites.

One of the more widely used models of an imperfect interface is based on the
assumption that tractions are continuous but displacements are discontinuous across
the interface. More precisely, jumps in the displacement components are assumed to
be proportional, in terms of ‘spring-factor type’ interface functions (which characterize
the imperfect interface), to their respective interface traction components. Under these
assumptions, Hashin (1991) has examined the case of a spherical inhomogeneity
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imperfectly bonded to a three-dimensional matrix. The analogous problem for plane
deformations has been investigated by Gao (1995).

In this paper we use the same interface model to study the problem associated with an
elastic inhomogeneity of ‘arbitrary’ shape embedded within an infinite matrix in antiplane
shear under the assumption of uniform remote loading. Specifically, we aim to identify
particular shapes of inhomogeneity and corresponding interface functions which guarantee
uniformstresses inside the inhomogeneity. Using complex variable methods and conformal
mapping techniques, we develop a novel and constructive method for identifying both the
shape of the inhomogeneity and the corresponding interface function. We mention also
that our method is sufficiently general to allow straightforward extension to the analogous
problem in the more practical case of plane elastic deformations and in the study of neutral
elastic inhomogeneities (see, for example, Ru, 1998, and Milton & Serkov, 2001)

This study was motivated by the result established in Ru & Schiavone (1997) which
reports that the stress field inside the inhomogeneity is uniform when the inhomogeneity
is circular and the interface is homogeneously imperfect (characterized dopstant
interface function). This surprising result is in sharp contrast to the results obtained
by Hashin (1991) and Gao (1995) for the corresponding problems in three-dimensional
and plane elasticity, respectively, where, in each case, it is shown that the stress field
inside the inhomogeneity is intrinsically non-uniform. The same has been shown for the
corresponding antiplane problem in the case adlipticinhomogeneity (see, for example,
Shenet al., 2000). Consequently, it is of interest to investigate whether the circular
inhomogeneity is unique in delivering a uniform interior stress field under these conditions
and, further, which combination of inhomogeneity shape/interface functions will guarantee
uniform interior stresses. These results are important in that they allow for the design of
the interface (choice of interface function) to achieve a state of uniform stress inside an
inhomogeneity, the practical significance of which lies in the fact that a uniform stress
distribution is optimal in the sense that it eliminates stress peaks within the inhomogeneity.
In many practical cases, it is the maximum stress (rather than the average stress) that
dominates the mechanical failure of the inhomogeneity. Consequently, the results in this
paper will provide valuable information for, say, the design of radically inhomogeneous
functionally graded interfaces in composite materials, an area which has recently received
considerable attention in the literature (see, for example, Suresh & Mortensen, 1997).

The formulation of the basic boundary value problem describing the antiplane
deformation of an elastic inhomogeneity with imperfect interface is presented in Section 2.
The case of an inhomogeneity of ‘arbitrary’ shape is discussed in Section 3. Here, we
identify conditions (in terms of shape and interface function) which the smooth curve
representing the boundary of the inhomogeneity must satisfy in order to achieve uniformity
of interior stresses. In Section 4, we present examples of inhomogeneities together with
corresponding interface functions which lead to uniform interior stress. Finally, in Section
5, we examine the circular inhomogeneity and show that, within a certain class of smooth
curves, this shape of inhomogeneity is the only one, under the given conditions, which
leads to a uniform interior stress field when the interface function is constant (i.e. when the
interface is homogeneously imperfect, often referred to as an ‘equal thickness’ interphase
layer).
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2. Formulation

Consider a domain inR?, infinite in extent, containing a single internal elastic
inhomogeneity, with elastic properties different from the surrounding matrix. The
linearly elastic materials occupying the matrix and the inhomogeneity are assumed to
be homogeneous and isotropic with associated shear mpdgh 0) and u2(> 0),
respectively. At infinity, the prescribed deformation is such that the elastic antiplane
deformationu(x, y) in the matrix satisfies

u(x, y) = ax — by + O(1), X2 4+ y? — o0,

wherea andb are given real constants (remote stress parameters)xagglis a generic
point inR2. We represent the matrix by the dom&®nand assume that the inhomogeneity
occupies a regiois. The inhomogeneity—matrix interface will be denoted by the curve
I'. In what follows, the subscripts 1 and 2 refer to the regipand S, respectively and
Uys (X, Y), a = 1, 2 denotes the elastic (antiplane) deformation at the poiny) in S,
respectively.

It is assumed that the inhomogeneity is imperfectly bonded to the matrix dldng
the ‘spring-layer type’ interface referred to in Section 1. The interface conditiofi @n
therefore given by

BOG YU — Uz + U] = 2 52 = pa ok, on T 2.1)
wheren is the outward unit normal td", B(x, y) : I'(C R?) — R* is the imperfect
interface function and*(x, y) represents the additional displacement induced within the
inhomogeneity by a uniform (stress-free) eigenstrain specified below. In accordance with
Hashin (1991), we note that, for a homogeneously imperfect interfaée ¢onstant), if
B = 0, the condition (2.1) reduces to the case of a traction-free interface whileei€omes
infinite, (2.1) corresponds to a perfectly bonded interface. Consequently, the following
boundary value problem describes the antiplane deformation of an inhomogeneity with
imperfect interface of the form (2.1) (see Ru & Schiavone, 1997):

Viup=0 in S,
V=0 in S,
au aug aup

_ . o2 * o 072
BX, y)(Ur — Up) = u2 an + B(X, YU (X, y), el on F(,Z )

ui(x, y) = ax — by + O(2), x2 + y2 — 00.

Denote byuvi(x, y) the harmonic functions conjugate tg(Xx, y). Since the external
loading is self-equilibratedy; (X, y) are single-valued and uniquely determined to within
an integration constant and the corresponding complex potegtiéts and ¢2(z), with

Z =X+ iy, are analytic within§ and$, respectively. Thus,

(2 =¢i (2 +¢i(2), o1z—io=pid (2, z€S(=12. (2.3)
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Noting that

du2

2— =
on

P52e"@ + 9L, zeT, (2.4)

where & @ represents (in complex form) the outward normal'tat z, the boundary value
problem (2.2) can be written in the following form:

$1(2) = 862(2) + (1 — 8)$2(2) + a(2)[d5(2€"? + ¢h(2e @] + u*(2), z€ T,

$1(2) = Az+ D +0(1), |z|] —» oo. (2.5)
Here,
. U2 ur+uz 1 —
A=a+ib, a2 = >0, d=—">—, U"'=wz+o0z 2.6
28(2) 211 2 (2.6)

D is a (complex) constant anglis a known (complex) constant determined by the uniform
eigenstrain given inside the inhomogeneity. Without loss of generality, we have assumed
that the origin of coordinates has been chosen such that the rigid-body displacement at
infinity is zero.

We require that the stress field inside the inhomogeneity is uniform. Consequently, we
takego(z) = Bz+C, z € &, whereB andC are complex constants. The conditions (2.5)
now become

$1(2) = 8(Bz+C) + (1 —8)(Bz+ C) + a(2)[BE"® + Be " @] 4 u*(z), ze I,
$1(2) = Az+ D +0(1), |2 - oo. 2.7)

The problem now is to determine the shape of the inhomogeneity as weltpB, C and
¢1(2) which are compatible with the interface condition (2.7).

3. Inhomogeneity of arbitrary shape

We suppose that the regidd (in the z-plane) is mapped onto the regian = {|¢| > 1}
(in the&-plane) by the function (see, for example, England, 1971)

1
zZ=w() = Z P.e", N> 2, NeN, (3.1)
n=—N

wherew'(§) = Y1 nPag"1 £ Ofor €] > 1. Let
$1(2) = p1(w(§)) = P1(8),
where @1(£) is an analytic function in the regioh; = {|&| > 1} with a first-order pole at

infinity. Therefore,

1
P1(5)= ) Qn&". Qo=APy+D, Qi=AP:. (3-2)

n=—00
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The interface condition in (2.7) now becomes

1 1 L
2 Qng”=5<5 > Pn$”+C>+(1—a) (B > ﬁns”+c)
N=—0o0 n=nN e

+ a(w(&))[BENWE) 4 Beminw@)y

1 1
to Y PE"+m Y PE (3-3)

n=—N n=—N

whereg € 9o = {|&] = 1}. Next, we expandx(w(£))[Be"®®) 4+ Be inw®E)] jn
Laurent’s series to obtain

a(w(£)) = [BE"™E) 4 Be MwENTL N Een, (3.4)
n=—o00
where
dé

1 iNw(E) | Ra-inwE))
En=2—7_[i 8Ga(w($))[Bel w + Be™"¥ ]W

are fixed. The interface condition (3.3) now becomes

-1 -1 -1 -1
D> QuE"—6B Y PE"—(1-8)BPE -0 Y PE"—@PrE - ) Eng"
N=—00

n=—N n=—N n=—o00

N
=—Qo— Quf +8BPy+8BP1f +6C+ (1-8)C+ (1-8)BPy+ (1 -8B P_n&"

n=1
[ee) N
+Eo+ )Y Ent"+oPit+oPo+oPo+my P a&"=0,

n=1 n=1

by Liouville’s theorem. Equating coefficients 6f", n = —1,0,1,2,... ,N,..., we
obtain

Q1=38BPy+ (1 —8)BP_1+ E1 + wP1 + @P_1, (3.5)
Qo — 8BPy =8C + (1 —8)[C + BPg] + Eg + wPg + @Py, (3.6)
Q_1=6BP_1+ (1—8)BP .+ wP_1+@P1+ E_q, (3.7)
Qn—6BP—wP,—Ep=0,n=-2,...,—N, (3.8)
Q.n—E_n=0,n>N+1. (3.9)

Since theP, are given andE,, are fixed, we can use (3.5)—(3.9) to find tQg, n =
...,—2,-1,0, 1. In addition, equating coefficients®f,n=23,... , N, ..., weobtain

En=—[@+ @A—-8BJP.,, n=2,3,...,N, (3.10)
En=0, n> N. (3.11)
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Next, from England (1971), obo,

dnwE) _ g w:@)
lw’(§)]

_M

T W)
o inuey _ Ln—n NPiE"
w&|

bl

Thus, from (3.4), the interface function is given by

nN=—00

1 N
a(w(§)) = [B"E) +§e—i”<w@”r1< Y Eng"—[@+(1-9B]) P s”)
n=2

_ WO Ent" — @+ 1= §)BIY N, Pn £7)

T —— - (3.12)
BY nNNPaE"+BY o NNPaE"
Finally, we must impose the conditions
Ima(w(E)) =0, Rea(w()) > 0, (3.13)
in order to maintain the physical meaning of the interface funggion
REMARK 1 Fom (3.2) and (3.5)—(3.6),
APy =8BP + (1—8)BP_1+ E1 + 0Py + ®P_1, (3.14)

APy+ D =8BPy+38C + (1—8)C+ (1 —8)BPy+ Eg + wPy + @Po. (3.15)

These two equations relate the constdndC (describing the uniform stress inside the
inhomogeneity) to the constartsand D (describing the uniform remote stress).

Letag = % > 0 corresponding to the case whede> 0 is uniform. The conditions
(3.13) are satisfied if the coefficients in (3.12) take the form

Ei= |?é%(BPl — BP_y), (3.16)
Eo=0, (3.17)

E-1= g (BPL— BP_y), (3.18)
E-n=-nPBy, n=2...,N, (3.19)
E.n=0 n>N+1, (3.20)

[5+(1—5)B—Bn%] P,=0 n=2..,N. (3.21)
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From (3.21), it follows that eitheP_, =0, n =2,...,Nor3 P_, #0
(me{2,3,...,N})and then

&+ (1—8)B = Bm-> (3.22)
|P1l
In either case, from (3.12), we obtain
o /
a(w(§) = -/ ()] > 0. (3.23)

| P1]

From (3.1), it follows that the most general shape of the inhomogeneity (with uniform
interior stress field) is given by

Z=wE) =P+ Py+ P gt P g™ (3.24)

with corresponding interface function (3.23).

4. Examples
4.1 Circular inhomogeneity

In the case of a circular inhomogeneity of radRswe haveP_, =0, n=0,1,... , N,
P = R, w) = P&, w'(§) = Py (see, for example, Muskhelishvili, 1953). From (3.23),
the interface function is uniform and given by

a:aozg—;>o. (41)
Further, from (3.14)—(3.17), we have
A— ImD
B=""" C=ReD+i-—. (4.2)

R
Consequently, the (uniform) stress field inside the inhomogeneity is given by

(A—w)z D§+DGE -1

Z) =
#$2(2) i @ w1

R

zZe S.

Also, from (3.2) and (3.7),

$1(£) = ARE + D + (1_5)BR;—J)R+ Bar

so that the stress field inside the matrix is given by

2

_ R
z(cH—%)

These results agree with those presented in Ru & Schiavone (1997) and Schiavone (2002).
That is, under the given conditions, the circular inhomogeneity has uniform interior stress
when the interface function is uniform (homogeneously imperfect interface) and is given
by (4.1).

$1(2) = Az+ D + [A(1—5+%)+@(23—1)], ze S,
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4.2 Elliptic inhomogeneity

2
In the case of an elliptic inhomogeneity , we have w(¢) = R (g + %) ke (0,1),

k2
R > 0 (see, for example, Muskhelishvili, 1953). Then¢) = R (1 - g) andw’(§) =
R(1 — k?t2). Thus, from (3.24)P1 = R, P.1 = Rk?, Pp=0, P_,=0,n=2,...,N.
From (3.23), the interior stress field is uniform when the interface function takes the form

k2
a(w(E)) =ag|l— ? > 0. (4.3)

Note that this excludes the case when the interface parameteonstant (homogeneously
imperfect interface). This result is corroborated by the numerical evidence presented in
Shenet al. (2000).
From (3.8), (3.9), (3.19), (3.20),
Qn=0n< -2 (4.4)

Also, from (3.5)—(3.7), (3.16)—(3.18),

_ 2(s %0\, g _sy X0 24 &
Q_1 = BRK (a R)+BR(1 5+ R>+R(a)k +a), (4.5)
Qu=8C+(1-68C =D (see(3.2)), (4.6)
Q1 =68BR+ (1—8)BRKk? + ap(B — Bk?) + wR — @RK? . 4.7)

Using (3.2), equation (4.7), leads to the following expression for the conBtantterms
of the (prescribed) constait

B=ReB+ilmB, (4.8)
ReA
ReB = @0 ,
(5 + E) (1—k2) + k2 + Rew (1 + k2)
ImA
ImB =

(5+“—F§’) 1+k2) — k2 + Imw(l—k2)

The constan€ is related to the constailt by (4.6):

C=ReD +i ImD. (4.9)

251
Consequently, the (uniform) stress field inside the inhomogeneity is given by
¢2(2) =Bz+C ze S,

where the constant8 andC are given by (4.8)—(4.9). Also, from (4.4)—(4.7), the stress
field inside the matrix is given by
Q-1

¢1(§)=T+Q0+Q1~’S, § e D1 ={|5§] > 1}. (4.10)
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k=1/4
1.5 T
1L il
Interfacial function
s 05 7
K=}
S
N
£
Al
ke 0
Ellipse
05} 7
71 L L L L L L L
4 -3 -2 -1 0 1 2 3 4

RlRez argé

FiG. 1. Ellipse with corresponding interface function.

Finally, the functiong1(z), z € S and the interface parametelz), z € I', can be

calculated using (4.10) and (4.3), respectively, and the facrzthatls are related through
. k2 . . .
the relationz = R<§ + ?) k € (0,1, R > 0. Figure 1 plots the ellipse with

corresponding interface function in the cése %1.

4.3 Inhomogeneity in the shape of a hypotrochoid

In the case of an inhomogeneity in the shape of a hypotrochoid, wezhavev (&) =
R|&+ gim) R >0,k € (O, %) m = 2,3,... (see, for example, Muskhelishvili,
1953). Herem + 1 represents the number of ‘corners’ of the hypotrochoid aneflects
its smoothness. Then’(¢§) = R (1— ;;%) Thus, from (3.24)P, = R, P_1 = 0,
Py=0,P-m=Rx >0andP_, =0,ne[2,N],if n# m> 2. Thatis,

P—l = PO = 05 Pl = Ra P—n = RKSmnv ne [Oa N]’ (4‘11)

wheresmn, is the Kronecker delta. From (3.23), the interior stress field is uniform when the
interface function takes the form

Mk

1- gm+1

a(w(€)) =ag > 0. (4.12)
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From (3.16)—(3.20) and (4.11),

E; = agB, (4.13)
Eq=0, (4.14)
E_1 = aoB, (4.15)
E_n=—nkapdmmB, n=2,...,N, (4.16)
E.n=0 n>N-+1. 4.17)

Also, from (3.22)

D+ (1—5)B = Bma—é’,

so that
B= mgp ‘“8 " (4.18)
R T
Next, from (3.8)—(3.9), (4.11) and (4.16)—(4.17),
Noo
Q_n = RS [a) +B (3 - ?)] : (4.19)
Q.n=0 n>N+1. (4.20)
Also, from (3.5)—(3.7), (4.11), (4.13)—(4.15) and (3.2),
Q1 =6BR+ Bag+ wR= AR, (4.21)
Qo=68C+(1-8C =D, (4.22)
_B s Y0, —
Q.= BR(1 5+ R)—i—a)R. (4.23)

Using (4.21), the constafi can be written in terms of the (prescribed) constarts
. R(A — w)

. 4.24
SR+ ag ( )
The constant€ andD are again related by (4.22):
D =46C+(1-9)C, (4.25)
C:ReD+|28_llm D. (4.26)

Consequently, the (uniform) stress field inside the inhomogeneity is given by
¢2(2) =Bz+C ze S,

where the constant® andC are given by (4.24) and (4.26). Also, from (4.19)—(4.23), the
stress field inside the matrix is given by

N
B16) =) Quas ™"+ % T+ Qo+ QuE, EeDi=(E>1.  (4.27)
n=2
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m=4,K=1/m/4
15 T

Interfacial function

Hypotrochoid 7

Rm zagh

RiRez argg

FIG. 2. Hypotrochoid with corresponding interface function.

Again, the functionp1(z), z € S and the interface parametefz), z € I, can be calculated
using (4.27) and (4.12), respectively, and the fact thand & are related through the

1
relationz = w(§) = R(S+§Lm>, R> 0,k € [0, a),mzz,&....

Figure 2 plots a hypotrochoid with corresponding interface function in thernaset,
k = 1/4m.

5. Uniqueness of the circular inhomogeneity

In Ru & Schiavone (1997), it was proved that for antiplane shear deformations, under the
assumption of uniform remote loading, the stress field inside a circular inhomogeneity is
uniform even when the interface is homogeneously imperfect (characterizecbhgtant
interface functionr = «g). This surprising result is in sharp contrast to the results obtained
by Hashin (1991) and Gao (1995) for the corresponding problems in three-dimensional
and plane elasticity, respectively, where, in each case, it is shown that the stress field
inside the inhomogeneity is intrinsically non-uniform. The same has been shown for
the corresponding antiplane problem in the case o#lliptic inhomogeneity (see, for
example, Sheret al., 2000). Consequently, it is of interest to investigate whether the
circular inhomogeneity is unique in delivering a uniform interior stress field under the
stated conditions.

To this end, suppose that the interface function is constant and that the ‘arbitrary’ curve
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given by (3.24) encloses a uniform stress field. Then, from (3.23),

o

|lw' ()| = ¢1 = constante RT.
| P1]

a(w(§)) =
That is,

[Py — P_1£72 — mP_ppe~ ™D = ,VEcdo ={lE|=1,me{2,3,...,N}.

(5.1)

1| Pyl
a0

Itis clear that, in order to satisfy (5.1), we must have
P.1=0, P.y=0andc; = ag
This means that
z=w(l&)= P&+ Py, £€do

which, in thez-plane corresponds to a circle of centfe Py, Im Pp), radiusP;.

This result indicates that, under the given conditions, the circular inhomogeneity is
the only inhomogeneity within the class of curves corresponding to (3.1) which delivers
a uniform interior stress field when the interface is characterized as homogeneously
imperfect (i.e. when the interface parametes constant with value given by = ag =
n2
26 > 0).

6. Conclusions

In this paper, we consider an inhomogeneity of ‘arbitrary’ shape embedded within
an infinite isotropic elastic medium (matrix) subjected to antiplane shear deformations
under the assumption of uniform remote loading. The inhomogeneity—matrix interface
is assumed to be imperfect, characterized by a single interface function. Under these
assumptions, we use complex variable methods to solve the problem concerned with
identifying the shape of the inhomogeneity and the form of the corresponding interface
function which leads to a uniform interior stress field. Specific examples are presented
and verified, when possible, by comparison with existing solutions. As a consequence of
our analysis, we present an interesting result on the uniqueness (within a certain class of
smooth curves) of the circular inhomogeneity as the only inhomogeneity which, under
the given conditions, leads to a uniform interior stress field when the interface function is
constant (homogeneously imperfect interface).

These results are important in that they allow for the design of the interface (choice
of interface function) to achieve a state of uniform stress inside an inhomogeneity, the
practical significance of which lies in the fact that a uniform stress distribution is optimal in
the sense that it eliminates stress peaks within the inhomogeneity. In many practical cases,
it is the maximum stress (rather than the average stress) that dominates the mechanical
failure of the inhomogeneity. Consequently, the results in this paper will provide valuable
information for, say, the design of radically inhomogeneous functionally graded interfaces
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in composite materials, an area which has recently received considerable attention in the
literature (see, for example, Suresh & Mortensen, 1997). Finally, it is clear that our method
is sufficiently general to allow straightforward extension to the more practical case of plane
elastic deformations and in the study of neutral elastic inhomogeneities (see, for example,
Ru, 1998 and Milton & Serkov, 2001).
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