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In this paper we derive bounds for the torsional rigidity of a cylindrical shaft with
arbitrary transverse cross-section containing a number of cylindrically orthotropic fibres
or coated fibres. The exact upper and lower bounds depend on the constituent shear
rigidities, the area fractions, the locations of the reinforcements as well as the geometric
shape of the cross-sections. Specific bounds are derived for circular shafts, elliptical shafts
and cross-sections of equilateral triangle. Simplified expressions are also deduced for
reinforcements with isotropic constituents. We verify that when additional constraints
between the constituent properties of the phases are fulfilled, the upper and lower bounds
will coincide. In the latter case, the fibres or coated fibres become neutral under torsion
and the bounds recover the previously known exact torsional rigidity.
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1. Introduction

Saint-Venant’s torsion of cylindrical shafts has long been a subject of classical
mechanics. The torsional rigidity depends in a complicated way on the geometric
shape of the cross-section, constituent shear rigidities as well as on its
microstructure. An exact characterization of the composite shafts often poses
some mathematical difficulties. Recently, substantial advances have been made
for torsion of composite shafts, made from two or more different materials. For
example, Chen et al. (2002) found that a circular shaft filled with an assemblage of
composite cylinders permits an exact determination of the torsional rigidity. Chen
(2004) showed that, depending on the cross-sectional shape of the host shaft, the
torsional rigidity of the composite shaft could be exactly determined if the
composite cylinders are suitably multicoated. Ting et al. (2004) extended
the concept and showed how to design a multicoated cylinder with cylindrically
orthotropic constituents so that the composite shaft filled with an assemblage of
multicoated cylinders can be exactly analysed. All these developments were
indirect, based on a construction of neutral inclusions under torsion. A neutral
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T. Chen and R. Lipton3292
inclusion in torsion was defined as a cylindrical inclusion which can be introduced
into a homogeneous host shaft subjected to torsion, without disturbing the
warping field in the host shaft. Neutral inclusions for Saint-Venant’s torsion
problem were constructed by Lipton (1998) for the case of imperfectly bonded
inclusions placed inside a more compliant matrix. For this case, the neutral
inclusions have a radius determined by the elastic moduli of the constituents and
the stiffness of the imperfect interface. Other neutral inclusions in the presence of
imperfect interface for three-dimensional elastic composites are constructed in
Lipton & Vernescu (1995). For coated neutral inclusions, see the book of Milton
(2002, ch. 7) for a detailed exposition of related references. However, exact
formulae for the torsional rigidity are not usually available for more general fibre
geometries and material properties. Therefore, it is also useful to have explicit but
sharp estimates on the torsional rigidity for more general situations. In this paper
we pursue this line of investigation with the goal of providing explicit and sharp
bounds for the torsional rigidity that hold for a large class of fibre configurations.

The problem of bounding the torsional rigidity for a cylindrical shaft has long
been a subject of fundamental interest in solid mechanics. For homogeneous
shafts made of elastically isotropic material, de Saint-Venant (1856) proposed
that among all cylindrical shafts with given cross-sectional area, circular shafts
will give the greatest torsional rigidity. A rigorous proof of this proposition was
made nearly one century after by Diaz & Weinstein (1948) and Polya (1948).
Polya & Weinstein (1950) showed that among all multiply connected sections
with given cross-sectional area and with given joint area of holes, the ring
bounded by two concentric circles has the maximum torsional rigidity. Upper
and lower bounds on torsional rigidity were also investigated by Payne &
Weinberger (1961), Payne (1962) and some others. All these above results
are mainly concerned with homogeneous cross-sections. For composite shafts,
Alvino & Trombetti (1985) showed that circular cross-sections with a radially
non-increasing arrangement of compliance will give the maximum torsional
rigidity among all cross-sections with given cross-sectional area and fixed area
fraction of the constituent phases. Lipton (1998, 1999) presented a variational
approach to examine composite shafts with imperfect interfaces between fibre
and matrix phases. For this case, the condition of the continuity of the warping
displacement is relaxed and replaced with a ‘spring-type’ interface prevailing
along the host shaft and the fibres. Optimal bounds and isoperimetric
inequalities were introduced illustrating the dependence of the torsional rigidity
on the degree of imperfect bonding together with shape and position of the fibres
within the shaft.

More recently, Lipton & Chen (2004) developed a variational approach for
bounding the torsional rigidity of shafts containing coated fibre reinforcements. The
first set of results are reinforcement inequalities that provide explicit criteria that
determine when the torsional rigidity of a particular coated fibre configuration lies
above or below the torsional rigidity of the coated cylinder assemblage foundbyChen
et al. (2002). The torsional rigidity for this assemblage is identical to the torsional
rigidity of a single-coated fibre of circular cross-section centred inside a shaft of
circular cross-section. When additional (neutrality) conditions are fulfilled by the
warping function inside the shaft then the upper and lower inequalities coincide and
agree with the exact torsional rigidity found by Chen et al. (2002). The second set of
results are geometric inequalities that showhowthe effectiveanti-plane shear rigidity
Proc. R. Soc. A (2007)
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and torsional rigidity of each coated fibre can be used to determine whether a
particular configuration provides reinforcement above or below that of a
homogeneous shaft containing no coated fibres. These are obtained using techniques
based upon the solution of eigenvalue problems associated with each coated fibre.
Amazingly, the lowest eigenvalue for these problems is given in terms of the effective
anti-plane shear modulus of the coated fibre.

The present study focuses on the former set of problems addressed by Lipton &
Chen (2004) but with emphasis on shafts with arbitrary cross-sections. The shaft
contains a number of fibres or coated fibres, which can be arbitrarily positioned
inside the shaft. The constitutive law for the reinforcements is allowed to be
cylindrically orthotropic and the host medium, referred to as the matrix, is
elastically isotropic. The elastic symmetry of cylindrical orthotropy is charac-
terized by three different shear rigidities in the radial, circumferential and axial
directions, respectively. Here under Saint-Venant’s torsion, only the shear
rigidities in the radial and circumferential directions will take effect. In this
work, the choice of trial fields used in the variational principles is motivated by the
fields inside the exactly solvable microgeometries for shafts with arbitrary cross-
section introduced and discussed by Chen (2004). The exact upper and lower
bounds depend on the constituent shear rigidities, the area fractions, the locations
of the reinforcements as well as the geometric shape of the cross-section. The shape
factor of the cross-section will explicitly enter into the expressions of the bounds.
As demonstrated by Ting et al. (2004) and Chen & Wei (2005), these types of
anisotropic materials provide more degrees of freedom allowing more opportu-
nities for finding explicit formulae for the torsional rigidities. It is found that the
expressions for the explicit bounds on the torsional rigidity for cross-sections
containing non-coated fibres are distinct from that of cross-sections containing
coated fibres. The former involves a single summation contributing from each non-
coated fibres, while the latter involves a double summation, which in addition to
the contribution of each coated fibre, also involves a summation relevant to the
shape effect of the host shaft.

The paper is organized as follows. We first provide a brief outline of the
bounds derived in §2. In §3 we derive the upper bounds for the torsional rigidity.
The solutions are formulated in terms of virtual warping displacement.
Derivations for the lower bounds given in §4 are based on constructing virtual
stress potential. In §5, specific bounds are derived for circular shafts, elliptical
shafts and cross-sections of equilateral triangle. Simplified expressions are also
provided for phases with isotropic constituents. Lastly, a generalization to shafts
containing many multicoated fibres is envisaged.
2. Inequalities on the torsional rigidity

We consider the Saint-Venant torsion of cylindrical shafts. The shafts are made
of a homogeneous isotropic matrix containing N cylindrically orthotropic fibres.
The fibres have circular cross-section and the radius of the ith fibre, iZ1,., N is
denoted by ai. The fibres may also be coated by a shell of cylindrically
orthotropic material of uniform thickness, then, in this situation, the outer radius
of the ith coating will be denoted by bi. Each coated fibre may have different
constituent materials with different area fractions. The area fraction of the fibre
Proc. R. Soc. A (2007)



T. Chen and R. Lipton3294
for the ith coated fibre is denoted by ni and niZa2i =b
2
i . The matrix has the

isotropic shear modulus denoted by mm, while the fibres and the coatings are
cylindrically orthotropic.

In order to describe the cylindrical orthotropy, let us now consider a cylindrical
inclusion, which could be a coated or a non-coated fibre. Suppose that the centre of
the inclusion is located at a certain point Oi inside the cross-section U. The
position Oi will be designated as x̂iZðx̂i; ŷiÞ relative to the origin of x. Consider a
second coordinate system obtained from the first coordinate by a translation
without a change in orientation. We denote this new coordinate system by
(X, Y, z), in which xZXC x̂i and yZYC ŷi. We introduce the polar coordinates
(r, q, z) centred at Oi with XZr cos q and YZr sin q. The unit vectors in the
radial and tangential directions are denoted by er and eq, respectively. The
rigidity tensor inside cylindrically orthotropic fibre and coating is of the form

mZmrðX ;Y Þerer CmqðX ;Y Þeqeq: ð2:1Þ
For (X, Y ) in the ith fibre mrðX ;Y ÞZm

iðfÞ
r , mqðX ;Y ÞZm

iðfÞ
q and for (X, Y ) in the

corresponding coating mrðX ;Y ÞZm
iðcÞ
r and mqðX ;Y ÞZm

iðcÞ
q . The shaft cross-

section, denoted by U is simply connected and its outer boundary is denoted by
vU. The domain occupied by the ith fibre and its coating is denoted by
SiZfX2CY 2%b2i g. The union of all the fibres is denoted by Sf and that of the
coatings is by Sc. The remaining part of the cross-section containing matrix
material is denoted by Um and thus UZUm

S
Sf

S
Sc. At the interfaces between

any two adjacent phases, we assume that they are perfectly bonded.
Instead of directly solving for the warping and associated stress fields inside

the composite shaft, we introduce variational principles and derive sharp upper
and lower bounds for the torsional rigidity of the composite shaft. The bounds
given here depend on the elastic properties of the constituents, the cross-sectional
shape of U, the area fractions ni as well as the position of the reinforcements x̂i.
We describe the variational principles used to derive the bounds for the torsional
rigidity. The torsional rigidity for a shaft with cross-section U containing N fibres
or coated fibres is denoted by TN ðUÞ. The first variational principle is given in
terms of virtual warping functions ~w that are square integrable with square
integrable gradients. It is given by

TN ðUÞZmin
~w

ð
U

mðxÞðV ~wCxtÞ$ðV ~wCxtÞ dx
� �

: ð2:2Þ

Here xt is the anti-clockwise rotation of x through p/2 radians. Note that the
piecewise constant shear matrix is mmI in the matrix and is (2.1) for the coated
fibres. This variational principle is minimized by the actual warping function
inside the shaft.

The second variational principle is given in terms of virtual stress potentials ~4
that vanish on the boundary of the shaft cross-section vU and are square
integrable and have square integrable gradients. The second variational principle
for the torsional rigidity is given by

TN ðUÞZmax
~4

4

ð
U

~4 dxK

ð
U

mðxÞ
det mðxÞP ~4

� �
$P ~4 dx

� �
: ð2:3Þ

This variational principle ismaximized by the actual stress potential inside the shaft.
Proc. R. Soc. A (2007)
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We start by displaying bounds on the torsional rigidity for reinforcements that
are non-coated cylindrically orthotropic fibres. For a system of N cylindrically
orthotropic fibres located at the points x̂i, iZ1;.;N , we construct upper and
lower bounds for the torsional rigidity. The main result is stated in proposition 2.1.

Proposition 2.1. For a shaft with arbitrary cross-section U containing N
cylindrically orthotropic fibres with radii ai , we find that the torsional rigidity of
the reinforced shaft TN Uð Þ is bounded between the quantities

AN Cp
XN
iZ1

Xi mm

mi
G

mi
GKmm

� �
%TN ðUÞ%AN Cp

XN
iZ1

Xi mi
GKmm

� �
; ð2:4Þ

where AN and Xi are defined by

AN Z T mðUÞCp

2

XN
iZ1

m
iðfÞ
q Kmm

� �
a4i and ð2:5Þ

Xi Z
XS
nZ1

n ai
n

� �2
C bin
� �2� �

a2ni : ð2:6Þ

T mðUÞ is the torsional rigidity of the homogeneous shaft with cross-section U and
mi
G is the geometric mean of the shear rigidity defined by

mi
G Z

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m
iðfÞ
r m

iðfÞ
q

q
: ð2:7Þ

The upper and lower bounds agree when mmZmi
G, iZ1;.;N .

Note that the position of the fibres, x̂i, iZ1;.;N and the cross-sectional
shape of U are expressed through the coefficients S, ai

n and bin. The parameter S
could be a finite or an infinite value depending on the cross-sectional shape of the
shaft. For instance, for a circular shaft we have SZ1. Detailed expressions for the
coefficients S, ai

n and bin for a few simple cross-sectional shapes were given by
Chen (2004) and are recorded in §3 for completeness.

Next we suppose that the reinforcements are coated fibres. The variational
bounds on the torsional rigidity are given in proposition 2.2.

Proposition 2.2. For a shaft with arbitrary cross-section U containing N
cylindrically orthotropic coated fibres, the torsional rigidity of the reinforced shaft
TN Uð Þ is bounded between the quantities

BN Cp
XN
iZ1

XS
nZ1

YiðnÞ mm

mi
CCAðnÞ

mi
CCAðnÞKmm

� �
%TN ðUÞ%BN

Cp
XN
iZ1

XS
nZ1

YiðnÞ mi
CCAðnÞKmm

� �
; ð2:8Þ

where BN and Xi are given by

BN Z T mðUÞCp

2

XN
iZ1

m
iðcÞ
q b4i Ka4i
� �

Cm
iðfÞ
q a4i Kmmb

4
i

� �
; ð2:9Þ

YiðnÞZn ai
n

� �2
C bin
� �2� �

b2ni ; ð2:10Þ
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and mi
CCAðnÞ is the shear rigidity defined by

mi
CCAðnÞZm

iðcÞ
G

ðgi C1ÞCn
nlc
i ðgi K1Þ

h i
ðgi C1ÞKn

nlc
i ðgi K1Þ

h i ; ð2:11Þ

with

lc Z
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m
ðcÞ
q =m

ðcÞ
r

q
and gi Z

m
iðfÞ
G

m
iðcÞ
G

Z

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m
iðfÞ
r m

iðfÞ
q

q
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m
iðcÞ
r m

iðcÞ
q

q : ð2:12Þ

We mention that the value mi
CCAðnÞ, which depends on n with nZ1;.; S, is

the effective anti-plane shear rigidity of an assemblage of coated cylinders, with
cylindrically orthotropic constituents, under displacement boundary conditions
of order n. The expression mi

CCA differs intrinsically with that of non-coated fibres
in which mi

G does not vary with n. It is seen that the upper and lower bounds will
coincide when mmZmi

CCAðnÞ, for all nZ1;.;S and iZ1;.;N .
3. Upper bounds on the torsional rigidity for shafts of arbitrary
cross-section reinforced with coated or uncoated fibres

In this section we develop trial warping functions for cylindrical shafts of
arbitrary cross-section U containing N circular cylindrically orthotropic fibres or
coated fibres. The trial fields will be substituted into the variational principle
(2.2) to deliver the upper bound given in propositions 2.1 and 2.2.

First, consider a homogeneous shaft filled with pure matrix material. For a
fixed Cartesian coordinate system centred at O, the associated warping
displacement, denoted by wm(x, y), is harmonic inside U and on vU

vwm

vn
ZKxt$n





vU
: ð3:1Þ

The trial warping function ~w is taken to be equal to wm outside the inclusions.
The inclusions can be either coated or uncoated fibres. Inside the coated or
uncoated fibre centred at x̂i, the trial field ~w is the solution of the boundary-value
problem given by ~wZwm on the inclusion matrix boundary, and inside the
coating and fibre ~w satisfies

V$ mðxÞV ~wð ÞZ 0; ð3:2Þ
where mðxÞ is given by (2.1). The transmission conditions across the coating–
fibre interface J are

½ ~w�




J
Z 0; mðxÞðV ~wCxtÞ$er

� �



J
Z 0; ð3:3Þ

where ½$� Jj denotes the jump of a quantity across J. We note further that if the
trial satisfies the extra traction continuity condition at the interface between Si

and the matrix given by

mðxÞðV ~wCxtÞ$er ZmmðV ~wCxtÞ$er ; ð3:4Þ
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where the l.h.s. is evaluated on the interface just inside Si and the r.h.s. is
evaluated on the matrix side of the interface, then the trial is the actual warping
function inside the composite shaft.

Substitution of this trial field into the variational principle gives the upper
bound

UNZ

ð
Um

mmðV ~wCxtÞ$ðV ~wCxtÞdxC
Xn
iZ1

ð
Si

mðxÞðV ~wCxtÞ$ðV ~wCxtÞdx:

ð3:5Þ
Adding and subtracting the torsional rigidity of the cross-section filled with pure
matrix material T mðUÞ gives

UN Z T mðUÞC
XN
iZ1

ð
Si

mðxÞðV ~wCxtÞ$ðV ~wCxtÞdx

K
XN
iZ1

ð
Si

mmðVwmCxtÞ$ðVwm CxtÞdx: ð3:6Þ

The expressions for the upper bounds (2.4) and (2.8) on the torsional rigidity
are obtained by deriving explicit expressions for the quantities

Hi Z

ð
Si

mðxÞðV ~wCxtÞ$ðV ~wCxtÞdx

K

ð
Si

mmðVwmCxtÞ$ðVwm CxtÞdx; i Z 1;.;N : ð3:7Þ

To calculate these quantities associated with Si for coated or non-coated
fibres, it is convenient to translate the coordinates to the location of the centre
of the ith fibre Oi. The specific transformation of the warping function under
this change of coordinates is pointed out in Chen et al. (2002). In particular,
the warping displacement for a cross-section filled with pure matrix material
in the new coordinates wmjOi

is related to the warping function in the old

coordinates by wmjOi
ZwmðXC x̂i;YC ŷiÞKŷiXC x̂iY . Since the warping field

is harmonic inside U, the function wmjOi
can be expanded about the point Oi

in the form of trigonometric series with a sufficient number of terms S
(Chen 2004),

wm






Oi

Z
XS
nZ0

rnðan cos nqCbn sin nqÞ; ð3:8Þ

where the coefficients an and bn are constants. For example, for a circular U,
the non-zero coefficients of an and bn are

a1 ZKŷi and b1 Z x̂i: ð3:9Þ
This implies that SZ1. For an elliptical U, the non-vanishing coefficients of an
and bn are given by

a1 ZKðkC1Þŷi; b1 ZKðkK1Þx̂i and b2 ZKk=2; ð3:10Þ
Proc. R. Soc. A (2007)
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where kZðA2KB2Þ=ðA2CB2Þ; and A and B are the semi-axes of the ellipse.
In this case, SZ2. Also, if U is an equilateral triangle with side length l, then

a1 Z 2
ffiffiffi
3

p
x̂iŷi=lKŷi; a2 Z

ffiffiffi
3

p
ŷi=l; b1 Z

ffiffiffi
3

p
x̂2i Kŷ2i
� �

=lC x̂i;

b2 Z
ffiffiffi
3

p
x̂i=l; b3 Z 1=

ffiffiffi
3

p
l ð3:11Þ

and SZ3. When the cross-section U becomes irregular, e.g. a rectangle, the
number of S will become larger or even unbounded.

Next we consider the trial warping displacement inside Si associated with the
local coordinates centred at Oi. The trial warping function inside Si for the local
coordinate system is denoted by ~wi and is related to the trial warping function
inside Si in the old coordinates by ~wiZ ~wðXC x̂i;YC ŷiÞKŷiXC x̂iY . We let ~wf

i

denote the trial inside the fibre and ~wc
i the trial inside the coating. In the local

polar coordinate system, ~wi is the solution of

v2 ~wk
i

vr2
C

1

r

v ~wk
i

vr
C

l2k

r2
v2 ~wk

i

vq2
Z 0; with lk Z

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m
ðkÞ
q =m

ðkÞ
r

q
; ð3:12Þ

for kZf and c. At the interface J between the fibre and the coating, we require that

½ ~wi�





J

Z 0 and mr

v ~wi

vr


 �




J

Z 0 ð3:13Þ

and at the interface between Si and the matrix we have

~wi ZwmjOi
: ð3:14Þ

The quantities Hi defined by (3.7) can now be expressed in terms of the local
coordinate representation of the trial warping functions and are given by

Hi Z

ð
Si

mrðr cos q; r sin qÞ v ~wi

vr

� �2

Cmqðr cos q; r sin qÞ 1

r

v ~wi

vq
Cr

� �2� �
r dr dq

K

ð
Si

mm

vwmjOi

vr

� �2

C
1

r

vwmjOi

vq
Cr

� �2
 !

r dr dq; i Z 1;.;N : ð3:15Þ

In the following subsections we evaluate Hi for both non-coated and coated fibres.
(a ) Reinforcements are cylindrically orthotropic fibres

We first treat the case when the reinforcements are cylindrically orthotropic
non-coated fibres. Here there is no coating phase and Si consists of a cylindrically
orthotropic fibre. The trial function ~wf

i inside the fibre is required to satisfy (3.12)
and the boundary condition (3.14) is

~wf
i ZwmjOi

; ð3:16Þ

on the boundary of Si , i.e. rZai. We solve the boundary-value problem within
each fibre to obtain the explicit formula for ~wf

i . Since ~wf
i satisfies (3.12), it can be
Proc. R. Soc. A (2007)
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represented as

~wf
i Z

XS
nZ0

rnlðAn cos nqCBn sin nqÞ; for r%ai: ð3:17Þ

The coefficients An and Bn are determined by (3.16) and are given by

An Zana
nð1KlÞ
i and Bn Z bna

nð1KlÞ
i : ð3:18Þ

Substitution of wmjOi
(see (3.8)) and ~wiZ ~wf

i into (3.15) and (3.6) delivers the
upper bound given in (2.4).

We point out that if the traction is continuous across the fibre–matrix
interface (see (3.4)), then we have the additional condition for the warping
functions given by

mi
r

v ~wf
i

vr






rZai

Zmm

vwmjOi

vr






rZai

; i Z 1;.;N : ð3:19Þ

By substituting (3.8), (3.17) and (3.18) into (3.19), it is seen that the
overdetermined system has a solution only when mi

GZmm. In this case, the
trial function ~w becomes the actual warping displacement in the shaft and we
recover the exact formula (Ting et al. 2004)

TN ðUÞZAN : ð3:20Þ

It should be emphasized that the exact torsional rigidity (3.20) is independent of
the shape U. In this case, the fibres are referred to as neutral inclusions (Chen
et al. 2002), since the presence of the fibres do not disturb the warping field of the
homogeneous shaft.
(b ) Reinforcements are cylindrically orthotropic coated fibres

In this section we suppose that the reinforcements are cylindrically orthotropic
fibres with cylindrically orthotropic coatings.

We solve the boundary-value problem within each coated fibre given by (3.12),
(3.13) and (3.14) to obtain the explicit formula for trial warping function ~wi

inside each fibre. From (3.12), it follows that

~wf
i Z

XS
nZ0

rnlf ðAðfÞ
n cos nqCBðfÞ

n sin nqÞ; for r%ai and

~wc
i Z

XS
nZ0

rnlcðAðcÞ
n cos nqCBðcÞ

n sin nqÞC
XS
nZ1

rKnlc AðcÞ
Kn cos nqCBðcÞ

Kn sin nq
� �

;

for ai%r%bi; ð3:21Þ

where the coefficients A
ðfÞ
n , B

ðfÞ
n , A

ðcÞ
n , B

ðcÞ
n , A

ðcÞ
Kn and B

ðcÞ
Kn are unknown constants

to be determined. Now the continuity conditions (3.13) at rZai and boundary
Proc. R. Soc. A (2007)
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conditions (3.14) at rZbi require that

anlfi A
ðfÞ
n Z anlci A

ðcÞ
n CaKnlc

i A
ðcÞ
Kn;

bnlci A
ðcÞ
n CbKnlc

i A
ðcÞ
n Z bni an;

m
iðfÞ
G anlfi A

ðfÞ
n Zm

iðcÞ
G anlci A

ðcÞ
n KaKnlc

i A
ðcÞ
n

� �
and

ð3:22Þ

anlfi B
ðfÞ
n Z anlci B

ðcÞ
n CaKnlc

i B
ðcÞ
Kn;

bnlci B
ðcÞ
n CbKnlc

i B
ðcÞ
n Z bni bn;

m
iðfÞ
G anlfi B

ðfÞ
n Zm

iðcÞ
G anlci B

ðcÞ
n KaKnlc

i B
ðcÞ
n

� �
:

ð3:23Þ

The two linear systems (3.22) and (3.23) are entirely similar by observing that

A
ðfÞ
n 4B

ðfÞ
n , A

ðcÞ
n 4B

ðcÞ
n , A

ðcÞ
Kn4B

ðcÞ
Kn and an4bn: The solutions of (3.22) and

(3.23) are derived as

A
ðfÞ
n

an

Z
B

ðfÞ
n

bn
Z

2n
ðKnð1KlcÞÞ=2
i a

nð1KlfÞ
i

ðgi C1ÞKn
nlc
i ðgi K1Þ

;

A
ðcÞ
n

an

Z
B

ðcÞ
n

bn
Z

ðgi C1ÞnðKnð1KlcÞÞ=2
i a

nð1KlcÞ
i

ðgi C1ÞKn
nlc
i ðgi K1Þ

and

A
ðcÞ
Kn

an

Z
B

ðcÞ
Kn

bn
Z

ð1KgiÞnðKnð1KlcÞÞ=2
i a

nð1KlcÞ
i

ðgi C1ÞKn
nlc
i ðgi K1Þ

:

ð3:24Þ

Substitution of wmjOi
(see (3.8)) and the explicit formula for ~wi into (3.15) and

(3.6) delivers the upper bound given in (2.8).
If the traction continuity (3.4) on the coating–matrix interface is also fulfilled,

one has the additional constraint given by

miðcÞ
r

v ~wc
i

vr





rZbi

Zmm

vwmjOi

vr





rZbi

: ð3:25Þ

Making use of (3.8) and (3.21), (3.25) can be rewritten as

mm

XS
nZ1

bni an Z
XN
iZ1

m
iðcÞ
G bnlci AðcÞ

n KbKnlcAðcÞ
Kn

� �
and

mm

XS
nZ1

bni bn Z
XN
iZ1

m
iðcÞ
G bnlci BðcÞ

n KbKnlcBðcÞ
Kn

� �
:

ð3:26Þ

By substituting (3.24) into (3.26), it can be shown that the overdetermined
system has a solution only when mmZmi

CCAðnÞ for iZ1;.;N and nZ1;.;S. In
the latter case, the trial function ~w becomes the actual warping displacement in
the shaft and we recover the exact formula (Ting et al. 2004)

TN Uð ÞZBN : ð3:27Þ
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4. Lower bounds on the torsional rigidity for shafts of arbitrary
cross-section reinforced with coated or uncoated fibres

In this section we develop trial stress potentials for composite shafts with coated
or uncoated fibres. These are substituted into the variational principle (2.3) to
obtain the lower bounds given in (2.4) and (2.8). The trial potential to be
constructed is denoted by ~4. As in §3, we start by introducing the stress potential
4m for a cross-section U filled with pure matrix material. In the matrix phase
external to the coated or uncoated fibres we take the trial stress potential to be
equal to 4m. For future reference, we denote the restriction of the trial potential
~4 to the matrix phase by ~4m. In what follows it is convenient to represent 4m in
terms of local polar coordinates based at the centre Oi of the i th fibre. To
proceed, we recall the relationship between the stress potential 4m and the
warping displacement wm (e.g. Sokolnikoff 1956). Denoting the harmonic
function conjugates to wm by ~w, the stress potential 4m is related to the warping
displacement through

4m Zmm �wK
1

2
jxj2

� �
: ð4:1Þ

We apply (4.1) together with the representation for wmjOi
given by (3.8) and the

Cauchy Riemann equations in polar form to find that

4mjOi
Z4mðr cos qC x̂i; r sin qC ŷiÞ

Zmm

XS
nZ0

rnðan sin nqK bn cos nqÞK 1

2
r2

 !
: ð4:2Þ

To fix ideas, we note that for a circular cross-section with radius R, we find that
the non-zero coefficients of an and bn are given in (3.9) together with

b0 ZK
1

2
R2Kx̂2i Kŷ2i
� �

ZK
1

2
ðR2Kjxij2Þ: ð4:3Þ

This agrees with previous known results (e.g. Lipton & Chen 2004).
(a ) Reinforcements are cylindrically orthotropic fibres

We suppose that the cross-section U contains N cylindrically orthotropic
fibres. The restriction of the trial field ~4 to the interior of the ith fibre is denoted
by ~4i. We choose ~4 to be the superposition of two functions, i.e.

~4i Zji Cgi; ð4:4Þ

where ji satisfies

v2ji

vr2
C

1

r

vji

vr
C

l2i

r2
v2ji

vq2
ZK2mi

q; for jxKxijZ r!ai; ð4:5Þ

with

ji Z 0; on r Z ai ð4:6Þ
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and the function gi satisfies

v2gi

vr2
C

1

r

vgi

vr
C

l2i

r2
v2gi

vq2
Z 0; for r!ai; ð4:7Þ

with

gi Z4mjOi
; on r Z ai: ð4:8Þ

It should be noted that the function ji is exactly the stress potential for a
single cylindrically orthotropic fibre under torsion. The solution of the governing
system (4.5) and (4.6) can be derived as

ji ZK
mi
q

2
r2Ka2i
� �

: ð4:9Þ

The solution of gi is given by

gi Z
XN
nZ0

rnl C i
n cos mqCDi

n sin mq
� �

; ð4:10Þ

which, in reference to (4.8) and (4.2), will give

C i
n ZKmma

nð1KlÞ
i bn; Di

n Zmma
nð1KlÞ
i an and C i

0 ZKmm b0 C
a2i
2

� �
: ð4:11Þ

The lower bound in (2.4) follows from substitution of this trial stress potential
into the variational principle (2.3).

Suppose now that the trial potential field ~4 satisfies the displacement
continuity condition on the fibre–matrix interface given by

mK1
m

v~4m

vr





rZai

Z ðmi
qÞK1 v~4i

vr





rZai

: ð4:12Þ

This means that

Kai C
XN
nZ1

mi
q

� �K1
nlanlK1

i C i
n cos nqCDi

n sin nq
� �

ZKai C
XN
nZ1

nanK1
i ðKbn cos nqCan sin nqÞ: ð4:13Þ

It now follows from the formulae (4.11) for C i
n and Di

n that the condition (4.13) is
satisfied only if mi

GZmm. For this situation, the trial ~4 is the stress potential in
the shaft and the exact formula (3.20) is recovered.
(b ) Reinforcements are cylindrically orthotropic coated fibres

Here we derive the trial stress potential when the reinforcements are coated
fibres. As in §4a, we choose the trial stress potential in the matrix ~4m to be 4m.
Inside each coated fibre, we take the trial function ~4i to be given by the sum of
Proc. R. Soc. A (2007)
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two functions ji and gi. Here j
ðkÞ
i , kZf, c, satisfies

v2j
ðfÞ
i

vr2
C

1

r

vj
ðfÞ
i

vr
C

l
ðfÞ2
i

r2
v2j

ðfÞ
i

vq2
ZK2m

iðfÞ
q in the fibre; r!ai and ð4:14Þ

v2j
ðcÞ
i

vr2
C

1

r

vj
ðcÞ
i

vr
C

l
ðcÞ2
i

r2
v2j

ðcÞ
i

vq2
ZK2m

iðcÞ
q in the coating; ai!r!bi: ð4:15Þ

At the fibre–coating interface and the coating–matrix interface, we require

j
ðkÞ
i

h i
rZai

Z 0;
1

m
iðkÞ
q

vj
ðkÞ
i

vr

" #
rZai

Z 0 and j
ðcÞ
i






rZbi

Z 0: ð4:16Þ

The function gi satisfies

v2g
ðfÞ
i

vr2
C

1

r

vg
ðfÞ
i

vr
C

l
ðfÞ2
i

r2
v2g

ðfÞ
i

vq2
Z 0; for r!ai;

v2g
ðcÞ
i

vr2
C

1

r

vg
ðcÞ
i

vr
C

l
ðcÞ2
i

r2
v2g

ðcÞ
i

vq2
Z 0; for ai!r!bi and

ð4:17Þ

g
ðkÞ
i

h i
rZai

Z 0;
1

m
iðkÞ
q

vg
ðkÞ
i

vr

" #
rZai

Z 0 and g
ðcÞ
i rZbi Z ~4mjOi rZbi :





 ð4:18Þ

Again, the function ji is exactly the stress potential for a single coated fibre
under torsion. The solution of the governing system (4.14)–(4.16) is given by

j
ðfÞ
i ZK

1

2
m
iðfÞ
q r2Km

iðcÞ
q b2i Ka2i
� �

Km
iðfÞ
q a2i

� �

j
ðcÞ
i ZK

1

2
m
iðcÞ
q r2Kb2i
� �

:

ð4:19Þ

The solutions g
ðkÞ
i , (4.17), are of the form

ðfÞ
i Z

XS
nZ0

rnlf C ðfÞ
n cos nqCDðfÞ

n sin nq
� �

; for r%ai

ðcÞ
i Z

XS
nZ0

rnlc C ðcÞ
n cos nqCDðcÞ

n sin nq
� �

C
XS
nZ1

rKnlc C ðcÞ
Kn cos nqCDðcÞ

Kn sin nq
� �

;

for ai%r%bi ð4:20Þ

where the coefficients C
ðfÞ
n , D

ðfÞ
n , C

ðcÞ
n , D

ðcÞ
n , C

ðcÞ
Kn and D

ðcÞ
Kn are unknown constants

to be determined. Now the continuity conditions at rZai and boundary
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conditions at rZbi give the relations

C
ðfÞ
0 ZC

ðcÞ
0 ZKmm b0 C

b2i
2

� �
and ð4:21Þ

anlfi C
ðfÞ
n Z anlci C

ðcÞ
n CaKnlc

i C
ðcÞ
Kn;

bnlci C
ðcÞ
n CbKnlc

i C
ðcÞ
Kn ZKmmb

n
i bn;

m
iðfÞ
G

� �K1
anlfi C

ðfÞ
n Z m

iðcÞ
G

� �K1
anlci C

ðcÞ
n KaKnlc

i C
ðcÞ
Kn

� �
and

ð4:22Þ

anlfi D
ðfÞ
n Z anlci D

ðcÞ
n CaKnlc

i D
ðcÞ
Kn;

bnlci D
ðcÞ
n CbKnlc

i D
ðcÞ
Kn Zmmb

n
i an;

m
iðfÞ
G

� �K1
anlfi D

ðfÞ
n Z m

iðcÞ
G

� �K1
anlci D

ðcÞ
n KaKnlc

i D
ðcÞ
Kn

� �
;

ð4:23Þ

for each nZ1,., S. Again, the two linear systems (4.22) and (4.23) are entirely

similar by observing that C
ðfÞ
n 4D

ðfÞ
n , C

ðcÞ
n 4D

ðcÞ
n , C

ðcÞ
Kn4D

ðcÞ
Kn and an4Kbn.

The solutions of (4.22) and (4.23) are derived as

C
ðfÞ
n

bn
ZK

D
ðfÞ
n

an

ZK
2mmg

in
ðKnð1KlcÞÞ=2
i a

nð1KlfÞ
i

ðgi C1ÞCn
nlc
i ðgi K1Þ

;

C
ðcÞ
n

bn
ZK

D
ðcÞ
n

an

ZK
mmðgi C1ÞnðKnð1KlcÞÞ=2

i a
nð1KlcÞ
i

ðgi C1ÞCn
nlc
i ðgi K1Þ

and

C
ðcÞ
Kn

bn
ZK

D
ðcÞ
Kn

an

ZK
mmð1KgiÞnðKnð1KlcÞÞ=2

i a
nð1ClcÞ
i

ðgi C1ÞCn
nlc
i ðgi K1Þ

:

ð4:24Þ

Finally, we substitute of (4.1), (4.2), (4.19), (4.20) and (4.24) into (2.3), and after
some tedious algebra, we obtain the lower bound given in (2.8).

Next suppose that the trial potential also satisfies the displacement continuity
condition on the matrix–coating interface given by

mK1
m

v~4m

vr





rZbi

Z mi
q

� �K1 v~4i

vr





rZbi

: ð4:25Þ

It follows from (4.2), (4.20), (4.24) and (3.24) that the additional requirement
(4.25) gives an overdetermined system for the solution of the coefficients

C
ðfÞ
n , D

ðfÞ
n , C

ðcÞ
n , D

ðcÞ
n , C

ðcÞ
Kn and D

ðcÞ
Kn. This system has a solution only when

mmZmi
CCAðnÞ for iZ1;.;N and nZ1;.; S. In this case, the trial function ~4

becomes the stress potential inside the shaft and we recover the exact formula
(Ting et al. 2004)

TN ðUÞZBN : ð4:26Þ
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5. Some examples

In this section we will derive results for a few simple cross-sectional shapes. Among
various cross-sectional shapes of the composite shaft, circular cross-section is
probably the most common one. Here, in addition to circular shaft, we will derive
results for an elliptical U and an equilateral triangular U. In addition, simplified
results will be given for shafts containing isotropic fibres or isotropic-coated fibres.

First, we recall that for the three cross-sectional shapes considered, the torsional
rigidity T mðUÞ for a homogenous U has exact expressions (Sokolnikoff 1956)

T mðUÞZ pmm

2
R4; when U is a circle of radius R;

T mðUÞZpmm

A3B3

A2 CB2
; when U is an ellipse with semi-axes A and B;

T mðUÞZ 81
ffiffiffi
3

p

80
mml

4; when U is an equilateral triangle with side length l:

ð5:1Þ
Next, using (3.9)–(3.11) into (2.6), we find that

Xi Z jx̂ij2a2i ; ð5:2Þ
for a circular U,

Xi Z ðk2C1Þjx̂ij2C2k ŷ2i Kx̂2i
� �� �

a2i C
1

2
k2a4i ; ð5:3Þ

for an elliptical U, and

Xi Z a2i
3

l 2
jx̂ij4C 1C

6a2i
l 2

� �
jx̂ij2 C

2
ffiffiffi
3

p
x̂i x̂2i Kŷ2i
� �
l

C
a4i
l 2

" #
; ð5:4Þ

for an equilateral triangularUwith side length l. The term for
PS

nZ1 Yi nð Þ is similar

to that of Xi except by replacing ai with bi. Also, the term
PS

nZ1 Y
iðnÞmi

CCAðnÞ in
(2.8) can be expanded in the formsXS

nZ1

YiðnÞmi
CCAðnÞZ jx̂ij2b2i mi

CCAð1Þ; ð5:5Þ

for a circular U,

XS
nZ1

YiðnÞmi
CCAðnÞZ ðk2 C1Þjx̂ij2 C2k ŷ2i Kx̂2i

� �� �
mi
CCAð1Þb2i C

1

2
k2mi

CCAð2Þb4i ;

ð5:6Þ
for an elliptical U, andXS

nZ1

YiðnÞmi
CCAðnÞZ b2i

"
3

l 2
jx̂ij4C jx̂ij2 C

2
ffiffiffi
3

p
x̂i x̂2i Kŷ2i
� �
l

 !
mi
CCAð1Þ

C
6b2i
l 2

jx̂ij2mi
CCAð2ÞC

b4i
l 2

mi
CCAð3Þ

#
; ð5:7Þ
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for an equilateral triangle. Upon substitution of (5.1)–(5.7) into (2.4) and (2.8), we
can find torsional rigidity bounds for each case. Here explicit results will only be
stated for circular shafts. When the shaft has circular cross-sections with radiusR,
we denote U as DR. The torsional rigidity of DR reinforced with N fibres is written
as TN DRð Þ:

Proposition 5.1. For a shaft with circular cross-section containing N
cylindrically orthotropic fibres, the bounds for the torsional rigidity are

AN Cp
XN
iZ1

jx̂ij2a2i
mm

mi
G

mi
GKmm

� �
%TN DRð Þ%AN Cp

XN
iZ1

jx̂ij2a2i mi
GKmm

� �
;

ð5:8Þ
where AN is now given by

AN Z
p

2
mmR

4 C
p

2

XN
iZ1

mi
qKmm

� �
a4i : ð5:9Þ

Proposition 5.2. For a circular shaft reinforced with N cylindrically orthotropic
coated fibres, the bounds for the torsional rigidity are

BN Cp
XN
iZ1

jx̂ij2b2i
mm

mi
CCA

mi
CCAð1ÞKmm

� �
%TN ðDRÞ

%BN Cp
XN
iZ1

jx̂ij2b2i mi
CCAð1ÞKmm

� �
; ð5:10Þ

where BN is given by

BN Z
p

2
mmR

4 C
p

2

XN
iZ1

m
iðcÞ
q b4i Ka4i
� �

Cm
iðfÞ
q a4i Kmmb

4
i

� �
: ð5:11Þ

When the constituents are isotropic, then m
iðkÞ
r Zm

iðkÞ
q , kZf, c. It is also seen

from (3.12) that lkZ1 and giZmiðfÞ=miðcÞ. The bounds in (5.10) recover our
previous results (proposition 2.1; Lipton & Chen 2004). While the expression
(5.8) constitutes bounds for shafts containing homogeneous cylinders with
different materials. These latter upper and lower bounds will coincide only when
the shaft is homogeneous, mmZmf .
6. Generalization to multicoated fibres

We have seen in (2.4) that the bounds will reduce to the exact result AN when
mmZmi

G. This finding, first reported by Ting et al. (2004), is generally true
regardless of the geometric shape of U. Mathematically, this means that a host
medium with anti-plane shear rigidity mG is neutral to a cylindrically orthotropic
fibre (with shear rigidities mr and mq) under various orders of boundary fields.
However, when the inclusion is a coated fibre, made up of two constituent
materials, the condition of mmZmi

CCAðnÞ may not be easily fulfilled for each
Proc. R. Soc. A (2007)
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nZ1;.;S (Chen 2004). For example, in (3.10) we have demonstrated that an
elliptical U corresponds nZ1 and 2. Chen (2004) has demonstrated that for a
coated fibre it is not possible to find a non-trivial set of phase constituents that
satisfy the condition mi

CCAð1ÞZmi
CCAð2Þ. This means that, for an elliptical U, the

upper and lower bounds given in (2.8) will not coincide. In order to construct a
class of composite shafts for which the bounds recover exact results, we may
consider the fibres to be multicoated or even graded, as suggested by Chen
(2004). These multiphase fibres have more degrees of freedom to satisfy the
neutrality conditions.

To derive bounds for the torsional rigidity for an arbitrary shaft containing N
multicoated fibres, one still proceeds as in §§3b and 4b for coated fibres. Let us
consider a circular multicoated fibre S, with outer radius ai

1, iZ1,., N. The
multicoated cylinder consists of a core with radius aQ and ðQK1Þ layers of coating.
The qth layer of the coating occupies the annulus aqC1%r%aq, qZ1, 2,., QK1,
aQC1Z0. The auxiliary boundary-value problems for the trial warping field
and trial stress potential, though more tedious to obtain, are entirely similar to
those of coated fibres. Here without repeating the algebraic process, following the
bounds obtained for the coated fibre, proposition 2.2, and the exact result found in
Chen (2004) and Ting et al. (2004), we propose the following bounds for the
torsional rigidity of a shaft containing N multicoated fibres.

Proposition 6.1. For a shaft with arbitrary cross-section U containing N
cylindrically orthotropic multicoated fibres, the torsional rigidity of the reinforced
shaft TN Uð Þ is bounded between the quantities

CN Cp
XN
iZ1

XS
nZ1

QiðnÞ mm

mi
MCAðnÞ

mi
MCAðnÞKmm

� �
%TN ðUÞ

%CN Cp
XN
iZ1

XS
nZ1

QiðnÞ mi
MCAðnÞKmm

� �
; ð6:1Þ

where CN and Qi are given by

CN Z T mðUÞCp

2

XN
iZ1

XQ
qZ1

m
iðqÞ
q aiq

� �4
K aiqC1

� �4h i
Kmm ai

1

� �4n o
; ð6:2Þ

QiðnÞZ n ai
n

� �2
C bin
� �2� �

ai
1

� �2n ð6:3Þ

and mi
MCAðnÞ is the anti-plane shear rigidity of an assemblage of multicoated

cylinders under boundary fields of order n.

The formula of mi
MCAðnÞ has been derived in Ting et al. (2004) in construction

of a neutral multicoated cylinder under torsion. For completeness, we record the
expression in appendix A.

T.C. was supported by the National Science Council, Taiwan, under contract NSC 95-2211-E006-
466. R.L. was supported by NSF grant DMS-0406374, AFOSR grant F49620-02-1-0041 and the
Boeing Aircraft Company.
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Appendix A

In this appendix, we listed the formula of the anti-plane shear rigidity of an
assemblage of multicoated cylinders under boundary fields of order n. The
detailed derivation steps can be found in the work of Ting et al. (2004). Here we
only recorded the formula based on the notations defined in the main text

mi
MCAðnÞZ

K
ðQ;nÞ
11 KK

ðQ;nÞ
21

K
ðQ;nÞ
22 KK

ðQ;nÞ
12

m
ð1Þ
G ; ðA 1)

where the index ‘i’ denotes the ith multicoated cylinder,

K ðQ;nÞ ZK ðQK1Þ
n K ðQK2Þ

n .K ð1Þ
n ; ðA 2)

with

K ðqÞ
n Z

c
ðqÞ
n Kc

ðqÞ
Kn

Kc
ðqÞ
Knhq c

ðqÞ
n hq

0
@

1
A and ðA 3)

hq Zm
ðqÞ
G =m

ðqC1Þ
G ; c

ðqÞ
Gn Z ðaqC1=aqÞKnlqGðaqC1=aqÞnlq : ðA 4)

We note that, for clarity and without adding many indices, we have omitted the
index i on the r.h.s. of (A 1) and (A 2)–(A 4).
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