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1 In tro duction

This paper is devoted to the study of Hamilton-Jacobi-
Bellman equations (HJB's) for a large class of un-
bounded optimal control problems for fully nonlinear
systemshaving the form

�
y0(t) = f ( y(t); � (t) ); t � 0; � (t) 2 A
y(0) = x

: (1)

Our hypotheseswill be such that (1) hasa unique solu-
tion tra jectory, de�ned on [0; 1 ), for each input. The
optimal control problems are of the form

Minimize J ( x; �; tx (� ) ) over � 2 A f (x); (2)

where yx (�; � ) is the solution of (1) for the measurable
input � : [0; 1 ) ! A, tx (� ) is the �rst time this so-
lution reachessometarget T , A f (x) is the set of mea-
surable inputs for which tx (� ) < 1 , and the in�mand
J : RN � A � R+ ! R is de�ned by

J (x; �; t) :=
Z t

0
`( yx (s; � ); � (s) ) ds + g(yx (t; � )) ;

whereA is the set of measurablefunctions [0; 1 ) ! A.

The value function of (2) will be denotedby v, and R is
the set of all points that can be brought to T in �nite
time using the evolution (1) and some input � in A .
Thus, v(x) = inf � 2A f (x ) J (x; �; tx (� )) for x in R and
is + 1 elsewhere.The classof problemswe considerin-
cludes the Fuller Problem (FP) (cf. [6], [9], and [11]),
as well as problems in which the control set A is non-
compact, problems for which nonconstant tra jectories
can give zero running costs,and problems where ` can
be negative. The HJB for (2) is

sup
a 2 A

f � f (x; a) � Du(x) � `(x; a) g = 0; (3)

which we wish to satisfy on 
 nT , where
 is a suitable
open subsetof RN containing T . We will study (3) in
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the framework of the theory of viscosity solutions and
relaxed controls (cf. [1]).

We characterize the value functions of these prob-
lems as the unique viscosity solutions of the associ-
ated HJB's among continuous functions with suitable
boundary and growth conditions. As a consequence,we
show that the FP value function is the unique radially
unboundedviscosity solution of the corresponding HJB
among functions which are zero at the origin. Value
function characterizations of this kind have beenstud-
ied and applied by many authors for a large number of
stochastic and deterministic optimal control problems
and for di�eren tial games,including problemsfor which
the value function is discontinuous. Recent accounts of
work in theseareasmay be found in [1], [3], and in the
many referencestherein.

However, the FP is not covered by theseresults, since
its cost functional ` vanishesat points outside T . For
example,see[1], wherethe main comparisonresults for
exit time problems require ` � 1, and [8], where this
requirement is relaxed to requiring that for each " > 0,
there is a C" > 0 such that `(x; a) � C" for all a 2 A
and x 2 Rn n B (T ; " ). In fact, one can �nd HJB's for
optimal control problemswith exit times that havesev-
eral radially unbounded viscosity solutions when this
lower bound requirement is violated. For example,con-
sider the system y0(t) = u(t), where y(t) 2 R and
u(t) 2 [� 1; +1]. Choose the running cost functional
`(x; a) = (x + 2)2 (x � 2)2 x2 (x + 1)2 (x � 1)2, and use
the �nal cost g � 0. Let v1 and v2 be the value func-
tion for the associated problem (2) with the targets
T1 = f 0g and T2 = f 0; 2; � 2g, respectively. One can
easily check that v1 and v2 are both solutions of the
associated HJB (3) with T := T1 and that with this
choice of T , the problem satis�es all the hypotheses
of the well-known theorems which characterize value
functions of exit time control problems as the unique
radially unbounded viscosity solutions of (3) which are
zeroon T savefor the fact that the positive lower bound
requirement on ` is not satis�ed. One also checks that
the ingredient missing from this problem is a property



we will call `strong compatibilit y'. This property will
guarantee that there are no spurious solutions for the
HJB of the FP.

The problemswe study alsosatisfy an analogof the La
SalleInvariancePrinciple. This condition will be called
`strong transience'. Roughly stated, the condition says
that each tra jectory of (1) eventually leavesany subset
N of the state spaceoutside the target in which the
running cost is null along sometra jectory. Our work
is part of a larger research program which generalizes
uniquenessresults of the theory of viscosity solutions
to versionsthat cover well-known optimal control prob-
lems whosedynamics do not necessarilyadmit unique
solutions or whoserunning cost functionals violate the
usual boundednessrequirements. A continuation by
the author appearselsewherein this volume (cf. [5]).

2 Assumptions and De�nitions

Let us make the following assumptions:

(A0) A is a nonempty topological space

(A1) f : RN � A ! RN is continuous and
bounded on BR (0) � A for all R > 0, and
there are L > 0 and a modulus ! f such that
for all a 2 A, the following conditions hold:

(a) For all R > 0, and all x; y 2 BR (0),
jj f (y; a) � f (x; a) jj � ! f (jj x � y jj ; R).

(b) (f (x; a) � f (y; a)) � (x � y) � L jj x � y jj 2

for all x; y 2 RN .

(A2) T � RN is closed,T 6= ; , g 2 C(T ), and g
is bounded below.

(A3) ` : RN � A ! R is continuous and bounded
below, and there is a modulus ! ` such that
j`(y; a)� `(x; a)j � ! ` (jj x� y jj ) for all a 2 A
and x; y 2 RN .

In (A1), a modulus is a function ! : R+ � R+ ! R+

such that, for all R > 0, ! (�; R) is continuous and non-
decreasingand ! (0; R) = 0; and ! ` is a modulus of
the samekind which is constant in its secondvariable.
Also, B r (x) :=

�
p 2 RN : jjx � pjj < r

	
for all r > 0

and x 2 RN . Condition (A1) will guarantee unique-
nessof solutions (cf. [1]). When A is a compact metric
space,we view our controls � 2 A as members of the
larger classA r of relaxed controls (cf. [1]). De�ne ` r :
RN � A r ! R and f r : RN � A r ! RN by ` r (x; m) :=R

A `(x; a) dm(a) and f r (x; m) :=
R

A f (x; a) dm(a),
where A r is the set of Radon probabilit y measureson
A. Theserelaxations satisfy analogsof (A1) and (A3),
so we can de�ne yr

x (�; � ) to be the unique solution of
y0(s) = f r (y(s); � (s)) starting at x for each � 2 A r .

De�ne H : RN � RN ! R by

H (x; p) = sup
a 2 A

f � f (x; a) � p � `(x; a) g (4)

The set of x 2 RN such that
Rt

0 ` r (yr
x (s; � ); � (s))ds > 0

for all t 2 (0; 1 ] and � 2 A r will be denotedby P. We
study caseswhereany x 2 R is `eventually' brought to
P. More precisely, we have the following:

De�nition 2.1 Let S � RN be open, let A be a com-
pact metric space, let w : S ! R, and assume(Ao)-
(A3) are satis�ed. We call (2) strongly transien t
with respect to T , w, and S and write ST (w; S) if the
following conditions hold:

1. For each x 2 S n [P [ T ], there exist a bounded
open set B � S containing x so that @B � S and
a positive number L strictly lessthan

inf
� 2A

f t > 0 : dist(yx (t; � ); @B ) � dist(x; @B )=2g

such that, for all � 2 A , yx (L; � ) 2 P \ S and
RL

0 `(yx (s; � ); � (s)) ds � 0.

2. For each x 2 S and y 2 @S, there is an " > 0 such
that if p 2 S and jj p� y jj < " , then w(x) < w(p).

3. If x 2 RN , � 2 A f (x), and

f t � 0 : t � tx (� ) and yx (t; � ) =2 Sg 6= ; ;

and if � = supf t � 0 : t � tx (� ) & yx (t; � ) =2 Sg,
then

R�
0 `(yx (s; � ); � (s)) ds � 0.

When S = R = RN , strong transience reducesto the
much simpler Condition 1 on exits from [P [ T ]c. In
that case,we write ST instead of ST (w; RN ). We also
needthe following generalization of STCT (cf. [7]):

De�nition 2.2 Let O � RN and assume(A0)-(A3)
are satis�ed. We say that O satis�es the strong
small time control condition with respect to T and
write SSTC(O, T ) if there is an increasingsequenceof
bounded open sets f 
 j g such that O = [ 1

j =1 
 j and
such that if Tj : 
 j n T ! R [ f + 1g is de�ned by

Tj (x) := inf
�

f t : yx (t; � ) 2 @(
 j n T ) g

for j = 1; 2; : : : and 
 j nT 3 x ! x0 2 @(
 j nT ), then
Tj (x) ! 0. When theseconditions hold, f 
 j g is called
the associated controllabilit y sequence.

The limit condition in De�nition 2.2 can be replaced
by STC(
 c

j ) ^ STCT for j = 1; 2; : : : (where STCU is
the condition that U i s interior to the set of points
that can be brought to U in time < " for each " > 0).



De�nition 2.3 Assume (2) satis�es (Ao)-(A3) and
SSTC(O, T ). Let f 
 j g be the associated controllabil-
it y sequence,and let w : O ! R and ! o 2 R [ f + 1g .
We say w is (O; T ; ! o)-compatible if @(
 j ) n T � O
for all j and lim j !1 minf w(p) : p 2 @(
 j ) n T g = ! o:

3 Main Lemmas

Assume
 � RN is open, 
 � S, and F : RN � RN ! R
and w : S ! R are continuous. Call w a viscosit y
solution of F (x; Dw(x)) = 0 on 
 if the following
conditions are satis�ed:

(i) If 
 : 
 ! R is C1 and xo is a local minimum of
w � 
 , then F (xo; D 
 (xo)) � 0.

(ii) If � : 
 ! R is C1 and x1 is a local maximum of
w � � , then F (x1; D � (x1)) � 0.

When condition (i) (resp., (ii)) holds, we say that w
is a (viscosit y) sup ersolution ( resp., subsolution)
of F (x; Dw(x)) = 0 on 
. Recall the following results
from [1], [4], and [10]:

Lemma 3.1 Assume (A0)-(A3) and de�ne H by (4).
Assume that u 2 C( �
) is a viscosity subsolution of
H (x; Du(x)) = 0 on 
, where 
 � RN is bounded and
open. If 1 � x (� ) = inf f t � 0 : yx (t; � ) 2 @
 g for each
� 2 A and x 2 
, then, for all � 2 A and x 2 
,

u(x) �
Z t

0
`(yx (s; � ); � (s)) ds + u(yx (t; � ))

for 0 � t < � x (� ).

Lemma 3.2 Let the assumptions(A0)-(A3) be satis-
�ed, let B � RN be bounded and open, and assume
w 2 C( �B ) is a viscosity supersolution of (3) on B . Set
T� (p) := inf � 2A f t : dist (yp(t; � ); @B ) � � g for each
p 2 B and � > 0. Then for any � 2 (0; dist (p;@B )=2),

w(p) � inf
� 2A

� Z t

0
`(yp(s; � ); � (s)) ds + w(yp(t; � ))

�
(5)

for all t 2 (0; T� (p)) and p 2 B .

Lemma 3.3 Let A be a compact metric space, let
f � n g be a sequencein A r , and let c > 0. Assume
f : RN � A ! RN satis�es (A1) and is uniformly Lip-
schitz in A. 2 There is a subsequenceof f � n g (which
we do not relabel) and an � 2 A r such that � n ! �
weak-star on [0; c] and such that yr

x n
(�; � n ) ! yr

x (�; � )
uniformly on [0; c] whenever xn ! x in RN .

1The glb of an empty set of real numbers is + 1 .
2This means there is a constant L > 0 such that jj f (x; a) �

f (z; a)jj � L jj x � zjj for all a 2 A and x; z 2
� N .

4 Main Results

Theorem 1 Let (2) satisfy (A0)-( A3), let 
 � RN

be an open set containing T , let ! o 2 R [ f + 1g , let
w 2 C(
) be a viscosity solution of

�
H (x; Dw(x)) = 0; x 2 
 n T
w(x) = g(x); x 2 T

(6)

which is bounded below, and let w(x) < ! 0 on 
 .3 As-
sume either (i) there are positive constants m and M
such that m � ` � M on RN � A, and lim x ! x 0 w(x) =
! o for all x0 2 @
 ; or (ii) A is a compact met-
ric space, f is uniformly Lipschitz in A, condition
ST (w; 
) holds, and w is (
 \ P; T ; ! o)-compatible.
Then w = v on 
 .

Theorem 2 Assume (2) satis�es (A0)-( A3), R is
open, and v 2 C(R). (i) If there are positive num-
bers m and M such that m � ` � M on RN � A and
STCT holds, then v is the unique viscosity solution of

�
H (x; Dw(x)) = 0; x 2 R n T
w(x) = g(x); x 2 T

(7)

in the class of functions w 2 C(R) which are bounded
below and satisfy lim x ! x 0 w(x) = + 1 for all x0 in
@R. (ii) If A is a compact metric space, f is uni-
formly Lipschitz in A, condition ST (v; R) holds, and v
is (R \ P; T ; + 1 )-compatible and bounded below, then
v is the unique solution of (7) among(R \ P; T ; + 1 )-
compatible functions w 2 C(R) that are bounded below
and satisfy ST (w; R).

Before turning to the proofs, we indicate how our re-
sults give the uniquenessresult for the FP. Recall that
the FP is the minimization of

Rt p ( � )
0 y2

1;p (t; � ) dt over
� 2 A f (p) for each p 2 R2, where(y1;p (t; u); y2;p (t; u))0

is the solution of x0(t) = y(t), y0(t) = u(t) with
(x(0); y(0))0 = p for a given [� 1; +1]-valued measur-
able control u, and tp(u) is the �rst time that tra jec-
tory reaches the target T := (0; 0)0. Let L > 0 be
given. The tra jectory from (0; L )0 using the constant

control u � � 1=2, � 1(t) =
�

Lt � t 2

4 ; L � t
2

� 0
, reaches

the point (0; � L )0 at time 4L . The tra jectory from

(0; � L )0 using u � 1=2; � 2(t) =
�

� Lt + t 2

4 ; � L + t
2

� 0
,

reaches(0; L )0at time 4L . Let � L denotethe concatena-
tion of � 1 : [0; 4L ] ! R2 followed by � 2 : [0; 4L ] ! R2,
and let 
 L denote the open set bounded by this con-
catenation with the origin removed. By elementary cal-
culations of tra jectories, one seesthat STC(
 c

L ) holds
for each L > 0. The calculation in basedon the fact
that � 1 solvesx2 = L 2 � y2 and � 2 solvesx2 = y2 � L 2.
One easily checks that STC(f 0g) holds also (cf. [7]).
This establishescondition SSTC(R2 n f 0g; f 0g).

3 By this, we mean a viscosity solution w of H (x; D w(x)) = 0
on 
 n T which is also de�ned on T and agreeswith g on T .



For all x 6= 0,
Rt

0 `(yr
x (s; � ); � (s)) ds > 0 for all � 2 A r

and t > 0, since _x � y is continuous along any tra-
jectory (which means that jx(t)j > 0 for a positive
measure of small times whenever y(0) 6= 0). Also,
R2 n (P [ T ) = ; . By [11], the FP value function v
is continuous and R = R2, and one easily checks that
the minimum norm of any � 1 or � 2 point ! 1 as
L ! + 1 . Theorem 2 therefore givesthe following

Corollary: The FP value function is the unique vis-
cosity solution of

� y(Dw((x; y)0))1 + j(Dw((x; y)0))2 j � x2 = 0

on R2 n f 0g among functions w 2 C(R2) satisfying
w((0; 0)0) = 0 and lim jj x jj!1 w(x) = + 1 .

Sincethe FP Lagrangian ` vanishesoutside T , this re-
sult doesnot follow from the earlier uniquenessresults
for viscosity solutions of HJB's.

5 Pro of of Main Results

This section provesTheorem 1 under the latter of the
alternativ e hypotheses. The other case is covered in
[1]. Theorem 2 follows from the fact that v is a viscos-
it y solution of the associated HJB, which is shown by
modifying standard arguments from [1].

Prop osition 5.1 Assumethat (2) satis�es (A0)-(A3),
that 
 � RN is an open set containing T , and that
w 2 C(
) is a viscosity subsolution of (6) such that
ST (w; 
) holds. Then w � v on 
.

Pro of: Let x 2 
 n T be given, and let B be any
bounded open set in 
 that contains x and is such
that �B � 
. Then w is a viscosity subsolution of
supa 2 A f � f (x; a) � Dw(x) � `(x; a) g = 0 on B n T .
Sincew 2 C(B ), it follows from Lemma 3.1 that

w(x) �
Z t

0
`(yx (s; � ); � (s)) ds + w(yx (t; � )) (8)

for all � 2 A and t 2 [0; � x (� )), where the � x 's are the
exit times from B n T . Supposing that w(x) > v(x),
we get an ~� 2 A f (x) such that

Z t x ( ~� )

0
`(yx (s; ~� ); ~� (s)) ds + g(yx (tx ( ~� ); ~� )) < w(x):

If yx (�; ~� ) remains in 
, then tx ( ~� ) is a limit of exit
times from setsB = Bk asabove. For example,takeBk

to be a suitable tube around the restriction of the trace
of yx (�; ~� ) to [0; tx ( ~� ) � 1=k]. In that casewe arrive at

a contradiction oncewe put � = ~� and t = tk
x ( ~� ) in (8),

where the tk
x are exit times from the Bk 's, and passto

the limit as k ! 1 . Otherwise, let �̂ be the last time
in (0; tx ( ~� )) that yx (�; ~� ) is in @
, and apply (8) to
a sequenceof points of the form zn = yx (�̂ + 1=n; ~� ),
with � (�) = � n (�) := ~� (� + �̂ + 1=n), t = tzn ( ~� ), and B
chosento be a tube in 
 around the tra jectory from zn

to T , to get w(zn ) < w(x) for all n, contradicting the
ST assumption. Indeed, there would be a � > 0 such
that

w(x) � � >
Z �̂ +1 =n

0
`(yx (s; ~� ); ~� (s)) ds

+
Z t x ( ~� ) � �̂ � 1=n

0
`(yzn (s; � n ); � n (s)) ds

+ w(yx (tx ( ~� ); ~� ))

�
Z �̂ +1 =n

0
`(yx (s; ~� ); ~� (s)) ds + w(zn )

By the ST condition, the last integral is � � � for large
n, so we get w(x) > w(zn ) for large n. But 
 3 zn !
yx (�̂ ; ~� ) 2 @
, contradicting the ST assumption.

Therefore, Theorem 1 will follow once we show that
w � v. Fix x 2 [
 \ P ] n T . Then x 2 
 j n T for j
large enough,and for such a j , we set S = 
 j . We will
later put somerestrictions on the value of j . We now
use (5) (with B = S n T ) to prove the existenceof a
tra jectory starting at x and reaching T in �nite time.
This is possiblesince S n T � S n T [ @S [ @T � 

and w is continuous on 
. We will �rst assumethat
! 0 < 1 . The proof is similar in spirit to the proof
of Theorem IV.3.15 in [1] and arguments in [2], but
we use a weak convergenceand strong controllabil-
it y argument to replace the positive lower bound re-
quirement on `. We will assumethat all the � 's in
Lemma 3.2 can be chosen to be 1. The general case
then follows by replacing the corresponding 1=k's with
� k =k's for a suitable sequence� k & 0. In what follows,
I (x; t; � ) =

Rt
0 `(yx (s; � ); � (s))ds + w(yx (t; � )).

Given " > 0, let us begin by constructing an �� 2 A
such that � x ( �� ) < + 1 and such that

w(x) �
Z � x ( �� )

0
`(yx (s; �� ); �� (s)) ds+ � x ( �� ) � "; (9)

where � x (� ) is the �rst time yx (�; � ) exits S n T and

� x (� ) :=

( w(x) + ! 0

2
; tx (� ) 6= � x (� )

w (yx (� x (� ); � )) ; tx (� ) = � x (� )
:

Letting the T� 's be as in Lemma 3.2 with B = S n T ,
we de�ne x1 := x, � 1 := T1(x1) when T1(x1) < + 1 ,
and � 1:=10 when T1(x1) = + 1 , and use (5) to get an
� 1 such that w(x1) � I (x1; � 1; � 1) � "=4. Note that
yx 1 (� 1; � 1) 2 S n T . By induction, we de�ne xk :=



yx k � 1 (� k � 1; � k � 1); where � k := T1=k (xk ) if T1=k (xk ) <
+ 1 and 10k otherwise. Since xk 2 S n T we can use
(5) to get an � k 2 A such that

w(xk ) � I (xk ; � k ; � k ) � 2� (k+1) ": (10)

We also set � k := � 1 + : : : + � k ; �� = lim supk � k , and,
for an arbitrary �a 2 A,

�� (s) :=

8
>>>>>><

>>>>>>:

� 1(s) if 0 � s < � 1;
� 2(s � � 1) if � 1 � s < � 2;
: : :
� k (s � � k � 1) if � k � 1 � s < � k ;
: : :
�a if �� � s;

with the last line making sensefor �� < + 1 . From the
de�nitions of xk , P , and �� , we know that, when s < �� ,

yx (s; �� ) = yx k (s � � k � 1; � k ) 2 S n T ; and (11)
R� k

0 `(yx k (s; � k ); � k (s)) ds =
R� k

� k � 1
`(yx (s; �� ); �� (s))ds

is nonnegative for all k. Via (10),

w(x) �
Z � 1

0
`(yx (s; �� ); �� (s)) ds + w(x2) � "=4

�
Z � 2

0
`(yx (s; �� ); �� (s)) ds + w(x3) � "

�
1
4

+
1
8

�

� : : :

� I (x; � k ; �� ) � "=2
�
1 � 2� k �

8k: (12)

By (11) and the boundednessof the 
 j 's, the xk 's are
boundedand thereforecluster. Let �x be a cluster point
of the xk 's, so �x 2 S n T . We will need the following
minimalit y property of �x:

Prop osition 5.2 With the previousnotation, wehave
lim supk � k � inf � f t : y�x (t; � ) 2 @(S n T )g =: �� .

Pro of: For � > 0 arbitrary , supposethat �� < 1 and
that, for k as large as desired, we had � k < �� � � . If
� k ! 0, then by passingto a suitable weak-? limit of
relaxed controls, �� , we would get

dist ( �x; @(SnT))  dist (yx k (~� k ; � k ); @(SnT )) �
1
k

along some~� k & 0, so �� = 0, which is impossible. The
details are as follows. Assuming � k & 0, the de�nition
of the in�m um givesa ~� k & 0 and a sequencef � k g in
A satisfying the inequality. We apply Lemma 3.3 with
c := ~� 1 to concludethat for any � > 0, the RHS of

jj �x � yx k (~� k ; � k ) jj � jj �x � yr
�x (~� k ; �� ) jj

+ jj yr
�x (~� k ; �� ) � yx k (~� k ; � k ) jj

is < � for large enough k, which establishesthe left
arrow, sincedist( �; @(S n T )) is continuous.

Therefore, we can assumeby passingto a further sub-
sequencethat for somepositive number � , � k > � > 0
for all k and � k ! z 2 [�; �� � � ]. That gives, for a
sequence~� k ! z as above,

dist (yr
�x (z; u); @(S n T ))  dist (yx k (~� k ; uk ); @(S n T ))

�
1
k

! 0 as k ! + 1 ;

wherenow u is a relaxedcontrol which is a weak-? limit
of somesubsequenceof the uj 's. This follows from the
samecompactnesstheorem with c chosento be some
upper bound of the ~� k 's with k large enough.

The standard tra jectoriesy �x (�; uk ) approximate yr
�x (�; u)

uniformly well on [0; z+ 1] (by Lemma 3.3), sofor large
k, y�x (~� k ; uk ) lies in SnT (since� k < �� for all k) and, by
the precedingargument, can be brought to @(S nT ) by
a standard control ~u in time lessthan � =2. If we now
assemble the control for such an approximating stan-
dard tra jectory and ~u, we get a (standard) tra jectory
which brings �x to @(S nT ) in time � �� � � =2, which is
impossible. We concludethat if �� < 1 , then � k � �� � �
for k large enough. Since � > 0 was arbitrary , we can
assumewlog that � k ! l � �� in this case(allowing
l = + 1 ). If we had �� = + 1 , then replace �� � � in the
argument above with any �xed positive number.

One easily seesthat �� is zero i� �x 2 @(S n T ). The
following is a consequenceof Proposition 5.2.

Corollary 5.3 With the above notation, any cluster
point of f xk g lies in @(S n T ).

Pro of: Let ~� be a weak-? limit of a subsequenceof
the � k 's in A r (which we assumeto be the sequence
itself for brevity). Let M > 0 be given. We then get

0  
Z � k ^f � k � 1 + M g

� k � 1

`(yx (s; �� ); �� (s)) ds =

Z � k ^ M

0
`(yx k (s; � k ); � k (s)) ds !

Z l ^ M

0
` r (yr

�x (s; ~� ); ~� (s)) ds:

The left arrow is by the divergencetest applied to the
last integral in (12), using the facts that w is bounded
below and yx (�; �� ) stays in S n T � P. To justify the
right arrow, apply Lemma 3.3 on [0; M ] to get

yr
x k

(s; � k ) ! yr
�x (s; ~� ) uniformly on [0; M ]: (13)

Since A is compact, it therefore su�ces to show that
` r (yr

x k
(s; � k ); � k (s)) ! ` r (yr

�x (s; ~� ); ~� (s)) on [0; M ],
(and then the result follows from the Dominated Con-
vergenceTheorem). Fix s 2 [0; M ], and let � k ;s (�)



(resp., ~� s(�)) denote the Radon measures� k (s) (resp.,
~� (s)) for each k. Then,

j` r (yr
�x (s; ~� ); ~� (s)) � ` r (yr

x k
(s; � k ); � k (s)) j �

�
�
�
�

Z

A
`(yr

�x (s; ~� ); a) d~� s(a) �
Z

A
`(yr

�x (s; ~� ); a) d� k ;s (a)

�
�
�
� +

�
�
�
�

Z

A

�
`(yr

�x (s; ~� ); a) � `(yr
x k

(s; � k ); a)
�

d� k ;s (a)

�
�
�
� :

The �rst RHS term ! 0 becausè (yr
�x (s; ~� ); �) is contin-

uous and � k ! ~� weak-� on [0; M ]. The secondRHS
term ! 0 by (13) and (A3).

If we had
R��

0 ` r (yr
�x (s; ~� ); ~� (s)) ds > 0, then we would

have
RG

0 ` r (yr
�x (s; ~� ); ~� (s)) ds > 0 for someG 2 (0; �� ),

and then, since l � �� , we would reach a contradiction
by putting M = G above. Therefore, �� = 0, or �x is not
in P. But, �x 2 S n T , and S n T � P, so we conclude
that �x 2 @(S n T ) and �� = 0, as needed.

We can therefore �nd a K such that if k > K , thenR� x k ( � k )
0 `(yx k (s; � k ); � k (s)) ds < "=4 for some� k 2 A

driving xk to ~x 2 @(S n T ), where � p(
 ) = inf f t � 0 :
yp(t; 
 ) =2 S n T g for 
 2 A and p 2 S n T . This is
possible since ` is continuous, xk ! �x, and Tj ! 0
near @(S n T ). Sinceyx k (� k ; � k ) = yx (� k ; �� ), we get

I (x; � k ; �� ) =
Z � k

0
`(yx (s; �� ); �� (s)) ds + w(yx k (� k ; � k ))

For such k, the construction (12) therefore gives

w(x) � I (x; � k � 1; �� )

+
Z � x k ( � k )

0
`(yx k (s; � k ); � k (s)) ds

� "=2 (1 � 2� (k � 1) + 1=2): (14)

For large k and �x 2 T , w(xk ) + "=4 > w(~x),
since w 2 C(
). Otherwise, �x 2 @S n T , so
w(yx k � 1 (� k � 1; � k � 1)) � 1=2(w(x) + ! 0), since, by the
compatibilit y condition, we can assumethat j is so
large that w(p) > 1

4 w(x) + 3
4 w0 for p 2 S n T near

@S n T . In the former case,we add and subtract "=4
in (14). We complete the construction by assembling
�� up to time � k � 1 and � k for k large enough.

Thus, when ! 0 2 R, our construction always givesus a
control �� for which � x ( �� ) < + 1 satisfying (9). Since
" > 0 was arbitrary , we concludethat w(x) majorizes

inf
�

( Z � x ( � )

0
`(yx (s; � ); � (s))ds + � x (� ) : � x (� ) < + 1

)

:

If � x (� ) 6= tx (� ), then the corresponding in�mand is
R� x ( � )

0 `(yx (s; � ); � (s)) ds + 1
2 (! 0 + w(x)) > w(x),

since w(x) < w0 for all x 2 
 and x 2 P, so such

a control is irrelevant for the in�m um. Since g = w
on T , w(x) � v(x) on 
 \ P. If x 2 
 n [P [ T ],
w(x) = [w(x) � w(yx (L; � 0))] + w(yx (L; � 0)) for some
� 0 2 A and L > 0 such that yx (L; � 0) 2 P \ 
 and
w(x) � w(yx (L; � 0)) �

RL
0 `(yx (s; � 0); � 0(s)) ds � "

(via the �rst ST (w; 
) condition and Lemma 3.2), then
assemble � 0d[0; L ] and the �� constructed above to get
w(x) � v(x) as above. Thus, w � v on 
.

The proof for the w0 = + 1 caseis similar to this. We
view a �xed x 2 [P \ 
] nT asa member of 
 j nT where
j is largeenoughsothat valuesof w on @
 j nT majorize
w(x), and then we construct a tra jectory that reaches
@(
 j ) or T in �nite time. The controls whoseexit times
for 
 j n T are not exit times for T are irrelevant for
the calculation of the appropriate in�m um, as above,
so w � v as before.
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