On the Bellman equation for control problems with exit

times and unbounded cost functionals

1

Michael Maliso
Departmert of Mathematics, Hill Cernter-Busdh Campus
Rutgers University, 110 FrelinghuysenRoad
Piscatavay, NJ 08854-8019USA

malisoff @mathrutgers :edu

1 Intro duction

This paper is devoted to the study of Hamilton-Jacobi-
Bellman equations (HJB's) for a large class of un-
bounded optimal control problems for fully nonlinear
systemshaving the form

ya) = f(y); () t 0
y(0) = x

Our hypotheseswill be suc that (1) hasa unique solu-
tion trajectory, de ned on [0;1 ), for eadh input. The
optimal cortrol problems are of the form

M2A g

Minimize J(x; ; tx( )) over 2 Af(x); (2)
wherey, (; ) is the solution of (1) for the measurable
input  :[0;1)! A, tx( ) isthe rst time this so-
lution reachessometarget T, Af (x) is the set of mea-
surable inputs for which t,( ) < 1, and the in mand
J:RN A R, ! Risdened by

z t

. (yx(s; ); (s))ds + g(yx(t; ));

whereA is the set of measurablefunctions [0;1 ) ! A.

J(x; ; t) =

The value function of (2) will be denotedby v, and R is
the set of all points that can be brought to T in nite

time using the ewolution (1) and someinput in A.
Thus, v(x) = inf 201 J(X; ; tx( )) for x in R and
is+1 elsewhere.The classof problemswe considerin-
cludesthe Fuller Problem (FP) (cf. [6], [9], and [11]),
as well as problems in which the control set A is non-
compact, problems for which nonconstart trajectories
can give zerorunning costs,and problemswhere ™ can
be negative. The HIB for (2) is

supf f(x;a) Du(x)

a2A

xag =0 (3)

which we wish to satisfyon nT, where isasuitable
open subsetof RN containing T. We will study (3) in
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the framework of the theory of viscosity solutions and
relaxed corntrols (cf. [1]).

We characterize the value functions of these prob-
lems as the unique viscosity solutions of the asscai-
ated HJB's among continuous functions with suitable
boundary and growth conditions. As a consequencewe
show that the FP value function is the unique radially
unboundedviscosity solution of the corresponding HIB
among functions which are zero at the origin. Value
function characterizations of this kind have beenstud-
ied and applied by many authors for a large number of
stochastic and deterministic optimal cortrol problems
and for di eren tial games,including problemsfor which
the value function is discortin uous. Recern accourts of
work in theseareasmay be found in [1], [3], and in the
many referencestherein.

Howewer, the FP is not covered by theseresults, since
its cost functional ~ vanishesat points outside T. For
example,seg[1], wherethe main comparisonresults for
exit time problems require © 1, and [8], where this
requiremert is relaxedto requiring that for each " > 0,
thereisa C- > O sudh that “(x;a) C- foralla2 A
and x 2 R"nB(T;"). In fact, onecan nd HJB's for
optimal control problemswith exit times that have sev-
eral radially unbounded viscosity solutions when this
lower bound requiremert is violated. For example,con-
sider the system yqt) = u(t), where y(t) 2 R and
u(t) 2 [ 1;+1]. Choosethe running cost functional
‘(x;a) = (x+ 22 (x 2?2 x?(x+ 1)?(x 1)? anduse
the nal costg 0. Let v; and v, be the value func-
tion for the assaiated problem (2) with the targets
T, = fOgand T, = f0;2; 2g, respectively. One can
easily chedk that v; and v, are both solutions of the
assaiated HIB (3) with T := T; and that with this
choice of T, the problem satis es all the hypotheses
of the well-known theorems which characterize value
functions of exit time cortrol problems as the unique
radially unbounded viscosity solutions of (3) which are
zeroon T savefor the fact that the positive lower bound
requiremert on  is not satis ed. One also cheds that
the ingredient missing from this problem is a property



we will call “strong compatibility'. This property will
guarantee that there are no spurious solutions for the
HJB of the FP.

The problemswe study also satisfy an analog of the La
SalleInvariance Principle. This condition will be called
“strong transience'. Roughly stated, the condition says
that ead trajectory of (1) eventually leavesany subset
N of the state spaceoutside the target in which the
running cost is null along sometrajectory. Our work
is part of a larger researd program which generalizes
uniguenessresults of the theory of viscosity solutions
to versionsthat cover well-known optimal control prob-
lems whosedynamics do not necessarilyadmit unique
solutions or whoserunning cost functionals violate the
usual boundednessrequiremerts. A continuation by
the author appearselsewherein this volume (cf. [9]).

2 Assumptions and De nitions
Let us make the following assumptions:

(Ao) A is a nonempty topological space

(A))f : RN A 1 RN is continuous and
boundedon Bg(0) A for all R > 0, and
thereareL > 0 and amodulus! ¢ suc that
for all a2 A, the following conditions hold:

(@ Forall R > 0, and all x;y 2 Bg(0),
if(y;a fga)j  'elix VYiiiR).
(b) (F(xa) f(y;@) (x y) Lijx yj?
for all x;y 2 RN,
(A2) T RN isclosed, T 6 ;,g2 C(T), and g
is bounded below.

(A3) " :RY Al Ris continuousand bounded
below, and there is a modulus ! - such that
fy;a) (@i !'-(jx yjj)foralla2 A
andx;y 2 RN

In (A1), amodulusis afunction! : R, R: ! R
sudh that, for all R > 0,! (;R) is continuous and non-
decreasingand ! (O;R) = 0; and ! - is a modulus of
the samekind which is constart in its secondvariable.
Also, B;(x) == p2RN:jjx pj<r forallr >0
and x 2 RN. Condition (A;) will guarantee unique-
nessof solutions (cf. [1]). When A is a compact metric
space,we view our controls 2 A as members of the
larger classA" of relaxed cortrols (cf. [1]). Dene " :
RV A"! Randf':RY A"! R by "(x;m):=
A (x;@) dm(a) and f"(x;m) = ,f(x;a) dm(a),
where A" is the set of Radon probability measureson
A. Theserelaxations satisfy analogsof (A1) and (A3),
sowe can de ne y;(; ) to be the unique solution of
yq(s) = f"(y(s); (s)) starting at x for eath 2 A".

Dene H:RV RN Rby

H(x;p) = supf f(x;a) p

a2A

xag 4

The setofx 2 RN sud that Rg‘r(y;(s; ); (s))ds> 0
forallt2 (0;1 Jand 2 A" will be denotedby P. We
study caseswhereany x 2 R is "ewentually' brought to
P. More precisely we have the following:

De nition 2.1 Let S RN beopen,let A be a com-
pact metric space,let w : S! R, and assume(A,)-
(A3) are satised. We call (2) strongly transien t
with respectto T, w, and S and write ST (w;S) if the
following conditions hold:

1. Foreach x 2 Sn[P [ T], there exist a bounded

opensetB S containing x sothat @ S and
a positive number L strictly lessthan
ir21Af\ ft> 0:dist(yx(t; );@) dist(x; @)=2g

c that, forall 2 A, yx(L; )2 P\ S and
o “(x(si )i (s)ds 0.

2. Foreathhx 2 Sandy 2 @5, thereisan" > 0 such
that if p2 Sandjjp yjj <", thenw(x) < w(p).

3. 1fx2 RN, 2 Af(x), and

ft 0:t tx()andyy(t, )ZSg6 ;;

andik =supft O:t tx( ) & yx(t; )2 Sg,
then | “(yx(s; ); (s)) ds O.

When S = R = RN, strong transience reducesto the
much simpler Condition 1 on exits from [P [ T]° In
that case,we write ST instead of ST (w;RN). We also
needthe following generalization of STCT (cf. [7]):

De nition 2.2 Let O RN and assume(Ag)-(As)
are satised. We say that O satis es the strong
small time control condition with respectto T and
write SSTC(O, T) if there is an increasing sequenceof
bounded open setsf ;g such that O = [j1:1 i and
suchthat if T; : ;nT! R[ f+1g isdened by

T(x) == infftiyw(t )2 @ jnT)g

forj =1;2;:::and jnT 3x! Xo2 @ ; nT), then
T;(x) ! 0. When theseconditions hold, f ;g is called
the associated controllabilit y sequence.

The limit condition in De nition 2.2 can be replaced
by STC( ()" STCT for j = 1;2;::: (where STCU is
the condition that U i s interior to the set of points
that can be brought to U in time < " for each " > 0).



De nition 2.3 Assume (2) satises (Ay)-(Asz) and
SSTC(O, T). Let f ;g be the assaiated cortrollabil-
ity sequenceandletw:O! Rand!,2 R[ f+1g.
Wesay wis (O;T;! o)-compatible if @ ;)nT O
forallj andlimji; minfw(p) : p2 @ ;)nTg="!,:

3 Main Lemmas

Assume RN isopen, S,andF :RN RN 1 R
andw : S! R are continuous. Call w a viscosit y
solution of F(x;Dw(x)) = 0 on if the following
conditions are satis ed:

() If : 1 RisC!andx, is alocal minimum of
w ,then F(Xo; D (Xo)) O.

(i) If : ! RisC!andxy is alocal maximum of
w ,then F(x1; D (X1)) 0.

When condition (i) (resp., (ii)) holds, we say that w
is a (viscosit y) supersolution (resp, subsolution)
of F(x; Dw(x)) = 0on . Recall the following results
from [1], [4], and [10:

Lemma 3.1 Assume(Ag)-(A3) and dene H by (4).
Assumethat u 2 C() is a viscosity subsolution of
H(x;Du(x)) = 0Oon , where RN is bounded and
open. If 1 ,( )=infft 0: y(t ) 2 @ gfor each
2Aandx 2 , then,forall 2 A andx2 ,
Z t
u(x) . “(yx(s; ) (s))ds + u(yx(t; )

for0 t< ().

Lemma 3.2 Let the assumptions(Ap)-(A3) be satis-

ed, let B RN be bounded and open, and assume

w 2 C(B) is a viscosity supersolution of (3) on B. Set

T (p) = inf o4 ft: dist (ye(t; ); @) g for each

p2B and > 0. Then for any 2 (0;dist(p;@)=2),
Z t

wp) igf COR(s )5 () dsE wlyp(t ) (5)

forallt2 (0;T (p)) andp2 B.

Lemma 3.3 Let A be a compact metric space, let
f L9 be a sequencein A", and let ¢ > 0. Assume
f:RN Al RN satises (A;) and is uniformly Lip-
schitz in A. 2 There is a subsequenceof f g (which
we do not relabel) and an 2 A" such that | !
weak-star on [0;c] and such that y; (; n) ! yy(: )
uniformly on [0; c] whenewer x, ! x in RN.

1The glb of an empty set of real numbersis +1 .
2This means there is a constant L > 0 such that jjf (x; a)
f(z;a)jj Ljjx zjforalla2 Aandx;z2 N.

4 Main Results

Theorem 1 Let (2) satisfy (Ao)-(Az), let RN
be an open set containing T, let!, 2 R[ f+1g, let
w2 C() be a visasity solution of

H(x;Dw(x)) = 0, x2 nT (6)
w(x) = g(x); x2T

which is bounded below, and let w(x) < ! g on .2 As-
sume either (i) there are positive constants m and M
suchthat m M onRN A, andlimy, x, w(x) =
Io for all xo 2 @ ; or (i) A is a compact met-
ric space, f is uniformly Lipschitz in A, condition
ST(w; ) holds,and wis ( \ P; T;!,)-compatible.
Then w = v on

Theorem 2 Assume (2) satises (Ag)-(Asz), R is
open, and v 2 C(R). (i) If there are positive num-
bersm and M suchthatm °~ M onRN A and
STCT holds, then v is the unique visoosity solution of

H(x;Dw(x)) = 0; x2RnT )
w(x) = g(x); Xx2T

in the classof functions w 2 C(R) which are bounded
below and satisfy limy, x, w(x) = +1 for all xo in
@R. (ii) If A is a compact metric space, f is uni-
formly Lipschitz in A, condition ST (v;R) holds,and v
is (R\ P;T;+1 )-compatible and bounded below, then
v is the unique solution of (7) among(R\ P;T;+1 )-
compatible functions w 2 C(R) that are bounded below
and satisfy ST (w; R).

Before turning to the proofs, we indicate how our re-
sults give the uniquenessresuItE?r the FP. Recall that

the FP is the minimization of S"( )yfp(t; ) dt over

2 A" (p) for each p 2 RZ, where(y1p(t; U); Yaip(t; U))°
is the solution of x%(t) = y(t), yAt) = u(t) with
(x(0);y(0))° = p for a given [ 1;+1]-valued measur-
able cortrol u, and tp(u) is the rst time that trajec-
tory reachesthe target T := (0;0)° Let L > 0 be

given. The trajectory from (0;L)° using the constart
0

cortrol u 122, ()= Lt L L L, reades

the point (0; L) at time 4L. The trajectory from

0

(0; L)%usingu 1=2; ,(t)= Lt+ %; L+35
reaches(0; L)%at time 4L. Let , denotethe concatena-
tion of 1 :[0;4L]! R? followedby ,:[0;4L]! R?,
and let | denote the open set bounded by this con-
catenation with the origin removed. By elemenary cal-
culations of tra jectories, one seesthat STC( [) holds
for eadh L > 0. The calculation in basedon the fact
that i solvesx?= L2 y?and , solvesx?=y? L2,
One easily cheds that ST C(f0g) holds also (cf. [7]).
This establishescondition SSTC(R? nf 0g; f 0g).

3 By this, we mean a viscosity solution w of H (x; Dw(x)) = 0
on nT which is alsodened on T and agreeswith gon T.



For all x 6 O, Rot “(yx(s; ); (s)) ds> Oforall 2 Af
andt > 0, sincex y is continuous along any tra-
jectory (which meansthat jx(t)j > O for a positive
measure of small times whenewr y(0) 6 0). Also,
R°n(P[ T) = ;. By [11], the FP value function v
is continuous and R = R?, and one easily cheds that
the minimum norm of any ; or , point! 1 as
L! +1 . Theorem 2 therefore givesthe following

Corollary:  The FP value function is the unique vis-
cosity solution of

yOW( Y)Y 1+ iOW((x; y)))2) x*=0

on R? nf0g among functions w 2 C(R?) satisfying
w((0;0)9 = 0and lim;,;, Ww(x) = +1 .

Sincethe FP Lagrangian " vanishesoutside T, this re-
sult doesnot follow from the earlier uniquenessresults
for viscosity solutions of HIB's.

5 Pro of of Main Results

This section proves Theorem 1 under the latter of the
alternativ e hypotheses. The other caseis covered in
[1]. Theorem 2 follows from the fact that v is a viscos-
ity solution of the assaiated HIB, which is showvn by
modifying standard argumerts from [1].

Prop osition 5.1 Assumethat (2) satis es (Ao)-(As),
that RN is an open set cortaining T, and that
w 2 C() is a viscosity subsolution of (6) suc that
ST(w; ) holds. Thenw von .

Proof: Letx 2 nT be given, and let B be any
bounded open set in  that contains x and is such
that B Then w is a viscosity subsolution of

sup,,, f f(x;a) Dw(x) “(x;adg= 0onBnT.
Sincew 2 C(B), it follows from Lemma 3.1 that
z t
w(x) . “(yx(s; )i (9)) ds+ w(yx(t; ) (8)

forall 2 A andt2][0; x( )), wherethe 's arethe
exit times from B nT. Supposing that w(x) > v(x),
we get an ~ 2 Af (x) such that

Z (-
“(Yx(s57); ~(8)) ds+ g(yx (tx(~); ~) < w(x):

If yx(;~) remainsin , then ty(~) is a limit of exit
times from setsB = By asabove. For example,take By
to be a suitable tub e around the restriction of the trace
of yx(;~) to [0; tx(~) 1=K]. In that casewe arrive at

acontradiction onceweput = ~andt = t&(~)in (8),
where the tX are exit times from the By's, and passto
the limit ask ! 1 . Otherwise, let * be the last time
in (0;tx(~)) that yx(;~) isin @ and apply (8) to
a sequenceof points of the form z, = y, (" + 1=n; ~),
with ()= n()=~+"+1=n),t=1t, (~), andB
chosento beatubein around the trajectory from z,
to T, to getw(z,) < w(x) for all n, contradicting the
ST assumption. Indeed, there would bea > 0 such
that

Z A+1=n
w(x) > “(yx(s;~); ~(s)) ds
0
Z, (=) ~ 1=n
+ . (Y2, (S n)s n(9) ds
+ w(yx(tx(~); ~)

A+1=n

“(yx(s; ~); ~(s)) ds+ w(z,)

By the ST condition, the last integral is for large
n, sowe get w(x) > w(z,) for largen. But 3 z, !
yx (" ~) 2 @, contradicting the ST assumption. n

Therefore, Theorem 1 will follow once we show that

w Vv. Fixx2[ \P]InT. Thenx 2 ; nT forj

large enough,and for such aj, wesetS = ;. We will

later put somerestrictions on the value of j. We now
use (5) (with B = SnT) to prove the existenceof a
trajectory starting at x and reaching T in nite time.

This is possiblesinceSnT SnT[ @[ @

and w is cortinuouson . We will rst assumethat

o < 1. The proof is similar in spirit to the proof
of Theorem 1V.3.15 in [1] and argumerts in [2], but

we use a weak corvergenceand strong cortrollabil-

ity argumert to replace the positive lower bound re-
quiremert on . We will assumethat all the 's in
Lemma 3.2 can be chosento be 1. The general case
then follows by replacing the corresponding 1=k's with

k=k's for aﬁuitable sequence ¢ & 0. In what follows,

oGt )= o (x(s; )i (S)ds+ wyx(t ).
Given" > 0, let us begin by constructing an 2 A
such that 4( ) < +1 and such that

Z .0
w(x) . (yx(s; )i (s) ds+ () " (9)

where ( ) isthe rst time y,(; ) exitsSnT and

Cw + 1,

x( )= 2 '
wyx(x( ) ) ()= x()

Letting the T 's be asin Lemma 3.2 with B = SnT,
we dene X; := X, 1 := Ti(X1) when Ty(X1) < +1,
and 1:=10 whenT1(x1) = +1 , and use(5) to get an

1 sudh that w(xy) 1 (X1; 1; 1) "=4. Note that
Vx,(1; 1) 2 SnT. By induction, we dene xyx =



Yxi 1(k 1; k 1); Where = Tyo(Xk) if Too(Xk) <
+1 and 10¢ otherwise. Sincexx 2 SnT we can use
(5) to getan g 2 A such that

wixk) (X kg k) 2 KD (10)
Wealsoset ¢ := 1+ :::+ k; = limsup, «, and,
for an arbitrary a2 A,

8
1(8) if0 s< g;
% 2(s 1) if 1 s< 2
() :=§ k(s k1) if kw1 s<

a if S;

with the last line making sensefor < +1 . From the
de nitions of xi, P, and , we know that, whens<

Yx(S; )=V (S k1, k)2SnT; and  (11)

R R
o Yx (s k) k(9) ds = F C(yx(s; ) (9))ds
is nonnegative for all k. Via (10),

Z 1
w(Xx) “(yx(s; ) (9)) ds+ w(xz) "=4
z
Ok ) (D dsv i) T g g
I(x; «; ) "=2 1 2% 8k (12)

By (11) and the boundednessof the 's, the xi's are
boundedand therefore cluster. Let x be a cluster point
of the xk's, sox 2 SnT. We will needthe following
minimality property of x:

Prop osition 5.2 With the previousnotation, we have
lim sup, « inf ft:y(t; )2 @SnT)g=:

Pro of: For > O arbitrary, supposethat < 1 and
that, for k as large as desired, we had ¢ < L f
k ! 0, then by passingto a suitable weak-’ limit of
relaxed cortrols, , we would get

dist (x; @SnT))  dist (yx (7 «); @SnT))
alongsome~ & 0,so0o = 0, which is impossible. The
details are asfollows. Assuming ¢ & O, the de nition
of the inm um givesa « & 0 and a sequence g in

A satisfying the inequality. We apply Lemma 3.3 with
c:= ~ to concludethat for any > 0, the RHS of

X yx (s k)i x oy )i
+ogivx( ) Y (G W)

is < for large enough k, which establishesthe left
arrow, sincedist( ; @S nT)) is corntinuous.

Therefore, we can assumeby passingto a further sub-
sequencehat for somepositive number , > >0
forall kand (! z 2 [; ]. That gives, for a
sequencey ! z asabove,

dist (yy(z;u); @SnT)) dist (yx, («;Uk); @SnT))

1
1 I+ .
! 0 as k! 1;

wherenow u is a relaxed cortrol which is a weak-? limit

of somesubsequencef the u;'s. This follows from the
same compactnesstheorem with ¢ chosento be some
upper bound of the ~'s with k large enough.

The standard tra jectoriesyy ( ; ux) approximate y; ( ; u)
uniformly well on [0; z+ 1] (by Lemma 3.3), sofor large
K, yx (~x; Uk) liesin SnT (since x < for all k) and, by
the precedingargumert, canbe brought to @SnT) by
a standard cortrol u in time lessthan =2. If we now
assenble the cortrol for such an approximating stan-
dard trajectory and &, we get a (standard) trajectory
which brings x to @S nT) in time =2, which is
impossible. We concludethat if < 1 ,then

for k large enough. Since > 0 was arbitrary, we can
assumewlog that ¢ ! | in this case (allowing
I=+1). If wehad = +1,then replace in the
argumert above with any xed positive number. ™

One easily seesthat is zeroi x 2 @SnT). The
following is a consequencef Proposition 5.2.

Corollary 5.3 With the above notation, any cluster
point of fxxg liesin @S nT).

Pro of: Let ~ be a weak-’ limit of a subsequenceof
the 'sin A" (which we assumeto be the sequence
itself for brevity). Let M > 0 be given. We then get

Z kM« 1+Mg

0 “(yx(s; ); (9) ds=

Z .y
“(Yx (S5 k); k(s)) ds!
0
ZI"M
“(yr(s; ~); ~(9)) ds:

The left arrow is by the divergencetest applied to the
last integral in (12), using the facts that w is bounded
below and y(; ) staysin SnT P. To justify the
right arrow, apply Lemma 3.3 on [0; M ] to get

Yo (S0 k) ! yy(s;~) uniformly on[O;M]:  (13)

Since A is compact, it therefore su ces to show that
T (s k) k(9) P TT(yx(si~)i ~(s)) on [O;M],
(and then the result follows from the Dominated Con-
vergenceTheorem). Fix s 2 [O;M], and let ()



(resp., ~s()) denotethe Radon measures (s) (resp.,
~(s)) for eadh k. Then,

(s )i ~(9))  “yx, (S5 k)i k(9))]

z z

A‘(yi(s; ~);a) d~s(a) A‘(yi(s; ~);a)d ks(a) +
Z
X “(yx(sim)ia) (Y (s k)@ d ks(a)

The rst RHSterm ! 0 because (yy(s; ~); ) is contin-
uousand ! ~weak- on[0;M]. The secondRHS
term ! 0 by (13) and (A3).

R
If we&ad o (Yx(si~); ~(s)) ds> 0, then we would
have =o'

o (yx(s;~);~(s)) ds > 0 for someG 2 (0; ),
and then, sincel , we would reach a cortradiction
by putting M = G above. Therefore, = 0, or x is not
in P. But, x2SnT,andSnT P, sowe conclude
that x 2 @SnT) and = 0, asnheeded. m

e can therefore nd a K sud that if k > K, then
o (v (85 k)5 k(9)) ds < "=4for some 2 A
driving xx to x 2 @SnT), where ,( ) = infft O:
Yo(; ) 2SnTgfor 2 Aandp2 SnT. This is
possible since ™ is cortinuous, Xk ! x, and T; ! O
near @S nT). Sinceyx, ( k; k)= Yx( k; ), weget
z

(% )= Ok‘(yx(s; ) (8) ds+ wWlyx (1 1))

For suc k, the construction (12) therefore gives

w(x) L6« 13)
xi (k)
o “(Yx (83 k)i «(9)) ds
'=2(1 2 & D+ 1=2): (14)

For large k and x 2 T, w(xk) + "=4 > w(x),
since w 2 C(). Otherwise, x 2 @ nT, so
W(yx, o(k 15 Kk 1) 1=2(w(x) + ! o), since, by the
compatibility condition, we can assumethat j is so
large that w(p) > 2w(x) + 3w for p 2 SnT near
@ nT. In the former case,we add and subtract "=4
in (14). We complete the construction by assenbling
up to time ¢ ; and  for k large enough.

Thus,when! g 2 R, our construction always givesus a
control ~ for which s( ) < +1 satisfying (9). Since
" > 0 was arbitrary , we concludethat w(x) majorizes

(Zx() )

inf “(yx(si )i (9))ds+ x( )i x()<+1
0

x( ) 6 tx( ), then the corresponding in mand is

o (s ) (9) ds+ 3 (Lo + wW(X) > w(x),
since w(x) < wp for all x 2 and x 2 P, so suc

a cortrol is irrelevant for the inm um. Sinceg = w
on T, w(x) vix)on \ P. Ifx2 n[P[T]
w(x) = [w(x) w(yx(L; 9]+ wiyx(L; 9) for some

02 AandL > 0 such that yx(L; 92 P\ and
wi) Wl 9) (s 95 Ashds
(via the rst ST (w; ) condition and Lemma3.2), then
assenble °d0;L] and the constructed above to get
w(x) v(x) asabove. Thus,w von .

The proof for the wo = +1 caseis similar to this. We
viewa xed x 2 [P\ ] nT asamemberof ;nT where
j islarge enoughsothat valuesofw on @ ; nT majorize
w(x), and then we construct a trajectory that reaces
@ j)orT in nite time. The controls whoseexit times
for ; nT are not exit times for T are irrelevant for
the calculation of the appropriate in m um, as above,
sow Vv asbefore.
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