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CHAPTER 1

Basic Analysis

In this chapter we recall the basic tools from analysis needed for these
lecture notes. The main purpose is to fix the notation and collect the most
important statements that we will need. The reader can easily skip this part
for the first reading and come back to it as needed.

1. Vector spaces

An Euclidean vector space is a vector over R with an inner product
written as (v, w)y or simply (v, w). The corresponding norm is |[v||y =
(v, v)y or ||v||. In inner product space is a vector space over the reals or
the complex numbers with an inner product (u, v) which, in case K = C is
assumed linear in the first factor and conjugate linear in the second variable.

Let V and W be real or complex finite dimensional inner product spaces
and let T : V — W be a linear linear map. We write Tv or T'(v) for T
evaluated applied to the vector v € V. We denote by 1™ the linear map
T : W — V given by

(1.1) (T*w, v)y =(w, Tv)yw, weW, veV.

The operator T™ is called the adjoint of T. If V is finite dimensional and
T :V — W is a linear map into a vector space W then T is continuous.
Denote by Bg(V, W), or simply B(V,W) if it is clear what field we are
using, the space of K-linear continuous maps V' — W. Note also that if
T,S € Bg(V,W) then T*S : V' — V is linear and hence continuous. Define
(S,T)y := Tr(T*S). Then (-, -) is an inner product on B(V,W). Hence
B(V,W) is an inner product space.

We can identify V' with R, n = dim V' by choosing an orthonormal basis

V1,...,Un, of V and define a map V' — R” by
xlvl+...+xnvn»—>(xl,...,xn)T.

Then the inner product on V becomes the standard inner product on R":

n n
(v, w)yy =x191 + ...+ TpyYn, where v = Z:cjvj and w = Zijj
jl i=1

but mostly we try to work without reference to a basis and coordinate free.
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2 1. BASIC ANALYSIS

If V' is a topological vector space over K, where K is the field of real or
complex numbers, then the dual of V' is the vector space V* of continuous
linear maps A : V — K. If V is finite dimensional then every linear map
¢V — K is continuous, so V* is identical to the algebraic dual. We will
use A(v) and (A, v) for the evaluation of of A € V* at v € V. If W is another
topological vector space and T : V' — W is a continuous linear map, then
we define T : W* — V* by

(T*(\),v) == (\,T(v)), veV,AxeW*.

Assume now that V is an Euclidean vector spaces then V ~ V*. For
each v € V we define A\, € V* by Ay(u) = (u, v). The map v — A, is
a linear bijection. We denote the inverse by A — v). We define an inner
product on V* by (X, ) = (vx, vu).

If v1,...,v, is a basis for V then there exists a basis Aq1,..., A, for V*
such that A\;(v;) = ;5. The basis \q,..., A, is called the dual basis

If W is another Euclidean vector space and T': V' — W linear, then for
AeW*and v € V we get

(T'(N),v) = (\T(v))
= (v, T(v)w
= (T*(vn), v)v .

Thus vty = T*(vy), ie., the map T* corresponds to T* if we identify the
space with its dual as above. We note that (ST')! = T*S* and (ST)* = T*S*.

Linear maps between vector spaces corresponds to matrices. Let V re-
spectively W be a n respectively m dimensional vector spaces. Fix a basis
V1,...,0, for V and wq,...,wy, for W. Let T : V — W be linear and
define a matrix (¢;;) by T(v;) = > it tijw;. The correspondence T > (t;;)
depends on the basis and is therefore not natural but can be useful for some
calculations.

2. Smooth and Analytic Functions

Most functions that we need to consider are the continuous functions,
smooth functions and the analytic functions. We start by recalling some
standard multi-index notations. Then we introduce smooth and analytic
functions. Then we recall the definition of a manifold. We start with few
comments on Banach space valued smooth functions on V. We will later
discuss smooth functions with values in a Fréchet space.

2.1. Multi-Index Notation. For a multi-indic a € (Z1)" let

la] = a1+...+ay,

al = agl--ay!
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If a, 8 € (ZT)™ are two multi-indices, then we write a > 8 if a; > 3; for
alli =1,...,n. We write a > 3 if a > 8 and there exists an i such that
«; > ;. Furthermore, if o > (3, then

a—p03 = (a1 —p1,...,0n— By) and

G) = () ()= aasm 20

Suppose that V is a finite dimensional vector space. Fix a basis v1,..., v,
for V. For a € (Z*)" and v = 377, a;v; let

Qn

o (5]
v =alt .

Note that v* depends on the basis vy, ..., v,.

2.2. Differentiable and Analytic Functions. Let W be a real or
complex Banach space. Suppose ) # 2 C V is an open set. A function f :

Q — W is differentiable at x € §Q if there exists an R-linear transformation
Df(z): V — W such that

o U@+ ) = f(@) = Df@hllw _

h—0 IIR%

0.

The function f is differentiable on € if f is differentiable at all points = € ).
If f is differentiable, then f is continuous.

Assume that dim W < oo. Then any linear map is continuous.

The function
Df:Q— Br(V,W), x+ Df(x)

is called the derivative or the total derivative of f. The function f is contin-
wously differentiable if Df : Q — Bg(V, W) is continuous. Using induction,
we say that f is r-times continuously differentiable, r > 2, if D"~!f exists
and is continuously differentiable. We say that f is smooth if f is r-times
continuously differentiable for all r € ZT.

We denote by C"(2) the space of r-times continuously differentiable
functions and by C°°(2) the space of smooth functions on 2. Then

CeQ) = () C(Q).

rezZt

Let again W be a Banach space. Let I be a countable index set and
{ba}acr asequence in in W. We say that ) ; by = b € W if for each € > 0
there exists a finite subset F' C I such that for all finite subsets £ C Z™,

F C E, we have
b= ball <.
a€clE
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A function f : Q — W is analytic if for every x € () there exists an open
ball B,(z) ={y € V | ||x — y|| < r} with radius > 0 and center z, and for
each multi-index o € Z* there exist elements a, € W such that B,(x) C Q
and

(2.1) Fw) = > aaly—2)".

ac(zt)n

We note that the right hand side in (2.1) depends on a choice of a basis
for V. But if such an expression exists for one basis, then it exists for any
choice of a basis. Hence the definition of an analytic function is independent
of the basis used in (2.1).

We denote by C*(€2) the space of analytic functions on 2. Note that
C*(Q2) C C™(Q).

IfY CVand W C W are open, then a diffeomorphism of ¥V onto W is
amap g :V — W such that g is bijective and g and ¢g—! are smooth. g is
an analytic diffeomorphism if g and g—! are both analytic.

A topological space M is an n-dimensional manifold if for each x € M,
there exists an open neighborhood U, of z, an open set V, C R”, and a
homeomorphism ¢, : Uy — V,, such that if z,y € M and U, N U, # 0, then
the map

Yz © cpgl tpy(UgNUy) = R
is smooth. (Ug,¢y) is a chart around x. In this text all manifolds are

smooth, have at most countable many components and are paracompact.
Let M and A be manifolds.

A function f : M — N is r-times continuously differentiable if for all
x € M and there exist a chart (U, ¢) around = and a chart (V,) around
f(p) such that the function

Yo fog s p(U) - RN

is r-times continuously differentiable. C"(M,N') denotes the space of 7-
times continuously differentiable functions from M to A. If r = 0 we simply
write C(M,N). If N = C then we write C"(M) instead of C"(M,C). We
set

[e.e]
COMN) = [ C(MN).

r=0
If the coordinate changes are analytic functions, then M is an analytic
manifold. A function f: M — N is then analytic if the local expression of
f is analytic. If M and N are smooth/analytic manifolds, then g : M — N
is a diffeomorphis respectively analytic diffeomorphism if g is bijective and
g and ¢! are differentiable respectively analytic.

Let M be a manifold, a family {U,} of subset of M is a covering of M
if M =|JU,, it is an open covering if it is a covering and all U, are open.
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The covering {U,} is a locally finite covering if for each p € M there exists
an open neighborhood U, of p such that {a | U, N U, # 0} is finite.

DEFINITION 2.1. Let {U,} be alocally finite covering of the manifold M.
A family {¢4} of smooth function on M is a partition of unity subordinate

to {Uy} if
(1) 0 < 9o <1
(2) supp(¢a) C Ua-
(3) Xata=1

THEOREM 2.2 (Partition of Unity). Let M be a manifold and (U, pq)
an atlas for M, such that {Uy} is locally finite. Then there exists a partition
of unity subordinate to {Uy}.

PRrROOF. See [?] Theorem 1.11, page 10. O

Let f:Q — W. For v € V we denote by 0,f : 2 — W the directional

derivative
0,(/)(w) = fim E L) T

if the limit exists. If f is differentiable, then 0, f(x) exists for all v € V' and
x € €2 and

Oy (f)(x) = Df(x)v.

Fix an orthonormal basis v1,...,v,, of V and w1, ..., w, for W. Define
firQ—=R,i=1,...,m, by

n
F=Y flwi.
i=1
Let 0; = 0,;. Then the linear map D f(z) is given by the matrix
D(f)(z) = (8jfi(x))izl,.-.,m;jzl,-..,n :

A polynomial function on V* is a function P : V* — C, such that with

respect to a fixed orthonormal basis v1,...,v,, we have
(2.2) PA) = ) a.\"
la] <N

for some aq € C. Let 9; = 0y, and set
9% =07t -+ O .

For a polynomial function P as in (5.6) let

Pd):= ) and®.

lo|<N
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P(0) is a constant coefficient differential operator. We will see in the Section
?? (see Remark ?7) that the definition of P(0) is independent of the choice
of basis.

2.3. Inverse and Implicit Function Theorem. In this subsection
V and W are finite dimensional Euclidean vector spaces. The proof of
the following, except some of the statements that a function is smooth or
analytic can be found in the book by Spivak, [?], p. 34-39, and p. 40-43.
Q will always stands for a nonempty open subset of V.

THEOREM 2.3 (Inverse Function Theorem). Suppose f : Q@ — V is a
continuously differentiable function on Q. If x € Q and detD f(x) # 0, then
there exists an open set U C Q containing x and an open subset W C V
containing f(x) such that f : U — W is bijective and the function f=' :
W — U is differentiable. Furthermore,

DfHy) = [DF(F )™

for all y € W. If f is smooth, then the function f~' is smooth. If f is
analytic, then =1 is analytic as well.

Let Qy C V, and Qu C W be open and nonempty. For a function
f:Quy xQw — W, and a € Qy, define f, : Qu — W by f.(b) := f(a,b).

THEOREM 2.4 (Implicit Function Theorem). Let Qy C V, and Quw C
W be open and nonempty. Suppose f : Qy X Qw — W is continuously
differentiable. Let (a,b) € Qy X Qu such that f(a,b) =0. If Dfe(b) : W —
W is an isomorphism, then there exists

(1) an open set V C Qy containing a and an open set W C Qu con-
taining b,
(2) a differentiable function g:V — W

such that g(a) = b and f(x,g(z)) =0 for all xz € V. If f is smooth respec-
tively analytic, then g can be chosen smooth respectively analytic.

We will mainly need the following consequence of the implicit function
theorem. For a subspace Wi, Ws C V we say that V is the direct sum of
W1, Wy, denoted by V. = Wy @ W, if each vector v € V has an unique
expression as v = wy + wy for some w; € W;. Let

Wh={veV|NVweW) (v,w) =0}.

Then V = W @ W+ and the sum is orthogonal. A linear map P:V — V
is a projection if P? = P. It is an orthogonal projection if P> = P* = P.
We have V = Im(P) & Ker(P), and this sum is orthogonal if and only if P
is an orthogonal projection. If W C V is a subspace, then Py denotes the
orthogonal projection onto W.
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THEOREM 2.5. Let W C V be a subspace of V.. Let ) C V be open
and nonempty, and let f : Q@ — W be a smooth map. Suppose that a € )
is such that f(a) =0, and Df(a) : V — W is surjective. Then there exists
nonempty open sets V, W C Q and a diffeomorphism h : V — W such that
a€V and

foh(v) =Py(v)
for allv e V. If f is analytic, then h can be chosen to be analytic.

THEOREM 2.6. Let 2 C V' be open and nonempty set. Let g : Q2 — W
be a smooth function such that Dg(x) has rank dim W whenever g(x) = 0,
x € Q. Then g=1(0) is an (dim V — dim W)-dimensional manifold in V. If
g is analytic, then g~(0) is an analytic manifold.

Proor. Note first, that the assumption on the rank of Dg(z) implies
that dim W < dim V. If dim W = dim V, then g is locally a diffeomorphism.
Hence ¢g~1(0) is a discrete union of points. We can therefore assume that
dimW < dim V. Then we may as well assume that W C V. The statement
then follows from Theorem 5.9. O

EXAMPLE 2.7 (Spheres). Let a € R™ and let R > 0. Define g : R” - R
by
g(z) = |z —a|* - R?.
Then g is analytic. In this case Dg(x) is an n x 1-matrix which we view as
a column vector. Then

Dg(z) =2(x —a) #0
for all z € R™ such that g(z) = 0. Hence Si;"'(a) is an (n — 1)-dimensional

analytic submanifold of R”. Note, if x = a, then Dg(z) = 0 and g~1(0) =
{a} is not an (n — 1)-dimensional submanifold of R"™.

2.4. Compactly Supported Functions. Recall that the support of
a continuous vector-valued or complex-valued function on a manifold (or
topological space) M is the set

(2.3) supp(f) = {z € X | f(x) # 0},

where ~ stands for the closure of a set. If u is a Borel or Radon measure
on M and f is a measurable function on M, then the support of f is the
complement of the union of all open subset U C M such that f(z) =0 for
almost all x € U:

supp(f) := M\ U U.
U C M, open,
f(z)=0

for almost all x € U

Then clearly supp(f) is closed. If f is continuous, then this new definition
agrees with the usual one in (2.3).

ImpFctTh2

ex-sphers

eq-supportl
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If F is a space of measurable functions, then the subscript . will indi-
cate the subspace of compactly supported functions in E. For a non-empty
compact set K C M let

CRM) :={f € CZ(M) [ supp(f) € K7}

Now, assume that V is an Euclidean space as before and that 2 C V is
a nonempty open set. For K C 2 compact define a family of seminorms on

CR (%) by
(2.4) Tk, p(f) == ||P(0)f|l, P apolynomial.

Then C3 (M) is a complete, locally convex topological vector space. The
topology can also be defined by the increasing family of seminorms

(2.5) Tk (f) = sup [[P(9)flloo-
deg P<n

It is therefore clear, that C%(Q) is a Fréchet space in this topology. For a

manifold M and K C M, we define a topology on C3°(M) in a similar way
by using local charts.

We make C2°(Q2) into a topological vector space by considering it as the
inductive limit of the space C%(€2). Thus a sequence {fy}, converges to f
in C°(Q) if and only if

(1) there exists a compact set K such that supp(f,) C K for all n,
(2) if P is a polynomial, then P(9)f, — P(0)f uniformly on K.

The space C°(Q2) is locally convex and complete. The elements of
C2°(Q) are called test functions on §.

LEMMA 2.8. Let M and N be topological spaces. Let i be a Radon
measure on M. Suppose that f: M x N — C is such that:

(1) The function x — f(m,x) is continuous for all m € M.
(2) There exists a non-negative function g € L*(M, ) such that

|f(m, )| < g(m)
for all z € N.

Then m s f(m,x) is integrable for all x € N and the function

Fa) = /M F(m, ) du(m)

is continuous. Furthermore, if x, € N, then
xli)nxlo F(zx)= /M xll}rgo flm,z)du(m).

Proor. This follows from Lebesgue Dominated Convergence (LDC)
Theorem. g
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LEMMA 2.9. Let M be a topological space and i a Radon measure on
M. Let ) #1 C R be an open interval. Suppose that f : M x I — C.
Assume the following:

(1) The exists an s € I such that m +— f(m,s) is in L'(M, p).

(2) The function t — f(m,t) is differentiable for all m € M.

(3) For all t, € I there exists an open interval J containing t, and a
non-negative function g € L*(M, i) such that

(vt e J) [0uf(m,t)] < g(m).

Then m — f(m,t) is integrable for all t € I and the function

ﬂw:Ajmwwm>

is differentiable on I. Furthermore,

G0 = [ om0 dutm).

PRrROOF. For t, € I let J be as in (3). Let ¢t € J and let m € M. Then
there exists t* between t, and t such that

f(m’ t) B f(m, to)

t—to :atf(m7t)

In particular,

f(m7 t) B f(m7 to)

(2.6) —

= [0cf (m, t*)] < g(m)

independent of ¢ and ¢,. Taking ¢, = s as in (1) we get

[f(m, )] < g(m)[t — s[ + |f(m, s)|

and it follows that m — f(m,t) is integrable for all ¢. By (2.6) we can apply
the LDC Theorem to get

o ) —Flte) fm.t) — f(m,to)
Y =l
_ . f(m7t) — f(mvto)
= /M tligflo r—y dp(m)

:/@mmmw,
M

In particular the limit exists and dF/dt(t) = [, 0if(m,t) du(m) as stated
in the theorem. g

le-intDiff
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2.5. Vector Valued Functions. In this subsection we discuss differ-
entiability of functions with values in an infinite-dimensional topological
vector space. Here the differentiability might depend on the topology.

DEFINITION 2.10. Let W be a complete Hausdorff locally convex topo-
logical vector space. Let () # I C R be an open interval. A map F: I — W
is strongly differentiable if for all ¢, € I the limit

i F(O = F(20)

t—to t— to

exists in the topology of W. F'is weakly differentiable if for all o € W* the
function t — p(F'(t)) is differentiable.

If F' is strongly differentiable, then the limit is unique and we denote it

LemMA 2.11. If F : I — W is strongly differentiable, then F' is weakly
differentiable and
d
S PER) = 9(0:F)

for all p € W*.

PROOF. As ¢ is continuous and the limit exists in the topology of W
we get

i SPO) =0l

t—to t—1t,

PELEC)

t—to t—1t,

= (O F(t)).

3. Distributions

Let ) # Q C V. The dual of C°(Q) is denoted by oo, >°(£2). The
elements of C7°°(Q2) are called distributions on €. Recall that the topology
on C2°(V) is the relative topology from S(V'). Hence, if ¢ € S(V)*, then

Res(¢) == ¢lose(v) € C. (V)

Assume that ¢[cec(y)y = 0. As C2°(V) is dense in S(V) it follows that
¢ = 0. Thus we can view S(V)*, as a subspace of C_°>°(V). The elements
of S(V)* are the tempered distributions. Let V be a complete locally convex
Hausdorff topological vector space with dual V*. The weakest topology on
V* such that all the linear maps A — A(v), v € V, are continuous, is the
weakx-topology on V*. If nothing else is said then this is the topology that
we will use on V*. In particular this is the topology on C7>°(V) and S(V)*.
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Let f € L (V). Then f can be viewed as a distribution ¢ given by

or(g) = /V g(@)f(z)dz, geC>(V).

If ¢ is a distribution and there exists a function f such that ¢ = ¢y, then
we say that ¢ is a function. We say that a distribution ¢ is a continuous
function, smooth function, or an integrable function if ¢ is of the the form
@y with the function f continuous, smooth, or integrable.

We note that ¢ is not necessarily tempered. As an example take f(z) =

e for some k € N. Then pr € C7°(V), but not in S(V)*. A function
f on V is of polynomial growth if there exists a k € N such that w™f is
bounded. The following is obvious:

LEMMA 3.1. If f is of polynomial growth then ¢ € S(V)*.

The natural way to define natural operations like differentiation to distri-
butions, one makes sure that they agree with the old operation for functions
viewed as distributions. As an example let f € C>(V). Let g € C°(V).
Then

voslg) = /V 9(2)0° f () da

= (-1l /V (0% g(2)) f (z) da

= (=1)"lps(0%)
and the last expression makes sense for arbitrary distributions.

Let p e C7®°(V),ge CX(V),veV,t>0and 1 <p<oo. Define

(1) (9°9)(9) = (—=1)*p(8g).
(2) (L(v)¢)(g) = ¢(L(=v)g).
(3) (Dp()p)(9) := o(Dy(1/t)g), where 1/p+1/¢ = 1.

It follows from the above definition, that every distribution can be dif-
ferentiated as many times as we please. In particular, f € Lj,(V) and P is
a polynomial function on V, then P(9)yy is well-defined. P(0)py is called
the distributional derivative of f.

For f : V. — W let fY(z) = f(—=x). If f € S(V) and v € V, then
L(v)f¥Y = (L(—v)f)Y € S(V). For p € S(V)* and f € S(V) we define the
convolution of p with f by
(3.1) px f(v) = o((L(v)f)") = o(L(=v)[").

LEMMA 3.2. Let f € S(V), p € S(V)*, and let P be a polynomial. Then
the following holds:

(1) g feC®(V) and P(I)(p * [) = ¢+ (P(I) ).



12 1. BASIC ANALYSIS

(2) P(O)(¢ = f) is of polynomial growth.
(3) pxfeSV)

PROOF. The first part follows from the fact that for v € V'
4 t) —
[+ tv) f g, 1
in the S(V') topology.
The second part follows from Lemma ?? and the third part is a conse-
quence of (2). O

LEMMA 3.3. Let g € S(V) be such that ||g]s = 1 and g > 0. Let
gt = D1(t)g. Suppose ¢ € S(V)*. Then ¢ x g — ¢ in S(V)*.

ProoOF. Let f € S(V). One shows that

@ xgi(f) = ¢(ge = [) -
The claim then follows from g¢ * f — f in S(V'), see Lemma ?7. O

4. Fourier Analysis

In this section we discuss the Fourier transform of functions and distri-
butions on V. In our notation the Fourier transform f = Ff of a function
on V is a function on the dual V*. We show how to fix the normalization
of the Lebesgue measure on V* such that the Plancherel Formula holds.

5. Holomorphic Functions

This section contains the main results on holomorphic functions that will
be needed later. We refer to [?] for proofs and a more detailed treatment.
Let Vo = V ®r C be the complezification of V. Thus V¢ is a complex vector
space containing V' as a real vector subspace and Vg =V +iV.

We extend the inner product on V' to a Hermitian inner product on V.
If V.=R" then Vg = C” and the extension of the canonical inner-product
on R" is the Hermitian form

n
(z,w) = Z 2W5 .
j=1

If e1,...,e, is an orthonormal basis for V', then eq,...,e, is also an
orthonormal basis for Vg. Furthermore the map C" — Vg, (21,...,2,) —
z1€1 + ...+ zpey is a C-linear isomorphism and

(z1€1 + ... + zpen,wiel + ... + wpey) = 21W1 + . . . + 2, Wy, .

We fix an orthonormal basis from now on and use coordinates z = 2?21 zje;
when needed.

le-
applde TempDist

clarify later

Here July 1
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Ifr;>0,5=1,....,n,letr:=(r,...,rp). fri=r=...=r,=r>
0, then we write r = (r,7,...,7). For z € V¢ let
(5.1) Pr(z) ={w e Vc |Vj : Jwj — 2| <rj}

be the polydisc with center z and “radius” r. Set
(5.2) pe(z) ={we Ve [Vj : |wj—z]=r;}.
Note that py(2) is contained in the topological boundary
0P (2) = Pe(2) \ Pe(2)° ={we Ve |3 : |wj—z| =7}
In general p,(z) is smaller than the topological boundary.

DEFINITION 5.1. Let 2 C Vi be open and non-empty. Let F': Q@ — C.

(1) F is holomorphic on § if for all z, € € there exists r > 0 and a
convergent power series > aq(z — 20)® on Pr(z,) such that

F(zie1 4 ...+ zpen) = Zaa(z —20)%, 2z € Pr(20)°.
(03

(2) F is weakly-holomorphic on  if for all z, € Q and all v € V¢
the function of one variable h — F(z, + hv) is holomorphic in a
neighborhood of 0 in C.

(3) F is complex differentiable in Q if for every z, € € there exists a
complex linear map DF(z,) : Vo — V¢ and a function ¢ so that
for z €

F(2) = F(z) + DF(20)(2 — 20) + ¢(2)

and
fim PG _ g

=% |2 = zol|
If F' is weakly holomorphic then we set
F(zo + hv) — F(z,)
. .

If F is complex differentiable on €2, then z — DF(z) is a holomorphic
functions with values in M(n, C), the space of n x n-matrices. We note that
if F'is complex differentiable, then F' is weakly differentiable and

OuF(20) = DF(zo)v.

(5.3) OwF (20) := ilzli%

If F:Q — C is continuous and z, € Q let » > 0 be so that P.(z,) C Q.
Define Cr : Pp(2,)° — C by

(5.4 o= (5m) [ g
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For z = 2, (5.4) is

1 n 27 27 n .
Cr(z,) = <27r> /0 /0 F(z, + erewjej)dﬂl ...do, .

J=1

The equivalence of the first two statements in the following theorem is
Osgood’s Theorem.

THEOREM 5.2. Let Q # 0 be an open subset in Vg and F : Q — C
continuous. Then the following are equivalent:

(1) F is holomorphic on Q.

(2) F is weakly holomorphic on €.

(3) F is complex differentiable.

(4) For all z € Q we have Cp(z) = F(2).

PRrROOF. See [?], p. 18 and 19. O

A domain in V¢ is a non-empty, open and pathwise connected subset of
V. In the rest of this section D denotes a domain in V. Denote by O(D)
the space of holomorphic functions on D. The topology on O(D) is defined
by the seminorms
(5.5) v (F) = sup |F(z)]

zeK
where ) # K C D is compact. Thus, the topology is that of uniform
convergence on compact subsets.

LEMMA 5.3 (Weierstrass Convergence Theorem). Let D C V¢ be a do-
main, and {F,} a sequence of holomorphic functions on D that converges
uniformly to a function F'. Then F is holomorphic.

PROOF. Let z € D and let r > 0 be such that Pr(z) C Q. Let
w € Pr(2)°. As F,, — F uniformly on compact sets it follows that F is
continuous. In particular, A = sup,ep, () [F(w)| < co. Let N € N be such
that

sup |Fx(w)— F(w)| <1

wE Py (2)
for all kK > N. We then let
B = max{|[Fi|p,loos - - s [FN-1]P[[ocs A + 1}
Then
|[Fp(w)| < B
for all w € Pr(z) and all n € N. Finally,
Fn(C)’ ¢
< < 00
‘C— w|~ d(w,pr(2))

Osgood
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for w € P(z) and n € N. As py(z) is compact, we can interchange the
integration and the limit process in the following

Fw) = nh_)rgan(w)

Y Fa(Q)
- (2772) ffor(z) C—wp ™
_ (Y . _F(Q)
= () £

1\" F
)L
2mi pr(2) (C - w)
Thus Cp(w) = F(w) and hence F' is holomorphic by Theorem 5.2. O
THEOREM 5.4. The space O(D) is a a Fréchet space.

Proor. This follows from Lemma 5.3. O

We denote by C“(Q) the space of analytic functions on 2. Note that
CY(Q2) C C=(Q).

If VCVand W C W are open, then a diffeomorphism of V onto W is
amap g : V — W such that g is bijective and g and g~! are smooth. g is
an analytic diffeomorphism if g and ¢g—' are both analytic.

A topological space M is an n-dimensional manifold if for each x € M,
there exists an open neighborhood U, of x, an open set V, C R”, and a
homeomorphism ¢, : U, — V; such that if z,y € M and U, N Uy # (), then
the map

Yz © cpgl tpy (U NUy) = R”
is smooth. (U, ¢y) is a chart around x. In this text all manifolds are

smooth, have at most countable many components and are paracompact.
Let M and N be manifolds.

A function f : M — N is r-times continuously differentiable if for all
x € M and there exist a chart (U, ) around = and a chart (V,1) around
f(p) such that the function

wofocp_l :o(U) —y RAmN

is r-times continuously differentiable. C"(M,N') denotes the space of r-
times continuously differentiable functions from M to A/. If r = 0 we simply
write C(M,N). If N' = C then we write C" (M) instead of C"(M, C). We

set

CO(MN) = (C"(M,N).
r=0
If the coordinate changes are analytic functions, then M is an analytic
manifold. A function f: M — N is then analytic if the local expression of
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f is analytic. If M and N are smooth/analytic manifolds, then g : M — N
is a diffeomorphis respectively analytic diffeomorphism if ¢ is bijective and
g and g~ ! are differentiable respectively analytic.

Let M be a manifold, a family {U,} of subset of M is a covering of M
if M =JU,, it is an open covering if it is a covering and all U, are open.
The covering {U, } is a locally finite covering if for each p € M there exists
an open neighborhood U, of p such that {a | U, N U, # 0} is finite.

DEFINITION 5.5. Let {U,} be a locally finite covering of the manifold M.
A family {¢4} of smooth function on M is a partition of unity subordinate
to {Uy} if

(1) 0<4a <1
(2) supp(¥a) C Ua-
(3) Za 77/}04 =1
THEOREM 5.6 (Partition of Unity). Let M be a manifold and (U, pq)

an atlas for M, such that {U,} is locally finite. Then there exists a partition
of unity subordinate to {Uy}.

PROOF. See [?] Theorem 1.11, page 10. O

Let f: Q — W. For v € V we denote by 0,f : Q — W the directional

derivative
() (w) = limg T2 2 S

if the limit exists. If f is differentiable, then 0, f(x) exists for all v € V and
x € €2 and

Ou(f)(x) = Df(z)v.

~ Fix an orthonormal basis v1,..., vy of V and wy, ..., w, for W. Define
ff: Q=R i=1,...,m, by

F=Y flw.
i=1
Let 0j = 0y;. Then the linear map D f(z) is given by the matrix
D(f)(x) = (8, ' ())i=1,...m3j=1,...n -

A polynomial function on V* is a function P : V* — C, such that with

respect to a fixed orthonormal basis vy, ..., v,, we have
(5.6) P = > anA®
la|<N

for some a, € C. Let 9; = 0y, and set

AR SR
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For a polynomial function P as in (5.6) let

P@):= > a.0".
la|l<N
P(0) is a constant coefficient differential operator. We will see in the Section
?? (see Remark ?7?) that the definition of P(0) is independent of the choice
of basis.

5.1. Inverse and Implicit Function Theorem. In this subsection
V and W are finite dimensional Euclidean vector spaces. The proof of
the following, except some of the statements that a function is smooth or
analytic can be found in the book by Spivak, [?], p. 34-39, and p. 40-43.
Q will always stands for a nonempty open subset of V.

THEOREM 5.7 (Inverse Function Theorem). Suppose f : Q@ — V is a
continuously differentiable function on Q. If x € Q and detD f(x) # 0, then
there exists an open set U C Q containing x and an open subset W C V
containing f(x) such that f : U — W is bijective and the function f=' :
W — U is differentiable. Furthermore,

DfHy) = [DF(f ™
for all y € W. If f is smooth, then the function f~' is smooth. If f is
analytic, then f~1 is analytic as well.

Let Qy C V, and Quw C W be open and nonempty. For a function
f:Qu xQw — W, and a € Qy, define f, : Quw — W by fa(b) := f(a,b).

THEOREM 5.8 (Implicit Function Theorem). Let Qy C V, and Quw C
W be open and nonempty. Suppose f : Qy x Qw — W is continuously
differentiable. Let (a,b) € Qv x Qw such that f(a,b) =0. If Df,(b) : W —
W is an isomorphism, then there exists

(1) an open set V C Qy containing a and an open set W C Qu con-
taining b,
(2) a differentiable function g:V — W

such that g(a) = b and f(x,g(z)) =0 for all x € V. If f is smooth respec-
tively analytic, then g can be chosen smooth respectively analytic.

We will mainly need the following consequence of the implicit function
theorem. For a subspace Wy, Wy C V' we say that V is the direct sum of
Wi, Wy, denoted by V. = Wy & W, if each vector v € V has an unique
expression as v = wy + wy for some w; € Wj. Let

Wh={veV|NVweW) (v,w) =0}.

Then V = W @ W+ and the sum is orthogonal. A linear map P:V — V
is a projection if P? = P. It is an orthogonal projection if P> = P* = P.
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We have V' = Im(P) @ Ker(P), and this sum is orthogonal if and only if P
is an orthogonal projection. If W C V is a subspace, then Py denotes the
orthogonal projection onto W.

THEOREM 5.9. Let W C V be a subspace of V.. Let Q) C V be open
and nonempty, and let f : Q — W be a smooth map. Suppose that a € )
is such that f(a) =0, and Df(a) : V — W is surjective. Then there exists
nonempty open sets V, W C Q and a diffeomorphism h :V — W such that
a€V and

foh(v) = Py(v)
for allv e V. If f is analytic, then h can be chosen to be analytic.

THEOREM 5.10. Let Q C V be open and nonempty set. Let g : @ — W
be a smooth function such that Dg(x) has rank dim W whenever g(x) = 0,
x € Q. Then g=1(0) is an (dim V — dim W)-dimensional manifold in V. If
g is analytic, then g~1(0) is an analytic manifold.

PrOOF. Note first, that the assumption on the rank of Dg(z) implies
that dimW < dim V. If dim W = dim V, then g is locally a diffeomorphism.
Hence ¢g~1(0) is a discrete union of points. We can therefore assume that
dim W < dim V. Then we may as well assume that W C V. The statement
then follows from Theorem 5.9. ([

EXAMPLE 5.11 (Spheres). Let a € R" and let R > 0. Define g : R® - R
by
9(z) = |z —a|* — R?.
Then g is analytic. In this case Dg(x) is an n X 1-matrix which we view as
a column vector. Then

Dg(z) =2(x —a) #0
for all z € R™ such that g(x) = 0. Hence Sg_l(a) is an (n — 1)-dimensional
analytic submanifold of R”. Note, if 2 = a, then Dg(z) = 0 and g~'(0) =
{a} is not an (n — 1)-dimensional submanifold of R". O
LEMMA 5.12. Let (X, pu) be a measure space open and non-empty and

let u be a Radon measure on Q. Assume that () # Q C Vi is open and that
f: X — C is such that

(1) For all z € Q the function x — f(z,z) is integrable.

(2) For all x € X the function z — f(x,z) is holomorphic.

(3) For each z, € Q) there exists an open neighborhood W C Q of z,
and a non-negative function g € L' (2, dy) such that for all z € W

(2, 2)] < g(x).

Let F(z) := [y f(z,2)du(x). Then F is holomorphic and for all v € V¢
and z, € ) we have

OwF (2,) = /X D20 f (1, 20) dp()

ImpFctTh2

ex-sphers
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where 0o, refers to the directional derivative in the second variable.

PROOF. For z, € Q let W be as in (3). By replacing f by (x,z) —
f(z,z + z,) we can assume that z, = 0. Fix r > 0 such that P,,.(0) C W.
Let v € Vg, v # 0. Let s :=r/||v]|. Then tv € W for all [t| < 2s. Let

Pl(0):={z€C||z| < 2s}.

Suppose that |z] < s. Let v be the path v := {¢ € C | || = 2s} with
the positive orientation. Then d(z,7) > s. By the one-dimensional Cauchy

Integral Theorem we get
L1 f(flzcu) f (93 ¢v)
27mz%((—z a )d(‘

fe) S50
m% G

z

£z, Cv)
d
< wficc-o) '«
[ o)
< o VTSQWQ

= g(x)/s.

Hence Lebesgue Dominated Convergence Theorem allows us to move the
limit inside the integral to get

iy FEV=FO) -y [ Sl S g

z—0 z
X

z—0 z

= / Do f(,0) du(z)
X

and the claim follows. O

Let M be a 2n-dimensional manifold. Then M is a complex manifold
if there is an atlas (Ua, ¢a)a,a such that for all « € A we have ¢, (U,) =:
Vo € C" and for o, f € A with U, N Up # 0 the map

Vg © @El tpp(Ua NUg) — C”
is holomorphic. We then say that (U,, ¢, ) is a complex atlas for M.

If M is a complex manifold and (Uy,¢s) a complex atlas, then F :
M — C is holomorphic if F is continuous and F o ¢ ! : ¢, (Uy) — C is
holomorphic. Denote by O(M) the space of holomorphic functions on M.
The topology on O(M) is that of uniform convergence on compact subsets

of M.
THEOREM 5.13. The space O(M) is complete.
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PROOF. Suppose that F,, = F in O(M). Let (Uy, ¢o) be a complex at-
las. Fix (Uy, ¢a). Let K C V, be compact. Then ¢, (K) C U, is compact.
Hence F}, o p ' — F o ! uniformly on ¢, (K). By Weierstrass’s Conver-
gence Theorem, Theorem 5.3, the limit function F o ! is holomorphic on
Vu. Hence F' is holomorphic and O(M) is complete. O

6. Spectral Theory for Unbounded Operators

We assume that the reader is familiar with the basic Hilbert space the-
ory, in particular the spectral theory for bounded operators. For fixing the
notation as well as for motivational purposes, we review the basic facts and
then discuss the spectral theory for unbounded operators. Our main ex-
ample later on will be the Laplacian 0% which is an unbounded self-adjoint
operator on L?(V). We discuss semigroups with unbounded generators, and
how to take a square root of a positive operator. We use the book [?, 7, 7]
as reference.

In this section H and K are Hilbert spaces with inner product (-,-)%,
respectively (-, -)x. If it is clear in which Hilbert space we are working, then
we leave out the subscript. We assume that the Hilbert spaces are defined
over the field of complex numbers.

6.1. Bounded Operators. As before B(H,K) denotes the Banach
space of bounded linear operators T : H — K. If K = H, then we write
B(H). For T € B(H,K) define T* € B(K, H) by

(T(u),v)x = (u, T*(v))y forall ue H,vek.
The operator T™ is the adjoint of T. The following holds:

(1) T'+— T* is conjugate linear,

(2) (TS)* = S*T*, T* =T,

3) 1Tl = 17|, and |TT*[| = |T*T| = ||T]>.
Thus B(#) is a Banach x-algebra.

Another important topology on B(H, K) is the strong operator topology
which is given by the family of seminorms

(6.1) oo(T) = [T(W)lk, veH.
If £ C H then
Lt ={uecH|(VweH) (u,v) =0}.

It is the orthogonal complement of L. L' is a closed subspace of H and
L= (LYt

LEMMA 6.1. Suppose that T € B(H,K), Then ker(T) = Im(T*)* and
Im(7) = ker(T*)* .
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PROOF. The first statement follows immediately from (v, T*(u)) = (T'(v), u).
We then have

Im(T) = (Im(T)1)* = ker(T%)*.

hier

An operator T' € B(H,K) is positive if (Tu,u) > 0 for all v € H.
As (T*T(u),u) = (T(u),T(u)) = ||T(u)||? it follows that T*T is positive
operator on H. An operator T € B(H) is normal if T and T™ commutes
and self-adjoint if T* = T. T € B(H,K) is unitary if T*T = idy and
TT* =idx. Thus T is bijective and

(6.2) (T(u), T(v)) = (T"T(u),v) = (u,v) forall w,veH.

If (6.2) holds, then T is a partial isometry. It is equivalent to || T'(u)| = |Jul|
for all u € H. We denote by B(H,K), the space of positive operators and
U(H,K) the space of unitary operators. If H = K then we write B(H)+
respectively U(H).

Let I be an index set, 1 < p < oco. Then

63) ) = {(@ier | (aierlly = (3 lai?) 7 < o0}
el

is a Banach space and a Hilbert space for p = 2. Let I = ZT and k € N

define T : (2(Z1)) — (2(Z*) by

B 0 for 7=0,1,...,k—1
(T'((a:))); = { aj_1 for j=kk+1,...

Then T is a partial isometry which is not an unitary isomorphism. In finite
dimension, every partial isometry is also an unitary isometry.

For T' € B(H) define the spectrum of T' by
(6.4) o(T) ={X € C|T — Al is not invertible }

Assume that || > ||T||. Then |A~'T| = |A~Y|T|| < 1 and hence
3% o(ATIT)™(u) converges for all u € H and

n=0

o . 00 - . u
IO < 3 I Tl = T
n=0 n=0

It follows that uw — > o2 ((A™'T)"(u) defines a continuous linear map, which
we will denote by (1 —A~'T)~1. It is easy to see that the operator —A~1(1—
A~IT) =1 is the inverse to T — Al and hence A € o(T). As the set of invertible
elements in B(#) is open in B(H) it follows that o(7") is closed and hence
o(T) is compact and contained in the closed ball of radius ||T||. If T is
unitary then o(T) C T = {z € C| |z2| = 1}, and if T is self-adjoint. Then
o(T) C R. Finally, if T is positive, then o(T") C RT U {0}.
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6.2. The Spectral Theorem for Bounded Operators. Recall that
amap P:H — H is a projection if P> = P and that P is orthogonal pro-
jection if P2 = P = P*. Denote by P(H) the set of orthogonal projections
on H. Let X be a topological space and B = B(X) the Borel sigma algebra
on X. A resolution of the identity is a mapping E : B — P(H) such that

(1) E(0) =0 and E(X) = id,

(2) E(AN B) = E(A)E(B),

(3) If AN B = () then E(AUB) = E(A) + E(B),

(4) If v,w € H then E,,, : A— (E(A)v,w) is a regular complex Borel
measure on X.

Let E be a resolution of the identity and v € H. Then E,, ,(A) = (E(A)v,v) =
(E(A)*v,v) = |E(A)v||* > 0 so E,, is a (positive) measure with E,, ,(X) =
|v]|? < co. If P and @ are two orthogonal projections, then we write P < @
if P(H) € Q(H). Then < defines a partial ordering on P(H). By (2) and
(3) we have E(ANB) < E(A), E(B) and, if {A;};en is a family of disjoint

sets
n

E(|J4) =) E(4)) <> E(4)).
Pt =1

Jj=1

The series on the right converges in the strong operator topology, but not
in the norm topology, except all but finitely many E(A;) are zero. This is
clear because if I C N is finite, then }_, ; E(4;) is as E(A;) and E(Ay)
commutes by (2) and || 3., E(4;)[| = 1.

Let f : X — C be a measurable function. We say that f(z) = 0 E-
almost every where, if

E({z e X | f(z) # 0}) = 0.

f is essentially bounded if there exists a F-zero set such that fxg is bounded.
Let N C C be the largest open subset of C such that E(f~!(N)) = 0. The
essential range of f is C\ N. Hence, f is essentially bounded if and only if
C\ N is bounded. If f is essentially, bounded set

[flloo = sup{|A| [ A € C\ N} = sup [(Fxp-rv)) ()] -

Let L*>°(X) be the space of essentially bounded measurable functions on X
with functions agreeing F-almost every where identified. With the point
wise multiplication as a product and conjugation given by f*(z) = f(x),
the space L*°(X) becomes an abelian Banach x-algebra.

Let f € L*(E) and v,w € H. Then, as E,,, is a bounded complex
measure, it follows that

/ f (@)]d|Ev,wl(z) < [[fllsollvlllwll-
X
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It therefore exists a unique T'= Ty € B(H) such that

(6.5) / F () By

We write this as

(6.6) n_/fm.
X

As E(X) =1 we have

(6.7) 15l = 1 flloo -

THEOREM 6.2. Suppose that E is a resolution of the identity. Then the
map L>®(X) = B(H), f — Ty, is a x-isomorphism onto a closed abelian
x-Banach subalgebra of B(H). Furthermore,

(1) If v e H, then T ()| = [x If(2)| dEy(2).
(2) An operator S € B(H) commutes with all E(A) if and only if S
commutes with all Ty, f € L=(X).

PROOF. The idea of the proof is to start with simple step functions of
the form f = Z;V:1 a;jxa;- Then

N
Ty =) o;E(A
j=1
Furthermore
Tf = Z Oéj Tf* .
A simple calculation also show that
Trg= Y aBiE(A;NB;) =TT,
1,7 finite
if g = > gnite BiXB;- The general statement can then be proven by approxi-

mating an arbitrary function f € L% (X) by step functions. We refer to [?],
p. 319-320, for details. ([l

THEOREM 6.3 (Spectral Theorem for Bounded Opeators). Let T € B(H)
be normal. Then there exists a unique resolution of the identity E on o(T)
such that

(1) T = /(T))\dE(A).

(2) S € B(H) commutes with T if and only if S commutes with all
E(A), ACo(T) a Borel set.

Furthermore the following holds true:
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(3) If P(z,w) = a;x2"w” is a polynomial then
P(T,T*) =Y a;,TIT* = /P()\,)\) dE()).
(4) if T is positive, then
VT = / VAAE())
o(T)
s well defined.

PROOF. See [?], p. 324.



CHAPTER 2

Lie Groups, Representations, and Homogeneous
Spaces

In this chapter we discuss some basic facts about Lie groups and homo-
geneous spaces. To simplify the matter we will mostly deal with linear Lie
groups. In the next chapter we specialize this discussion to the sphere and
the hyperbolic space.

1. Lie Groups and Homogeneous Manifolds

Recall, a (finite dimensional) Lie group G is a group and an analytic
manifold and those two structures are connected by the requirement that
the map

(1.1) GxG—G, (z,y)—ay’
is analytic.

It is the strength of the interplay between algebra (group) and analysis
(manifold) that it is enough to assume that G is locally Euclidean and the
map (1.1) is continuous. This is Hilbert’s fifth problem, which was solved by
A. Gleason, D. Montgomery and L. Zippin in the 1950. A good reading on
this exciting problem is the book by I. Kaplansky [?]. We refer to the book
by S. Helgason [?] or the book by V. S. Varadaranjan [?] for information
about Lie groups.

We will only consider finite dimensional Lie group, and hence simply
call them Lie groups. As for manifolds, we will always assume that our
Lie groups are separable. In particular, they have at most countable many
connected components.

In this chapter F will always stand for the field of real or complex num-
bers. One can develop similar theory for the shew field H, but we will not do
so. V ~ F" will be a n-dimensional vector space over F. M(V') will stand for
the space of F-linear maps V' — V. After choosing a basis it is isomorphic
to the space M(n,F) of n x n-matrices. The isomorphism is given by

n
T(ej) = Z tijei .
=1

This way M(V) becomes a n2-dimensional vector space isomorphic to F.

25
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Our basic examples of Lie groups will be linear Lie groups, e.g. closed
subgroups of the general linear group

GL(n,F) = GL(V) := {A € M(V) | detA # 0}

where F stands for the field of real or complex numbers. As det : M(V) — FF
is a polynomial functions and hence analytic it follows that GL(V) is an
open subset of M(V) and hence a n2-dimensional manifold. The coordinate
maps are simply x;;((ayu)v,u) = aij. The multiplication of two matrices is
given by

n
(i) (Yij)]on = qujyju
j=1
and those are polynomial functions. By Cramer’s rule the inverse g — ¢!
is a rational map in the coordinates. In particular, both multiplication and
taking the inverse are analytic maps. Hence GL(V) is a Lie group. Our aim

is to show

(1) If H € GL(V) is a closed subgroup, then H is a Lie group;
(2) If H C G C GL(V) are closed subgroups, then G/H is an analytic
manifold.

The main tool towards those goals is the exponential map which we will now
discuss.

DEFINITION 1.1. (1) Let (g,[-,]) be a vector space over F with a
bilinear map [,:] : g x g — g. Then (g,[-,]), or simply g, is a Lie
algebra if

(a) (anti commutativity) [X,Y] = —[Y, X] for all X, Y € g,
(b) (Jacobi identity) [X,[Y,Z]] + [Y,[Z, X]| + [Z,[X,Y]] = 0 for
all X,Y,Z e g.

(2) If g and b are two Lie algebra over F. A Lie algebra homomorphism
@ :g— bhisaF linear map such that ¢([X,Y]) = [p(X), p(Y)] for
all X, Y € g.

(3) The Lie algebras g and b are isomorphic if there exists a linear
isomorphism ¢ : g — b which is also a Lie algebra homomorphism.

(4) A subspace h C g is an ideal if [g, h] C b.

Note that if b is an ideal, then h is a Lie subalgebra of g. Furthermore,
if p: g — bis a Lie algebra isomorphism then

Pl ([X,Y]) = [X, Y] = o[~ (X), ' (V)]) -

1

As ¢ is injective, it follows that ¢~ is also a Lie algebra homomorphism.

EXAMPLE 1.2. Let A be an associative algebra. Define [, | : Ax A — A
by
[a,b] := ab — ba.
Then a simple calculation shows that (A, [, |) is a Lie algebra. In particular,
M(V) is a Lie algebra usually denoted by gl(V') or gh(n,F). &
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Let us discuss here briefly the construction of the tangent bundle of a
manifold and vector fields. We will discuss vector bundle and sections more
generally in a moment.

Let M be a manifold and T'(M) = U,,c i Tm(M) its tangent bundle
with projection m : T (M) — M. Let (U,, o) be coordinates. Recall the

on U, defined by

tangent vectors

8:(:,‘

(f) = 0i(fova)(walp)), pEUa, feC®Ua).

0
895,-

We will simply denote those partial derivatives by 0;|,. The tangent vectors
O1lps -+, Om|p form a basis for each T,(M), p € U,. We make T'(M) into a
m-~dimensional manifold by defining local coordinates by

Wy =1 H(U,) 3 (p,ztiai\p) = (a(p)strs .- tm) € R™ X R™.
i=1

If M in an analytic manifold, then T'(M) becomes an analytic manifold
also.

A (smooth) wvector field on M is a smooth map X : M — T(M) such
that X (p) € T,(M) for all p € M. such that X(m) € T,,(M) for all
m € M. If M is an analytic manifold, then we define an analytic vector
filed in the same way. We often write X, for X (p).

In local coordinates we have

(12) X()= Y as0) 5
j=1 J

o

X is smooth respectively analytic if and only if the functions a; are smooth
respectively analytic. We denote the space of smooth vector fields by C*>°(T'(M)) =
I'*°(M) and the space of analytic vector fields by C¥(T'(M)) =T“(M) .

Let X, Y be vector fields. Define XY (f) = X (Y (f)) and
[X,Y]= XY - YX.
LEMMA 1.3. Let X,Y € I°(M). Then[X,Y] € I™(M). (D=(M),[, ])
is Lie algebra and T (M) a subalgebra.
PRrROOF. Write locally X =3, = a;0; and Y =}, = b;0;. Then

XY = Z a; Z &bj&j + Z aibj&aj

and similarly for Y X. It follows that

XY -YX = Z Zaj(?jbi — bj@jai 8Z

? J
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and it follows that [X,Y] is a vector field which is clearly smooth, respec-
tively analytic, if X and Y are smooth, respectively both analytic. The rest
of the statement is a simple calculation which follows from the fact that
X(YZ)=(XY)Z and is left to the reader. O

For G a Lie group let g := I'™°(G)“ be the Lie algebra of (left) invariant
vector fields. g is a Lie algebra and it is called the Lie algebra of G. It is
standard to denote Lie groups by capital Latin letters, where as the space
I'(G)% is denoted by the corresponding German letter.

EXAMPLE 1.4 (Invariant vector fields on R"). Let G = M = R". Then
a vector field X can be written globally as X = Z?Zl a;0j. Let z,y € R"
and f € C°(R"). As 0;(f o 4y)(z) = 0;f(z + y).

X(foly)(z) = aj(2)9(f o by)(x) =Y a;j(@)d;f(z +y)
j=1

j=1
and .
(X(f) o by)(x) = X(f)z +y) =D aj(@+);(f)(z +y).
j=1
Hence X is invariant if and only if the maps a; are constants. &

LEMMA 1.5. The map g — T.(G), X — X(e), is a linear isomorphism.
In particular, dimg = dim G < oo.

PrROOF. The map T': g — T.(G), T(X) = X (e) is clearly linear. If X is
invariant, then X (g) = (dfy)e(X (e)). In particular, if X(e) =0, then X =0
and T is injective. If v € T,(G), define X (g) := (dfg)o(v). Then X € g and
T(X) =wv, so T is surjective. O

DEFINITION 1.6. Let G be a topological group. A one-parameter sub-
group is a continuous homomorphism v : R — G.

Note that, if v is a one-parameter subgroup, then the image y(R) is a
subgroup of G. It need not to be closed.

Let I C R be an open interval, 0 € I. Let M be a manifold and v : I —
M at least once differentiable. We use the notation ¥(t) = (dv).(d/dt|,). If
M is a finite dimensional vector space, then the tangent space at each point

is isomorphic to V' and + is the usual derivative ¥ = %.

2. The Exponential Function

The matrix or operator exponential map exp : M(V) — M(V) is given
by the power series

(2.1) exp(X) = Z X
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To show that the series converges, consider the operator norm

IX|[ == sup [[X(u)]
flull=1
on M(V). Note that M(V) is a finite dimensional vector space and hence
all topologies that make M(V') into a Hausdorff topological vector space,
ie., addition and scalar multiplications are continuous, are the same. Thus
| - || defines the standard topology on M(V). What makes the operator
norm so useful is that | XY < || X [|Y]| for all X,Y € M(V). In particular
| X < || X" for all n € N.

THEOREM 2.1. The sum defining the exponential map converges uni-
formly on each closed ball BR(0) = {X € M(V) | | X|| < R}. Furthermore,

| exp X]| < el .

PROOF. Let € > 0. For R > 0 let N € N be such that > ;- |z[F/k! <€
for all N < n < m and all z € F with || < R. Assume that || X|| < R.

Then
m m
X+ | X%
Gl ST <«
k:n k::n

It follows that the series on the right hand side of (2.1) is uniformly Cauchy
on the closed ball Br(0) and hence converges uniformly on Br(0).

We have
N

N : .

i X7 : X1

le¥l = Jim [ Y7 =r) < lim do A < elX]
Jj=0 J §=0 J

as claimed. O

It follows that exp : M(V') — M(V) is an analytic map.

For z = (x1,...,7,)" € F™, denote by diag(x1,...,x,) the diagonal
matric with diagonal elements x1, ..., x,, i.e.,
T 0 0
diag(x) = 0 "-. o0
0O 0 =«

THEOREM 2.2. Let X, Y € M(V) and g € GL(V).

(1) If X and Y commutes, then XY = eXeV.
(2) If g € GL(V) then ge¥g™" = exp(gXg™"),
(3) 1If
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then eX is the upper triangular matric

e>‘1 * *
X _ .
€ = 0 .. *
0 0 e

(4) (M) = X" and (eX)r =X,
(5) If X is a lower triangular matric, then so is e
(6) det(eX) = ™). In particular eX € GL(V).

X

PROOF. (1) We have (X 4+ Y)* = Z <f> XY I as X and Y com-

Jj=1
mutes. Thus

<1
XY = ZH(XJFY)’C
k=

(2) This follows by considering first the finite sums
N N ; N ;
X\ 0 N9 N eXgY
o (LX) g oy Ty (e
j=0 j=0 j=0
and then take the limit N — oo.
(3) follows by the fact that for all j € N

Al ox % 7 )\{ * ok
0 . x =10 . x
0 0 X 0 0 X

For (4) consider finite partial sums and use that (X7)! = (X')J and
() = (XY
(5) follows from (3) and (4).
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For (6) we note first that by (3) the statement is clear for upper triangu-
lar matrices. For the general case, chose g € GL(n,C) so that Y = ¢~ ' Xg
is upper triangular. Then

TrY = Tr(g ' Xg) = Tr(Xgg™!) = Tr(X)
and, as eX = ge¥ g~!

det(e®) = det(ge¥ g7 !) = det(e¥) = Y = ¢TX |

0

ExXAMPLE 2.3. Let X = (1

_01>. Induction shows that

X% = (=11 and X¥* =(-1)X.

Hence
o o 2541
.42
exp(tX) = Z N Z 2 +1)!
=0 =0 (27

= cos(t)l + sm( )X

_ (cos(t) —sin(?)

~ \sin(¢)  cos(t) /-
This shows in particular that exp : M(V) — GL(V) is not injective.

Assume that X is real and symmetric, X = X. Then thereis g € GL(V)
such that gXg¢~! = diag(x1,...,2,). Hence
X = g7 ldiag(e™, ..., e™)g

and it follows easily that exp is a bijection from Sym(V'), the space of sym-

metric matrices (operators), onto the set of positive definite matrices (oper-
ators). &

As GL(V) is an open subset of the vector space M(V) we can identify
the tangent space Ty(GL(V)) with M(V'). The identification is given by

Xflg) = - t_of(g+tX) =Df(g)X = 9xf(g).

We identify the tangent space of M(V') with M(V'). Then (D exp)(0) is a
linear map M(V) — M(V).

LEMMA 2.4. (Dexp)(0) =id.

Proor. This is a direct consequence of Lemma 3.1, part 1. Let f €
C*®(GL(V)) and X € M(V) Then by the chain rule:

(Dexp)(0)(X)f = & ) = DIMDexp(0)X = DIHX
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Now the Inverse Function Theorem, Theorem 5.7 implies the following
theorem:

THEOREM 2.5. There exists an open neighborhood 0 € U C M(V) an
open neighborhood 1 € W C GL(V') such that exp : U — W is a diffeomor-
phism.

So how big can we choice U and W? A partial answer is given by the
following.

LEMMA 2.6. If [A—1|| <1 then A€ GL(V) and A~" = 3772, (I - A).

PROOF. Assume that Au = 0. If u # 0 then
[ull = I(A = D ()] < [A = I]l{lull < [ul
which is impossible. Thus A is injective and hence an isomorphism. The
series B 1= 3 2 (I — A)? converges as [|[I — A|| < 1. We have (I — A)B =
Z?;(I — A)Y) = B —1. Similarly, BI— A) = B—1. Thus AB = BA =1
and the claim follows. O

Using the power series for log(t) which converges for |1 —t| < 1 we get
LEMMA 2.7. If ||A — I|| < 1 then the power series

. (A-DF
(2.2) log(A) := ZHWIT

k=1
converges uniform on every closed ball
B.(I):={AeGL(V)||IA-T|<r}, O0<r<l1
and

(1) eosd — 4,
(2) log(e®) = X.

The condition ||[A —I|| < 1 is only sufficient and not always necessary
for the convergence of the power series defining log A.

DEFINITION 2.8. A matrix X is nilpotent if there exists k such that
X* = 0. It is unipotent if X — I is nilpotent.

Note, if a is unipotent then a € GL(V). In fact, assume that au = 0.
Then (a—1I)u = u and hence, with k such that (a—1)* = 0, u = (a—1)*u = 0.

If a is unipotent, then clearly the power series (2.2) reduces to a poly-
nomial and hence converges independent of the norm of a — I. This norm
can be arbitrary big as can be seen by the matrix

(1 =z
" =10 1
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As (ng — I)eg = xey it follows that ||n, — I|| > || which can be arbitrary
big. But as a consequence of this we get:

THEOREM 2.9. Let
N={I+X|XeGL(V), X;; =0 fori>j}
be the group of upper triangular matrices with 1 on the diagonal and
n={X|XeGL(V), X;; =0 fori>j}.

Then exp : n — N 1is an analytic diffeomorphism.

3. The exponential map and one parameter subgroups

For X € M(V) define yx : R — GL(V) by yx(t) = €. Then vyx : R —
GL(V) is a one-parameter subgroup.

THEOREM 3.1 (Characterization of the exp). The following holds:

(1) vx is analytic and yx(t) = Xvyx(t) = vx(t)X.

(2) If e > 0 and v : (—e, ) — GL(V) is differentiable such that ¥(t) =
Y(t)X or 4(t) = X~(t) for some X € M(V), then there exists
X € M(V) such that v = v(0)yx. In particular, v extends to a
analytic function on R.

(3) If v : R — GL(V) is a one-parameter subgroup, then - is analytic
and there exists an unique X € M(V') such that v = vx.

PRrROOF. (1) vx is differentiable and
t+h)—yx(t h) —vx(0 h) —vx (0
x(t+h) —x(t) :7X(t)7X( ) —x(0) _ yx(h) —vx( )VX(t)-
t h h
It therefore suffice to show that

i X —9x(0) _
h—0 h

For that we have

vx (h) — vx(0) 1 hF g
X = = X' - X
H h h 2= F]
=1
- Xk k—1
< Zﬂh
k=2
_ | X [|*+2 Bk
= | |Z it )l il

< |h,”X”2€\hH|Xll
%

=90
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(2) Assume that §(t) = X~(t). Define F : (—¢,e) — GL(V) by F(t) :=
exp(—tX)y(t) = vx(t)"1y(t). Then F is differentiable and
F'(t) = —yx ()7 X(t) +7x ()71 X(t) = 0.

Hence F'(t) is constant and the claim follows as F/(0) = v(0). In case 7/(t) =
v(t)X we define F(t) = v(t)vx(t)! and the rest of the proof is the same.

(3) First we note that for h € R

3.1) (it + h}i —@®) _ v(h])l— L

so we only have to show that v is differentiable at ¢ = 0. It then follows
from (?7) that

and hence by (2)
v(t) = e where X = 4(0).
For h > 0 and ¢ € R define

Then F is differentiable as 7 is continuous. The change of variable v = u —1t
gives

I I
F(t) = / vy +t)dv = / y(v) dv(t) .
h Jo h Jo
As « is continuous it follows that

h
d
lim 7f0 () dv =
h—0 h
Thus, there exists ¢ > 0 such that

1 h
I3 | w11 <1
0

for all 0 < h < e. Fix such an h and define A := h~! fohy(v) dv. Then A is
invertible by Lemma 2.6 and (t) = A~ F(t). Hence 7 is differentiable. [J

~(0) =1.

We now know that T3(GL(V)) ~ M(V) using either that GL(V) is an
open subset of M(V') or by using the exponential map as local coordinates.
The above connection with one-parameter subgroups also shows that the
Lie algebra gl(V') of GL(V) is isomorphic to M(V') as a vector space. Here
the isomorphism is given by

M(V) —gl(V) X+ Dx

where
d

Dxf(a)= —| f(ae"")

= — taX).
dt|—o dt tzof(&Jr aX)
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Thus we now have two Lie algebra structures on M(V'), once coming from
the algebra structure on M(V') and the second coming from M (V') as the Lie
algebra of left-invariant vector fields on GL(V'). The following shows that
those structures are the same.

LEMMA 3.2. Let X, Y € T®(M)Y. Then [X,Y] € T®(M)E. Thus
'°(M)% is a Lie algebra.

PROOF. Let a € G. Then XY (fofy) = X(Y(f) 0 ly) = (XY (f)) o La.
Thus [X,Y](f ol,) = ([X,Y](f)) o £, and the claim follows from (4.2). O

For G = GL(V') we have now two Lie algebras canonically associated to
G. First of all g, the Lie algebra of left invariant vector fields on G, and
secondly the Lie algebra gl(V'). We will now show that those are isomorphic
as Lie algebras. For that define a map X +— X, gl(V) — g, by

d

)~(f(g) = at o

Flge™) = (dle)1(X)f -
LEMMA 3.3. Let X, Y € M(V). Then
X.Y]=[X.V].
In particular, M(V') with the standard commutator product, [X,Y] = XY —

Y X, is isomorphic to the Lie algebra gl(V') of GL(V).

ProOOF. We only have to show that
Dixy) = [Dx, Dy].

As both sides are left invariant it is enough to show that this holds at the
identity.

We have

d

- f(esYetX — Df(esy)est.
dt t=0

Dx f(e*)
Hence
DyDx f(I) = D*f(I)(X,Y) + Df()Y X .
As D/(I) is a symmetric bilinear form (the Hessian) it follows that
[Dx, Dy] = Df(D(XY = XY) = Dixy]

and the lemma follows. O



36 2. LIE GROUPS, REPRESENTATIONS, AND HOMOGENEOUS SPACES

4. Further properties of the exponential map

THEOREM 4.1 (Properties of exp). Let X,Y, X1,...,Xs € M(V) and
t € R such that |t| is sufficiently small.

(1) Let Xy,...,Xs € M(V) and t € R. Then

S t2
tX tXs _ 4 X 3
el et = exp tZX]+2 Z (X, X;] + O(t”)
7=1 1<i<j<s
e X eV e N = exp(tY + (X, Y] + O(t?)).
(3) e XeYe X e — exp(t[X, Y] + O(t%)).
(4) XY = liin (exp(X/m) exp(Y/m))™.

m2
(5) XY = im (ex/mey/me_x/me_y/m> )
m—0o0

PROOF. (1) Let U and V be as in Lemma 2.5. Assume first that s = 2.
Set X = X7 and Y = X5. Then

t2 t2
eXelV = (I+tX+ §X2 +O0(E)(I+tY + §Y2 +O0(t%))

2
= I+t(X+Y)+%(X2+Y2+2XY)+O(t3)
t2
= I+t(X+Y)+5((X+Y)2+[X,Y])+O(t3).
On the other hand

exp(t(X+Y)+t22[X, Y]4+O0(t?)) = I+t(X+Y)+t22[X, Y]+7;2(X+Yr)+0(t3) .

Let I € V be open, symmetric and such that V2 C W. Let € > 0 be so
that tX,tY, t¢(X +Y) + %[X, Y]+ O(t3) € W for all |t| < e. The claim then
follows as exp : W — V is a diffeomorhism. The general case follows in the
same way by induction.

(2) and (3) follows from (1) by taking respectively s = 3 and X; = X,
Xo=Y,and X3 = —X,respectively s =4and X1 =X, Xo =Y, Xzg=-X,
and X4 =-Y.

Let t = 1/m. Then (1) implies for m big enough that
X/m Y /m m 1 1 "
(e e > = |exp( =(X+Y)+0(—
m m
1
— e (x4v0(l).
m
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Hence, as exp : M(V) — GL(V) is continuous,

lim (eX/meY/m>m =exp(X +Y).

m—00

(5) follows in the same way by using (3) instead of (1). O

THEOREM 4.2. Let s1,...,5, € M(V) be subspaces such that M(V) =
51D ... D65k DefineV:s1d...0s — GL(V) by
(X1, ., Xp) = exp(X1) - exp(X)

Then there exists 0 € V; C s; open and I € U C GL(V) open such that
U:Vy x---xVp— U is an analytic diffeomorphsim.

PRrooOF. It follows from Theorem 4.1, part 1, that
(DW)(0,...,0)(Xq,..., Xp)=X1+ ...+ Xi.

Thus (DV)(0,...,0) : 51 & ... s — M(V) is an linear isomorphism and
the claim follows from the Inverse Function Theorem. O

4.1. Closed Subgroups and Their Lie Algebra. The main topic of
this section is to show that a closed subgroup of GL(V') with the relative
topology is a Lie group. We determine its Lie algebra. But first we discuss
the Lie algebra of invariant vector fields. As before F denotes the field of
real or complex numbers.

Let M be a set and let G be a group. G acts on M if there is a map
m: G x M — M such that

(1) m(e,z) = x for all z € M.
(2) m(ab,z) = m(a,m(b,x)) for all a,b € G and all z € M.

We say that M is a G-space if G acts on M.

We often write a - x or {o(z) for m(a,z) and my for m(a,x). (2) says
then that (4, = ¢, 0 £p. (1) implies, that ¢, : M — M is a bijection with
inverse £,-1. Thus, a — £, is a group homomorphism from G into the group
of bijections on M.

Suppose G acts on M and N. A map ¢ : M — N is a G-map if for all
reMandall ge G

plg-x) =g ().
We say that M are G-isomorphic if there exists a bijective G-map M — N.
If o : M — N is a bijective G-map, then
oo g-2) = g
g-ple™H(2))
= w(g-¢ ().
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As ¢ is injective it follows that
pHgra) =g -9 (2).
Hence =1 : N/ — M is also a G-map.
If 2 € Mthen G-2 = {g-z | g € G} is called the orbit or G-orbit

through . The orbit through z will often be denoted by O,. The set M is
a disjoint union of orbits

M = UxeMOzx .

G acts transitively on M if for every pair z,y € M there exists a € G such
that a-x = y. Thus, for every x € M the orbit G - x through x in the whole
space.

Define an equivalence relation x ~ y if O, = O,. Thus z ~ y if and only
if there exists g € G such that g - = y. The set of equivalence classes is

denoted by G\ M. Thus G acts transitively if and only if #G\M = 1.
A subset N C M is invariant or G-invariant, if a- N C N for all a € G.

If M is a topological space and G a topological group (which will always
be assumed to be locally compact and Hausdorff) then we will always assume
that the map m : G x M — M is separately continuous, i.e. £, : M — M
and m; : G — M are continuous for all a € G respectively all z € M. If M
is smooth or analytic and G is a Lie group, then we assume that the above
maps are smooth respectively analytic.

Suppose that the Lie group G acts smoothly on the manifold M. For
a € G and p € M denote by (dly), : To(M) — T,.,(M) the differential
of the map £q; M — M at the point p. Thus (d¢,),(v)(f) = v(f o 4,) for
v € Tp,(M). G acts on I'°(M) by

(4.1) a- X(p) = (dla)g1p(X(a™" - p))

and if M is analytic then I'Y(M) is invariant. A vector field in G-invariant
ifa-X = X for all a € G. Thus, X is G-invariant if and only if for all a € G
and p € M we have

(4.2) X(f otla) = (dla)p(X)(p) = X (La(p)) -

This follows from (4.1) by replacing p by £,(p). We denote the space of
invariant vector fields by I'°(M)&.

If H C GL(V) is a closed subgroup, then we consider H as a topological
space with the relative topology. Thus, a set U C H is open if and only if
there exists an open set V' C GL(V') such that U = HNV. Set

(
h = {Xegl(V)|eX eH forall teR}
= {Xegl(V)[w(R) S H}.

THEOREM 4.3. Let H C GL(V) be a closed subgroup. Then b is a Lie
algebra over R, called the Lie algebra of H.

|4
Vv
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PROOF. It is clear from the definition, that Rh C h. Let X, Y € b and
t € R. By Theorem 4.1

m— 00

exp(t(X +Y)) = lim <exp(;X) exp(:nY)>m .

We have exp(:£ X),exp(LY) € H for all t and m according to the definition

of h. As H is a group,
t ¢ "
(exp(X) exp(Y)> €H.
m m

Finally, as H is closed, it follows that the limit is in H. Using Theorem 4.1,
part 5, one shows in the same way that exp(¢[X,Y]) € H for all t € R. Thus
b is a Lie algebra. O

THEOREM 4.4. Let H C GL(V) be a closed subgroup. Then there exists
an open zero neighborhood Uy C b, and an open set 1 € Uy C H such that
exp : Uy — Uy 1is a homeomorphism.

PROOF. Let s C gl(V) be a complement to b in gl(V'), i.e. gl(V) =sDh.
Then choice Uy C s, Uy C h and Ug as in Lemma 4.2. We can assume that
Us is a ball

Us={Xes||X]<r}
for some r > 0. We claim that it is possible to find U such that if X € U
and eX € H, then X = 0. Assume that this is not possible. Then for
each n € N, then there exists X,, € s such that 0 < ||X,|| < r/n and
exp(X,) € H. Let s, € N be such that s,X,, € Us and (s, + 1)X,, € Us.
Then

(4.3) Spll Xnll <7 < (sn+ )| Xn|| < r(sn+1)/n.

Hence s,, — 0. As U, is compact and s,X,, € U, we can, by going over to
a subsequence if necessary, assume that X := lim s,,.X,, exists. As X,, —» 0
(4.3) implies that || X|| = r. Thus X # 0.

For t € R* =R\ {0} and n € N let ¢, € Z be such that |g, — tsp| < 1.
Let ry := qn — tsp. Then |r,| < 1 and ts, = ¢, — 7. Now

exp(tX) = T}Ln;o exp(tspXy)
= lim exp(¢,Xn)exp(—rnXn)
n—oo
= lim (exp X, )™ exp(—rpnX,) -
n—oo

As |r, X,| < r/n it follows that exp(—r,X,) — I. As exp X,, € H for all
n € N it follows that (exp X,,)% € H. Thus, as H is closed, it follows that
exptX € H. Ast was arbitrary X € . Hence X € snh = {0} contradicting
the fact that X # 0.
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We assume from now on that U is so that expUs N H = {I}. If U C Uy
is open, then exp(Us) exp(U) is open in GL(V) and

exp(Us) exp(U) N H = exp(U)
showing that exp(U) is open in H.

Let W C exp(Uy) be open. Then there exists V' C GL(V') open such
that VN H = W. But then V N Ug is open in Ug. Hence there exists
Vs C Us, Vy C Uy open, such that

VNUg = exp(Vs) exp(Vj) .

But then W = exp(Vy). It follows that exp : Us — exp(Us) = H N Ug is a
homeomorphism. O

Let H € GL(V) be a closed subgroup. Let Uy and Uy be as in Theorem
4.3. Using translates hWW of open subsets W C Uy we make H into a Lie
group using the same ideas as we sketched for GL(V') earlier in this chapter.
We have I'°(H) ~ Ty(H) ~ b just as for GL(V). The result is:

THEOREM 4.5. Let H C GL(V') be a closed subgroup. Then H, with the
induced topology, is a Lie group. Its Lie algebra is isomorphic to

h={X egl(nF) | (VteR) ™ € H}.
LEMMA 4.6. Let H C GL(V) be a closed subgroup and v : R — H

a one-parameter subgroup. Then there exists an unique X € b such that
=X

PrOOF. As H C GL(V) and the topology is the induced topology from
GL(V) we can view 7 as a one-parameter subgroup of GL(V'). By Theorem
3.1 it follows that there exist an unique X € gl(V') such that v = yx. But
then exp(RX) C H and hence X € §. O

5. Homomorphisms

In this section we show that a continuous homomorphism ¢ between Lie
groups GG and H is analytic and determined by a Lie algebra homomorphism
¢ : g — b such that

p(expg X) = expp (o(X))
for all X € g.

THEOREM 5.1. Let G and H be two linear Lie group and ¢ : G — H a
continuous group homomorphism. Then ¢ is analytic and there exists a Lie
algebra homomorphism ¢ : g — b such that for all X € g

p(eX) = ).
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PrROOF. For X € g let ox(t) = ¢(e'*). Then ox : R — H is a one-
parameter subgroup in H. By Lemma 4.6 there exists a unique Y € § such
that ox(t) =y (t) = Y. Define ¢(X) := Y. Note that by definition

6.1) b= 5| e,

We show first that ¢ is linear. It is clear from (5.1) and the chain rule
that P(AX) = Ap(X). Let X,Y € g. Then by Theorem 4.1, the fact that ¢

is continuous, and that p(AX) = Ap(X):
exp(tp(X +7Y)) = @(exp(t(X +Y)))
= ¢(lim (exp(tX/k) exp(tY/k))")

= klggo o((exp(tX/k) exp(tY/k))F)
= [lim ((exp(tX/k))p(exp(tY/k)))*
)

= kli}n;o (exp(to(X)/k)pexp(to(Y /k))k

= exp(t(p(X) +&(Y))).
Thus ¢(X +Y) = p(X) + o(Y).
We now show that ¢([X,Y]) = [$(X),$(Y)]. We use again Theorem
4.1, but this time part 5:
exp(tp([X,Y])) = @(exp(t[X,Y]))

— < lim (etX/keY/ke—tX/ketY/k) k2>

k—o0

2
— lim o <(etX/ketY/k€tX/ketY/k> k >

k—o00

— lim (@(etx/’“)w(ety/’“)w(e_tx/k)w(ety/k))k2

k—o0

~ lm (et¢(X)/ket¢(Y)/ke—t¢(X)/ket¢(Y)/k)kQ
k—ro0

= exp(tp(X), o(Y)]) -
Differentiating at ¢ = 0 shows that ¢([X,Y]) = [¢(X), »(Y)] and hence ¢ is
a Lie algebra homomorphism.
That ¢ is analytic follows now from ¢(ge™) = ¢(g)e?(X). O

ExaMpPLE 5.2. Not all important Lie groups are viewed naturally as
closed subgroups of GL(V') for some V. Let H C GL(n,FF) be a closed Lie
subgroup and I' C F™ a closed subgroup such that AI' C I" for all A € H.
Let G =T x H and make GG into a manifold using the product structure.
We define the multiplication by

(v1,h1) - (2, h2) = (1 + hi(72), hahe)
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and the inverse by
(v, h) "t = (=R (), R 7).

Then G is not a linear Lie group. But it is in fact isomorphic to the
closed subgroup of GL(n + 1,F) given by

H’_{<61 '{)‘fyer,AeH}.

But the first realization is the natural one as we consider G as acting on F"
and not F*+1, $

We finish this section with a remark, showing that as long as we are
not looking at Lie group with complex structure, we can concentrate the
discussion on closed subgroups of GL(n,R). Identify C" with R?" using the
map

(5.2) T(x1 4+ Y1, s T+ iYn) = (T1, o Ty Y1y -+ Yn) -
Write elements of GL(2n,R) as

X = (é IB;) where A, B,C,D € M(n,R).

The linear that corresponds to the matrix X is complex linear if and only if
it commutes with multiplication by i. Using (5.2) we see that multiplication
by i corresponds to the matrix

I
=1 )
from above. Thus X is C linear if and only if XJ, = J,X. Writing this out
we get
B -A\ [(-C -D
D —-C) \ A B

which happens if and only if

6. Examples

In this section we discuss some standard examples. V is a finite di-
mensional vector space over F and can if needed be identified with F" for
n=dimV.
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6.1. SL(V). Let
SL(V) ={g € GL(V) | detg = 1}.

As det : GL(V) — F is a continuous homomorphism and SL(V') = ker(det)
it follows that SL(V') is a closed subgroup of GL(n,F) and hence a Lie group.
Denote its Lie algebra by sl(V'). Then, by Theorem 13.10, X € sl(V) if and
only if

6.1 Vt € R) det(etX) = (X)) — 1
(6.1) ( ) (

Thus
s(V)y={X egl(V) | Tr(X) =0}.

6.2. Orthogonal Groups. Let (, ) be an inner product on V. Let
A € GL(V) be a self-adjoint or skew symmetric (A* = —A) matrix. Define
a bilinear form g4 by
Ba(z,y) = (Az,y).
If for some x € V we have Sa(z,y) = 0 for all y € V, then Az = 0. As
A is injective it follows that x = 0. Hence B4 is nondegenerate. If F = R,
then A is symmetric, A* = A and 4 is a symmetric bilinear form on R". If

F = C, then A* = (A)! = A and Ba(z,y) = Ba(y,z). Thus B4 is Hermitian.
If A* = —A then (4 is shew-symmetric, S4(z,y) = —Sa(y, x).

Define
O(A) :=={g e M(V) | (Vz,y € V) Balg(2),9(y)) = Ba(z,y)} .
Assume that for some x € V and y € V

(6.2) Ba(g(),9(y)) = Ba(x,y) and g(x) = 0.

Then, B4(x,y) =0 for all y € V and hence z = 0 as 4 is non-degenerated.
It follows that O(A) C GL(V). Let SO(V) := O(A) N SL(V).

We can also describe O(A) in the following way:
LEMMA 6.1. O(A) = {g € GL(V) | g*Ag = A}.

PrOOF. We have S4(g(x),9(y)) = Ba(z,y) if and only if

(Ag(z),9(y)) = (9" Ag(x), y) = (A(x),y)
for all z,y € V. This happen if and only if g*Ag = A. O

LEMMA 6.2. O(A) and SO(A) are Lie groups. The Lie algebra of O(A)
18
o(V)={Xegl(V) | X*"A=-AX}
and the Lie algebra so(V') of SO(V) is

so(V)={Xegl(V)| X"A=—-AX and Tr(X) = 0}.
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PROOF. The map GL(V) — M, g — F(g) := g*Ag — A, is continuous.
Thus O(A4) = F71(0) is closed. If a,b € O(A). Then

Balab(z),aby)) = Ba(a(b(z)), a(b(x))) = Ba(b(x),b(y)) = Balz,y).
Hence ab € O(A). Similarly,
Ba(a™(z),a”}(y)) = fala(a™ (x)),a(a™(y))) = Ba(z,y)
showing that a=! € O(A). Hence O(A) is a Lie group.
We have X € 0(A) if and only if for all t € R
(6.3) X At = A

Differentiating (6.3) at ¢ = 0 shows that X*A+AX =0. If X*A+AX =0,
then AXA™! = —X* and

olXT fetX X tAX AT 4
XXy
A
showing that X € g(A). The statements about SO(V') follows in the same
way using Example 6.1. ([l

Assume that V = R"™. Then det(g'Ag) = det(g)?A = detA implies that
det(9) = £1. In particular, o(V) = so(V) and #O(V)/SO(V) = 2. If
A =1 then we also use the notations O(A) = O(n) and SO(n). If p,q € Ny,
p+q=n, and A is the matrix

I, O
A:Ip,q = (é) Iq)

Balz,y) =191 + ... + TpYp — Tp+1Yp+1 — -+ - — TnlYn

and the groups O(A) and SO(A) are denoted by O(p, q) respectively SO(p, q).
Note that O(0,n) = O(n,0) = O(n). As every symmetric matrix in GL(V)
is conjugate to one of the matrices I, , then O(A) is conjugate to SO(p, q)
for some p and q.

If A' = —A then n = 2m is even and Ba(z,y) = —Ba(y,z). Hence (4 is
a symplectic form on R™ we can assume that

0 —-In
da (0B

Ba(z,y) = T1Yms1 + .o+ Ti¥Yn — Tmy1¥1 — - — TnYm -

In this case the group SO(A) is denoted by Sp(n,R). We will often de-
note this symplectic form by w. Define a homomorphism ¢ : GL(m,R) —

then

Thus
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GL(n,R) by

Write z = <i1> and y = <zl> with x;,y; € R™. Then, with 6(a) = (a~1)%
2 2

w(p(a)z, o(a)y) = << a)l ) ((ay)l?ﬂ))

o(
(az1,0(a)y2) — (0(a)z2, ay:)
(z1,92) — (w2,91)

= w(z,y).

Hence ¢(GL(n,R)) C Sp(n,R).

If V=C" and A is self adjoint, then we can assume that A = I as every
self adjoint matrix is conjugate to I. In this case O(A) is denoted by U(n)
and SO(A) is denoted by SU(n). If A* = —A then iA is self adjoint. As
O(A) = O(iA) it follows that we again get the group U(n).

We can identify R?™ with C™ by (z1,...,2,) ¥ (21, ., Tm) (T, - . -

Then the symplectic form above can then be written as w(z,y) = — Im(z, y)
where (, ) denotes the standard inner product on C™. As (Ax, Ay) = (z,y)
for all A € U(m) it follows as we can view U(m) as a subgroup of Sp(n,R).

7. Homogeneous Spaces

Let G be a topological group and H C G a closed subgroup. Let
M = G/H and let Kk : G — M, g — gH, be the quotient map. The
quotient topology on M is defined as the finest topology on M such that
k is continuous. This is achieved by defining U C M to be open if and
only if x~}(U) open in G. This topology makes M into a locally compact
Hausdorff topological space.

LEMMA 7.1. Let H,G C GL(V) be closed subgroups with Lie algebra b
respectively g. Let q C g be a vector space such that g = q & bh. Then there
exists open zero neighborhoods Uy C q and Uy C b and an open neighborhood
Ug of I € G such that Uy x Uy — Ug, (X,Y) — exp(X)exp(Y), is an
analytic diffeomorphism and if X € Uy then expX € H if and only if
X =0.

PRrROOF. Let s C gl(V) be such that gl(V) =s & h. Let Us and Uy be as
in the proof of Theorem 4.4. It is then easy to see that the Lemma holds
with Uy :=Us; Nq. (]
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THEOREM 7.2. Let G be a Lie group and H a closed subgroup. Then
there exists an unique analytic structure on M = G/H such that k is ana-
lytic. Furthermore the map

GxM—-M, (a,bH)— m(a,bH):=abH

is smooth and G acts analytically on M.

PROOF. Let m, = k(I) be the base point. Let g denote the Lie algebra
of H. Let q, Uy, Uy, and Ug be as in Lemma 7.1. Let V4 C Uy be a open
symmetric zero neighborhood such that Vg is compact and (exp(Vy))? C Ug
. Then s~ 1(exp(Vq) - mo) = exp(Vq)H = exp(Vy) exp(Uy)H which is open.
Hence s(exp(Vy)) is open. Let V = k(V;). Let ¢V — V be the map X —
k(exp X)). We claim that 1 is a homeomorphism. Clearly X — x(exp(X))
is a continuous and surjective map from Vq onto the compact set V. As-
sume that X,Y € V; are such that x(exp(X)) = r(exp(Y)). Then there
exists a h € H such that exp(X) = exp(Y)h. But then exp(—Y)exp(X) €
(exp(Vg))? N H = {I}. Hence exp(X) = exp(Y’) which implies that X =Y.
It follows that x o exp : Vq — V is a homeomorphism. Hence 1) is a homeo-
morphism as claimed.

Now the open sets V, := aV, a € G form a open covering of M and
Yo = Y41 1 V, — V is a homomorphism. As before for GL(V) we see
that V, NV, A then 1), o %_1 : 1/1,)_1 N1V, NV;,) — qis analytic. Hence
{(Va,%q) | @ € G} is an analytic atlas for M. It is clear from the definition
of the covering that all the maps ¢, : M — M are analytic (in fact analytic
isomorphism V;, — V,;, for all b € G). O

REMARK 7.3. We remark for later use, that the map s : V' — exp(Vy) C
G, ¥(X) — exp(X) is a local section, ie., s is analytic, injective, and Ko s =
idy .

The tangent space T,(G) is isomorphic to g for every a € G. Consider
the map (dk)q : § = Tom,(G/H) where m, = x(I) = {H}. We have

@)a(X)f = L flstae™)) = L flaet -my).
dt|,_q dt|,_q
This shows that h C ker((dk),). Let V4 be as above and let X € q, X # 0.
Then there exists € > 0 such that tX € V; for all |t| < e. Let ¢ € C2°(q) be
such that ¢ =1 in a neighborhood of 0 and Supp(y) C Vg. Let (, ) be an
inner product on q. Then f(expY -m,) := (Y, X)p(Y) and f = 0 outside
of k(exp(Vy)). Then f € C*(G/H) and

(dr)a(X)f = | X]* > 0.
We have thus proved the following lemma:

LEMMA 7.4. Let a € G. Then (dk)q : q — Tom,(G/H) is a linear
isomorphism.



7. HOMOGENEOUS SPACES 47

Note that this identification q ~ Ty, (G/H) depends on a. Assume
that a - m, = b-m,. Then there exists h € H such that a = bh and

d

(dr)a(X)f = i f(aetx M)

4

dt],_

— i f(aetAd(h)X .m )

dt],_ ’
= (dk)p(Ad(h)X)f.

‘We will discuss this in more details in the section on vector bundle.

LEMMA 7.5. Let the notation be as in Theorem 7.2. Let N be smooth
or analytic manifold and f : M — N continuous. Then f is smooth,
respectively analytic, if and only if f ok : G — N is smooth, respectively
analytic.

PROOF. Let f = for. Let W, := aexp Vyexp V), and ¢, = (exp |Vq@vb)*1.
Then (Wy, ¢q)acc is an analytic atlas on G with the property that k(W,) =
V.. Denote the projection q&h — q by pry. Then in those local coordinates
we have fo (¢, opr;) = f o ;! and the claim follows. O

Assume that that the G acts analytically on the manifold M. For m,
in M let
Gm:={a€eGla-m,=m,}.
G™e is a closed subgroup of G and hence a Lie group. It is called the
stabilizer of m,. By Theorem 7.2 G/G™° is an analytic G-space and the
following diagram commutes:

G G/Gme
| .
asam iﬂ.  analytic
M

The map ¢ is given by aG™° — a - m,. It is injective by the definition
of G™° and analytic by Theorem 7.2. ¢ is surjective if and only if G acts
transitively.

THEOREM 7.6. Assume that the Lie group G acts transitively on the
analytic manifold M. Then ¢ is an analytic diffeomorphism.

PROOF. Let H = G™° and x, = x(I). We show first that ¢ is a homeo-
morphism. For that we only need to show that ¢ is open. That holds if and
only if ¢ := ¢ ok is open. Let () # V be open, let a € V and let m = ¢(a).
Now choose a compact symmetric I-neighborhood U such that aU? C V.
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There exists {a;},cs a finite or countable infinite sequence of elements in G
such that G = ;¢ ; a;U.

Let W := ¢(U) and W; = a; - W = ¢(a;U). Then, as ¢ is continuous,
each W; is compact and hence closed. We also have M = Uj W; as the G-
action is transitive. Hence, by Baire Category Theorem, there exists a j such
that W7 (). But then each W) has a non-empty interior as Wj, = Eaka;1 W;
and ¢, ,-1 is a diffeomorphism. In particular, W° # . Let z = u-m, € W°.

J

Then m, € v~ 'W° C U? - m, and u~'W? is open. It follows that
@la) =a-my, € au *W° C aU?-m, C 3(V).
As a was arbitrary, it follows that (V') is open.

Now the topological invariance of dimension shows that dimG/H =
dim M. Tt therefore suffice to show that (dy), : To(G/H) — T,z (M) is
injective for + € G/H. Denote by £, : M — M the map m — a-m and
To : G/H — G/H the map bH — abH. Then both ¢, and 7, are analytic
diffeomorphism and ¢(74(x)) = £a(@(x)). In particular, (d¢)q., = (dly)z, ©
(dp)sz,- It is therefore enough to show that (dy),, : q ~ T, (G/H) —
Ton, (M) is injective. Let X € q and assume that X # 0. Let V; C q be a
zero neighborhood as in the proof of Theorem 7.2. As ¢ : exp(Vy) - zo —
exp(Vq) - my it follows that ¢ — y(t) := exp(tX) - m, is injective for ¢ small.
In particular 0 # §(0) = (dp)z, (X). O

8. Integration on Lie Groups and Homogeneous Spaces
9. Basic Representation Theory

If the group G acts on a vector space V, then the action is linear if ¢, is
a linear map for all a € G. In that case we use Greek lower case letters like
m, p, etc. for £ and say that «w is a representation of G in V. If « is given,
then we write V for the vector space on which 7 acts.

If G is a topological group and 7 a representation of GG in a topological
vector space V, then we will always assume that 7 is continuous. By that
we mean that 7(a) is a continuous linear map and for all v € V

G-V, a—mn(a)
is continuous. A subspace W C V is invariant if 7(G)W C W. V is
irreducible if the only closed invariant subspaces are {0} and V. If 7 and
p are representations of G, then a linear G-map T : V; — W, is called
an intertwining operator. If nothing else is said, then we will assume T to

be bounded. We denote by Bg (7, p) or Homg(Vx,V,) the set of bounded
intertwining operators.

In this section F again denotes the field of real or complex numbers and
G C GL(n,F) a Lie group. H will always denote a closed subgroup of G



9. BASIC REPRESENTATION THEORY 49

if nothing else is said. Let M be a smooth (analytic) G-space and assume
that the action is transitive. Fix a base point z, € M and let

H=G":={geG|g -x,=1,}.

Then H is a closed subgroup of G. Define a map from G — M by ¢(g) =
g-zo. Then ¢ is differentiable and surjective. Furthermore, it factors through
H:

G—2 > M

| 4

G/H
where k : G — G/H is the canonical map g — gH. We will now make

G/H into a manifold such that ¢ such that the action m(g,aH) = (ga)H is
smooth and ¢ is a G-isomorphism.

Let K be a closed subgroup of G. Let G/K := {aH | a € G} and
let kK : G — G/K be the quotient map a — aH. Then G/H becomes a
topological space be declaring U C G/K for open if and only if k1(U) C G
is open. k is then an open map and f : M — Y is continuous if and only
if for:G — Y is continuous. Here Y is any topological space. Finally G
acts continuously on G/K by m(a,bK) = (ab)K.

Let ¢ denote the Lie algebra of K and let s C g be a complementary
subspacein g, g =s@® ¢ Let U; Cs, Uy C ¢, and Ug C G be as in Theorem
4.3 and such that Ug N K = exp(Uy). In particular, exp(Us) N K = {I}.
Let U C s be a relatively compact neighborhood of zero in s such that
U= -U C U; and exp(U)* C Ug. Let Ug/x = r(exp(U)). As Ug/k =
r(exp(U) exp(Ut)) and &k is an open map, it follows that Ug/k is open in
G/K. Tt is easily seen that the map Exp : s — G/K, X — exp(X)K,
restricted to U is a homeomorphism. For g € G define ¢, : gUgq/x — U by
gExp(X) = X. Then the collection {(vg,gUq/K)}gec defines an atlas for
G/K which makes G/K into a analytic manifold such that the action of G
on G/K is analytic. One can show (see [?] Theorem 4.2., p. 123, that this
is the unique analytic structure on G/K which makes the action smooth.

THEOREM 9.1. Assume that G acts transitively on M. Let x, € M and
G" ={ge€eG|g-xo=2ax0}. Then the map

0:G/G* - M
is a G-isomorphism.
Proor. Let K = G*°. ¢ is by Theorem 7?7 a homeomorphism and also

clearly a G-map. Let s, U C Us C 5, and Ug/x = Exp(U) be as above. Let
g € G. Then the map

Vg:9Ug/k — exp(Us) - T,
gExp(X) — X — gexp(X) — gexp(X) -z,
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is an analytic diffeomorphism of the open subset—and hence submanifold—
Uqa/k of G/K onto the open submanifold gexp(Us) - 7o = g #(Ug/i ). The
claim now follows. ([l

Here

10. Integration

Let M be a locally compact Hausdorff topological space and assume
that the topological group G acts on M. A Radon measure p on M is
G-invariant if for all f € C.(M) and all a € G we have

/fa:cdu /f ) du(x

As LY(M) is the closure of C(M) in the L!'-norm

1l = /M (@) du)

it follows that [, f(a-x)du(z) = [,, f( ) for all f € L2(M). In-
serting for f an indicator functlon XE and notmg that xe(g-z) = Xg-1.E 1t
follows that p is G-invariant if and only if u(F) = u(a- E) for all measurable
sets F and all a € G.

As (G is a topological group then there exists a Radon measure ug in-
variant under left multiplication, see [?], p. 37 or [?]. This measure is
called (left) Haar measure on G. It is unique up to multiplication by pos-
itive scalars. Note that all continuous compactly supported functions are
integrable and that compact sets are measurable with finite measure. In
particular, if G is compact, then ug(G) < oo and we will-without further
comments—always normalize it so that uq(G) = 1.

Assume that the topological group acts continuously on the topological
space M. Assume that p is an non-zero invariant measure on M. Define

Ma)f(z) = Am(a)f(z) = fa" x).

LEMMA 10.1. Let a € G. Then Aa) : LP(M) — LP(M), 1 < p < o0
is an isometry. Furthermore, A\ : G — B(LP(M)) is a homomorphism. If
1 < p < o0, then the map G — LP(M), a — X a)f is continuous for all
feL?M),ie., N: G— B(LP(M)) is strongly continuous.

ProoF. The first statement follows from the invariance of the measure.
Let a,b € G and f € LP(G). Then
Mab)f(z) = fbla lz
= [A®)f](a 2)
= (A@)AO) ().
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As )\ is a homomorphism and an isometry, then it is enough to show
that a — A(a)f is continuous at a = e. Assume first that f € C.(M). Let
€ > 0. As f is continuous with compact support it follows that f is uniformly
continuous. A set W in G is symmetric if W' :={a"! |a € G} = W. Let
W be a compact symmetric neighborhood of e. Then K := W - Supp(f) is
compact. In particular u(K) < oco. Let V be an open neighborhood of e
such that V C W and

1f(a™ ') — F(b)] < W for all a € V andb € G .

Then )
€ 1/p
[A(a)f — f”p < W </G XK d#G) =€.

For f € LP(M) let g € C.(M) be such that ||f — g||, < €/3. Let V be a
neighborhood of e such that ||A(a)g — g||, < €/3 for all a € V. Then

IMa)f = fllp < [[Ma)f = Ma)gllp + [A@)g = gllp +[lg = fllp <e
and it follows that a — A(a)f is continuous. 0

REMARK 10.2. Note that the last statement does not hold for p = co.
For that let M = G =R. Let

A=[-1,1]\ [j [(_2—271’ 2—2n—1) U (2—271—1’ 2—2n)] ‘
n=1

Then A is measurable with positive measure. Let f = x 4. Then there exists
sequence {a,} and {b,} such that lima, = limb,, = 0 and

[Aan)f = fllo =1 and  [[A(bn)f — fllc = 0.

For p = 2, A is called the regular representation of G on L*(M). If
M = G we sometimes say left reqular representation to distinguish it from
the right regular representation p which we now define. For a € G and
f : G — C measurable let p(a)f(b) = f(ab). It is then easy to show that
p(ab) = pla)p(b). If f € G then Ce(G) = C, f = [, pla)f dug, is a left-
invariant Radon measure on GG. Hence, there exists a positive number Ag(a)
such that

Ac(a) /G f(wa) dpc(z) = /G F(@) dual).
The function Ag : G — RT is called the modular function.

LEMMA 10.3. Ag is a continuous homomorphism G — R™T.
PROOF. Let f € Co(G), f >0, [, fdug =1. Then

Aa(t) = [ o7 duc.
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Thus
Aclab) = /G p((ab) ™) f dy
- /G b~V p(a~Y) ] dc

NG /G pla™)f duc
— A(B)A(a).

As Ag is a homomorphism, we only have to show that Ag is continuous
at e. Let f € C.(G) be as above. f is uniformly continuous as f is compactly
supported. Let W be a compact symmetric neighborhood of e € GG such that
|f(ab™1) — f(a)] < ¢/u(K) where K := Supp(f)W is compact. Then

Ag(h) — 1] = \/fab ) duc(a /f )duo(a

Hence Ag is continuous. O

LEMMA 10.4. Assume that 1 < p < co. Then p : G — B(LP(G)) is a
strongly continuous homomorphism.

PRrOOF. The proof is similar to the proof of Lemma 10.1 and is left to
the reader. O

DEFINITION 10.5. The topological group G is unimodular if Ag = 1.

Thus G is unimodular if and only if the left invariant measure pg is
also right invariant. In particular, G is abelian, then G is unimodular. If G
is compact, then Ag(G) is a compact (multiplicative) subgroup of RT and
hence Ag(G) = {1}. Thus compact groups are unimodular. More generally,
let [G,G] = {aba=1b=1 | a,b € G}. Then [G,G] is a closed subgroup of G.
Clearly Ag‘[G’G] = 1. Hence A¢ defines a continuous homomorphism on
G/|G,G]. Thus, if G/[G, G] is compact, it follows that Ag = 1.

For f : G — C measurable let f¥(a) = f(a='). Then fV is measurable.
fV is continuous if f is continuous and has compact support if f has.

LEMMA 10.6. Let f € C.(G). Then

ivG / f(a)dpc(a
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PROOF. Define a Radon measure v on G by
fY(z)

— x)dv(x) = duc(x) .

fro [ f@yave) = | L dua(o)

Then a simple calculation shows that v is left-invariant. Hence

(10.1) v = cpq for some constant ¢ > 0.

Let W be a compact symmetric neighborhood of e. Let f € C.(G) be
such that f(e) =1, f > 0, and Supp(f) C W. Deﬁne g( )= f(a )f( -1,
Then ¢g¥ = g and Supp(g) € W. Finally, let h(a a)/v/Ag(a). Then
h > and h(e) > 0. Hence [, hdug > 0. We have

h'(a)/A(a) = V/Ac(a)g(a™)/Ag(a) = h(a).

Hence by (10.1) and the definition of v we get

c/hd,ugz/hduz/hdug>0.
G G G

Hence ¢ = 1 and the claim follows. O

COROLLARY 10.7. If G is unimodular, then

/f ) dpuc /f ) duc

PRrOOF. This follows from Lemma 10.6 because Ag = 1. O

for all f € C.(G).

If f,g: G — C are measurable, then the convolution f * g is defined by

/ F(@)g(a™'b) duc(a)

whenever the integral exists. By Holders inequality, the convolution is al-
ways defined for f € L(G) and g € LP' (G). Furthermore, f g is continuous
and bounded with

1f % g(0)lloc < £ llpllgllg -

It is harder to show that if f € L'(G) and g € LP(G), 1 < p < oo, then
f * g is defined and f x g € LP(G) with
1+ gllp < 1Fl11llgllp
see [?], p. 52. If G is not commutative, then in general f * g # g * f.

For f € LY(G) let f*(a) :== fY(a)/Ag(a). Then [|f*[1 = |[f|l and
(f*)* = f. The following is now clear.

THEOREM 10.8. LY(G) with convolution as a product and involution
f— f*is a Banach x-algebra.
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Assume now that H is a closed subgroup of G on M = G/H. It is not
always true that there exists an invariant Radon measure on G/H. The
next example gives a simple counter example.

THEOREM 10.9. There exists an invariant Radon measure pyg on M if
and only if Ag|lg = Ap. In this case ppq is unique up to multiplication by
positive scalars.

PROOF. See [?] p. 57. O

In particular, if H is compact then there is always a G-invariant Radon
measure on G/H. This measure is simply given by

CL.(G/H) - C, fH/Gfomdug.

For more general considerations one needs quasi-invariant measures.

DEFINITION 10.10. Assume that G acts continuously on the topological
space M. A Radon measure y is quasi-invariant (or G quasi-invariant) if
there exists a measurable function j : G x M — R such that for all a € G
and all f € C.(M)

(10.2) /fax (a,x) du(z /fd,u

Replacing f by A(a)f in (10.2) shows that (10.2) is equivalent to

(10.3) / f(@)j(a,z) du(x / fla dp(x)

for all f € LY (M

For a € G define a measure j, on M by 1q(E) = p(a - E) then (10.3)
shows that p is quasi-invariant if and only if u, are equivalent, i.e., u and
e have the same zero-sets for all ¢ € G, and in that case j(a,-) is the
Radon-Nikodym derivative

THEOREM 10.11. Let H C G be a closed subgroup and M = G/H. There
exists a mon-trivial quasi invariant measure on M and every two such are
equivalent.

PROOF. See [?], Proposition 2.54, p. 59 and Theorem 2.59, p. 61, or
[?], Chapter 6. O

EXAMPLE 10.12 (The ax + b-group). As a set the az + b-group G is
R* x R. It can be viewed as the group of affine linear transformation on
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the line R where ¢, 4)(z) = ar + b, hence the name of the group. The
multiplication is given by composition of maps

P(ab)(c,d) = P(ab) © P(c,d) -
A simple calculation then shows that
(a,b)(c,d) = (ab,ad +b) .

In particular the identity element is e = (1,0) and (a,b)"! = (a= !, —a~'b).
Define a Radon measure on G by

/cf(f”) dpa(x) = /OOO /_Z f(a,b) dj;”’ .

Then pg is left-invariant. But a simple change of variables shows that

| [ rtamean g —c [T [~ ran g

Hence Ag(c,d) = ¢!, In particular, the az + b-group is not unimodular.

Let H = {(a,0) | a € RT}. Then H is a closed subgroup, H = G°
and G/H ~ R. An invariant measure on G/H has to be invariant under
translations and dilations. The invariance under translation implies that the
measure is—up to a constant—-the Lebesgue measure. But the Lebesgue mea-
sure is not invariant under dilations. Hence, there is no invariant measure
on G/H. But clearly the Lebesgue measure is quasi-invariant. This follows
also from Theorem 10.9 because H is abelian and hence unimodular, but

Ag(a,0) =a' so Agly # Ag = 1. &

EXAMPLE 10.13 (Symmetric Matrices). Recall that a matrix X € M, (R)
is positive definite if (Xu,u) > 0 for all u # 0. Denote the set of positive
definite matrices by Sym  (n,R). Then Sym_ (n,R) is open. We note that
X is positive definite if and only if g - X is positive definite. Consider the
action of GL(n,R) on the space of symmetric matrices give by

g-X =gXg".

Let X € Sym, (n,R). Then X can be diagonalized, in fact, there exists an
orthonormal basis basis consisting of eigenvectors for X. We can reformulate
this fact as: there exists g € SO(n) such that

A1

g- X =d(\,...,\n) =
An
As X is positive definite A; > 0, j = 1,...,n. Let a be the diagonal matrix
a= d()\l_l/2, . .,)\;1/2). Then
a-(g-X)=1,.

It follows that GL(n,R) - I,, = Sym, (n,R). Note that we can replace the
group GL(n,R) by the connected component GL4 (n,R) := {a € GL(n,R) |



56 2. LIE GROUPS, REPRESENTATIONS, AND HOMOGENEOUS SPACES

det(a) > 0} Finally a - I,, if and only if aa’ = I,,. But that is if and only if
a € O(n), where O(n) denotes the group of n x n orthogonal matrices. Thus

Sym, (n,R) ~ GL(n,R)/O(n) ~ GLy(n,R)/SO(n) .

As O(n) and SO(n) are compact as we will prove in a moment, it follows
that there exists a GL(n, R)-invariant measure on Sym  (n,R).

Let
AT ={dA1,-- 2 ) [ A > A2 >0 > A, > 0}

Then Sym’®(n,R) := SO(n,R)A™ - I, is open and dense in Sym  (n,R). If
a € AT and k € SO(n,R) are such that k- a = a then k = d(+£1,...,+1).
Let K :=SO(n,R) and

Then
K/M x AT > Symfg, (kM,a) — ka - I,

is a diffeomorphism. &

11. The Tangent Space and Homogeneous Vector Bundles

In this section we introduce homogeneous vector bundles and then dis-
cuss the connection to the tangent bundle of a homogeneous manifold. We
refer to [?] for more detailed discussion. In this section G is always a Lie
group and M = G/K is a homogeneous manifold, x, € M is a fixed base
point and K = G*°.

DEFINITION 11.1. A (real) vector bundle over M is a manifold V together
with a smooth map 7 : V — M such that

(1) For each m € M the set 7~ 1(m) =: V,,, is a vector space.
(2) For each m € M there exists an open neighborhood U of m, a
k € N, and a diffeomorphism

U Y (U)=:Vy - U xR*
such that for each m € U, ¥(m) € {z} x R¥ and the map
Wy 1= pry 0 U| Vi : Vi — RF,
where pr, is the projection onto the second factor, is linear.

If we in (2) replace R¥ by CF, then we speak of complex vector bundle.

If nothing else is said, the assumption is that V is real vector bundle.
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An isomorphism of vector bundles is a diffeomorphism & : ¥V — W such
that the diagram

P

M

commutes and Py, : V,, — W,, is a linear isomorphism for all m € M.

1% W .

REMARK 11.2. One can also define vector bundles where the fibers are
a fixed Banach spaces or Hilbert spaces H. Then V would be a manifold
modeled on RY™M x 7 and V is locally isomorphic to U x H.

Let V be a vector space. The vector bundle
MxVZM
is called a trivial vector bundle. The second part of the definition of a vector
bundle then says, that V is locally trivial.
Operations on vector bundles are defined fiberwise. As an example

VxW:.= U Vi X Wi s
meM

V= U | Z

meM

VeWw:= ] Vn®Wn,
meM

and
Hom(V, W) := U Hom(Vp,, Win) = Wi @ V5, .
meM

If V is a real vector space, then Ve = V®grC denotes its complexification.
For a vectorbundle V we define the complexification of V to be the complex
vector bundle

(11.1) Ve = | Vme.
meM

A vector bundle is trivial

DEFINITION 11.3. A vector bundle ¥V — M over M is a homogeneous
vector bundle if G acts on V (from the left) in such a way that

(1) If a € G and m € M then a - Vy, = V.
(2) The map Vy, = Vaum, v+ a - v, is linear.
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Two G bundles V and W are G-isomorphic if there exists a vector bundle
isomorphism ¥ : V — W that commutes with the G-action, ¥(a - v) =
a-¥(v). We then write V ~g W. The bundle V is trivial if there exists a
G-isomorphism ¥V — M x V| where V is a finite dimensional vector space,
and the action on M x V' is defined by a - (m,v) = (a - m,v).

Let H real or complex Hilbert space. A representation of G in H is a
homomorphism 7 of G into the group of invertible elements of B(H) such
that

G—H, a—m(a)v

is continuous for all v € H. The representation 7 is unitary if 7(a) is unitary
forall a € G. If n = dimH < oo then 7 : G — GL(n,C) is a continuous
homomorphism and hence analytic, see [?], Theorem 2.6, p. 117. We will
show later how to prove this for linear Lie groups.

Let (m,W) be a real or complex representation of K. Let K act on
G x W from the right by

(a,w) -k = (ak, (k)" (w)).

(a1,w1) and (a2, wy) are said to be equivalent, (aj,w1) ~ (ag,ws), if they
are in the same K-orbit, i.e., there exists a k € K such that

ark =ay; and w(k) Y(w) = ws.
We denote the equivalence class of (a,w) by [a,w]. The quotient map
(a,w) — [a,w] is denoted by Ky . Let
(11.2) Gx,W:=(GxW)/K =A{la,w] |lae G, we W}.

We will sometimes write G X g W for G x; W to indicate the role of K. In
the following we will simply write W for G x, W.

It is clear that the left G-action on G x W, a - (g9, w) = (ag,w) and the
right K action commutes. G therefore acts smoothly on W by

a- [b,w] := [ab,w].

This action can be visualized by the commutative diagram:

(11.3) axw @ o
(b,w)—[b,w] i l(ab,w)H[ab,w]
w — w

[bw]—a-[b,w]

It is also clear, that the map G x W — G/K, 7((a,w)) = aK factors
through K and defines a G-map W — M. Consider G x W as the trivial
vector bundle over G by A(a,v)+ (a,w) := (a, \v+w). This commutes with
the K action on the right, hence A[a, v] + [a, w]| := [a, Av +w] is well defined.
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Suppose that ¥V — M is a homogeneous vector bundle. Let m, = eK
and V =V, . As K fixes m, it follows by (1) and (2) above that the action
on V defines a finite dimensional representation 7 of K on V. The following
theorem explains how to recover the vector bundle V from 7y, and in fact
shows how to construct all homogeneous vector bundles over M.

We refer to Chapter 5 in [?] for the proof that G x, W is locally trivial
and a smooth manifold.

THEOREM 11.4. Let (w, W) be a finite dimensional representation of of
K then Gx W is a homogeneous vector bundle. IfV — M is a homogeneous
vector bundle and (m, V') is the representation of K onV =V,  defined by
the action of G on the V, then the map

(11.4) Gx V=V, [av]=a-v
is a G-isomorphism.
PROOF. Denote the map in (11.4) by ¥. We start by showing that ¥

is well defined. For that we note first, that (a1,v1) ~ (az2,v1) if and only if
there exist a £ € K such that

a1k = ap and 7(k)"to; = vy.
But then, as 7 is defined as the action of K on V,,, , we get
ag - vy = (alkr) . (k‘_l . ’Ul) =a-v.
Next we show that the map is injective. Assume that aj - v1 = as - vs.
As vy,v2 € Vyp, it follows by (1) in the definition of a homogeneous vector

bundle that & := aflag fixes m,. Thus k € K. By definition it follows that
(k™) (v1) = v2 and a1k = as. Hence [a1,v1] = [ag, va].

Next we show that U is surjective. Let w € V and let x € M be such
that w € V,. As the G action on M is transitive there exists a € G such
that a=! -2 = m,. Thus v :=a"'-w € V and clearly ¥([a,v]) = w.

Consider the commutative diagram
GxV——YVY (g,v) »a-v
(a,v)—[a,v] l /
Gx,V

As the horizontal map on the top is differentiable, it follows that ¥ is dif-
ferentiable.

A local trivialization of V shows that the inverse of ¥ is smooth proving
the theorem. 0

Let V 5 M be a vector bundle over M. A section s : M — V is
a smooth map such that m o s = idpy or equivalently, s(m) € V,, for all

eq-
IsoVectBund
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m € M. The space of smooth sections is denoted by I'*°(V). The space
of smooth, compactly supported sections is I'>°(V). Note that I'*°(V) and
I'>°(V) are vector spaces.

Assume that V is homogeneous. Then G acts linearly on I'*°(V) by
(a-s)(m):=a-(s(a™'-m)).

for all a € G and m € M. Let us do the calculations. It is clear that e-s = s
for all s. Let a,b € G. Then

(ab) - s(m) = (ab)- (s(b™'a™" - m))

= a-b- (st (a”t-m)))]
= a-[(b-s)(at-m)]
= la-(b-9)](m)

orab-s=a-(b-s).

This action leaves I'2°(V) invariant. The section X is invariant if a- X =
X for all a € G. Thus s is invariant if and only if
s(a-m)=a-s(m)
The space of invariant sections is denoted by I'>°(V)&.

Let G X V be a homogeneous vector bundle over M = G/K. Assume
that F' : G — V is a smooth function such that for all « € G and k € K the
relation

(11.5) F(ak) = 7(k)"'F(a)
holds. Consider the map G — G x V defined by a — (a, F'(a)). Let k € K.
Then
(ak, F(ak)) = (ak,7(k)"'F(a)) ~ (a, F(a)).
Hence the map
(11.6) sp(aK) :=[a,F(a)] = a- e, F(a)] de-SF

is well defined and smooth. Clearly sg is a smooth section.

THEOREM 11.5. Denote by C*°(G;m) the space of smooth functions th-Sections
such that (11.5) hold. Then the map

C®(G;m) 5> T°(G x, V), F+sp
s a linear bijection. Furthermore
(11.7) Sx@F =a-F. stosF
Proor. We only have to show that the map is surjective. Let s €
I'*°(G x5 V). Identify the fiber over eK by V. Define F' : G — V by
F(a):=a' s(aK).

Then F'is smooth as s and smooth and the action of G on G X,V is smooth.
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Let k € K. Then

F(ak) = (ak)™! s(aK)
EL (a7t s(aK))
= (k)" F(a).

Thus F € C*(G; )
We also have
s(aK)=a-(a"' s(aK))=a- e, F(a)].
Hence s = sp by (11.6).
For (11.7) we simply calculate
Sx(@F(b-mo) = [b,A(a)F(b)]
= [b,F(a"'b)]
a-[a"th, F(a™'b)]
= a-sp(b-m,).

0

DEFINITION 11.6. Let V — M be a vector bundle. Let F is the field of
real or complex numbers. Assume that each fiber V,, is a F vector space.
A Hermitian form on V is a smooth section g € I'*°(V* ® V*) such that
gm : Vm X Vi — F is an inner product on V), for all m € M. If G is a Lie
group and V is G-homogeneous, then ¢ is G-invariant if for all ¢ € G, all
m € M and all v,w € V,, we have

Im (U, v) = gam(a-v,a-w).

LEMMA 11.7. Let V = G %, V be a homogeneous vector bundle over
M = G/K. Then a G-invariant Hermitian form on V exists if and only if
there exists a K-invariant Hermitian form 8 on V.

Proor. Let z, = eK € M. Assume that g is a G-invariant form on V.
Then clearly g|y«y is a K-invariant Hermitian form on V =V,,.

Assume that § is a K-invariant Hermitian form on V. Define

a-,([a;v], [a, w]) := B(v,w).
To show that g is well defined assume that a -z, = b - z,, [a,v1] = [b, v9]
and [a,w;] = [b,ws]. Then there exists k € K such that such that a = bk,
7(k)"tvg = vy, and 7(k) "tws = wy. But then B(vy,w;) = B(v2, w2) because
of the K-invariance of 5. That ¢ is smooth is clear. O

LEMMA 11.8. If K is compact and Gx,V =V — G/K is a homogeneous
vector bundle. Then a G-invariant Hermitian form exists.
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PrROOF. Let v be an inner product on V,,. Let ux be a normalized
Haar measure on K. Define 3 by

B(u,v) ::/K'y(w(k‘)u,ﬂ(k)v) dk

Then g is clearly K-invariant and Hermitian. Furthermore, if u # 0, then

Bl = [ r(k)ul? dusc(h) > 0.

Hence (8 is a non-zero K-invariant form on V and the claim follows. O

Let now M = G/ K and take the vector bundle to be T'(M). Then T(M)
is homogeneous with respect to the action g-v = (dy),(v) if v € T;;(M). Let
xo = eK. Then ly(z,) = z, which implies that 7 (k) := (dlx)z, : Tr,(M) —
T, (M) define a representation of K.

LEMMA 11.9. T(M) ~ G x5 Ty (M).
Proor. This follows from Theorem 11.4. O

This shows that G/K has a G-invariant Riemannian structure if and
only if there exists a {g-invariant inner product on 7, (M). In particular
that is the case if K is compact.

12. Invariant Differential Operators

In this section we introduce the notation of invariant differential op-
erators on G-spaces, where G is a Lie group. We determine the space of
invariant differential operators on homogeneous manifolds M = G/K in the
case where K is compact. We use this characterization to introduce the heat
equation on those manifolds.

Let M be a manifold. A linear map D : C®°(M) — C>®(M) is a differ-
ential operator if in local coordinates ¢ : U — V', U open in M and V open
in R”

(12.1) (Df)yod ' =Y aad*(foo )
o] <k

with a, € C*°(V). Denote by Diff(M) the algebra of differential operators
on M. Assume now that the group G acts on M by diffeomorphisms £,
a € G. For D € Diff(M) and a € G define a - D € Diff(M) by

(12.2) a-D(f) == [D(f 0 ly) 0 Lyt = Na)[D(Ma1)f) for f € C(M).

LEMMA 12.1. Let a,b € U and D,E € Diff(M). Then (ab) - D =
a-(b-D) anda-(DE) = (a-D)o(a-FE). Thus G acts on Diff(M) by algebra

homomorphisms.
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PRrROOF. Let f € C*°(M). Then

(ab) - D(f) = D(f olap)oligp)—
= [[D((foly)oly)|oly-1]ol,—1
= [b-D(foly)]ol,—1
= a-[b-D](f).

For the second statement

a- (DE)(f) [DE(f o 4a)] 0 £y
= [D([E(fola)]oly-1)0ls]oly

(a-D)o(a-E)(f).

O

A differential operator D is called G-invariant or simply invariant if
a-D = D for all a € G. Denote by Diff(M)% the space of G-invariant dif-
ferential operator. Then Lemma 12.1 implies that Diff(M)¢ is a subalgebra
of Diff(M). We note that D is G invariant if and only if for all « € G and
feC>®(M):

(12.3) D(foly)=D(f)ol,.

Let V be a Euclidean vector space and p : V' — C a polynomial function.
Let a € GL(V). then a - plv) = p(a~lv) is again a polynomial function.

Denote by 6 the homomorphism GL(V) — GL(V), a — (a™1)%.

LEMMA 12.2. Suppose ) # Q C V is open. Assume that a € GL(V)
satisfies a(2) = Q. Let p € P(V). Then

a-(p(9)) = (6(a) - p)(9).

PRrROOF. As every polynomial is a linear combination of products of de-
gree one polynomials w — p,(w) := (v,w) we can assume that p = p, for
some v € V. Then p,(9)f(w) = y(f)(w) = D(f)(w)v. Hence by the chain
rule:

a-po(d)f(w) = pu(9)(fola)(a w)
1

Il
>

o
£ 555

We have py((w) = (a(v),w) = (.0 (w)) = po(6(a) ") = 8(a) - po(w)
and the Lemma follows. O
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EXAMPLE 12.3 (Invariant Differential Operators on V). Consider V as
an abelian Lie group acting on V' by translaton. Let u,w € V. It follows
immediately from the definition.

Let D =" a,0“ € Diff(V)V. Then
D(f o ty)(w) =Y aa(w)d*(f)(w +v)

as each 9% is V-invariant. On the other hand

D(f)(w+v) = aa(w+v)0"(f)(w +v).

Thus, by (12.3) D is invariant if and only if aq(w) = aq(w+v) for all w,v €
V. Thus D is invariant if and only if a, is constant. As pq(0) = p(0)q(09) it
follows that

LeEMMA 12.4. Dif(V)V ~ P(V) as an algebra.

Replace now V' by the (connected) FEuclidean motion group
(12.4) E(V)=S0(V)xV

where as usually SO(V) = {a € GL(V) | (av,aw) = (v,w) and deta = 1}.
E(V) acts on V by

(a,v) -w=a(w) +v.
The group multiplication in E(V') is the one that comes from composition
of maps

[(a,0)(b,w) -u = (a,v) - (b(u) +w)
= ab(u) 4+ a(w) +v
= (ab,a(w)+v)- u
(a,v)(b,w) = (ab,a(w) + v).
In particular

(av v)_l = (a_la _a_l(v)) :

LEMMA 12.5. Let p € P(V) be invariant under rotations. Then there
exists a polynomial in one variable such that p(w) = q(||wl||?) for allw € V.

PrOOF. Fix v € S and define ¢(t) := p(tv). Let w € V. Then there
exists a € U such that a~!(w) = |w||v. Hence

p(w) = pla”! (w)) = p(Jw|v) = q(|lw]) -

As p(w) is a polynomial it follows that ¢(¢) can only contain even powers of
t. Hence q(t?) := §(t) is a well defined polynomial and p(w) = q(||w|]?). O

LemMma 12.6. Diff(V)E(V) = C[A].
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PROOF. Let ¢(A) € C[A] and let p(w) := ¢(]|w||?). Then ¢(A) = p(d).
It follows from Lemma 12.2, Lemma 12.4, and the fact that p(w) = q(|lw]|?)
is rotational invariant, that C[A] ¢ Diff(V)#(V),

Let D € Diff(V)P(), Then D is translation invariant. By Lemma 12.4
there exists a polynomial p € P(V') such that D = p(9). As D is SO(V)-
invariant it follows from Lemma 12.2 that p is SO(V)-invariant. Hence
there exists a polynomial of one variable such that p(w) = ¢(¢!). But then
p(9) = q(A) and the claim follows. O

Let M = G/K be a homogeneous manifold with K compact. Then
there exists a K-stable complement q of £ in g and we have local coordinates
given by Exp, : U C gV C M, X — gexp(X) - m,, where U C q is an open
neighborhood of zero and V' is an open neighborhood of m, = eK. Let (-, -)
be a Ad(K)-invariant inner product on q. Then (Ad(k)~!)! = Ad(k~1)! is
well defined and Ad(k—!)! = Ad(k) for all k € K.

For a polynomial p € P(q) define

(12.5) [Df(a-mo) := p(d)(f o Exp,)(0).
This is a well defined differential operator on M if and only if
(12.6) Dy(f o Exp,)(0) = p(9)(f o Expqy)(0)

for all k € K and a € G. As K acts on q by the adjoint action Ad(k)|q
it follows by Lemma 12.2 that (12.6) holds for all a and k if and only if p
is Ad(K)-invariant. Denote the algebra of invariant differential operators
on M by D(M). This notion is not quite correct as M might have several
Lie groups acting transitively giving rise to different algebras of invariant
differential operators as the case of the V above shows. But it will always
be clear what G is, so this should not hurt.

THEOREM 12.7. The map P(q)X — DifM)%, p — D, is a linear

isomorphism.

PRrROOF. We have already seen that p — D, € Diff(M) is well defined.
The definition (12.5) is made so that

Dy(f)(a-meo) = Dy(f olq)(mo)-

Hence, if m =b-m,,

D,(f)(a-m) = D,

Hence D,, is G-invariant.
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Let D € Diff(M)®. Let m = g-m, € M and consider the local coor-
dinates Exp, above. Then there exists smooth functions a, € C°°(U) such
that

Df(Expy(X)-mo) = > aa(X)0*(f o Expy)(X).

Define a polynomial p € P(q) by p(X) := )", aq(0)X*. As D is invari-
ant, it follows that Df(a-m,) = D(f o £4,)(m,). Thus

Df(a-mo,) = D(fols)(mo)
= 3 aa(X)0((f 0 la) 0 Exp)(X)

= p(O)((f o ta) o Exp)(0)
= Dp(f)(a-my).

Assume that D, = 0. Let o € (No)¥™9. Let W C U be a compact
neighborhood of O and let ¢ € C°(U) such that ¢|y = 1. Then we can
define f € C°(M) by

fExp(X)) = X°9(X), XeU
f(m) 0, meM\V.

X=0

Then, if p=>"  a, X%,
Dypf(my) = alag =0.
Hence p = 0 and p — D, is injective. O

Let A4 be the Laplace operator on the Euclidean vector space q. Then
Ay = Q(0) where Q(X) = || X||?. As Q is K-invariant it follows that A,
defines a G-invariant differential operator Ay; on M. Ajps is called the
Laplace operator on M. The heat equation on M is then

Apu(m,t) = dwu(m, t) and u(m,0) = f(m)

for f € C°°(M). For M the sphere in an Euclidean vector space V we discuss
this in the next chapter and give a brief overview over the heat equation on
some other homogeneous manifolds later.

13. Orthogonal Groups

Let Bils(n,R) denote the space of symmetric bilinear forms on R™. It is
isomorphic to the space Sym(n, R) of symmetric n x n-matrices via A — (4,
Ba(u,v) := (A(u),v). The group GL(n,R) acts on Bils(n,R) by

(a- B)(u,v) = Bla™ u,a” ).
This corresponds to the action a--- X = (a=1)T Xa~! on Sym(n,R). The
form B is non-degenerate, ie., if u # 0, then there exists v € R™ such that
B(u,v) # 0, if and only if a - § is non-degenerate. Hence GL(n,R) acts
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on the subset Bil?(n,R) of non-degenerate bilinear form. Note that 8,4 is
non-degenerate if and only if A € GL(n,R).
For B € Bil"(n,R) let

O(B) :=={a € GL(n,R) | a- 5 =}
be the stabilizer of 4 in GL(n,R). Then O(84) is is a closed subgroup of
GL(n,R) and hence a Lie group. We have

LEMMA 13.1. O(B84) = {a € GL(n,R) | aT Aa = A}.

PROOF. As O(f4) is a group it follows that a € O(84) if and only if
a=! € O(B4). That is the case if and only if
a”t Ba(u,v) = (Aa(u),a(v))
= (aAa(u),v)
= (A(u),v)
= Ba(u,v).

As v is arbitrary it follows that A(u) = a’ Aa(u) for all u. Hence a” Aa =
A. O

There are only finitely many orbits in Bil?(n, R):

1) The orthogonal group O(n). This is the group that corresponds to A = I,,.
Thus

O(n) = {a€GL(n,R) | (Vu,v € R") (a(u),a(v)) = (u,v)}
= {a€GL(n,R)|a’a=1,}.
We let SO(n) = {a € O(n) | det(a) = 1}. Then SO(n) is a closed subgroup
in O(n). The group O(n) is not connected as elements with det(a) = —1 can
not be connected to any element in SO(n). We denote by SO,(n) = O,(n)

the connected component containing the identity element. Similar notation
will be used for other groups.

LEMMA 13.2. The group O(n) is compact.

Proor. For a € GL(n,R) write a = [a1,...,n,] where a; is a column
vector. Then
ala = (a;-a;).
Hence a € O(n) if and only if the columns are orthonormal. Thus O(n) is
homeomorphic to a closed subset of S~ ! x ... 5" ! and hence compact. O

~
n—times

For a € O(n) and u € S"! clearly a(u) € S ! hence O(n) acts on
S Let e; = (1,0,...,0)”. Then

[a1,...,an](e1) = a1 .
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If v € S~ then we can extend v to an orthonormal basis v1 = v, va, ..., vn
on 8”71 Then a = [vy,...,v,] € O(n) and a(e1) = v. It follows that the
action is transitive. By permuting the vectors we can assume that det(a) = 1
and hence SO(n) acts transitively.

We see that a € O(n)°! if and only if a; = e;. But that happens if and

only if
c 1 0
¢ 0 A
Thus O(n) ~ O(n — 1) and similarly SO(n)** ~ SO(n — 1). It follows that
S~ O(n)/O(n — 1) = SO(n)/SO(n —1).

AeO(n—l)}:O(n—l).

2) O(p,q): For 1 < p,q < n such that n =p+ q let

I 0
fpa = (5 _LI) .

The form 3, , = 1, , has signature (p,q) and
Bp.qg(U,v) = w101 + ... F UpUp — Upy1Upy1 — ... — UpUp .
We will always assume that 1 < p < q. We set
O(p,q) 1= O(Bp,q) and SO(p, q) := {a € O(p, q) | det(a) = 1}.
For r € R let
H(p,q;r) :={u € R" | Bpq(u,u) =r}
except in the case p =1 and r > 0. In that case we set
H1,n—1;r):={x e R"| Bip-1(z,z) =r and z; > 0}.
According to Theorem 5.10 M(r) is a closed submanifold of R™ of di-
mension n—1if r # 0, which we will assume from now in. The groups O(p, q)
and SO(p, q) act on each one of those manifolds. Furthermore, if s = /|r|
then multiplication by s is diffeomorphism H (p, ¢; sign(r)) ~ H(p, ¢;r) com-

muting with the action of O(p,q). We can therefore assume that » = 1 or
r=—1.

Let us prove the following.
THEOREM 13.3. Let p = 1.
(1) SO(1,n —1) acts transitively on H(1,n —1;1) and the stabilizer of

e] 18

SO(1,n — 1) = { (é g) ‘ Ac SO(n—l)} ~S0(n —1).
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(2) Suppose n > 3. SO(1,n — 1) acts transitively on H(1,n — 1;—1)
and the stabilizer of e, = (0,...,0,1)T is

SO(1,n — 1) — { <‘5‘ ?) ‘ Ae SO(l,n—Z)} ~ SO(1,n —2).

PROOF. Let us start by defining two subgroups of SO(1,n — 1).

K = dka=(L %) aesom—1)l ~s0m-1)
0 A
cosh(t) 0  sinh(?)

A = ap = 0 I, 0 teR

sinh(t) 0  cosh(t)
We leave the simple proof that those are indeed subgroups of SO(1,n — 1)
to the reader.
(1) Let v = (t,w) € H(1,n —1;1), t > 0, w € R" 1. Then there exists
A € SO(n — 1) such that A(w) = ||w|le,. Thus kav = (¢,0,..., ||w|)T. As
ve H(l,n—1;1) it follows that
t? —Juwl*=1.
Hence there exist s € R, s > 0, such that
t = cosh(s) and ||w|| = sinh(s).
It is then clear that
as(er) = (0, [lw|)".
Thus
kilas(er) =wv.

It is clear that a is in the stabilizer of e; if and only if a has the form

8

Inserting this into 3, , it follows that a leaves 3, , invariant if and only if
Ae€eO(n—1). IfaeSO(1,n—1) then A € SO(n—1) and the claim follows.

(2) Let v = (t,w)T € H(1,n —1;-1). Let A € SO(n — 1) be so that
A(w) = ||w||en. Then |lw|/?> —¢?> = 1. Hence, there exists s € R such that
t = sinh(s) and ||w| = cosh(s). Hence as(e,) = (t,0,...,0, ||w|e,)’. It
follows that k;las(en) = .

A matrix a fixes e, if and only if a is of the form

(B0
“=\o 1
for some (n—1) x (n—1)-matrix. Inserting into the bilinear form we see that

a € O(1,n —1) if and only if B € O(1,n — 2), respectively a € SO(1,n — 1)
if and only if B € SO(1,n — 2). O



70 2. LIE GROUPS, REPRESENTATIONS, AND HOMOGENEOUS SPACES

We note that there is a fundamental difference between H(1,n — 1;1)
and H(1,n—1,—1). In the first case the stabilizer is compact, in the second
case it is non-compact. Geometrically H(1,n—1;1) a Riemannian manifold,
but H(1,n — 1;—1) is a pseudo-Riemannian manifold.

The proof of Theorem 13.3 actually show the following:

THEOREM 13.4 (Polar-coordinates for H(1,n — 1;1)). The map
S22 xR = H(1,n —1;1)\ {(1,0)T}  (t,w) — (cosh(t),sinh(t)w)”

s a diffeomorphism.

We remark that each of the manifolds H(p, g; ) has an invariant Radon
measure.

ExAMPLE 13.5. Let 8 : R™ — R be a non-degenerated symmetric bilin-
ear form and M a connected component of {u € R" | B(u,u) = r}. Assume
that G = SO,(f) acts transitively on M. Then M = G/K where K = G*°
for some z, € M. Let

V:={(u,v) e R" xR" | u € M and f(u,v) =0}.

Then V is a closed submanifold of R® x R™. V is clearly a vector bundle
over M with projection 7 simply the projection onto the first factor. If
(u,v) € V and g € G, then (g(u),g(v)) € V as § is G-invariant. It follows
that V is a homogeneous vector bundle. Now we claim that T, (M) ~ {v €
R™ | B(x,v) = 0}. For that recall, that if v : (—e,€) — M is a smooth curve
with 7(0) = x then ~ defines a tangent vector 4(0) by

d

$0)f = 5

f(v(1))

t=0

and every tangent vector is obtained in this way. But if « is such a curve
then ¢t — B(v(t),~(t)) is constant and hence

d d
0=~ t:(] B(y(t),1(t)) = 26(+(0), — tzov(t))
Hence 5(+(0), % ~(t)) = 0. It follows that the map
t=0
(3(0),4(0)) > (4(0), | (1)
t=0

defines a map T(M) — V. This map is clearly injective and linear on the
fibers. Comparing the dimensions we see that it is a diffeomorphism. We
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need to see that this map is a G-map. Let « be as above and a € G. Then
(dla)z(7(0))f = H(0)(fola)

d
G| Fottw)

d
| J@).

But 7,(t) = av(t) is a smooth curve in M with v,(0) = a -z and

d d
- W) =a —
i, =0

)7 (t)7(0) .
t=0

The claim now follows.

A special case of this is that T(S™ 1) = SO(n) x, R"! where 7 is the
natural representation of SO(n —1), w(k)v = k(v). Similar remark holds for
the manifolds H (p, ¢;r). We note, that

H(l,n—1,1) ~SO(1,n —1)/SO(n — 1)

has a SO(1,n — 1)-invariant Riemannian structure as SO(n — 1) is compact.

On the other hand for n > 3
H(l,n—1;-1)=8S0(1,n —1) ~SO(1,n — 1)/SO(1,n — 2).

There is no positive definite SO(1,n — 2)-invariant form on R"~! because
such a form would give a homomorphism SO(1,n—2) — O(n— 1) and there
is no such non-trivial homomorphism. But the form B;,_2 is invariant.
Thus H(1,n — 1;—1) has an invariant form of signature (1,n — 1). It is an
Lorentzian manifold.

Let s C g be a complementary subspace to £. Then s can be identified
with the tangent space T, (M) by

d

. X, = o Ex .
=l f(e"™ - xo) = Ox (f o Exp)(0)

(13.1) Xa, (f)
The map is a linear isomorphism because Exp defines local coordinates
around x,.

Assume that we can chose s Ad(K)-invariant, i.e., if k € K and X € s
then Ad(k)X € s. Thus Ad|g defines a representation of K in s which we
denote by Ads and we have the homogeneous vector bundle G' X ag4, s.

LEMMA 13.6. If s is a K-invariant complementary subspace to € in g,
then T(M) ~¢ G Xaq, &
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PrROOF. We identify s with T, (M) as before. If k € K and X € s then

d

LS = Gl otz

d
= — ketX -z,

dl,_, f(ke™™ - ,)
_ d FtARX oy
dt |,

(Ad(E) X )z, [ -

Thus T, ¢ is nothing but Ads(k). The claim now follows from Theorem
11.4. O

The following lemma gives a simple criteria for the existence of a K-
invariant complementary subspace s in g.

LEMMA 13.7. Denote by Z(G) the center of the group G. If g € Z(G),
then Ad(g) = id.

ProoF. Let Uy C g be an open ball with center zero such that exp :
Ug — Uq, Ug = exp Uy open, is a diffeomorphism. Let X € g. Let € > 0 be
such that tX,tAd(g9)X € Uy for all |t| < e. As g commutes with all element

in G we get

X —1 _ ,tAd(9)X

X — getX g
But then tX = tAd(g)X for all |[t| < €, which implies that X = Ad(¢)X. O

Let 6 : GL(n,F) — GL(n,F) be defined by

(13.2) 0(g) = (9") "
Then 6 is a continuous homomorphism and hence analytic. We have
(X)) =—-X*

by Theorem 13.10.

LEMMA 13.8. Assume that §(G) = G and §(K) = K. Then the following
holds:

(1) If X € g then X* € g and if X € ¢ then X* € ¢.
(2) The bilinear form

B(X,Y) = Tr(XY)

is non-degenerate on g and ¢ and f(Ad(g9)X,Ad(9)Y) = B(X,Y)
forall X, Y € g and g € G, i.e., B is G-invariant.
(3) Lets ={Y e€g| (VX €¢) B(X,Y) =0}. Then

g=¢tds
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PROOF. (1) Let X € gand t € R. Then
etX* — (etX)* cq.
By Theorem 4.3 it follows that X* € g. The same argument shows that
=t
(2) Let X € g, X # 0. Then X* € g and (X, X*) = Tr(XX*) > 0. If
X € ¢ then X* € ¢ showing that S is non-degenerate on g and ¢. If g € G,
then

B(Ad(9)X,Ad(9)Y) = Tr((9Xg ')(gYg™"))
= Tr(gXYg')
= Tr(XY)
— BXY).

(3) The bilinear form (X,Y) = Tr(XY™) is an inner product on g. As
£* = ¢t it follows that s is the orthogonal complement to £ with respect to
this inner product. Hence g = ¢ @ s. U

LEMMA 13.9. Let G be a linear Lie group with Lie algebra g and let K
is a closed subgroup with Lie algebra €. Denote by Z(G) the center of G. If
K/(Z(G)NK) is compact or if G and K are invariant under the involution
O(x) = (2*)71, then a K-invariant complementary subspace s exists.

PROOF. Assume that K/Z(G) N K is compact. Let (-,-) be an inner
product on g. As Ky := K/Z(G)NK is a compact topological group, we can
normalize the Haar measure on K such that | K, @k =1. As Ad(z) = id for

all z € Z(Q) it follows that Ad defines a homomorphism of K into GL(g).
Define a new inner product on g by

(X,Y) = /K (Ad(k)X, Ad(k)Y) dk .

Then (-,-) is K-invariant, (Ad(k)X,Ad(k)Y) = (X,Y). Let s = £- be the
orthogonal complement of ¢ with respect to (-,-). Then s is K-invariant.
Assume now that (G) = G and §(K) = K. Let § and s be as in Lemma

13.8. As 8 is K-invariant and Ad(K)t = ¢ it follows that Ad(K)s = s and
the claim follows. O

We remark that all the Lie groups and Lie algebras in Example 6.2 are
invariant under 6 respectively 6.

A wector bundle over M is a smooth manifold V together with a surjec-
tive, smooth map 7 : VV — M such that the following holds:

(1) Vp, := 771 (m) is a vector space for all m € M. V,, is called the
fiber over the point m.
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(2) For all m € M there exists an open neighborhood m € U, a vector
space V = Vyy, and a diffeomorphism

Syl (U)=UxV
such that @y (v) = (7(v), F(v)), where F' : V, — V is a linear.

An isomorphism of vector bundles is a diffeomorphism ® : ¥V — W such that
the diagram
®

M

commutes and |y, : Vi, — Wy, is a linear isomorphism for all m € M. The
vector bundle M x V| V' a vector space, with projection map (m,v) — m, is
called a trivial vector bundle. The second part of the definition of a vector
bundle then says, that V is locally trivial.

1% W .

Operations on vector bundles are defined fiberwise. Thus, let V and W
be vector bundles. Define

VW= | Vin®Wn,

meM
VxW:= U Vi X Wi, .
meM
and
Vo= U 2
meM

Then VW, V x W, and V* are vector bundles in a natural way.

If V is a real vector space, then Vo = V®rC denotes its complexification.
For a vectorbundle V we define the icomplexification of V to be the complex
vector bundle

(13.3) Vei=J Vmc.
meM

If V 5 M is a vector bundle then a section X : M — V is a smooth map
such that 7 o Xidy or equivalently, X (m) € V,, = 7~ 1(m) for all m € M.
The space of smooth sections is denoted by I'*°(V). The space of smooth,
compactly supported sections is I'2°(V). If G acts on M, then G also acts
on I'>°(V). The action is given by

(g-X)(x) =g -X(g"-x).
The standard example of a vector bundle is the tangent bundle

TM) = | Tm)
zeM
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with projection map
TM) =M, (z,v)—zx.

A real vector field is an element of I'°°(T(M)), whereas a (complex) vector
field is a section X € I'*°(T'(M)c). Denote the space real respectively
complex vector fields by I'(M) respectively I'c(M).

Let F denote the field of real or complex numbers. The exponential map
exp : M(n,F) — M(n,[F) is given by the power series

[e.e]

exp(X) = Zﬁ

— n]

7=0
which converges uniformly on every closed ball B(0) C M(n,F) with center
0 and radius R > 0. We denote exp(X) also by eX. The exponential function
satisfies the differential equation

ietX = XN =X,
dt
For z1,...,z, € F, where F is a field, denote by diag(zi,...,z,) the
diagonal matric with diagonal elements x1,...,x,, i.e.,
I 0 0
diag(z1,...,zn) = 0 "-. 0
0 0 =z,

We note the following simple facts, and leave most of the proof for the reader
as an exercise:

LEMMA 13.10. Let X, Y € M(n,F) and g € GL(n,F). Then the following
holds:

(1) ¥ < el Xl
(2) If X and Y commutes, then

(3) If g € GL(n,F) then

getg Tt = exp(9Xg ).
(4) If X = diag(A1,...,A\n) then
e = diag(eM, ..., eM).

More generally, if X is upper triangular
)\1 * *
X e O ‘. 3 *
0 0 M\
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then eX is the upper triangular matric

(5) ()t =X and (eX)" =X,
(6) If X is a lower triangular matric, then so is e
(7) det(eX) = ™) In particular eX € GL(n,F).

X

We recall the the following. Assume that G is a Lie group and H C G a
closed subgroup. Let kG — M := G/H be the canonical quotient map. The
space M is a locally compact Hausdorff topological space in the quotient
topology: U C M is open if and only if 7=1(U) C G is open.

In some cases Iso(M) is in fact a Lie group acting smoothly on M. It
follows that

G/K =M, gKw— g(z,)
is a diffeomorphism. For a detailed discussion of this see [?], pp. 201-208.

A measure p on M is G-invariant if for all f € C°(M) and all g € G
we have

/ F(9(x)) dp() = / £ (@) du(z)
M M

Let dg be a left invariant measure (Haar measure) on G. If K is compact,
it follows that

(13.4) /Mf@:) dpu(z) == /G Fl9(zo)) dg

defines a G-invariant measure on M. The invariant measure is unique up
to a multiple with positive constant. Thus, if K is compact, an invariant
measure is always of the form (13.4) up to a positive constant.

The volume form is always invariant under the group of isometries.
Hence, if GG is a finite dimensional Lie group acting smoothly, isometrically,
and transitively on M such that the stabilizer of a point is M is compact,
then the volume element is given by a left invariant measure on the group
G as in (13.4).

14. Representations
In this section we introduce the basic ideas from representations theory.

In this section G is always a Lie group, even if most of the definitions work
just as well for topological groups.
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14.1. Representations. A representation of G in a vector space H is
a homomorphism 7 : G — GL(#), the group of invertible elements in H. If
‘H is a topological vector space, in particular a Hilbert space, then we also
assume that for all u € H the map

G—H, g—r(gu

is continuous. We write (7, H) or simple m. Then H, or V; denote the
vector space on which 7 acts.

From now on H, will be a Hilbert space if nothing else is said. The
representation m is unitary if m7(G) C U(H), ie., each operator 7(g) is unitary.
Note, if 7 is an unitary representation, then

m(g) =m(g) " =m(g7").

A subspace K C H is invariant if m(G)K C K. The representation 7 is
irreducible if {0} and H are the only closed invariant subspaces of H.

14.2. Intertwining Operators. If 7 and o are two representations,
then an operator, not necessarily bounded, T : H, — H is an intertwining
operator if for all g € G we have T o7(g) = o(g) o T. Write Bg(Hn, Ho)
or simply Bg(7, o) for the set of bounded intertwining operators. Similarly,
write Ug(Hr, Hy) for the set of unitary intertwining operators. If 7 = o,
then we simply write Bg(Hz), Ba(m), and Ug(n). It is clear that Bg(m, p)
is closed in B(Hr, Hs). We say that m and o are equivalent if there exists
T € Bg(m,0) an isomorphism. 7 and o are unitary equivalent if U(rw, o) # 0.

LEMMA 14.1. Let 7,0, and T be unitary representations of G.

(1) If T € Bg(m,0) and S € Bg(o,7) then SoT € Bg(m, 7).

(2) If T € Bg(m,0) then T* € Bg(o, ).

(3) Ba(m, o) is closed in B(m, o) in the norm topology and the strong
topology.

(4) Bg(m) is a B* algebra.

(5) If T € B(w,0) then Im(T) is o-invariant.

(6) If K C Hy is a closed subspace invariant under m, then K+ is
invariant and the orthogonal projection P onto K is in B(w).

PROOF. In this proof a will always stand for an arbitrary element of G.
(1) Let a € G, then S(T(7(a))) = S(o(a)T) =7(a)o (SoT).
(2) Let a € G. Let

T*0(a) =
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as m(a~1)* = 7w(a).

(3) If T; — T in the norm topology, then T; — T in the strong topology.
Therefore we only have to show that Bg(7, o) is closed in the norm topology.
Assume that T; € Bg(m,0) and that T; — T € B(m,0). Then

[Tm(a) —o(a)T|| = |Tn(a) - Tjm(a) +o(a)Tj —o(a)T|
< (T =Tj)m(a)|| + [lo(a)(T; = T)|
= 2T -Tj
— 0

Hence [|[T'r(a) — o(a)T|| = 0 or T'r(a) = o(a)T showing that T' € Bg(w,0).
(4) This follows from (2) and (3).
(5) Let a € G and v € Hy. Then o(a)T(v) = T'(7(a)v). Hence Im(T") is
o-invariant. The claim follows as 7 is unitary.
(6) Let u € K. If a € G and v € K then
(v, m(a)u) = (7(a " )v,u) =0
as m(a~1)v € K. It follows that m(a)u € K+.

(7) Write P = Px. Let u € K. Then 7(a)u € K and hence P(w(a)u) =
n(a)u = m(a)P(u). If u € K+ then 7(a)u € K+ and hence P(n(a)u) =
0 =m(a)P(u). If u € H is arbitrary then write u = v + w with v € K and
w € K. Then

P(r(a)u) = P(n(a)v)+ P(r(a)w)

(a)P(v)
(a)P(u).

T
T
O

LEMMA 14.2. Suppose m and o are unitary representations of G. If
T € Bg(m,0) then T* € Bg(o, 7).

Proor. Let u € H,; and v € H,. Then
(u, T*(o(g))v) = (T(u),o(g)v)

As u and v are arbitrary it follows that ¢* intertwines o and . O

THEOREM 14.3. Let w and o be two unitary representations. Assume
thatT : H, — Hy is a densely defined, closed intertwining operator. Suppose
that T 1is injective with dense image. Then w and o are unitary equivalent.



14. REPRESENTATIONS 79

PROOF. We can, according to Theorem 77, write
T=UvVT*T

where U : Hr — H, is a partial isometry that intertwines 7 and o. Im(U)
is closed as U is a partial isometry. But Im(7") C Im(U) and Im(7") is dense
in H,, hence Im(U) = H,. It follows that U € Up(w, o) and the claim
follows. g

THEOREM 14.4 (Schur’s Lemma). Let (7w, H) be an unitary representa-
tion. Then 7 is irreducible if and only if B(mw) = Cid.

PROOF. Suppose that 7 is irreducible. Let T' € B(w). Then T} :=
(T + T*) € B() is self adjoint. The spectral decomposition of T is Ty =
fU(Tl) AE, Theorem 6.3, and each E(A) is an intertwining operator. If

T1 # Mid, then there exists a spectral projection 0 # F(A) # id. But then
E(A)H is a closed invariant subspace, {0} # E(A)H # H, contradicting the
irreducibility of m. Hence, there exists a real number A such that 77 = Aid.
Similarly, there exists a real number p such that Tp = %(T —T%) = pid.
But then

T =T +iTy = (A+ip)id.

Assume that B(w) = Cid. If 7 is not irreducible, then there exists an
invariant subspace K C H such that 0 # K # H. But then the orthogonal
projection Py is in B(P) but is not a multiple of the identity. O

COROLLARY 14.5. Assume that G is abelian. If 7 is an irreducible rep-
resentation of G then dim H, = 1.

14.3. Orthogonal Direct Sums. Let I be a finite or countably infi-
nite set. Suppose that for each i € I there is given an unitary representation
(mi, Hi). Let

=P H: = {(wier | Y lluil® < 0}
el
If (u;), (vi) € H; then
(i), (v) == Y (i, v},
i€l
converges absolutely and defines an inner product on H, making H into a
Hilbert space. For a € G define an operator 7(a) = &m;(a) : H — H by

m(a)(u) == (mi(a)u;)i

where u = (u;);. As Yo |mi(a)wil|* = 3;c; [|uil|? it follows that m(a)u €
H.

LEMMA 14.6. m = @;cym; is an unitary representation of G.
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PROOF. It is an easy exercise to show that 7(a) is unitary and 7w (ab) =
m(a)w(b). Let us now show that 7 is continuous in the strong operator
topology. For that it is enough to show that 7 is continuous at e. Let € > 0.
As 3, |Jul* < oo there exists a finite subset () # J C I such that

€
Z [OAIRES 23
ien\J

For j € J let V; be an open neighborhood of e such that for all a € V;

Imj(a)u

€
j‘WHS‘éﬁi-
V::ﬂVj.

Jj€J

Let

Then V is an open neighborhood of e as .J is finite. Using that ||7(a)u; —
w;|| < 2||u;]| as m;(a) is unitary, we get for a € V:

Ir(@yu—ul® = Y lImi(a)u; —will® + + Y llmi(a)ui — u))®

jeJ Jjg¢J
€2 9
< #J2#7J + 4Z [Jwill
i€J
< €.
Hence a — 7(a)u is continuous. O

14.4. Cyclic Representations. Let (7, H) be an unitary representa-
tion. Suppose that 7 is not irreducible. Then there exists an invariant
subspace {0} # K # H and H = K @ K is a decomposition of H into
two orthogonal subspaces. We can then apply the same argument to K and
KL, Either, this process stops in finite steps, or it goes on without an end.
In the first case we have that H = @?:1 H; is a decomposition of H into
finitely many irreducible invariant subspaces. In the second case it can hap-
pen that there are countably many irreducible subspaces H; C ‘H such that
H = ;2 H; or no so decomposition exists (see next section). Irreducible
subspaces are therefore not always the best tool to work with.

DEFINITION 14.7. Let (m,H) be an unitary representation. A vector u
is cyclic if the space {D g4 4. ¢im(aj)u | ¢; € C, a; € G} is dense in H. If
there exists a cyclic vector, then we say that « is a cyclic representation.

THEOREM 14.8. If 7w is an unitary representation. Then 7 is a orthog-
onal direct sum of cyclic representations.

PRrROOF. Let A be the collection of families of pairwise orthogonal in-
variant and cyclic subspaces of #. Thus {#;} € A if and only if each #;
is invariant under 7, cyclic under the representation m;(a) := 7(a)|;, and

th-cyclic
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H; L H;if i # 5. We order A by inclusion. If A; is a linearly ordered subset
in A, then A :=|JA; € A and A; < A. Thus every linearly ordered sub-
set of A has an upper bound. By Zorn’s Lemma A has a maximal element
{H;}jes. Let K := @,c;H;. Then K is a orthogonal direct sum of cyclic

subspaces. We claim that K = H. Otherwise K+ # {0}. Take u € K,
u # 0. Then

L= {Z cim(aj)ulcj € C, aj € G}

finite

is a non-zero G-invariant subspace of H and L is orthogonal to all H;.
Hence {#;} < {H;} U{L} € A contradicting the maximality of {#;}. Thus
K=mH. O

REMARK 14.9. We will see that the decomposition in Theorem 14.8 is
far from being unique. &

15. Examples of Representations

In this section we give three important examples of representations.
Some of those will be important for later discussion. All sets will be mea-
surable. In the following we will always view two sets A and B as equal if
the set theoretical difference (A \ B) U (B \ A) has measure zero.

Take now G = V and H = {0}. Then L?(M) = L?(V) and the repre-
sentation A is given by

A@)fl(x) = flx—y).
Define a representation A on L2(V %) by

M)l (V) = e (N

Both representations are unitary. Theorem 77 implies that the Fourier trans-
form is an unitary intertwining operator, F € U(A, \). In particular, A and
A are equivalent.

For a measurable set A C V let
LA(V)={f e L*(V) | for almost allA ¢ A : f(A) =0} ~ L*(A).

Then L% (V) # {0} if and only if A has a positive measure. L?(A) is invariant
under the representation A. Hence L% (V) is invariant under .

LEMMA 15.1. A subspace {0} # K C L*(V) is invariant if and only if
there exists a measurable subset A, |A| > 0, such that K = L% (V).

PRrROOF. See [?], Corollary 15.1. O
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15.1. Representations on Spaces of Holomorphic Functions.

DEFINITION 15.2. A separately continuous map « : Gx X — C* is called
a cocycle if for all a,b € G and all x € X we have

alab,x) = a(a,b- x)a(b,x) .
LEMMA 15.3. Let a be a cocyle. Then a(e,x) =1 for all x € X and
ab,z) P =ab™tb-z).

PROOF. Take a = b = e in the definition of a cocyle. Then a(e,z) =
ale,z)?. As a(e,r) # 0 it follows that a(e,z) = 1 for all z € X. Taking
a = b~! then implies that

1=a(® b 2)a(d ).

O

If v is a cocycle, then we can define a linear action of G on C(X) by

(15.1) [ma(9)fl(@) = alg™ 2) f(g2).

That this defines an action follows by:
[ra(ab)fl(z) = a('a™2)f(07a™") )
= a(® ot 2aeha)fb (a7 1)
= a(a™2)[ma(b)fl(@™ - 2)
o (a)[ma(b) f1(z) -
REMARK 15.4. If one is working with vector valued functions instead
of scalar valued, one has to define the representation by m,(g)f](x) =

a(g~t,2) " f(g 'x) as can be seen by the step for second display to the
third one.

x

Note, that if we were considering vector valued functions and operator
valued cocycles, then the second last step in the above explains why we use
the inverse.

LEMMA 15.5. Suppose that 7 is an unitary representation of G given by
the cocycle o on a reproducing kernel Hilbert space H C C(X). Then

ala,z)K(a-z,y) = alaL,y)K(z,a™ -y)

and

a(a,z)a(a,y)K(a-z,a-y) = K(z,y) .
In particular, if o =1, then

(15.2) (Vg € G, z,y € X) K(a-z,a-y) = K(z,y).
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ProOF. Let f € H. Then

(f’ a(a_lv y)Ka_1~y) = O‘(ailv y)f(ail ) y)

As f was arbitrary it follows that
ala,z)K(a-x,2) = ala=t, 2)K(z,a ! 2)

which is the first claim. Then replace y by a -y and use that a(a,y)~! =
a(a=!,a-y) to derive the second statement from the first. O

We say that the kernel K is invariant if it satisfies (15.2). If G acts
transitively on X, i.e., for all x € G we have X = G - x, fix x, € X and let

H=G":={acCG|la-z,=2,

be the stabilizer of x,. Then the map X ~ G/H. Define a continuous
function k : G — C by
k(a) = K(a- xo, ) .

Then

k(hlahg) = K(hlahg Lo, .CCO)
(a-wo,hgl o)
(a-xo,20)

a

I
="

Thus k is H-biinvariant. We can also view k as H-invariant function on X
by k(x) = K(x,z,). Finally, the kernel K is given by

K(a-zo,b-x,) = k(b ta).

The condition (3) in Lemma ?? is now equivalent to saying that the function
k is positive definite, i.e., for all n € N and ay,...,a, € G, the matrix
(k:(ai_laj))?j:l is positive semidefinite.

LEMMA 15.6. Let f € L'(R™) be positive. Then

_# ei)\-x
910) = Goym [, TN

is positive definite. In particular, the heat kernel h; is positive definite.
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ProoF. Let a, € C and z, € R”, v =1,...,m. Then

- —_— 1 [E —x
Zayaug(xu—:cy) = on) 2 /f Zf ayae 2N

v,u=1 ) v,u=1
)2

1 N
= ) Z ayel)"m“aue“xv d\
(27T n R” V7M:1
1 = ,
- _fO e 2 d)
(27T)”/2 V;I v

v

0.
(]

REMARK 15.7 (Bochner’s Theorem). The above is a part a well known
theorem of Bochner: A function g on R™ is positive definite if and only if

g(x) = (271':;"/2 /Rn e duu(N)

for some finite (positive) measure p on R™.

16. The Operator Valued Fourier Transform

Note, if dimH, = 1, i.e., H; = C, then the linear maps on H, are the
multiplication operators z — T,(z) = az, a € C. The map T, is regular if
and only if a € C* and unitary if and only if |a| = 1. This says, that the
unitary irreducible representations of an abelian group G are the continuous
homomorphisms x : G — T. Finally, 7 and 7 are equivalent if and only if
m(a) = 7(a) for all a € G. Denote by @ the set of all continuous homomor-
phism 7 : G — T. If G = T", then G = Z", if G = R", then G = R", and
if G = Z", then G = T". In those classical cases, we have G~ G. Also,
the Fourier transform of a function on G is a function f: G — C. The
Plancherel Theorem states that there exists a measure 1 on G such that the
Fourier transform extends to an unitary isomorphism L2(G) — L%(G) such
that the inverse is given by

— [Foox@dat) . F e i@ nI¥E).

All of this goes through for abelian locally compact Hausdorff topological
groups. Then G is a group, where the multiplication (7 - x)(a) = 7(a)x(a).
For € > 0 and K C G compact neighborhood of e let

W(K,e):={xeq | Sug]x(a) — 1] <e€}.
ac
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If x € G let W(x;K,¢€) := W(K,e)x. Then the collection {W(x; K, ¢)}
forms a basis of a topology that makes G into a locally compact Hausdorff
topological group.

Let (m,H) be an unitary representation of G. For f € L'(G) and u,w €
‘H we have

\/Gf(a)(ﬂ(x)uaw)duc(a)l < /Glf(a)(ﬂ(w)u,w)ldﬂc(a)

/ (@) dug(a) uf ]
G

1 Il ffewl] -

Hence there exists a bounded operator 7(f) € B(H) with ||x(f)]| < ||fl1
such that for all u,w € H we have

Fu,w) /f (a)u, w) dpci(a) .

Thus 7(f)u is the weak integral [, f(a)m(a)uduc(a). Assume that H C
L?(G) and that 7 is given by 7(a) = A(a)|%. Then

w(ww) = [ 1@ ([ a0 dua() ) ducto)

The function

IN

IN

(a,b) = f(a)u(a™b)w(b)
is integrable on G x G. Hence we can interchange the order of integration
to get

i) = [ ( / Fayula™ ) dic(@) ) w0 ducl®)
= (f*u,w)
Hence 7(f)u = f *xu.
Proof the following

w(f *g) = n(f)m(g)-

7(f7) = m(f)"

If f is central, then 7(f) is an intertwining operator. In particular,
if 7 is irreducible then 7(f) = A(f)id.

e If G is compact, then m(f) is compact.

Assume now that G is compact and that f € C(G). As G is unimodular,
we can also write f *u as

frul®) = /f b) duc(a)

= /f ¢) duc(c) .
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THEOREM 16.1. Suppose that G is compact. If 7 is an unitary represen-
tation of G, then m is an orthogonal direct sum of irreducible representations.

ProoF. We can assume that 7 is cyclic by Theorem 14.8. Let u be a
cyclic vector of norm 1. For w € H let T'(w) € C(G) be defined by

T(w)(a) == (w,m(g)u) .
Then
T(r(b)w)(a) = (r(b)w,m(a)u)
(w,ﬂ(bila)u)
[AB)T (w)] -

As T(w) is continuous and G compact, it follows that T'(w) € L*(G). Fur-
thermore

I (w) | Z/Gl(wm(a)U)IQduc(a) < Jlwlf?.

Hence T is continuous with norm < 1. If T'(w) = 0, then (w, 7(a)u) = 0 for
all @ € G, and hence 0 = (w, Y g0 ¢jT(aj)u) = 0. As u is cyclic w L H
and hence w = 0. By Theorem 14.3 there exists an isometric intertwining
operator U : H — L*(G). We can therefore assume that H C L?*(G).

O

add: Unitary reps of compact groups are unitary sums of finite dimen-
sional reps. Corollary: G compact then irreducible reps are finite dimen-
sional. Vector bundles and induced reps. Decomposition of L2-sections of
G-bundles.

17. Harmonic analysis on R"” and the Euclidean motion group

In this section we give a short description of some of the ideas and results
of this article, when applied to X = R” and G the group of orientation
preserving Euclidean motions. As a set G = SO(n) x R™. It acts transitively
on R" by
(Az) y=Ay) +z.

The product in G is determined by composition of automorphisms of R™ and
it is given by (A,z)(B,y) = (AB, A(y) + z). In this way G is isomorphic
to the semidirect product R™ x SO(n). Denote by I,, € SO(n) the identity
matrix. To adapt to the notation in later sections we define the following
subgroups of G:

K
N

{(A,0) | A€ SO(n)} ~SO(n),
{(I, (2,0)) | z e R* 1} ~ R L

and

A ={(n,(0,p)) [p € R} =~ R.
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Then G = KAN = NAK where K x A x N 3 (k,a,n) — kan € G is a
diffeomorphism. The stabilizer of 0 € R™ is the group K. Hence R" ~ G/K.

17.1. Fourier analysis on X. The regular action of G on L?(X) is
given by

Lof(y)=flgh y)=f(A (y—2)), g=(A4xz)€EG.

The Fourier transform

Frn(F)(N) = (2m) /2 (z)e™ @ dx
]Rn
decomposes L?(X) into irreducible representations of the abelian group R™.
However, in order to decompose in representations of the larger group G we
need a reinterpretation, which we shall now discuss.

Recall that the irreducible unitary representations of G are constructed
by the method of Mackey [?]. We consider the following representations of G,
called the principal series of representations. Let dw be the surface measure
on S* and put L?(S*) = L?(S",dw). For r € R a unitary representation 7,
of G on L%(S™) is defined by

(17.1) (A, 2)p(w) == e YA (W) .

Then 7, is irreducible if r # 0, and 7, ~ 7, if and only if r = £r/. Together
with the characters of K, trivially extended to G, the representations m,
for all » > 0 exhaust the irreducible representations of G up to equivalence
(see for example [?], Chapter IV, where n = 2). Notice that the constant
function p,(w) := 1 on S"! is a K-fixed vector for 7.

The representation m, can easily be realized as an induced representa-
tion. Let M’ C K denote the subgroup

Mf:{(f)l deOtA> ]AeO(n—l)}:O(n—l),

and put M = M) ~ SO(n — 1) and P = MAN C G. Define a character
Xr of R by x,(x) = €% = ¢™@¢n and note that M stabilizes x,. Hence
Xr extends to a character on P. Next we note that G/P = SO(n)/SO(n —
1) ~ S™. Viewing functions on S" as right M-invariant functions on K, the
restriction f — f|x defines a unitary isomorphism from the Hilbert space
of ind%x, onto L?*(S™!), intertwining the action of ind%x, and m,. Thus
T =~ ind@x..

For f € L%(X) and r > 0 define f, € L2(S"!) by
(17.2) Fr(w) = Fin f (rw)

and call
L*(R") 3 f— f e L2(RY, L2(S™Y))
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the Fourier transform on X (with respect to G). Notice that if f is viewed
as a right K-invariant function on G, then

[ (f)pr] (W) = T (2)e™ " da = (2m)"/? fi(w)

(if f is integrable).
Interpreted in this fashion, the Fourier transform is an intertwining op-
erator, (Lyf), = m-(g)fr and f > f, sets up an unitary G-isomorphism

3]
(17.3) (LX), L) ~ /IR+ (LA(S™ Y, m,) ™ L,

which gives the decomposition of L?(X) into irreducible representations of

G.

17.2. The Radon transform. The representations 7, are naturally
associated to the homogeneous space Z := G/M N. Define

G 3 (A z) — (Aey, (Ae,) - x) € SV xR,
where the dot denotes the standard inner product on R™. It is easy to
see that this map is right M N-invariant and factors to a map G/MN —
571 x R with inverse

(w,p) = {(A,x) e G| Aey, =w, w-x =p}.
Hence G/MN ~ S"~! x R. In these coordinates, the action of G is given by
(17.4) (A, z) - (w,p) = (Aw,p+ = - Aw).
The corresponding action on functions on = is then
(17.5) Liazne(w,p) = (A \w,p—2-w).
Hence dw dp is a left invariant measure on = with respect to which

(17.6) L*(2) ~ L*(S" x R) ~ L*(S")®L%(R).

Note that M N acts trivially on P/MN ~ A = R. Thus, the spectral
decomposition of L?(P/MN) as a representation of P is fR@ Xr dr. Denote
by € the trivial representation of M N. Using the fact (see [?], p. 284 and
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287) that induction and direct integral commute, induction in stages gives

(17.7) Lz ~ ind§ye

~ indIGD indf; ve

5>
~ indg / Xr dr
R

[S)
~ / indgxr dr
R

@
/ 7, dr
R

@
~ 2/ 7, dr.
R+

Denote by = the set of hyperplanes & C X. Then G acts transitively
on = and the stabilizer of the hyperplane & = {(x,0) | z € R*""!} is M'N.
Hence = = G/M'N. Each hyperplane is determined by it normal vector and
the signed distance from the origin

12

(17.8) E=¢wp) ={zcR"|z-w=p}, weS"! peR.
As &(w,p) = £(—w, —p) it follows that
(17.9) 2~ 5"z R.

Note that Zy = M'/M = W acts on A by s(0,...,0,2) = (0,...,0,—x)
where s is the non-trivial element in W and that Z is a double covering of

=. Furthermore, functions on Z can be realized as even functions on Z.

The Radon transform of a function f € C°(R") is the function Rf €
C*>°(E) given by

(17.10) RF(E) = /gf(x) dz .

For this definition we need to fix the measure on the hyperplanes in a co-
herent way. Let £ € = and take g € G such that & = g - &,. Define

/gf(x)dx = [ $o- @ 0)dedey.

It is easy to see that this integral is well defined, and that by Definition
(17.10) we then obtain Rf € C*°(E). Furthermore, for h € G it follows that
R(Lnf) = Ly(Rf), i.e.,, R is a G-intertwining operator. For w € S"7! let
wt ={x € R" | x-w=0}. Then (17.10) can be written as

(17.11) Rf(w,p) = /L flz + pw)dz.

w
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Denote by 0; the partial derivative 0 /0x;, and Lx = Z?Zl ('9]2- the

Laplace operator on R™. Note that D(X), the algebra of G-invariant dif-
ferential operators on X, is C[Lx] = {p(L) | p € C[z]}. Denote by O the

differential operator on = given by

2
(17.12) Ol p) = (gp) o(,1).

It follows from (17.4) that OJ commutes with the G-action on =. In fact the
algebra of G-invariant differential operators on = is D(Z) = C[].

LEMMA 17.1. Let f € C°(X). Then

(17.13) Jr(w) = (2m) 77 Fr(Rf(w,)(r)
for all r € RY and w € 8"~ 1. Furthermore, we have
(17.14) R(Lx f)=0(Rf).

ProOOF. This is well known. As the proof of (17.13) is very simple, we
give it here. We simply calculate:

Fn f(p) = (2m) 77 Rnf(ﬂf)efipx'“’dw

= (27r)”/2/ A fy +rw)e” " dydr

= (2077 Fr(Rf)(w.p).
For (17.14), see [?] Lemma 2.1. O

Observe that it follows from the Plancherel formula (17.3) that
(715) 151 = [ 1yt ar= [ [T B @P drde

for f € C°(X), hence in particular [ |fr(w)[2r" L dr < oo for almost all
w.

Define an operator A from C2°(X) to functions on = by

Fa(Af(w, ) () =17 fo(w)

for w € S" ! and r» > 0. It follows from the preceding observation that
Af(w,-) is well defined for almost all w € S*~!. Notice that it follows from
(17.12) and (17.13) that

1 n—1

A=2r)~ 707 oR,

if the power of [J is properly defined.

By [?], Theorem 1.4, see also [?], Theorem 4.1, we have
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THEOREM 17.2. The operator A extends to an unitary intertwining op-
erator

©®
A (EA(X), Lx) — (L(S), Lz) ~ /W(L?(snl),m)dr.

Proor. We will only show that the map is an isometry. In fact, it
follows immediately from (17.15) and the Plancherel formula for R that

(17.16) 12 = [ 1A G sy o
O

17.3. The heat equation. The heat equation on R™ is the Cauchy
problem

(17.17) Lu(z,t) = Oz, t),  u(-,0) = fc L*R").

We write u(x,t) = Hyf(x). One can represent the solution in two different
ways. First, let hy(x) = (47t)~"/2e~121*/4t 1o the heat kernel on R™. Then,
with w? = w} +... + w2, w e C",

(17.18) u(x,t) = f* hy(z) = (47rt)—n/2/ f(x)e_(x_yp/z;t dy.
X
Secondly, by means of the Fourier transform,

(17.19) w(x,t) = (277)—71/2/ e—t,\2]_-Rn (f)()\)em)‘ d\
(17.20) = (2m) /2 / eftTQﬁ(w)eim'w " Ldwdr .
Sn—1xR+

Note, that Hy : L?(R™) — L?(R") is an intertwining operator, i.e., Hy(Lyf) =
Ly(Hyf). The fact that Fre(Hf)(A) = e M Fga(f)(A) shows that H;
is contractive. To make it an isometry we define the measure du(r) =
2 pn=1dr on R, and define

12 = [ 1 a5y dia(r) € 0,00
for f € L?(R"™). Using that

— o2~
”HtfrH%Q(S”—l) =e Hfr”%%sn—l)
it follows that H; is a unitary isomorphism of L?(R™) onto

{f € L2®R™) [ [|flle < oo},

equipped with the norm || - ||;. Hence

(17.21) (Im(H,), L) ~ /R RS, dpr).
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Replace x in the above integral (17.19) by z = z+iy € C" and note that
the integral converges uniformly for z in a compact subset of C". Hence,
X 3z u(x,t) € C extends to a holomorphic function on C". The linear
map H; : L?(X) — O(C") is the Segal-Bargmann transform. To describe
the image of the Segal-Bargmann transform for ¢ > 0 define
(17.22)

FAC") = AF € O@) [I1FIF s= [ |P(a-+ i) hyaly) dody < o}
It is easy to see that the left translation L,F(z) = F(g~!- 2) defines a
unitary representation of the motion group G on F;(C™).

THEOREM 17.3. (Segal, Bargmann) The following holds:

(1) F(C™) is a Hilbert space and Hy : L*(X) — F;(C") is an unitary
G-isomorphism.
(2) The point-evaluations

F(CY>F— F(z)eC, zeC

are continuous.
(3) The reproducing kernel is given by

K(Z, UJ) = hgt(z’ — QI)) = (87{1‘/)7"/267(27117)2)/& .
(4) If f € CX(X) then

flz) = /X Hyf (x + iy)hy(y) dyde

ProOOF. We will sketch the proof of (1) and (4) (the proof of (2) and (3)
is completely similar to that of Theorem ?? below). We refer to [?] for more
detailed discussion and further references. Let f € L?(R"™). Then, with ¢ =

(2rt) ™2 = ([ eV’ /? dy)~" and using that Fn (H, f)(A) = e~ Fga f(N),

we obtain

1H f]*

c/ |H f(x + iy)|2d:ﬁe—y2/2t dy

N C/ [P (L f) (V) 2620267V ddy

— /’]:Rnf()\)‘? (C/e—(y+2t)\)2/2tdy) d\

= [1Fe )P ax
T

The proof of the inversion formula is similarly based on the fact that
the holomorphic extension of Hyf is given by the Fourier transform (17.19).
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Let f € C(X). With ¢ = (27r)™"/? and ¢ = Fgn(f) we have:

[+ = [ ( / so(A)e—t”e“”WdA) ho(y) dy

. 1 )
_ A\)eieA _ / —(y+2tA)?/4t 4 > d)\
e [ o ( gk y

= (2n)""? / P(N)e® A dA

= [f=).
O

The formalism of Theorem 17.3 does not reflect the spectral decomposi-
tion of L?(X) in representations of G. We shall now introduce an alternative
description of F;(C™) = Im(H;) which takes this into account. Recall the
unitary isomorphism in (17.3). The following definitions are motivated by
Theorem 17.3, part (1), for n = 1.

Let F7z,+(S™ ! x C) be the space of holomorphic L?(S"!)-valued func-
tions on C such that F(w,2) = F(~w, —2), (w,2) € S"~! x C and
IFIE = (2t) 2 [ I+ i) agsnsy 0 dedy < oo,
C

The G-action (17.5) defines a unitary representation of G on Fz, ;(S"~1xC).

Our aim is now to use the Radon transform in order to construct a
commutative diagram

L2(X) 2> L2(2) = L2 (R, LA(S"7Y)) .
Htl H}
]-"t((C”) — }"ZM(S"*I X (C)

In order to define the operator /NX, we apply the operator A on both sides
of (17.17), and use (17.14) to derive
(17.23)

A(H())(,p) = H (Af)(p) = (47rt)_1/2/RAf(.,u)e—(u—P)2/4tdu_

Here the middle term is to be understood as the solution at time ¢ of the
L?(S"1)-valued heat equation on R, with initial value p +— A(f)(-,p) €
L2(S™~1). Just as before it follows from (17.23) that p — HF(Af)(-,p) ex-
tends to a holomorphic L?(S" !)-valued function on C. As in the proof
of Theorem 17.3 one shows that this holomorphic extension belongs to
Fz,4(S" 1 x C). For F € F;(C") take f € L*(X) such that Hy(f) = F
and define A(F) to be the holomorphic extension of HF(Af).
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The following is now a consequence of Theorem 17.2 and the diagram
above.

THEOREM 17.4. The map A : F,(C") — Fz,+(S"1 x C) is an unitary
G-isomorphism.
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