Solution to the homework due 3-31-06

5.5-5: (a) The sequence Y~ e " converges uniformly on [1, 00). For that note that on this interval
we have

eFr < e = (1/e)"
and the series Y ;- (1/e)* converges. The claim follows then by the Weierstrass M-test.

(b) >22, sm(lm converges uniformly on R because

sin(kx)
L3

1
<
=73

and the series Y r | 1/k3 converges. The claim follows then by the Weierstrass M-test.
(c) The series Y 5o sin®(x) converges uniformly on [0,7/4] because on this interval |sin®(z)| <
(1/+/2)* and the series Y 5, (1/v/2)F converges.

(d) No, the series Y ;7 tan® x does not even converge at © = /4.

5.5-6: Let f(z) = > ;= sin(kz)/k® on R. Show that f € C*(R) and find an expression for f'(z) in

terms of an infinite series.

Solution: We use Theorem 5.5.1 with fi.(z) = sin(kz)/k3. Then

fila) = 20

and, as the series Y ;7 k72 converges, > .-, fi(x) converges uniformly (and absolutely) on R. As
the series for f(x) converges for all points, it follows that

) = Z cosk(:f:v)

k=1

by Theorem 5.5.1-c and f’ is continuous by 5.5.1-a.

5.6.-2 (Look for the statement in the book, p. 140)

a) We have
1 1 [e.e] o0
t 1_(1_25) Z Z
k=0 k=0

as long as |t — 1| < 1 of t € (0,2). If t = 2, then we have

(D =1-141-1+...
k=0



which does not converge (note that s, =1 if n is even and s,, = 0 if n is odd.). For ¢t = 0 we have

i1:1+1+...

k=

o

which does not converge.

(b) We have

logx =

k=0
= 1
_ Z(_1>k i
— k+1
i (=D
= T
k=1 k

Here we need the uniform convergence of the series

Y (=D - 1)

00
k=0

on any closed subinterval [a, 3] C (0,2) (see Theorem 5.6.1) to be able to apply Theorem 5.5.1-b.



