Math 4035, Fall 2013, Midterm

Name:

The first 14 problems count each 4 points, leading to 56 points. Each of the three "proof” problems
at the end counts 15 points leading to 45 points for that part. To total numbers of points therefore
101. Your final grades is therefore {yournumberofpoints} x 100/101 rounded to the closest integer.
In the first 14 give a short argument, a counter example, or refer to a Theorem/Lemma.

1) True or False J;"' The set {(z,y) € E? | 22 = 1} is connected.

2) Truelor False : The function defined on E2 \ {0} by f(z,y) = is continuous.
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3) True or < X,y >= Z1y1 — Zoyz defines an inner product on E2.
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4)or False : The dimension of L(E3, E*) is 12.
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5) True o :IfEy D2 Ey,D ... D E; 2 Ejyy D ... is a decreasing sequence of non-empty open
sets in IE" then ﬂE # 0.
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6@01‘ False : If D C E™ is compact and f € C(D,E™) then f(D) is compact.
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7) True o Let D C E™ be open and f = (f1,...,fm) : D — E™. Let p € D. Then f is
differentiable at p if and only if the all the partial derivatives FL(p) exists.
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Prove three out of the following six statements. Here D stands for a non-empty subset of E™

15) Suppose f € C(D,E™). If D is connected then f(D) is connected. &y S FLI R N 0'} ’
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16) Suppose D C E™ is open and that f : D — E™ is differentiable on D. Then f is continuous on D. WQ
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"&“K 1?) Let T' € L(E™,E"). Assume that ||T|| < 1. Then TK—ZJ o T is Cauchy and Tx — (I - T) -1
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18) Assume that D is compact and f € C(D,E™). Then f is uniformly continuous. Let & >, \_Q XG-D
thon lere exih Sad, WY—>N <o = URUN—L | <8/2, we have
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19) Let < -, - > on the vector space V and ||:1:|'? = /< z,z > the corresponding nom-function. Let
X,y € V. Then ||x +y|?> = ||x|? + [ly||? if and only if < x,y >= 0.

l\x«-\é\\l—-<x~\-k5 \,<+g5> =~ <% x}—a—<~3 \&3 +Q<X(3> =
ERRUE “u +o'z<xl3> oN ZCHXMQH — U<l -u~3n ) x>

20) Let U; j € J be a collection of open sets in E*. Then the union Uj¢;U; is open.
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8) Given an example of a bounded set that is not compact.
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9) Let D = {x € E" | 1 < ||z|| < 2}. Give an example of a set E C D that is open in D but closed in
E™.
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10) State if the followmg sets are (a) open (b) closed (c) neither:
) {(z,9) |2? +92 > 1}. ()

{(z,y) |z +y>1,z >0} L)

(z,y) |zy =0}. L)

z,y) | oy > 1}. (&) :

(z,y) |z+2y=1}. (b )
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11) Define f : E2\ {0} by f(z,y) = @ Find lim f(x). = ()
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12) Let f : E® — E2 be given by f(z1,Z2,3) = (cos(27z1), T2 sin(z3), T122). Find %(1, 1,1). — O
1
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13) Assume that f : {(z1,22,%3) | 2% + 22 + 3 < 2} — E2? is differentiable and Df(1,1,0) =

(_13 _41 g) Find the directional derivative D(; _; 3yf(1,1,0).
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14) State the definition of a compact set in E™.
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