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1 In tro duction

The notion of interacting Fock space(IFS) was introducedin [2] and ax-
iomatized in [3] whereit wasconjecturedthat the categoryof IFS could
play for generalprobability measuresthe samerole played by the usual
Fock spacefor the Gaussianmeasures.The ¯rst con¯rmation of this con-
jecture camefrom the paper [1] of Accardi and Bo_zejko who showed that
the theory of one-mode interacting Fock spacesis canonicallyisomorphic
to the theory of orthogonal polynomials in one variable. The isomor-
phism is canonicalin the sensethat it carriesthe multiplication operator
by the independent variable to a linear combination of creation, anni-
hilation, and number operators on the corresponding interacting Fock
space.

The problem to extend the Accardi-Bo_zejko isomorphismto the case
of several variables has been recently solved by Accardi and Nahni [4]
and extendedto the in¯nite dimensionalcaseby Accardi, Kuo and Stan.
A new feature in the multi-mode caseis that not all interacting Fock
spacesare canonically isomorphic to spacesof orthogonal polynomials.
Those being so are characterized in terms of a sequenceof quadratic
commutation relationsamong¯nite dimensionalmatrices. Moreover, the
quantum decomposition of an arbitrary vector-valued random variable
with ¯nite moments of any order can be easilywritten down asa sum of
creation, annihilation, and number operators.

This result opens the way to the program of coding the whole in-
formation of a probability measureinto a set of as simple as possible
commutation relations in full analogy to what happens with the cod-
i¯cation of the properties of a Gaussianmeasureinto the Heisenberg
commutation relations plus the Fock property.

In this paper we begin to realizethis program by showing how some
properties of a probability measureon Rd are re°ected by the actions of
its creation, annihilation, and number operators.

2 Fundamen tal iden tities

Let d 2 N be ¯xed. Let ¹ be a probability measureon the Borel subsets
of Rd. Throughout this paper we ¯x the canonical basis in Rd and we
identify vectorsx = (x1; : : : ; xd) 2 Rd with orderedd{tuples of real num-
bers. However all the resultsbelow can be formulated in an intrinsic, i.e.
coordinate independent way and this will be discussedin a future paper.
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We assumethat ¹ has¯nite moments of all orders,i.e. for all 1 · p < 1
and j 2 f 1; 2; : : : ; dg,

R
Rd jx j jp¹ (dx) < 1 . We denotethe inner product

on L2(Rd; ¹ ) by h; i .
Let F0 = C¢1 be the complexmultiples of the constant function equal

to 1 in L 2(Rd; ¹ ), and for n ¸ 1 let Fn be the complex vector spaceof
all polynomial functions of variablesx1, x2, : : :, xd of degreelessthan or
equal to n . We have:

F0 ½ F1 ½ F2 ½ ¢¢¢½ Fn ½ ¢¢¢½ L 2(Rd; ¹ ):

Let G0 = C ¢1 and for n ¸ 1 let Gn be the orthogonal complement of
Fn¡ 1 in Fn . Notice that Fn¡ 1 and Fn are ¯nite dimensional (therefore
closed)subspacesof L 2(Rd; ¹ ). Then the Hilbert spacesGn ; n ¸ 0; are
orthogonal subspacesof L 2(Rd; ¹ ). Let H denote the orthogonal direct
sum of Gn ; n ¸ 0:

H =
M

n¸ 0

Gn (Hilb ert spacesense): (2.1)

For any j 2 f 1; 2; : : : ; dg, we denote by X j the multiplication by x j

operator. This operator is denselyde¯ned on H. Its domain contains
Fn , 8n ¸ 0, since¹ has¯nite moments of any order. Note that, for every
n ¸ 0, X j mapsFn into Fn+1 and is a symmetric operator.

Lemma 2.1 For any j 2 f 1; 2; : : : ; dg and n ¸ 0, we have

X j Gn ? Gk ; 8k 6= n ¡ 1; n; n + 1:

Proof. Let Á 2 Gn . Then X j Á 2 Fn+1 . HenceX j Á ? Gk for all k ¸ n+ 2.
On the other hand, for any Ã 2 Gk with k · n ¡ 2, we have X j Ã 2 Fn¡ 1

hence,by the symmetry of X j

hX j Á;Ãi = hÁ;X j Ãi = 0:

Thus X j Á ? Gk for all k · n ¡ 2.

For any n ¸ 0, let Pn denotethe orthogonalprojection of H onto Gn .

Theorem 2.2 (Recurrence relations) For any j 2 f 1; 2; : : : ; dg and n ¸
0 the following equality holds:

X j Pn = Pn+1 X j Pn + PnX j Pn + Pn¡ 1X j Pn ; (2.2)

where P¡ 1 = 0 by convention.
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Proof. Equation (2.2) is equivalent to

X j Á = Pn+1 X j Á+ PnX j Á+ Pn¡ 1X j Á; 8Á 2 Gn : (2.3)

Let Á 2 Gn . By Lemma 2.1, X j Á can be written as

X j Á = u + v + w; (2.4)

where u 2 Gn+1 , v 2 Gn , and w 2 Gn¡ 1. Apply Pn+1 to both sides
of Equation (2.4). Since Pn+1 u = u and Pn+1 v = Pn+1 w = 0, we get
u = Pn+1 X j Á. Similarly, we can apply Pn and Pn¡ 1 to both sidesof
Equation (2.4) to get v = PnX j Á and w = Pn¡ 1X j Á. Thus Equation
(2.3) is proved.

Now for each j 2 f 1; 2; : : : ; dg and n ¸ 0 we de¯ne the following
operators:

D +
n (j ) = Pn+1 X j Pn : Gn ¡ ! Gn+1 ; (2.5)

D 0
n (j ) = PnX j Pn : Gn ¡ ! Gn ; (2.6)

D ¡
n (j ) = Pn¡ 1X j Pn : Gn ¡ ! Gn¡ 1: (2.7)

We de¯ne F¡ 1 and G¡ 1 to be the null spacef 0g.

Theorem 2.3 For any i; j 2 f 1; 2; : : : ; dg and n ¸ 0 the following iden-
tities hold:

² D +
n+1 (i )D +

n (j ) = D +
n+1 (j )D +

n (i ); (2.8)

² D 0
n+1 (i )D +

n (j ) + D +
n (i )D 0

n (j )

= D 0
n+1 (j )D +

n (i ) + D +
n (j )D 0

n(i ); (2.9)

² D ¡
n+1 (i )D +

n (j ) + D 0
n (i )D 0

n (j ) + D +
n¡ 1(i )D ¡

n (j )

= D ¡
n+1 (j )D +

n (i ) + D 0
n (j )D 0

n(i ) + D +
n¡ 1(j )D ¡

n (i ): (2.10)

Proof. Apply Pn+2 X i to both sidesof Equation (2.2) to get

Pn+2 X i X j Pn = Pn+2 X i Pn+1 X j Pn + Pn+2 X i PnX j Pn

+ Pn+2 X i Pn¡ 1X j Pn :

Observe that

Pn+2 X i Pn+1 X j Pn = D +
n+1 (i )D +

n (j );

Pn+2 X i PnX j Pn = Pn+2 X i Pn¡ 1X j Pn = 0:
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Therefore,we obtain the equality:

Pn+2 X i X j Pn = D +
n+1 (i )D +

n (j ): (2.11)

Interchangethe role of i and j to get

Pn+2 X j X i Pn = D +
n+1 (j )D +

n (i ): (2.12)

SincePn+2 X i X j Pn = Pn+2 X j X i Pn , Equations(2.11) and (2.12) yield the
identit y in Equation (2.8).

Similarly, apply Pn+1 X i to both sidesof Equation (2.2) to get

Pn+1 X i X j Pn = Pn+1 X i Pn+1 X j Pn + Pn+1 X i PnX j Pn

+ Pn+1 X i Pn¡ 1X j Pn :

Observe that

Pn+1 X i Pn+1 X j Pn = D 0
n+1 (i )D +

n (j );

Pn+1 X i PnX j Pn = D +
n (i )D 0

n(j )

Pn+1 X i Pn¡ 1X j Pn = 0:

Therefore,we obtain the equality:

Pn+1 X i X j Pn = D 0
n+1 (i )D +

n (j ) + D +
n (i )D 0

n (j ):

Interchangethe role of i and j . SincePn+1 X i X j Pn = Pn+1 X j X i Pn , we
obtain the identit y in Equation (2.9).

Finally, apply PnX i to both sidesof Equation (2.2) and interchange
the role of i and j to obtain the identit y in Equation (2.10).

Prop osition 2.4 For any j 2 f 1; 2; : : : ; dg and n ¸ 0 the operators
D +

n (j ), D 0
n (j ), and D ¡

n (j ) satisfy the identities:

(D +
n (j ))¤ = D ¡

n+1 (j ); (D 0
n (j ))¤ = D 0

n (j ):

Proof. SinceX ¤
j = X j we have the equalities

(D +
n (j ))¤ = (Pn+1 X j Pn )¤ = PnX j Pn+1 = D ¡

n+1 (j );

(D 0
n (j ))¤ = (PnX j Pn )¤ = PnX j Pn = D 0

n (j );

which prove the proposition.

5



For each j 2 f 1; 2; : : : ; dg, we de¯ne the denselyde¯ned linear oper-
ators a+ (j ), a0(j ), and a¡ (j ), on H, by

a+ (j )jGn = D +
n (j ); a0(j )jGn = D 0

n (j ); a¡ (j )jGn = D ¡
n (j ); (2.13)

for all n ¸ 0.
Equation (2.2) becomesnow:

X j = a+ (j ) + a0(j ) + a¡ (j ); 8j 2 f 1; 2; : : : ; dg: (2.14)

Theorem 2.5 If ¹ is any probability measure on Rd having ¯nite mo-
ments of any orders, then 8i; j 2 f 1; 2; : : : ; dg

a¡ (i )a¡ (j ) = a¡ (j )a¡ (i ) ; a+ (i )a+ (j ) = a+ (j )a+ (i ): (2.15)

Proof. The equality a+ (i )a+ (j ) = a+ (j )a+ (i ) is a restatement of Equa-
tion (2.8). Taking the adjoint in both sidesof this relation we obtain
a¡ (j )a¡ (i ) = a¡ (i )a¡ (j ).

For all j 2 f 1; 2; : : : ; dg and n ¸ 1, we have a¡ (j ) : Gn ! Gn¡ 1. The
constant polynomial 1 is called the vacuumvector. We have a¡ (j )1 = 0,
8j 2 f 1; 2; : : : ; dg.

Lemma 2.6 Let j 2 f 1; 2; : : : ; dg. We havea0(j )1 = 0 if and only if

hx j i :=
Z

Rd
x j ¹ (dx) = 0: (2.16)

Proof. We have

D 0
0(j )1 = P0X j P01 = hx j ; 1i 1 =

µ Z

Rd
x j ¹ (dx)

¶

1:

Thus a0(j )1 = 0 if and only if
R

Rd x j ¹ (dx) = 0.

3 Polynomially symmetric measures

For any monomialx i 1
1 x i 2

2 : : : x i d
d , we de¯ne its degreeto be i 1 + i 2 + : : :+ i d.

De¯nition 3.1 A measure ¹ on Rd is called polynomially symmetric if
all of its mixed moments of odd order vanish, i.e. for all monomials
x i 1

1 x i 2
2 : : : x i d

d of odd degrees, we have
R

Rd x i 1
1 x i 2

2 : : : x i d
d ¹ (dx) = 0.

6



De¯nition 3.2 A measure ¹ on Rd is called symmetric if for any Borel
subsetA of Rd we have¹ (A) = ¹ (¡ A), where ¡ A := f¡ x j x 2 Ag.

Observe that if ¹ is symmetric, then ¹ is alsopolynomially symmet-
ric. The converseis not true. In Example 1 from Section5 we present a
polynomially symmetric measurethat is not symmetric.

Let P be the setof all polynomialsin the variablesx1, x2, : : :, xd. Let
Weven be the vector subspaceof P spannedby the set of all monomials
of even degreeand Wodd the vector subspaceof P spannedby the set of
all monomialsof odd degrees.

Let us assumethat ¹ is polynomially symmetric. If f 2 Weven
and g 2 Wodd, then, since ¹ is polynomially symmetric, E[f ¹g] = 0,
where E denotesthe expectation with respect to ¹ , i.e. the polynomi-
als f and g are orthogonal. Thus Weven ? Wodd. We may apply the
Grahm{Schmidt orthogonalization procedure¯rst to Weven and obtain
a complete orthonormal set S1 for Weven. After this we may apply
the Grahm{Schmidt orthogonalization procedureto Wodd and obtain a
completeorthonormal set S2 for Wodd. SinceS1 ½ Weven, S2 ½ Wodd,
and Weven ? Wodd, we have S1 ? S2. Thus S := S1 [ S2 is a complete
orthonormal set for the spaceP of all polynomial functions. Using this
complete orthonormal set S for P, we can seethat all polynomials in
Gn , when n is even, are linear combinations of monomials of even de-
gree. When n is odd all polynomials in Gn are linear combinations of
monomialsof odd degree.

Theorem 3.3 If ¹ is a probability measure on Rd, having¯nite moments
of all orders, then ¹ is polynomially symmetric if and only if for all
j 2 f 1; 2; : : : ; dg,

X j = a+ (j ) + a¡ (j ):

This means that for all j 2 f 1; 2; : : : ; dg, a0(j ) = 0.

Proof. () ) Let us assumethat ¹ is polynomially symmetric. Let j 2
f 1; 2; : : : ; dg. To show that a0(j ) = 0, we must prove that for any n ¸ 0,
PnX j Pn = 0. To prove this, we will show that for any polynomialsf and
g, we have hPnX j Pn f ; gi = 0.
Let n ¸ 0 be ¯xed. Let f and g be two polynomials. SincePn f 2 Gn

and Png 2 Gn , Pn f and Png are linear combinations of monomialsthat
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are either all of even degreeif n is even or all of odd degreeif n is odd.
We have:

hPnX j Pn f ; gi = hX j Pn f ; Pngi

= E[X j (Pn f )Png]

= E
h
(x j

X
ak1 :::kd xk1

1 : : : xkd
d )(

X
bl1 :::ld x l1

1 : : : x ld
d )

i

= E
hX

ak1 :::kd bl1 :::ld xk1+ l1
1 : : : xk j + l j +1

j : : : xkd + ld
d

i

=
X

ak1 :::kd bl1 :::ld E
h
xk1+ l1

1 : : : xk j + l j +1
j : : : xkd + ld

d

i
:

Observe that:

(k1 + l1) + : : : + (k1 + l1 + 1) + : : : + (kd + ld)

= (k1 + : : : + kd) + (l1 + : : : + ld) + 1

´ n(mod 2) + n(mod 2) + 1(mod 2)

´ (2n + 1)(mod 2)

´ 1(mod 2):

Since¹ is polynomially symmetric, we have:

E[xk1+ l1
1 : : : xk j + l j +1

j : : : xkd + ld
d ] = 0:

(( ) Let ¹ be a probability measureon Rd having ¯nite moments of all
orders,such that for all 1 · j · d, a0(j ) = 0. We will prove by induction
on k that for all monomialsm(x) = x i 1

1 x i 2
2 : : : x i d

d , of degree2k + 1, we
have

R
Rd m(x)¹ (dx) = 0.

For k = 0, the only monomials having degree1 are mj (x) = x j , for
1 · j · d. Since a0(j )1 = 0, it follows that P0X j 1 = 0. Since P0

is the projection on the 1-dimensionalvector spaceC for which 1 is an
orthonormal basis, we have P0X j 1 = hx j ; 1i 1. Thus hx j ; 1i = 0, which
means

R
Rd x j ¹ (dx) = 0, for all 1 · j · d.

Let us assumenow that the expectation of all monomialsof odd degree
less than or equal to 2k ¡ 1 is zero, where k ¸ 1. We want to prove
that the expectation of all monomialsof degree2k + 1 is 0. Let m(x) =
x i 1

1 x i 2
2 : : : x i d

d be a monomial such that i 1 + i 2 + : : : + i d = 2k + 1. Let
us a choosea number j 2 f 1; 2; : : : ; dg such that i j > 0. We can write
m(x) = x j q(x)r (x), whereq(x) and r (x) are monomialsof degreeequal
to k. Let F e

k be the vector spacespannedby the monomials of even
degreelessthan or equal to k. Let F o

k be the vector spacespannedby
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the monomialsof odd degreelessthan or equal to k. According to our
induction hypothesisF e

k and F o
k are orthogonal subspacesof L 2(Rd; ¹ ).

Thus if we choosean orthonormal basisf ei gi 2 I of F e
k and an orthonormal

basisf f j gj 2 J of F o
k , then f ei gi 2 I [ f f j gj 2 J is an orthonormal basisof the

spaceFk of all polynomials of degreeless than or equal to k. Using
this particular basis for Fk , according to our induction hypothesis, we
can seethat: Pkq(x) = q(x) ¡ uk¡ 2(x) ¡ uk¡ 4(x) ¡ : : : and Pkr (x) =
r (x) ¡ vk¡ 2(x) ¡ vk¡ 4(x) ¡ : : :, where ui and vi are linear combinations
of monomialsof the samedegreei .
Sincea0(j ) = 0, we have PkX j Pkq(x) = 0. Thus we obtain:

0

= hPkX j Pkq(x); r (x)i

= hX j Pkq(x); Pkr (x)i

= hx j (q(x) ¡ uk¡ 2(x) ¡ uk¡ 4(x) ¡ : : :); r (x) ¡ vk¡ 2(x) ¡ vk¡ 4(x) ¡ : : :i

= hx j q(x); r (x)i ¡
X

E[w(x)];

where all the w(x) are monomials of odd degreeless than or equal to
2k ¡ 1. By the induction hypothesisE[w(x)] = 0. From the last equality
we obtain hx j q(x); r (x)i = 0. This meansE[m(x)] = 0.
Thus we have proved by induction that the expectation of all monomials
of odd degreeis zero. Hence¹ is polynomially symmetric.

De¯nition 3.4 Let ¹ be a probability measure on Rd and c 2 Rd. We
say that ¹ is polynomially symmetric about c, if for any monomial m(x)
of odd degree, we have:

Z

Rd
m(x ¡ c)¹ (dx) = 0:

Let us observe that if ¹ is a polynomially symmetric probability mea-
sureon Rd, then for any c = (c1; c2; : : : ; cd) 2 Rd, the probability measure
¹ c, de¯ned by ¹ c(B ) := ¹ (B ¡ c), where B is a Borel subsetof Rd and
B ¡ c := f x ¡ c j x 2 Bg, is polynomially symmetric about c. We do the
sameconstruction for ¹ c that we did for ¹ , and call the corresponding
spaces eGn , n ¸ 0, and the corresponding operators ePn , n ¸ 0, ea¡ , ea0,
and ea+ . Sincefor any integrable function f with respect to ¹ , we have
R

R f (x)¹ (dx) =
R

R f (x ¡ c)¹ c(dx), we can seethat a polynomial Q(x) be-
longsto Gn if and only if Q(x ¡ c) belongsto eGn . Moreover, f ei (x)gi 2 I is
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an orthonormal basisfor Gn if and only if f ei (x ¡ c)gi 2 I is an orthonor-
mal basis for eGn . Since PnX j Pn = 0, 81 · j · d, we conclude that
ePn (X j ¡ cj ) ePn = 0, 81 · j · d. Thus, for all n ¸ 0, we have:

ea0(j )jGn = ePnX j
ePn

= ePn (X j ¡ cj ) ePn + cj
ePn

= cj
ePn :

Henceea0(j ) = cj I . Therefore,we obtain the following:

Theorem 3.5 If ¹ is a probability measure on Rd, having ¯nite mo-
ments of all orders, then ¹ is polynomially symmetric about the point
c = (c1; c2; : : : ; cd) 2 Rd if and only if for all j 2 f 1; 2; : : : ; dg, we have:

a0(j ) = cj I : (3.1)

4 Polynomially factorizable measures

De¯nition 4.1 If ¹ is a probability measure on the Borel subsetsof Rd,
having ¯nite momentsof any order, then we say that ¹ is polynomially
factorizable if for any non-negative integers i 1, i 2, : : :, i d we have:

E[x i 1
1 x i 2

2 : : : x i d
d ] = E[x i 1

1 ]E [x i 2
2 ] : : : E [x i d

d ]:

In the above de¯nition E denotesthe expectation with respect to ¹ .

Observethat if ¹ is polynomially factorizable,then for any polynomial
functions f 1(x1), f 2(x2), . . . , f d(xd), we have:

E[f 1(x1)f 2(x2) : : : f d(xd)] = E[f 1(x1)]E [f 2(x2)] : : : E [f d(xd)]:

If there exist d probability measures¹ 1, ¹ 2, : : :, ¹ d on R, such that
for all B1, B2, : : :, Bd Borel subsetsof R,

¹ (B1 £ B2 £ : : : £ Bd) = ¹ 1(B1)¹ 2(B2) : : : ¹ d(Bd);

then ¹ is polynomially factorizable. The converseis not true. In Example
2 from Section5 we present a polynomially factorizable measurethat is
not a product measure.

Let ¹ be a polynomially factorizablemeasureon the Borel subsetsof
Rd. For any i 2 f 1; 2; : : : ; dg, let H i be the closureof the spacePi , of
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all polynomial functions of the variable x i , in the spaceL 2(Rd; ¹ ). Every
function in Pi is a polynomial function depending only on the variable
x i . Let H be the closure of the spaceP, of all polynomial functions
of d variables: x1, x2, : : :, xd, in the spaceL 2(Rd; ¹ ). The multilinear
function T : P1 £ P2 £ : : : £ Pd ! P, de¯ned by T(f 1; f 2; : : : ; f d) = f ,
where f (x1; x2; : : : ; xd) = f 1(x1)f 2(x2) : : : f d(xd), generatesa linear map
U betweenthe algebraictensorproduct P1 ­ P2 ­ : : : ­ Pd and the space
P. Because¹ is polynomially factorizable,U preservesthe inner product.
Indeed, for any f 1, g1 2 P1, f 2, g2 2 P2, : : :, f d, gd 2 Pd, we have:

hU(f 1 ­ f 2 ­ : : : ­ f d); U(g1 ­ g2 ­ : : : ­ gd)i

= hf 1(x1)f 2(x2) : : : f d(xd); g1(x1)g2(x2) : : : gd(xd)i

= E [f 1(x1)¹g1(x1)f 2(x2)¹g2(x2) : : : f d(xd)¹gd(xd)]

= E [f 1(x1)¹g1(x1)] E [f 2(x2)¹g2(x2)] : : : E [f d(xd)¹gd(xd)]

= hf 1; g1ihf 2; g2i : : : hf d; gdi

= hf 1 ­ f 2 ­ : : : ­ f d; g1 ­ g2 ­ : : : ­ gdi :

U is onto sinceany monomialbelongsto its range. SinceP1­ P2­ : : :­ Pd

is densein the Hilbert spaceH 1 ­ H 2 ­ : : : ­ H d and P is densein H ,
the operator U can be uniquely extendedto a unitary operator eU from
H 1 ­ H 2 ­ : : : ­ H d onto H. Thus we may identify the Hilbert spaces
H 1 ­ H 2 ­ : : : ­ H d and H.

For any i 2 f 1; 2; : : : ; dg and k a non-negative integer, let F (i )
k be the

vector spacespannedby the polynomial functions 1, x i , x2
i , : : :, xk

i . Let
G(i )

k be the orthogonal complement of F (i )
k¡ 1 into F (i )

k , whereF (i )
¡ 1 := f 0g.

To compute this orthogonal complement we considerF (i )
k¡ 1 and F (i )

k as
being subspacesof the Hilbert spaceH i . We denoteby P (i )

k the projec-
tion operator from H i onto G(i )

k and by X (i )
i the denselyde¯ned operator

on H i given by the multiplication by the polynomial function x i .

For any i 2 f 1; 2; : : : ; dg and n a non-negative integer, we de¯ne the
operators D ¡

n;i , D 0
n;i , and D +

n;i , from H i into H i , in the following way:

D ¡
n;i = P (i )

n¡ 1X (i )
i P (i )

n , D 0
n;i = P (i )

n X (i )
i P (i )

n , and D +
n;i = P (i )

n+1 X (i )
i P (i )

n .

Lemma 4.2 Let ¹ be a polynomially factorizableprobability measure on
the Borel subsetsof Rd. If we identify the space H with the space H 1 ­
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H 2 ­ : : : ­ H d, then, for any n ¸ 0, we have:

Pn =
X

i 1+ i 2+ :::+ i d = n

P (1)
i 1

­ P (2)
i 2

­ : : : ­ P (d)
i d

: (4.1)

In the abovesum all the indices i j are considered to be non-negative.

Proof. Sincethe tensor product of orthogonal projections is an orthog-
onal projection, it follows that each term P (1)

i 1
­ P (2)

i 2
­ : : : ­ P (d)

i d
is an

orthogonal projection. If i j 6= kj , then P (j )
i j

P (j )
k j

= 0 and thus the terms
in the sumfrom the right-hand sideof (4.1) areorthogonal (i.e. the com-
position of any two di®erent terms is zero). Thus the right-hand side of
(4.1) is an orthogonal projection. If P and Q are two orthogonal projec-
tions of the sameHilbert spaceH , then we say that P ¸ Q if the range
of P contains the rangeof Q. If i 1 + i 2 + : : : + i d = n and f (x) 2 Fn¡ 1,
then f (x) =

P
aj 1 ;j 2 ;:::;j d x j 1

1 x j 2
2 : : : x j d

d with j 1 + j 2 + : : : + j d · n ¡ 1.
Thus there existsk 2 f 1, 2, : : :, dg such that i k > j k and soP (1)

i 1
­ : : : ­

P (d)
i d

(x j 1
1 : : : x j d

d ) = 0. HenceP (1)
i 1

­ : : :­ P (d)
i d

f (x) = 0. Thereforethe range
of P (1)

i 1
­ : : : ­ P (d)

i d
is orthogonal to the spaceFn¡ 1. It is obvious that the

rangeof P (1)
i 1

­ : : : ­ P (d)
i d

is contained in Fn . Thus Pn ¸ P (1)
i 1

­ : : : ­ P (d)
i d

.
Therefore Pn ¸ Qn , where Qn denotesthe right-hand side of (4.1). If
i 1 + : : : + i d = n then P (1)

i 1
­ : : : ­ P (d)

i d
(x i 1

1 : : : x i d
d ) = x i 1

1 : : : x i d
d . Therefore

the rangeof the right hand sideof (4.1) contains all monomialsof degree
n. HenceQn ¸ Pn . Thus Pn = Qn .

Let ¹ be a polynomially factorizable measureon Rd. If we identify
the spaceH with the spaceH 1 ­ H 2 ­ : : : ­ H d, then, for any 1 · j · d,
we have the operatorial relation:

X j = I 1 ­ : : : ­ I j ¡ 1 ­ X (j )
j ­ I j +1 ­ : : : ­ I d; (4.2)

whereI k is the identit y operator of the spaceH k , for any k 6= j .

Theorem 4.3 Let ¹ be a polynomially factorizable measure on Rd. If
we identify the space H with the space H 1 ­ H 2 ­ : : : ­ H d, then for all
1 · j · d and n ¸ 0 the following three operatorial relations hold:

D ¡
n (j ) =

X

i 1+ :::+ i d = n

P (1)
i 1

­ : : : ­ P (j ¡ 1)
i j ¡ 1

­ D ¡
i j ;j ­ P (j +1)

i j +1
­ : : : ­ P (d)

i d
;

D 0
n (j ) =

X

i 1+ :::+ i d = n

P (1)
i 1

­ : : : ­ P (j ¡ 1)
i j ¡ 1

­ D 0
i j ;j ­ P (j +1)

i j +1
­ : : : ­ P (d)

i d
;

D +
n (j ) =

X

i 1+ :::+ i d = n

P (1)
i 1

­ : : : ­ P (j ¡ 1)
i j ¡ 1

­ D +
i j ;j ­ P (j +1)

i j +1
­ : : : ­ P (d)

i d
:

12



Proof. We will check only the ¯rst relation. The other two will be proved
similarly. We have:

D ¡
n (j )

= Pn¡ 1X j Pn

= Pn¡ 1

³
I 1 ­ : : : ­ X (j )

j ­ : : : ­ I d

´

X

i 1+ :::+ i d = n

P (1)
i 1

­ : : : ­ P (j )
i j

­ : : : ­ P (d)
i d

= Pn¡ 1

X

i 1+ :::+ i d = n

³
I 1P (1)

i 1

´
­ : : : ­

³
X (j )

j P (j )
i j

´
­ : : : ­

³
I dP (d)

i d

´

=
X

k1+ :::+ kd = n¡ 1

P (1)
k1

­ : : : ­ P (j )
k j

­ : : : ­ P (d)
kd

X

i 1+ :::+ i d = n

P (1)
i 1

­ : : : ­
³
X (j )

j P (j )
i j

´
­ : : : ­ P (d)

i d

=
X

k1+ :::+ kd = n¡ 1

X

i 1+ :::+ i d = n

h³
P (1)

k1
P (1)

i 1

´
­ : : : ­

³
P (j )

k j
X (j )

j P (j )
i j

´

­ : : : ­
³
P (d)

kd
P (d)

i d

´i
:

Observe that if
³
P (1)

k1
P (1)

i 1

´
­ : : : ­

³
P (j )

k j
X (j )

j P (j )
i j

´
­ : : : ­

³
P (d)

kd
P (d)

i d

´
6= 0;

then i 1 = k1, : : :, i j ¡ 1 = kj ¡ 1, i j +1 = kj +1 , : : :, i d = kd. Sincei 1+ : : :+ i d =
n and k1 + : : : + kd = n ¡ 1, it follows that i j = kj + 1. Thus we obtain:

D ¡
n (j ) =

X

i 1+ :::+ i d = n

P (1)
i 1

­ : : : ­
³
P (j )

i j ¡ 1X (j )
j P (j )

i j

´
­ : : : ­ P (d)

i d

=
X

i 1+ :::+ i d = n

P (1)
i 1

­ : : : ­ D ¡
i j ;j ­ : : : ­ P (d)

i d
:

Theorem 4.4 Let ¹ be a polynomially factorizableprobability measure
on the Borel subsetsof Rd. Then, for all j 6= k, we have:

a¡ (j )a+ (k) = a+ (k)a¡ (j ); (4.3)

a0(j )a+ (k) = a+ (k)a0(j ); (4.4)

a0(j )a¡ (k) = a¡ (k)a0(j ): (4.5)

13



Proof. To check the commutation relation a¡ (j )a+ (k) = a+ (k)a¡ (j ), we
needto check that for all n ¸ 0, wehaveD ¡

n+1 (j )D +
n (k) = D +

n¡ 1(k)D ¡
n (j ).

Let us assumethat j < k. The casej > k can be treated similarly or by
duality. From the previoustheoremwe know that:

D ¡
n+1 (j )D +

n (k)

=
X

r 1+ :::+ r d = n+1

P (1)
r 1

­ : : : ­ P (j ¡ 1)
r j ¡ 1

­ D ¡
r j ;j ­ P (j +1)

r j +1
­ : : : ­ P (d)

r d

X

s1+ :::+ sd = n
P (1)

s1
­ : : : ­ P (k¡ 1)

sk ¡ 1
­ D +

sk ;k ­ P (k+1)
sk +1

­ : : : ­ P (d)
sd

=
X

r 1+ :::+ r d = n+1

X

s1+ :::+ sd = n

h³
P (1)

r 1
P (1)

s1

´
­ : : : ­

³
D ¡

r j ;j P
(j )
sj

´

­ : : : ­
³
P (k)

r k
D +

sk ;k

´
­ : : : ­

³
P (d)

r d
P (d)

sd

´i
:

To have P (l )
r l

P (l )
sl

6= 0, for all l 2 f 1; : : : ; dg n f j ; kg, we must have r l = sl ,
for all l 2 f 1; : : : ; dg n f j ; kg.
Since D ¡

r j ;j P
(j )
sj

= P (j )
r j ¡ 1X (j )

j P (j )
r j

P (j )
sj

, if D ¡
r j ;j P

(j )
sj

6= 0, then r j = sj . If
r j = sj , then D ¡

r j ;j P
(j )
sj

= D ¡
sj ;j .

SinceP (k)
r k

D +
sk ;k = P (k)

r k
P (k)

sk +1 X (k)
k P (k)

sk
, if P (k)

r k
D +

sk ;k 6= 0, then r k = sk + 1.
If r k = sk + 1, then P (k)

r k
D +

sk ;k = D +
sk ;k .

Thus we obtain:

D ¡
n+1 (j )D +

n (k)

=
X

s1+ :::+ sd = n
P (1)

s1
­ : : : ­ D ¡

sj ;j ­ : : : ­ D +
sk ;k ­ : : : ­ P (d)

sd
:

In the sameway, we can show that:

D +
n¡ 1(k)D ¡

n (j )

=
X

s1+ :::+ sd = n
P (1)

s1
­ : : : ­ D ¡

sj ;j ­ : : : ­ D +
sk ;k ­ : : : ­ P (d)

sd
:

Thus D ¡
n+1 (j )D +

n (k) = D +
n¡ 1(k)D ¡

n (j ).
The commutation relationships(4.4) and (4.5) are proved similarly.

Prop osition 4.5 If ¹ is a probability measure on Rd such that for any
j 6= k, the operators a¡ (j ) and a+ (k) commute, then for any j , k 2
f 1; 2; : : : ; dg we have:

a0(j )a0(k) = a0(k)a0(j ): (4.6)

14



Proof. Let j , k 2 f 1; 2; : : : ; dg be ¯xed.
If j = k, then it is obvious that a0(j ) and a0(k) commute.
If j 6= k, then, accordingto Equation (2.10), for any n ¸ 0, we have:

D ¡
n+1 (j )D +

n (k) + D 0
n (j )D 0

n (k) + D +
n¡ 1(j )D ¡

n (k)

= D ¡
n+1 (k)D +

n (j ) + D 0
n (k)D 0

n (j ) + D +
n¡ 1(k)D ¡

n (j ):

Sincea¡ (j )a+ (k) = a+ (k)a¡ (j ) it follows that

D ¡
n+1 (j )D +

n (k) = D +
n¡ 1(k)D ¡

n (j ):

Sincea+ (j )a¡ (k) = a¡ (k)a+ (j ) it follows that

D +
n¡ 1(j )D ¡

n (k) = D ¡
n+1 (k)D +

n (j ):

Thus we obtain
D 0

n (j )D 0
n (k) = D 0

n (k)D 0
n (j ):

Sincethis is true for all n ¸ 1, we obtain a0(j )a0(k) = a0(k)a0(j ).

Prop osition 4.6 Let ¹ be a probability measure on Rd having¯nite mo-
ments of any order. Let j , k 2 f 1; 2; : : : ; dg. Then the following two
statementsare equivalent:

1. a0(j )a+ (k) = a+ (k)a0(j ) and a0(j )a0(k) = a0(k)a0(j ).

2. a0(j )X k = X ka0(j ).

Proof. (1: ) 2:) Let us assumethat a0(j )a+ (k) = a+ (k)a0(j ) and
a0(j )a0(k) = a0(k)a0(j ). Taking the adjoints in both sidesof the ¯rst
equality we obtain a¡ (k)a0(j ) = a0(j )a¡ (k). Thus:

a0(j )X k = a0(j )[a+ (k) + a0(k) + a¡ (k)]

= a0(j )a+ (k) + a0(j )a0(k) + a0(j )a¡ (k)

= a+ (k)a0(j ) + a0(k)a0(j ) + a¡ (k)a0(j )

= [a+ (k) + a0(k) + a¡ (k)]a0(j )

= X ka0(j ):

(2: ) 1:) Let us assumenow that a0(j )X k = X ka0(j ). Let n ¸ 0 be
¯xed. For any ' 2 Gn we have a0(j )X k ' = X ka0(j )' . This means

a0(j )a+ (k)' + a0(j )a0(k)' + a0(j )a¡ (k)'

= a+ (k)a0(j )' + a0(k)a0(j )' + a¡ (k)a0(j )':
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Sincea0(j )a+ (k)' 2 Gn+1 and a+ (k)a0(j )' 2 Gn+1 , a0(j )a0(k)' 2 Gn

and a0(k)a0(j )' 2 Gn , and a0(j )a¡ (k)' 2 Gn¡ 1 and a¡ (k)a0(j )' 2
Gn¡ 1, and the spacesGn+1 , Gn , and Gn¡ 1 are orthogonal, we obtain:
a0(j )a+ (k) = a+ (k)a0(j ), a0(j )a0(k) = a0(k)a0(j ), and a0(j )a¡ (k) =
a¡ (k)a0(j ).

Combining Theorem 4.4, Proposition 4.5, and Theorem 2.5 we obtain
the following:

Corollary 4.7 Let ¹ be a polynomially factorizableprobability measure
on the Borel subsetsof Rd. If j , k 2 f 1; 2; : : : ; dg and j 6= k, then for
any Y 2 f a¡ (j ); a0(j ); a+ (j )g and Z 2 f a¡ (k); a0(k); a+ (k)g, we have:

YZ = ZY:

Theorem 4.8 If ¹ is a polynomially factorizableprobability measure on
the Borel subsetsof Rd, then for all i , j , k 2 f 1; 2; : : : ; dg, we have:

h
a0(i ); [a¡ (j ); a+ (k)]

i
= 0: (4.7)

Proof. We analyzethree cases:

CaseI. If j 6= k, then Theorem 4.4 implies [a¡ (j ); a+ (k)] = 0. Thus
[a0(i ); [a¡ (j ); a+ (k)]] = 0.

CaseII. If j = k and i 6= j , then according to Theorem 4.4, a0(i )
commutes with both operators a¡ (j ) and a+ (j ). Thus a0(i ) commutes
with the commutator of a¡ (j ) and a+ (j ).

CaseII I. If i = j = k, then accordingto Theorem4.3, for any n ¸ 0,
we have:

a0(j )[a¡ (j ); a+ (j )]jGn

=
X

l1+ :::+ ld = n

P (1)
l1 ­ : : : ­ D 0

l j ;j

³
D ¡

l j +1 ;j D
+
l j ;j ¡ D +

l j ¡ 1;j D
¡
l j ;j

´
­ : : : ­ P (d)

ld :

We alsohave:

[a¡ (j ); a+ (j )]a0(j ) jGn

=
X

l1+ :::+ ld = n

P (1)
l1 ­ : : : ­

³
D ¡

l j +1 ;j D
+
l j ;j ¡ D +

l j ¡ 1;j D
¡
l j ;j

´
D 0

l j ;j ­ : : : ­ P (d)
ld :

16



D 0
l j ;j and D ¡

l j +1 ;j D
+
l j ;j ¡ D +

l j ¡ 1;j D
¡
l j ;j are linear operatorsfrom the space

G(j )
n into itself. Sincethe vector spaceG(j )

n hasdimensionat most 1, any
two linear operators from G(j )

n into G(j )
n commute. Thus, we have:

D 0
l j ;j

³
D ¡

l j +1 ;j D
+
l j ;j ¡ D +

l j ¡ 1;j D
¡
l j ;j

´
=

³
D ¡

l j +1 ;j D
+
l j ;j ¡ D +

l j ¡ 1;j D
¡
l j ;j

´
D 0

l j ;j :

Therefore,we obtain:

a0(j )[a¡ (j ); a+ (j )]jGn = [a¡ (j ); a+ (j )]a0(j ) jGn ;

for all n ¸ 0. Thus [a0(j ); [a¡ (j ); a+ (j )]] = 0.

We prove now the converseof Theorem4.4.

Theorem 4.9 Let ¹ be a probability measure on the Borel subsetsof Rd

suchthat, for all j 6= k, we have:

a¡ (j )a+ (k) = a+ (k)a¡ (j );
a0(j )a+ (k) = a+ (k)a0(j ):

Then ¹ is polynomially factorizable.

Proof. Sincefor all j 6= k, a0(j )a+ (k) = a+ (k)a0(j ), taking the adjoints in
both sidesof this equation,weobtain: a¡ (k)a0(j ) = a0(j )a¡ (k). Because
for all j 6= k, the operators a¡ (j ) and a+ (k) commute, according to
Proposition 4.5, for any r , s 2 f 1; 2; : : : ; dg, the operatorsa0(r ) and a0(s)
commute, too. Using Theorem 2.5, we concludethat, for all j 6= k, any
operator from the set f a¡ (j ); a0(j ); a+ (j )g commutes with any operator
from the set f a¡ (k); a0(k); a+ (k)g.
For any 1 · j · d and n ¸ 1, we de¯ne a j -word of length n, to be any
operator of the form w = a²1 (j )a²2 (j ) : : : a²n (j ), where ² i 2 f¡ ; 0; + g,
81 · i · n. The operatorsa²1 (j ), a²2 (j ), : : :, a²n (j ) are called the letters
of the word w.

The identit y operator I , of L 2(Rd; ¹ ), is consideredto be a j -word of
length 0, for any 1 · j · d.
Let m(x) = x i 1

1 x i 2
2 : : : x i d

d be a monomial. Let Á = 1 be the vacuumvector
(the constant polynomial function 1). We have

m(x)

= X i 1
1 X i 2

2 : : : X i d
d Á

= (a¡ (1) + a0(1) + a+ (1)) i 1 : : : (a¡ (d) + a0(d) + a+ (d)) i d Á

=
X ³

a²1
1 (1)a²1

2 (1) : : : a²1
i 1 (1)

´
: : :

µ

a²d
1 (d)a²d

2 (d) : : : a²d
i d (d)

¶

Á;
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where²s
r 2 f¡ ; 0; + g, for all 1 · s · d and 1 · r · i s. Thus

m(x) =
X

w1w2 : : : wdÁ;

wherewj is a j -word of length i j , 81 · j · d. According to our hypoth-
esis,if j 6= k, then any j -word commutes with any k-word.
Sincefor any 1 · j · d and any integer n, a¡ (j ) jFn : Fn ! Fn¡ 1, we say
that a¡ (j ) represents one step backward. Similarly we say that a+ (j )
represents onestep forward, while a0(j ) represents a neutral step. Thus
a¡ (j ) is consideredto be a negative letter, a+ (j ) a positive letter, and
a0(j ) a neutral letter. If n is a negative integer, then we declareFn to
be the null spacef 0g. We de¯ne the signum s(w) of a word w, to be the
number of positive letters of w minus the number of negative letters of
w. If w¤ denotesthe adjoint of w, then s(w¤) = ¡ s(w).

All the terms w1w2 : : : wdÁ, containing at least oneword wj 0 that has
more negative letters than positive letters, are equal to 0. Indeed, for
such a term,

w1w2 : : : wdÁ = w1 : : : wj 0 ¡ 1wj 0+1 : : : wd(wj 0 Á) = 0;

sincewj 0 Á = 0, becausewe start from the vacuum spaceand do more
stepsbackward than wedo forward. Thusm(x) =

P
w1w2 : : : wdÁ, where

each term contains only words having the number of negative letters less
than or equal to the number of positive letters. Hence:

E[m(x)] = hm(x); Ái

=
X

s(w1 )¸ 0;:::;s(wd )¸ 0

hw1 : : : wdÁ;Ái

=
X

s(w1 )¸ 0;:::;s(wd )¸ 0

hÁ;w¤
d : : : w¤

1Ái :

Observe that in the last sum all the terms, for which at least one of
the words f wj g1· j · d has a positive signum, are equal to zero. This is
true, becauseif there exists j 2 f 1; 2; : : : ; dg such that s(wj ) > 0, then
s(w¤

j ) < 0 and, it follows, as before, that w¤
d : : : w¤

1Á = 0. Thereforewe
have:

E[m(x)] =
X

s(w1 )=0 ;:::;s(wd )=0

hw1 : : : wdÁ;Ái :

Observe that, sinces(wd) = 0, wdÁ 2 F0, and thus wdÁ = P0(wdÁ) =
hwdÁ;Ái Á = E[wdÁ]Á. Applying wd¡ 1 to both sides of the equality:
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wdÁ = E[wdÁ]Á, we get wd¡ 1wdÁ = E[wdÁ]E[wd¡ 1Á]Á. Iterating this
processwe obtain ¯nally:

w1 : : : wdÁ = E[wdÁ] : : : E [w1Á]Á:

Thus we obtain:

E[m(x)] =
X

s(w1 )=0 ;s(w2 )=0 ;:::;s(wd )=0

hw1w2 : : : wdÁ;Ái

=
X

s(w1 )=0 ;s(w2 )=0 ;:::;s(wd )=0

hE[wdÁ]E[wd¡ 1Á] : : : E [w1Á]Á;Ái

=
X

s(w1 )=0 ;s(w2 )=0 ;:::;s(wd )=0

E[wdÁ]E[wd¡ 1Á] : : : E [w1Á]hÁ;Ái

=
X

s(w1 )=0 ;s(w2 )=0 ;:::;s(wd )=0

E[w1Á]E[w2Á] : : : E [wdÁ]

=
X

s(w1 )=0

E[w1Á]
X

s(w2 )=0

E[w2Á] : : :
X

s(wd )=0

E[wdÁ]:

Applying the last equality to the particular monomials m1(x) = x i 1
1 ,

m2(x) = x i 2
2 , : : :, md(x) = x i d

d , wecanseethat: E[x i 1
1 ] =

P
s(w1 )=0 E[w1Á],

E[x i 2
2 ] =

P
s(w2 )=0 E[w2Á], : : :, E [x i d

d ] =
P

s(wd )=0 E[wdÁ]. Thus:

E[m(x)] = E[x i 1
1 ]E [x i 2

2 ] : : : E [x i d
d ]:

Therefore¹ is polynomially factorizable.

From Proposition 4.6, Theorem 4.4, and Theorem 4.9 we obtain the
following:

Theorem 4.10 A probability measure ¹ on Rd, having ¯nite moments
of any order, is polynomially factorizable if and only if for all j ; k 2
f 1; 2; : : : ; dg, suchthat j 6= k, the commutators [a¡ (j ); a+ (k)] and
[a0(j ); X k ] are both equal to zero.

Corollary 4.11 A polynomially symmetricabout a point probability mea-
sure on Rd is polynomially factorizableif and only if for all j 6= k wehave
a¡ (j )a+ (k) = a+ (k)a¡ (j ).
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5 Examples

In this sectionwewill givean exampleof a polynomially symmetricprob-
abilit y measurethat is not symmetric and an exampleof a polynomially
factorizableprobability measurethat is not a product measure.

Let us considerthe following function, introducedby Stieltjes in [12]:
f : (0; 1 ) ! R, f (t) = t ¡ ln t sin(2¼ln t).

Claim: For all non-negative integer n, we have:
Z 1

0
tn f (t)dt = 0: (5.1)

We present below the proof of this claim asit appearsin [11]. Indeed,for
any non-negative integer n, making the changeof variable t = eu+ n +1

2 ,
we have:

Z 1

0
tn f (t)dt

=
Z 1

0
tn t ¡ ln t sin(2¼ln t)dt

=
Z

R
en(u+ n +1

2 )e¡ (u+ n +1
2 )2

sin
µ

2¼
µ

u +
n + 1

2

¶¶

eu+ n +1
2 du

= e( n +1
2 )2 Z

R
e¡ u2

[sin(2¼u) cos((n + 1)¼) + cos(2¼u) sin((n + 1)¼)] du

= (¡ 1)n+1 e( n +1
2 )2 Z

R
e¡ u2

sin(2¼u)du

= 0:

The last integral is zerosincethe integrand is an odd function.

Example 1. Let ¹ be the probability measureon R given by the
density function g : R ! [0; 1 ), de¯ned by:

g(x) =

8
><

>:

cf + (x) if x > 0
0 if x = 0

cf ¡ (¡ x) if x < 0;

where a+ = max(a;0), a¡ = ¡ min(a;0), 8a 2 R, and c is a positive
constant chosensuch that

R
R g(x)dx = 1.

It is easyto seethat ¹ has ¯nite moments of any order.
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Claim: ¹ is polynomially symmetric.
Indeed, if n is an odd natural number, then we have:

Z

R
xn ¹ (dx) =

Z

R
xng(x)dx

= c
Z 0

¡1
xn f ¡ (¡ x)dx + c

Z 1

0
xn f + (x)dx

= c
Z 1

0
(¡ t)n f ¡ (t)dt + c

Z 1

0
tn f + (t)dt

= ¡ c
Z 1

0
tn f ¡ (t)dt + c

Z 1

0
tn f + (t)dt

= c
Z 1

0
tn [f + (t) ¡ f ¡ (t)]dt

= c
Z 1

0
tn f (t)dt

= 0:

Claim: ¹ is not symmetric.
Indeed,for any interval [a;b] contained in the set: f x > 0 j f (x) > 0g we
have

Rb
a g(x)dx = c

Rb
a f + (x)dx > 0, but

R¡ a
¡ b g(x)dx = c

Rb
a f ¡ (x)dx = 0.

Thus ¹ ([a;b]) 6= ¹ ([¡ b;¡ a]).

Let f 1 : (0; 1 ) ! [0; 1 ), f 1(t) = t ¡ ln t [1 + sin(2¼ln t)] and f 2 :
(0; 1 ) ! [0; 1 ), f 2(t) = t ¡ ln t [1¡ sin(2¼ln t)]. Since,accordingto (5.1),
R1

0 tn t ¡ ln t sin(2¼ln t)dt = 0, for any non-negative integer n, we have:
Z 1

0
tn f 1(t)dt =

Z 1

0
tn f 2(t)dt; 8n 2 N [ f 0g: (5.2)

In particular for n = 0, let k :=
R1

0 f 1(t)dt =
R1

0 f 2(t)dt.

Example 2. Let ¹ be the probability measureon R2 given by the
density function h : R2 ! [0; 1 ), de¯ned by:

h(x; y) =

(
1
k

h
f 1(x) sin2 y + f 2(x) cos2 y

i
e¡ y if x > 0 and y > 0

0 otherwise:

For any non-negative integersm and n, we have:
Z

R2
xnym ¹ (dxdy)

=
1
k

Z 1

0
yme¡ y

·

sin2 y
Z 1

0
xn f 1(x)dx + cos2 y

Z 1

0
xn f 2(x)dx

¸

dy
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=
1
k

Z 1

0
yme¡ y

· Z 1

0
xn f 1(x)dx

¸

(sin2 y + cos2 y)dy

=
1
k

· Z 1

0
xn f 1(x)dx

¸ Z 1

0
yme¡ ydy:

Thus we obtain:
Z

R2
xnym ¹ (dxdy) =

1
k

· Z 1

0
xn f 1(x)dx

¸ Z 1

0
yme¡ ydy: (5.3)

In particular for m = n = 0, we obtain:
Z

R2
1¹ (dxdy) =

1
k

· Z 1

0
f 1(x)dx

¸ Z 1

0
e¡ ydy

=
1
k

¢k ¢1

= 1:

Hence¹ is a probability measureon R2.
Taking m = 0 in formula (5.3), we can seethat:

Z

R2
xn ¹ (dxdy) =

1
k

Z 1

0
xn f 1(x)dx

Z 1

0
e¡ ydy

=
1
k

Z 1

0
xn f 1(x)dx:

Hence:
Z

R2
xn ¹ (dxdy) =

1
k

Z 1

0
xn f 1(x)dx: (5.4)

Taking n = 0 in formula (5.3), we can seethat:

Z

R2
ym ¹ (dxdy) =

1
k

Z 1

0
f 1(x)dx

Z 1

0
yme¡ ydy

=
1
k

¢k ¢
Z 1

0
yme¡ ydy

=
Z 1

0
yme¡ ydy:

Hence:
Z

R2
ym ¹ (dxdy) =

Z 1

0
yme¡ ydy: (5.5)
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From formulae (5.3), (5.4), and (5.5), we can seethat:
Z

R2
xnym ¹ (dxdy) =

Z 1

0
xn ¹ (dxdy)

Z 1

0
ym ¹ (dxdy): (5.6)

Thus ¹ is polynomially factorizable.

Claim: ¹ is not a product measure.
Let us assumethat two probability measures,¹ 1 and ¹ 2, on R, exist,
such that for any two Borel subsetsB1 and B2 of R, we have ¹ (B1 £
B2) = ¹ 1(B1)¹ 2(B2). Since ¹ is absolutely continuous with respect to
the Lebesguemeasureon R2, it follows that ¹ 1 and ¹ 2 are absolutely
continuous with respect to the Lebesguemeasureon R. If u and v are
the density functions of ¹ 1 and ¹ 2, respectively, then we must have for
almost all (x; y) 2 R2, h(x; y) = u(x)v(y), which is impossible since
h(x; y) cannot be written as a function of x times a function of y.
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