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1 Intro duction

The notion of interacting Fock space(IFS) wasintroducedin [2] and ax-
iomatized in [3] whereit was conjecturedthat the categoryof IFS could
play for generalprobability measureghe samerole played by the usual
Fock spacefor the Gaussianmeasures.The rst con rmation of this con-
jecture camefrom the paper [1] of Accardi and Bozejko who showved that
the theory of one-male interacting Fock spaceds canonicallyisomorphic
to the theory of orthogonal polynomials in one variable. The isomor-
phismis canonicalin the sensehat it carriesthe multiplication operator
by the independent variable to a linear conbination of creation, anni-
hilation, and number operators on the correspnding interacting Fock
space.

The problem to extend the Accardi-Bozejko isomorphismto the case
of seweral variables has beenrecerily solved by Accardi and Nahni [4]
and extendedto the in nite dimensionalcaseby Accardi, Kuo and Stan.
A new feature in the multi-mode caseis that not all interacting Fock
spacesare canonically isomorphicto spacesof orthogonal polynomials.
Those being so are characterized in terms of a sequenceof quadratic
commutation relationsamong nite dimensionalmatrices. Moreover, the
guantum decompsition of an arbitrary vector-valued random variable
with “nite momerts of any order can be easily written down asa sum of
creation, annihilation, and number operators.

This result opensthe way to the program of coding the whole in-
formation of a probability measureinto a set of as simple as possible
commnutation relations in full analogy to what happens with the cod-
i cation of the properties of a Gaussianmeasureinto the Heiserberg
commutation relations plus the Fock property.

In this paper we beginto realizethis program by shonving how some
properties of a probability measureon RY are re°ected by the actions of
its creation, annihilation, and number operators.

2 Fundamen tal identities

Let d2 N be xed. Let! be a probability measureon the Borel subsets
of RY. Throughout this paper we x the canonical basisin RY and we

bers. Howewer all the results below can be formulated in an intrinsic, i.e.
coordinate independernt way and this will be discussedn a future paper.
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We assumehat ! has pite momerts of all orders,i.e. forall1- p< 1
andj 2 f1;2;:::;dg, e jX;jP (dx) < 1 . We denotethe inner product
onL2(R%1) by hi.

Let Fq = c ¢l bethe complexmultiples of the constart function equal
to 1in L2(R%1), and for n | 1 let F, be the complex vector spaceof
all polynomial functions of variablesx, X», :::, Xq of degreelessthan or
equalto n . We have:

Fo %2 F1 % F) ¥ 000Y% F, Y2 0064 L2(R%;1):

Let Go = c¢landfor n, 1let G, be the orthogonal complemen of
Fn; 1 In F,. Notice that F,, ; and F, are nite dimensional(therefore
closed)subspacef L2(R%;1). Then the Hilbert spacesG,; n, O; are
orthogonal subspacesf L2(RY%;1). Let H denotethe orthogonal direct
sumof G,; n, O:

M
H= Gn (Hilb ert spacesense) (2.1)
n, 0

Forany j 2 f1;2;:::;dg, we denote by X; the multiplication by x;
operator. This operator is denselyde ned on H. Its domain cortains
Fn, 8n, 0,since! has nite momerts of any order. Note that, for every
n, 0,X; mapsF, into F,,; and is a symmetric operator.

Lemma 2.1 Foranyj 2f1;2;:::;dgandn, O, wehave
X;Gp ? Gy; 8k6 nj Lnn+ 1

Proof. Let A2 G,. Then X;A2 Fp.y. HenceX;A? Gy forallk , n+2.
On the other hand, for any A 2 Gy, with k - nj 2, wehave X;A 2 Fy, ;
hence,by the symmetry of X;

hX; A;Ai = bA; XA = 0
ThusX;A? G forallk- nj 2. 0

Forany n, O, let P, denotethe orthogonalprojection of H onto G,,.

Theorem 2.2 (Recurrenee relations) For anyj 2 f1;2;:::;dgandn ,
0 the following equality holds:

XJ Pn = Pn+1XJ Pn + anj Pn + F)nI 1XJ Pn, (2.2)

whee P, 1 = 0 by convention.



Proof. Equation (2.2) is equivalert to
XjA= P XjA+ P XA+ Py 1XjA; 8A2 Gy (2.3)
Let A2 G,. By Lemma2.1, X; A can be written as
XiA=u+v+w (2.4)

whereu 2 Gpy, V2 Gn, andw 2 Gy, 1. Apply Prs1 to both sides
of Equation (2.4). SinceP,+1u = u and Py+1v = Phaaw = 0, we get
U= Py X,-A. Similarly, we can apply P, and P,, 1 to both sidesof
Equation (2.4) to getv = P,X;A and w = Py, 1X;A. Thus Equation
(2.3) is proved. O

Now for eah j 2 f1;2;:::;dg and n , O we de ne the following
operators:

D;(]) = PnaaXjPni Gri! Gpa; (2.5)
DR() = PaXjPh: Gyi! Gp; (2.6)
Di(i) = PniaXjPni Ghi! Gy 1 (2.7)

Wede ne F, ; and G, ; to be the null spacef 0g.

Theorem 2.3 For anyi;j 2 f1;2;:::;dgandn , O the following iden-
tities hold:

2 Dna (D7 () = Dauy (1)D5 (0); (2.8)
2 Dy (D7 () + Dy ()DR(i)
= Dg.1()Dy (i) + D7 ())DR(i); (2.9)

)

h+1 (DD () + DR()DR() + Dy 1()D} ()
Dj.1(1)Dy7 () + DR(i)DR(i) + Dy, 1()D} (i) (2.10)

Proof. Apply Pn:2 X; to both sidesof Equation (2.2) to get

I:)n+2xixj I:)n = I:)n+2xi|:)n+1xj I:)n + Pn+2XiPan I:)n
Obsene that
I:)n+2xi|:)n+1 Xj I:)n = DrJ;+1 (l)DrJ; (J );
Pn+2X|PnXJ Pn = Pn+2X|PnI lX] Pn = O
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Therefore,we obtain the equality:

Pas2 XiX;Py = Diyy (D] (): (2.11)
Interchangethe role of i andj to get

P2 X XiPy = Dy, (1)D7 (i): (2.12)

SincePn.2 XiXjPn = Pni2 X XiPy, Equations (2.11) and (2.12) yield the
identity in Equation (2.8).
Similarly, apply P,+1 X; to both sidesof Equation (2.2) to get

Pns1 XiX;Pn = Pni1 XiPni1 X Pn + Prig XiPo X Py

Obserne that
Pr+1 XiPns X Py = Dy (D7 ()
Pn+1 XiPnX;Pn = D7 (i)Do(j)
Pn+1 XiPn; 1XjPn = 0
Therefore,we obtain the equality:
Pnsa XiXj Py = Do,y ()D7 () + D (1)D():

Interchangethe role of i and j. SincePn+1 XiXjPn = Pni1 X XiPp, we
obtain the identity in Equation (2.9).

Finally, apply P,X; to both sidesof Equation (2.2) and interchange
the role of i andj to obtain the identity in Equation (2.10). m]

Prop osition 2.4 For anyj 2 f1;2;:::;dg and n
D (j), D2(j), and D}, (j) satisfy the identities:

(D7 ()" = Di.a(); (DaG)N™ = Da():

Proof. SinceX;" = X; we have the equalities

0 the operators
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(D7 ()7 = (PnsaXjPn)" = PoXjPni1 = Djyy ()5
(D))" = (PaX;Pn)" = PnX;Py = Do(i);

which prove the proposition. O



Foreah j 2 f1;2;:::;dg, we de ne the denselyde ned linear oper-
atorsa*(j), a%(j), anda (j), onH, by
a" (i)ie, = Dn ()i @(G)ie, = DaGi); @ (i)ie, = Di(i); (2.13)

foralln, O.
Equation (2.2) becomesow:

Xj=a(j)+a’)+a(j);, 8 2f12:::;dg: (2.14)

Theorem 2.5 If ! is any prokability measure on RY having "nite mo-
ments of any orders, then 8i;j 2 f1;2;:::;dg

a(ha (j)=a(ya(i); a"(ha'(j)=a"()a (i: (2.15)

Proof. The equality a* (i)a*(j) = a*(j)a’ (i) is a restatemen of Equa-
tion (2.8). Taking the adjoint in both sidesof this relation we obtain
a (jai(i)=a (i)a (). O

Forallj 2f1,2;:::;dgandn, 1,wehavea (j):G,! Gp; 1. The
constart polynomial 1 is called the vacuumvector. We have ai (j)1 = 0,
8) 211,2;:::;dg.

Lemma 2.6 Letj 2 f1;2;:::;dg. We havea®(j)1 = 0 if and only if
z
;i = dle(dx) =0 (2.16)
R

Proof. We have
nz 1
DJ()1 = PoX;jPol= hx;1il= X)L
R

R
Thusa%(j)1 = 0if and only if "L X;2 (dx) = O. O

3 Polynomially symmetric measures

For any monomialxillxiz2 - :xid", we de neits degreeto beii+ i+ i+ ig.

De nition 3.1 A measure! on RY is called polynomially symmetric if
all of its mixed moments of odd order vanish, i.e. for all monomials
Xix2 ixd of odd degrees, we have a4 Xiix%2 :::x{ (dx) = O.
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Denition 3.2 A measure! on RY is called symmetric if for any Borel
subsetA of RY we have! (A) = 1 (j A), wheej A :=fj xjx2 Ag.

Obsene that if * is symmetric, then * is also polynomially symmet-
ric. The corverseis not true. In Example 1 from Section5 we presen a
polynomially symmetric measurethat is not symmetric.

Let P bethe setof all polynomialsin the variablesxq, X», :::, Xq. Let
Wewen be the vector subspaceof P spannedby the set of all monomials
of even degreeand W4 the vector subspaceof P spannedby the set of
all monomialsof odd degrees.

Let us assumethat * is polynomially symmetric. If f 2 Wewen
and g 2 Wgyqq, then, since?! is polynomially symmetric, E[f §] = O,
where E denotesthe expectation with respectto 1, i.e. the polynomi-
alsf and g are orthogonal. Thus Weven ? Wgqq- We may apply the
Grahm{Schmidt orthogonalization procedure rst to Wewen and obtain
a complete orthonormal set S; for Weven. After this we may apply
the Grahm{Schmidt orthogonalization procedureto W44 and obtain a
completeorthonormal set S, for Wy44. SinceS; %2 Weven, Sz %2 Wgqg:
and Weven ? Woqg: We haveS; ? S,. ThusS = S;[ S, isacomplete
orthonormal set for the spaceP of all polynomial functions. Using this
complete orthonormal set S for P, we can seethat all polynomials in
G,, when n is even, are linear conbinations of monomials of even de-
gree. When n is odd all polynomialsin G, are linear combinations of
monomialsof odd degree.

Theorem 3.3 If t is a prokability measure on RY, having nite moments
of all orders, then ? is polynomially symmetric if and only if for all
j 211,2;:::;dg,

X;=a'(j)+a ()

This meansthat for all j 2 f1;2;:::;dg, a%j) = 0.

Proof. () ) Let us assumethat * is polynomially symmetric. Let | 2
f1;2;:::;dg. Toshow that a°(j) = 0, we must prove that for any n , 0,
PnX; P, = 0. To prove this, we will shav that for any polynomialsf and
g, we have P, X; P,f;gi = 0.

Let n, O0be xed. Let f and g be two polynomials. SinceP,f 2 G,
and P,g 2 G,, P,f and P,g are linear conmbinations of monomialsthat



are either all of even degreeif n is even or all of odd degreeif n is odd.
We have:

= E[%(j (F))(nf )%] i
= E h(Xj akl:::kdxlil e :Xléd)( hl;;;|dX|11 i :chij)
= E X A, - Txk1+|1---x!(j+|j+1...Xkd+ld|
1:kyg 1...|?~I 1 s K Xy .
X h ki+1 kj+1j+1 kd+|d|
= Ak, kg t11:::IdE Xt - Xj Xy :
Obsene that:

kit 1)+ i+ (ke + 1+ )+ 00+ (Kg+ 1g)
= (kKp+:ii+ky)+ I+ i+ 1)+ 1

n(mod 2) + n(mod 2) + 1(mod 2)

(2n + 1)(mod 2)

1(mod 2):

Since?! is polynomially symmetric, we have:

K+ +1
AT xkatle) =

ki+l1 ...
Elxyt7 iy

(( ) Let * be a probability measureon RY having nite momeris of all

orders,sucdh that forall 1- j - d, a%j) = 0. We will prove by induction

on k that for all monomialsm(x) = xx}:::x¢, of degree2k + 1, we
have L m(x)* (dx) = O.

For k = 0, the only monomials having degreel are m;(x) = x;, for
1- j - d Sinceaj)l = 0, it follows that PoX;1 = 0. Since Py
is the projection on the 1-dimensionalvector spacec for which 1 is an
orthongymal basis, we have PoX;1 = hx;;1il. Thus hx;;1i = 0, which
means . Xj!(dx) = 0,forall 1- j - d.

Let us assumenow that the expectation of all monomialsof odd degree
lessthan or equalto 2k j 1 is zero,wherek , 1. We want to prove
that the expectation of all monomialsof degreezk + 1is 0. Let m(x) =

XXZ :::x¥ be a monomial such that iq + i, + i+ ig = 2k + 1. Let
us a choosea number j 2 f1;2;:::;dg sudh that i; > 0. We can write

m(x) = x;q(x)r(x), whereq(x) and r(x) are monomialsof degreeequal
to k. Let F¢ be the vector spacespannedby the monomials of even
degreelessthan or equalto k. Let F? be the vector spacespannedby
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the monomialsof odd degreelessthan or equalto k. According to our
induction hypothesisF¢ and F? are orthogonal subspacesf L2(R%;1).
Thusif we choosean orthonormal basisf e g, of F¢ and an orthonormal
basisff;g,; of F2, thenfegy, [ ff;g2, isan orthonormal basisof the
spaceFy of all polynomials of degreelessthan or equal to k. Using
this particular basisfor Fy, accordingto our induction hypothesis, we
can seethat: Pyg(X) = q(X) i Uk 2(X) i Uk a(X) i ::: and Pgr(x) =
r(x) i Vi; 2(X) i Vi a(X) i :::, whereu; andv; are linear conbinations
of monomialsof the samedegreei.

Sincea’(j) = 0, we have PyX; Pxg(x) = 0. Thus we obtain:

0
= hPX;Peg(X); r(x)i
= X Pyq(x); Pir (x)i
= X (a0) i Uk 2%) T Uk a(X) 0 )T (X) T Vi 20X) i Vi a(X) it
= hax);r(x)ii Ew(X)];

where all the w(x) are monomials of odd degreelessthan or equal to
2k i 1. By the induction hypothesisk[w(x)] = 0. From the last equality
we obtain hx; g(x);r(x)i = 0. This meansE[m(x)] = O.

Thus we have proved by induction that the expectation of all monomials
of odd degreeis zero. Hence! is polynomially symmetric. ]

De nition 3.4 Let! be a probability measure on RY and ¢ 2 RY. We
saythat ! is polynomially symmetric about c, if for any monomial m(x)
of odd degree, we have:
z
m(xj ©)*(dx) = O:
Rd

Let usobsenethat if  is a polynomially symmetric probability mea-

1., denedby,(B):=1(Bj ©), whereB is a Borel subsetof RY and
Bij c:=1fxj cjx2Bg, is polynomially symmetric about c. We do the
sameconstruction for * . that we did for 1, and call the correspnding
spacesG,, n , 0, and the correspnding operators P,, n . 0, ai , &°,
nda’. Sincef&r any integrable function f with respectto !, we have
fF(X)t(dx) = f(xi ©)!c(dx), wecanseethat a polynomial Q(x) be-
longsto G, if and only if Q(xj c) belongsto G,,. Moreover, f g (x)g2; is



an orthonormal basisfor G, if and only if fe(x i €)gi», is an orthonor-
mal basisfor G,. SinceP,X;P, = 0,81 - j - d, we concludethat
P.(Xji )P, =0,8L- j- d Thus,foralln, 0, wehave:

e()ic, = P.X;P,
I:en(xj i Cj)pn + leﬁn
= B,

Hencee®(j) = ¢ 1. Therefore,we obtain the following:

Theorem 3.5 If 1 is a prokability measure on RY, having nite mo-
ments of all orders, then * is polynomially symmetric alout the point
c= (C;C;:::;¢) 2 RYif and only if for all j 2 f1;2;:::;dg, we have:

() = gl: (3.2)

4 Polynomially factorizable measures

Denition 4.1 If 1 is a prokability measure on the Borel subsetsof RY,
having nite momentsof any order, then we say that * is polynomially
factorizableif for any non-negative integersiy, i,, :::, ig we have:

E[xixk:::x] = EXPIE[XZ]::  E[x¥]:
In the above de nition E denotesthe expectation with respectto *.

Obsenethat if * is polynomially factorizable,then for any polynomial

functions f 1(X1), f2(X2), ..., fq(Xq), we have:
Eff1(x2)f2(Xx2) 1::fa(Xa)] = E[f i(x2)]E[f2(x2)] 11 E[f a(Xa)]:
If there exist d probability measurest 1, 15, :::, 14 on R, sud that
for all B4, By, :::, By Borel subsetsof R,

1(B1£ Bo£ :::£ By) = 11(B1)*2(B2) :::14(By);

then® is polynomially factorizable. The corverseis not true. In Example
2 from Section5 we present a polynomially factorizable measurethat is
not a product measure.

Let * be a polynomially factorizable measureon the Borel subsetsof
RY. Foranyi 2 f1;2;:::;dg, let H; be the closureof the spaceP;, of
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all polynomial functions of the variable x;, in the spacelL?(R%;1). Every
function in P; is a polynomial function depending only on the variable
X;. Let H be the closure of the spaceP, of all polynomial functions

of d variables: X1, X,, :::, Xg, in the spaceL?(RY;1). The multilinear
function T : P £ P, £ :::£ Py! P,denedby T(fy;fy;:::;fq) = f,
wheref (X1;Xz2; 111, Xq) = f1(X1)f2(x2) 1 ::f4(Xe), generatesa linear map
U betweenthe algebraictensorproduct P;- P,- :::- P4 andthe space

P. Becausé is polynomially factorizable,U presenesthe inner product.
Indeed,for any f1, g1 2 Py, 2, 02 2 Py, 115, fg, 0q 2 Py, We have:

hU(fr- fo- tii- fo);U(GL- G- iii- Qo)

= ha(xy)fa(x2) oo Fa(Xa): 9r(X1)Ga(X2) i 11 ga(Xa)i

= E[fa(X0)&(X0)f 2(X2)82(X2) < 1 Fa(Xa) Ba(Xa)]

= E [f1(X0)&(X1)] E [f2(X2)82(x2)] : 11 E [fa(Xd)8a(Xa)]

= W quihfo;goi 11 Hg; Qi

= Hqy- fo- 1ii- fqi0- Q- ii- Qi:
U is onto sinceany monomialbelongsto its range. SinceP;- P,- :::- Py
is densein the Hilbert spaceH; - H,- :::- Hq and P is densein H,
the operator U can be uniquely extendedto a unitary operator 8 from

Hi- Hy- :::- Hgqonto H. Thus we may identify the Hilbert spaces
Hi- Hy- :::- HyandH.

Forany i 2 f1;2;:::;dg and k a non-negatiwe integer, let Fk(i) be the
vector spacespannedby the polynomial functions 1, x;, X2, :::, xK. Let
G(ki) be the orthogonal complemen of Fk(:)l into Fk(i), where Fi(? = f0g.
To compute this orthogonal complemen we consider Fk(:)l and Fk(i) as
being subspace®f the Hilbert spaceH;. We denote by Pk(i) the projec-

tion operator from H; onto G(ki) and by Xi(i) the denselyde ned operator
on H; given by the multiplication by the polynomial function x;.

Forany i 2 f1;2;:::;dg and n a non-negatiwe integer, we de ne the
operators D}, DY, and Dy;, from H; into H;, in the following way:
Diy = PV XPM, D% = POXVP®M, and D}, = P XPM.

Lemma 4.2 Let! be a polynomially factorizableprokability measure on
the Borel subsetsof RY. If we identify the spaoe H with the space H; -
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H,- :::- Hg, then, for anyn, 0, we have:
X
P, = PO . p@ . 1o PO (4.1)
i1+iz+:i+ig=n

In the alove sum all the indicesi; are considerd to be non-negative.

Proof. Sincethe tensor product of orthogonal projections is an orthog-
onal projection, it follows that eah term P{Y - P® - :::- P? s an
orthogonal projection. If i; & k;, then Pif”Pk(.” = 0 and thus the terms
in the sumfrom the right-hand sideof (4.1) are orthogonal (i.e. the com-
position of any two di®eren terms is zero). Thus the right-hand side of
(4.1) is an orthogonal projection. If P and Q are two orthogonal projec-
tions of the sameHilbert spaceH, then we say that P , Q if the range
of P cortains[ghe rangeof Q. If iy + i+ ::i+ig=nandf(x) 2 Fy 1,
then f(X) = @, XUXE X with jo+ jo+ i+ jg - nij 1.
Thusthere existsk 2 f1, 2, :::, dg sud that iy > jx and so Pi(ll) - -

PO ::x)f) = 0. HenceP" - :::- P{?f (x) = 0. Thereforethe range
of PW . :::. Pi(dd) is orthogonalto the spaceF,; ;. It is obviousthat the
range of Pi(ll) - - Pi(dd) is cortained in F,,. ThusP, , Pi(ll) - - Pi(dd).
Therefore P, , Qn, where Q, denotesthe right-hand side of (4.1). If
i+ +ig= nthen PP - i PO ixy) = P iiix. Therefore
the rangeof the right hand sideof (4.1) cortains all monomialsof degree
n. HenceQ, , P,. ThusP, = Q,. O

Let ¢ be a polynomially factorizable measureon RY. If we identify
the spaceH with the spaceH;- H,- :::- Hg, then,forany 1- j - d,
we have the operatorial relation:

Xj = lp- o= djia- X b - oo g, (4.2)
wherel is the identit y operator of the spaceHy, for any k 6 j.
Theorem 4.3 Let! be a polynomially factorizable measure on RY. If

we identify the sppoe H with the sppoe H, - H, - :::- Hyg, then for all
1. j- dandn, O the following three operatorial relations hold:

i (j ... jil i i+1) _ ... d).
i1+ :+ig=n

1 1 ji 1 i+1 d).

Dh() = PO - - POTD . DO, - P L P
i1+ :i+ig=n

1 —_ 1 ji 1l i+1 d).

D;(J) - Pi(l)- T Pi(ijil)_ Di*j-;j- Pi(jj+1)_ s Pi(d)'

i1+:+ig=n

12



Proof. We will ched only the rst relation. The other two will be proved
similarly. We have:

D: (i)
= Pni 1% Pn ;
= Py la- - Xj(”- -y
X )
@ _ ... ) _ ... (d)
P - it P i P
i1+:+ig=n 3 , 3 , 3 ,
1 j j d
= Pn1 LPY - e xPRD - 1P
i1+:+ig=n
— @ _ ... a_ ... (d)
- Pkl = « e Pk] = « s Pkd
ki+ i+ kg=nj 1 3 ,
@ _ ... ) p @) (d)
P - tii- XPPI - P
i1+ :+ig=n , ,
X h3 L . )
— 1) p @) )y G)p (i)
- Pkl Pil IR ij XJ Pij
ki+ i+ kg=nj lig+:i+ig=n 3 “
(dp(d .
= aee T Pkd Pld .
Obsene that if
3 ’ 3 . 3 ‘
1 p@) )y G)p () (d)p (d) .
Po'Py - - PUXIRY - PP 60,

theni; = Ky, 125055 1= Kjj 1, 0j+1 = Kjea, 205 10 = Kg. Sinceiq+::i+ig =
nandk;+ :::+ kg=nj 1,it followsthat i; = k; + 1. Thus we obtain:

X s o
L) = Do d
Di() = Pi(l)- el Pi?i)lxj(J)Pi?) Lol Pi(d)
ip+ ;(+id:n
- O i i e P,
- ) Pi1 Toeee T Dilj;j - T Pid .

|

Theorem 4.4 Let! be a polynomially factorizable prokability measure
on the Borel subsetsof RY. Then, for all j 6 k, we have:

a (a’(k) = a(ka () (4.3)
a’(j)a’ (k) = a'(k)a’(); (4.4)
a’(j)a’ (k) = a (ka(): (4.5)
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Proof. To chedk the commutation relation a' (j)a* (k) = a* (k)a (j), we
needto ched that foralln , 0,wehaveD},,(j)D; (k) = D/, 1(K)D/, (j).
Let usassumethat j < k. The casej > k can be treated similarly or by
duality. From the previoustheoremwe know that:

D%H)gJ')DE(k)
— 1 il i j+1 d
= Pr(l) o el pr(jlinl)_ D;j i - Pr(jj++1) ool pr(d)
ri+:o+rg=n+l
Ki k d
P& - tii- PEID - Dy - PESY - - P
TET o bi pi)
= P Ps’ - iii- D;j;j st
ri+:i+rg=n+l s;+::+sqg=n 3 , 3 ,i
k d d .
- 1= PMDZ, - - PR

SinceD; ;PY) = PY) x'POPY if Di ;PY) 6 0, thenr; = ;. If
rj = s, thenD| ;PO = D ;.

SincePD? , = PP, XOPX, if POD? ., 6 0, thenry = s + 1.
If re = s + 1, then PXODS = D .
Thus we obtain:

DEQ(j)Dﬁ(k)
= P& - tii- DLy - 1o Dgy- - P
S+ i+ Sg=n

In the sameway, we can show that:

Dr-'l-ixl(k)D;l(j)
= P& - tii- DLy - tii- Dgy- - P
Sp+ i+ Sg=n

Thus D, (j)D7 (K) = Dy 1(K)DJ, ().
The comnutation relationships(4.4) and (4.5) are proved similarly. O

Prop osition 4.5 If  is a prokability measure on RY suchthat for any
j 6 k, the operators a' (j) and a" (k) commute, then for any j, k 2
f1;2;:::;dg we have:

a%()a’(k) = a(k)a(): (4.6)
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Proof. Let j, k2 f1;2;:::;dg be xed.
If j = k, then it is obvious that a°(j) and a°(k) comnute.
If j 6 k, then, accordingto Equation (2.10), for any n, 0, we have:
Div1 (1)Da (k) + DA()DA(K) + Dy, 1()D} (K)
= D1 (KD (i) + DR(k)Da(i) + Dy, 1(K)D} (j):
Sincea (j)a* (k) = a"(k)ai (j) it follows that
Di1(1)D7 (K) = Dy 1(K)Dy, (1)
Sincea® (j)a' (k) = ai (k)a*(j) it follows that
Dp; 1D (K) = Djy (K)Dg (i):
Thus we obtain
Dn(i)Da(k) = Da(k)DA():
Sincethis is true for all n ; 1, we obtain a°(j)a’(k) = a°(k)a°(j). o
Prop osition 4.6 Let! be a prokability measure on RY having nite mo-

ments of any order. Letj, k 2 f1;2;:::;dg. Then the following two
statementsare equivalent:

1. a(j)a* (k) = a*(k)a’(j) and a’(j)a’(k) = a’(k)a°(j).
2. ()X = X&)
Proof. (1:) 2) Let us assumethat a°(j)a*(k) = a*(k)a’j) and
a’(j)a’(k) = a(k)a’(j). Taking the adjoints in both sidesof the st
equality we obtain ai (k)a®(j) = a%j)ai (k). Thus:
2C(j)[a” (k) + &%k) + a' (k)]
= a’(j)a’ (k) + a’(j)a’(k) + a(j)a’ (k)
= a'(ka’(j) + a’(k)a’(j) + a (k)a’(j)
= [a" (k) + a%k) + a' (k)]a°%)
= X a%():

a’(j )X«

(2:) 1) Let usassumenow that a°(j )X = Xxa%j). Let n, 0be
xed. Forany' 2 G, wehavea®(j)Xy' = Xa%j)' . This means

a’(j)a’ (k)" + a’(j)a’(k) + aj)a’ (k)
= a (ka’(j) +aka(G) +a (ka():

15



Sincea®(j)a’ (k)' 2 Gn+ and a* (k)a%(j)' 2 Gns1, a2()a%k)' 2 G,
and a°(k)a’(j)' 2 Gy, and a%(j)ai (k)' 2 Gy, 1 and ai (k)a’(j)" 2
Gn; 1, and the spacesG,.1, Gn, and G,; ; are orthogonal, we obtain:
a’(j)a’ (k) = a"(k)a’(j), a(j)a’(k) = a’(k)a’(j), and a°(j)a (k) =
ai (k)a°(j). O

Combining Theorem 4.4, Proposition 4.5, and Theorem 2.5 we obtain
the following:

Corollary 4.7 Let?! be a polynomially factorizable prokability measure
on the Borel subsetsof RY. If j, k 2 f1;2;:::;dg andj 6 k, then for
anyY 2 fai (j);a%j);a*(j)gand Z 2 fa (k);a’%k);a" (k)g, we have:

YZ=2Z2Y:

Theorem 4.8 If 1 is a polynomially factorizableprolability measure on
the Borel subsetsof RY, thenfor all i, j, k 2 f1;2;:::;dg, we have:

h i
a(i);[@ ();a" (k)] = O (4.7)
Proof. We analyzethree cases:

Casel. If j 6 k, then Theorem4.4implies [a' (j);a" (k)] = 0. Thus
[8°(): [a (i);a" (k)] = O.

Casell. If j = k andi 6 j, then accordingto Theorem 4.4, a°(i)
commutes with both operatorsai (j) and a* (j). Thus a°(i) comnutes
with the commutator of ai (j) anda* (j).

Caselll. If i =] = k, then accordingto Theorem4.3,forany n , 0,
we have:

ao(J'X)[ai ():a" ()lie, . ,
- P(l)_ - DO- Di -D+- . D+ D| o e P(d)
EO IS T R I R g [ b R | T g
li+ i+ 1g=n

We also have:

[ (j);a" (1)1a% )ie. | ,
X bW ... DI D' D' . Di. DO - . p.
I IR g T L g R b g I lg -

1 lj i d
li+ i+ 1g=n
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ij’;j andDj ,;, Dy i Dy, 1;D| ; arelinear operatorsfrom the space

GU) into itself. Sincethe vector spaceG{) hasdimensionat most 1, any

two linear operators from G{) into G{) comnute. Thus, we have:
3 ’ 3 ¢

i + . + i — i + + i 0 .
Div1iDyy i DyiggDiy = Diway Dy i DDy D

0

lj s
Therefore,we obtain:
()@ ();a ()ie, = [@ (i):a" ()% e,
foralln, 0. Thus[a®(j);[a (j);a"(j)]] = O. O

We prove now the corverseof Theorem4.4.

Theorem 4.9 Let! be a prokability measure on the Borel subsetsof R
suchthat, for all j 6 k, we have:

a (j)a’ (k)
a’(j)a’ (k)

Then ! is polynomially factorizable.

a’ (kja' (j);
a” (k)a(j):

Proof. Sinceforallj 8 k, a’(j)a* (k) = a* (k)a°(j ), taking the adjoints in
both sidesof this equation, we obtain: ai (k)a°(j) = a°(j)a (k). Because
for all j 6 k, the operators a' (j) and a* (k) comnute, according to
Proposition 4.5,forany r, s 2 f1;2;:::;dg, the operatorsa®(r) and a°(s)
commute, too. Using Theorem 2.5, we concludethat, for all j 6 k, any
operator from the setfai (j);a%(j);a" (j )g comnutes with any operator
from the setfa (k);a’(k);a" (k)g.

Forany1- j - dandn, 1, wede ne aj-word of length n, to be any
operator of the form w = a’:(j)a’2(j):::a(j), where?; 2 fi ;0;+g,
81- i- n. The operatorsa™(j), a2(j), :::, an(j) are calledthe letters
of the word w.

The idertit y operator |, of L2(R%;1), is consideredto be a j -word of
length O, forany 1- j - d.
Let m(x) = xx% :::xy beamonomial. Let A= 1 bethe vacuumvector
(the constart polynomial function 1). We have
m(x)
XXz X A
(& (1) + @) + & ()" :1:(8, (@) + (@ + & ()

A .

Ei)at():::ah(1) 1 al(d)ai(d):::ate(d) A

17



where?? 2 fj ;0;+g,forall1- s- dandl: r - is. Thus
X .
m(x) = WiWs @i WA

wherew; is aj-word of lengthi;, 81- j - d. Accordingto our hypoth-
esis,if | 6 k, then any j -word comnutes with any k-word.
Sinceforany 1- j - dandany integern, a' (j)je, : Fn! Fnj 1, Wesay
that ai (j) represeis one step badkward. Similarly we say that a*(j)
represets one step forward, while a°(j ) represets a neutral step. Thus
ai (j) is consideredto be a negatiwe letter, a* (j) a positive letter, and
a%(j) a neutral letter. If n is a negative integer, then we declareF, to
be the null spacef Og. We de ne the sigrum s(w) of a word w, to be the
number of positive letters of w minus the number of negative letters of
w. If w® denotesthe adjoint of w, then s(w®) = j s(w).

All the termsw;w; : ;1 WgA, cortaining at leastoneword w;, that has
more negative letters than positive letters, are equalto 0. Indeed, for
sudth a term,

WiW2 o2t WA = Wyt W g 1 W st &0 Wa(Wi,A) = O;
sincew;,A = 0, becausewe start from the vacuum spaceand do more
stepsbadkward than we do forward. Thusm(x) = wyw, :::wWyA, where
ead term cortains only words having the number of negatiwe letters less
than or equalto the number of positive letters. Hence:

E[m(x)]

rm(x)i(Ai
= hwy s: s wgA; Al

= PAWS :WiA:

Obsene that in the last sum all the terms, for which at least one of
the words fw; g;. ;. ¢ has a positive signum, are equalto zero. This is
true, becauseif there existsj 2 f1;2;:::;dg sud that s(w;) > 0, then
s(w;) < 0 and, it follows, as before, that wj:::wjA = 0. Thereforewe
have: X o

E[m(x)] = hwy @ wWeA AL

Obsene that, sinces(wg) = 0, WgA 2 Fo, and thus wyA = Po(wgh) =
hwgA;AlA = E[wgAJA.  Applying wy, 1 to both sidesof the equality:

18



weA = E[wiAJA, we get wy, 1wgA = E[WGAJE [wy, 1AJA. Iterating this
processwe obtain nally:

Wi WgA= E[wgAl: Ew,AJA:

Thus we obtain:

E[m(x)]

Applying the

my(x) = X2, ::

X o
hwaws @i wWeA A

hE [WoAJE [wy, 1A]: @ : E [w;AJA; Al
E [WeAJE [wy; 1A]: : : E[w, A]PA; A
E W AJE [WoA] : 1 : E [wgA)

E [w1A] E[W.A]::: * E [WA]:

s(w1)=0 s(w2)=0 s(wg)=0

last equality to the particular mor_lomialj,s m.(x) = X,
5, Mg(X) = xy', we canseethat: E[x3!] = s(W1)=0 E [wiA],

EIXZ]= " sup=o EM2A], i1, EIX§]1= " swy=o E[WaAl. Thus:

E[m(x)] = E[X}IE[X2]::: E[x¥]:

Therefore?! is polynomially factorizable. O

From Proposition 4.6, Theorem 4.4, and Theorem 4.9 we obtain the

following:

Theorem 4.10 A prokability measure @ on RY, having nite moments
of any order, is polynomially factorizableif and only if for all j;k 2
f1;2;:::;dg, suchthat j 6 k, the commutators[a’ (j);a* (k)] and

[a°(j ); X ] are both equal to zem.

Corollary 4.11 A polynomially symmetricalout a point prokability mea-
sure on RY is polynomially factorizableif and only if for all j 6 k wehave

a (ja’ (k) = a'(kja' ().
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5 Examples

In this sectionwe will give an exampleof a polynomially symmetric prob-
ability measurethat is not symmetric and an exampleof a polynomially
factorizable probability measurethat is not a product measure.

Let us considerthe following function, introducedby Stieltjes in [12]:
f:0;1)! R,f(t)=1t "tsin(2/nt).
Claim: For all non-negatiwe integer n, we have:
Z,
t"f (H)dt = O (5.2)

We present below the proof of this claim asit appearsin [11]. Indeed,for

any non-negatiwe integer n, making the changeof variablet = e
we have:
VA 1
t"f (t)dt

ZO
1 . .
t"ti "t sin(2¥dn t)dt
Hoou il
@ )e (25 sin 24 u+ 12
R

0

u+ n+l

e 2 du

n+l \2

z
("2 e Y’ [sin(2¥u) cog(n + 1)¥) + cog2¥) sin((n + 1)¥)] du

z
n+l )2 .
= (i O"el'2) @ ¥ sin(2var)du
R
= O

The last integral is zerosincethe integrand is an odd function.

Example 1. Let ! be the probability measureon R given by the
density function g: R! [0;1 ), de ned by:

8
2 cf*(x) if x>0
g(x) = 0 if x=0
cfi(ix) if x<0

wherea” = max(a;0), ai R- min(a;0), 8a 2 R, and c is a positive

constart chosensud that  g(x)dx = 1.
It is easyto seethat ! has nite momerts of any order.
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Claim: 1 is polynomially symmetric.
Indeed, if n is an odd natural number, then we have:

z z
x"1(dx) = x"g(x)dx
) Z, Zy
= c X"fi(jp x)dx+c  x"fT(x)dx
Zil ZO
1 ) 1
= c (jO"fi(t)dt+c t"fT(t)dt
1 1
= jc  tfi(di+c T (D)dt
z 0 0
= ¢ [T f(0]dt
ZO
1
= ¢ tf(t)dt
0
= O

Claim: * is not symmetric.
Indqu,for any inte&val [a; ] cortained irbthe set: fx > %j f (x) > Og we
have 2g(x)dx = ¢ 2f *(x)dx > 0, but [ 2g(x)dx = ¢ 2fi (x)dx = O.
Thus* ([a;b]) 6 * ([i b;i al).

Let f; : (0;1) ! [0;1), fo(t) = ti "1+ sin(2¥nt)] and f, :
@;1 Y1 [0;1), fo(t) =t M1 sin(2¥nt)]. Since,accordingto (5.1),
01 t"ti "tsin(2vdnt)dt = 0O, for any non-negatiwe integer n, we have:

zZ, Z,
t"fo(t)dt = . t"fo(t)dt; 8n2 N[ fOg: (5.2)

R R
In particular forn = 0, let k := , fy(t)dt= 4 fo(t)dt.

Example 2. Let ! be the probability measureon R? given by the
density function h: R>! [0;1 ), de ned by:
h i
L fi(x)sify+ fo(x)cogy €Y if x>0andy> 0

h(x;y) = )
(x:y) 0 otherwise

For any non-negatiwe integersm and n, we have:
z
x"y™1 (dxdy)
R2
Z 1

1 L
= = y"eV sy
K o 0

VA 1 z 1 s
x"f1(x)dx + cogy  x"fy(x)dx dy
0
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Z 1 : Z 1 5

ymel Y x"f1(x)dx (sin’y + cog y)dy
% 1 ° .2

x"f 1(x)dx . y"e Ydy:

Xk, Xl

Thus we obtain:
z -z, z,

x"y™t (dxdy) = -

R2 k

In particular for m = n = 0, we obtain:
Z " Z 1 N Z 1
1 (dxdy) f1(x)dx e Ydy
R 0

¢k ¢1

PXI R X

Hence! is a probability measureon R?,
Taking m = 0 in formula (5.3), we can seethat:

z z, z,

X"t (dxdy) = 1 x"fi(x)dx e Ydy
R2 k A 0
1
- 1 x"f 1 (x)dx:
K o
Hence:
z 121
x"t(dxdy) = = x"f 1 (x)dx:
R2 K o
Taking n = 0 in formula (5.3), we can seethat:
z 121 zZ, .
y™1(dxdy) = = fi(x)dx  yme Ydy
R2 kK o - 0
1
- 1 ¢tke yme Ydy
ko
= yme Ydy:
Hence:
z zZ,
y™1 (dxdy) = y"e Ydy:
R2 0

22

x"f 1(x)dx° y"e Ydy:
0

(5.3)

(5.4)

(5.5)



From formulae (5.3), (5.4), and (5.5), we can seethat:
z z, Z,
i x"y™1 (dxdy) = x"1 (dxdy) y™1 (dxdy): (5.6)
R 0 0

Thus? is polynomially factorizable.

Claim: 1 is not a product measure.

Let us assumethat two probability measures,'; and 1,, on R, exist,
sud that for any two Borel subsetsB; and B, of R, we have * (B; £
B,) = 11(B1)*2(B,). Since?! is absolutely cortinuous with respect to
the Lebesguemeasureon R?, it follows that 1, and !, are absolutely
cortinuous with respect to the Lebesguemeasureon R. If u and v are
the density functions of 1 ; and 1 ,, respectively, then we must have for
almost all (x;y) 2 R?, h(x;y) = u(x)v(y), which is impossible since
h(x;y) cannot be written asa function of x times a function of y.
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