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Abstra ct. In this paper we consider an algebraic generalization of symmetric

spacesof noncompacttype to a more generalclassof symmetric structures equipped

with midpoints. Thesesymmetric structures are shown to have closerelationships

to and even categorical equivalenceswith a variety of other algebraic structures:

transversal twisted subgroups of involutiv e groups, a special class of loops called

B -loops, and gyrocommutativ e gyrogroups.

1. Intr oduction

The story of this paper began with the authors' investigation of the geometric

mean of two positive de¯nite matrices [13] and, more generally, of two members of

the symmetric cone of a Euclidean Jordan algebra [15, 16]. These investigations

motivated us to search for a general,yet elementary, axiomatic framework in which

to develop the theory of a geometrical mean. Since all our examplesconsistedof

symmetric spaces,we decided to develop the theory in the context of symmetric

spaces.

The basicnotion of a symmetric spaceis that of a spaceequippedwith a \canonical

re°ection" Sx through each point x, called a symmetry. The symmetry Sx should

be involutive, the point x should be an \isolated" ¯xed point, and the symmetries

should preserve appropriate geometricalstructure. In particular, in the presenceof

the existenceof \midp oints," the symmetry that carriesx to y shouldbethe symmetry

Sm through the midpoint m of x and y. This providesour generalframework for the

notion of a midpoint of points x and y in the context of symmetry: it is the point

through which one re°ects x to obtain y and vice-versa. The classicalsymmetric

spacesof noncompacttype admit such a theory of midpoints and illustrate our study.
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Wehaveadopteda modi¯ed versionof the axiomatic approach of Loos[17, Chapter

I I] to symmetric spacesin which the axiomsare given in terms of a binary operation

(x; y) ! x ² y on a set X . Closelyrelated algebraicstructures, calledsymmetric sets,

werealsostudied by Nobusawa and his collaborators; see[20] and its references.We

have replacedthe fourth axiom of Loos,which assertsthat ¯xed points of symmetries

aretopologically isolated,by an axiom that ensuresthe existenceof a uniquemidpoint

or meanbetweenany two points. With this axiom oneno longer needsthe presence

of a topology and thus the theory becomespurely algebraic, although our original

motivation was heavily topological and geometric.

We were surprised to discover that extremely close ties, even categorical equiv-

alences,existed between our structures and a variety of other algebraic structures:

twisted subgroups(a generalizationof subgroups),involutive groups,a special class

of loops called B-loops, and gyrocommutativ e gyrogroups. The connectionof sym-

metric spaceswith involutive groupsis well-established;indeedHelgason[6] develops

the theory of Riemanniansymmetric spacesin the context of Lie groupswith involu-

tion. More recent work hasmadeconnectionsbetweentwisted subgroups,involutive

groups,and certain classesof loops; seefor example,[10], [1], [3], [11]. In this paper

we tie all of thesetogether by making precisetheseconnectionsfor the speci¯c class

of symmetric setsthat we have in mind. There appear to be someadvantagesof our

approach to these various more-or-lessequivalent structures: it provides a simpler

axiom systemand a more geometricviewpoint than the other frameworks.

In the secondsection we give the basic axioms and elementary properties of the

algebraic systemswe study: symmetric sets with midpoints, which we call dyadic

symmetric sets or dyadic symsets for short. The most useful category of dyadic

symsetsfor the purposesof this paper is the one with pointed objects and point-

preservinghomomorphisms.

The next sectiongivesa basicgeometricexample,ruled symmetric spaces.In the

fourth sectionwe give a classof examplesof fundamental importance for the theory:

dyadic symsetsthat arise from twisted subgroupsof groups.

In the ¯fth sectionwe introducethe displacement or transvection group of a dyadic

symmetric set. We de¯ne a quadratic representation of a dyadic symset into its

displacement group that is reminiscent of the quadratic representation in the theory of
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Jordan algebras.The imageof the quadratic representation turns out to be a twisted

subgroup with unique squareroots, and thus this embedding machinery allows us

to represent an abstract dyadic symsetas one arising in a canonical fashion from a

twisted subgroupof a group.

The assignment of the displacement group to a dyadic symsetis not functorial: it

doesnot extendto the morphismlevel. To enhancethe possibility of converting ques-

tions and problemsabout symsetsto the group setting and thus to gain accessto the

powerful methodsof group theory, wetakesomee®ortin the sixth and seventh section

to develop a functorial representation of the category of pointed dyadic symsetsin

the categoryof involutive groups,particularly thoseadmitting a polar decomposition.

To this end we develop the conceptof the universal twisted representation.

In the eighth sectionwe introducea special type of loop (a non-associative group)

called a B-loop and establish an equivalenceof categoriesbetween the category of

pointed dyadic symsetsand point-preserving homomorphismsand the category of

B-loops and homomorphisms. At the level of the grounding functor to sets, this

equivalenceis the identit y. Theseresults can be reformulated for uniquely 2-divisible

gyrocommutativ e gyrogroups, a classof loops that has recently been shown to be

equivalent to K -loops. Gyrogroups were introduced as appropriate objects for the

study of Einstein velocity addition in special relativit y ([22] and [23]).

2. Symmetric sets with midpoints

We considerbinary systems(X ; ² ) for which Sx : X ! X de¯ned by Sx (y) = x ² y

may be viewed asa symmetry or re°ection through x. We write Sxy for Sx (y). Note

that Sx is left translation by x with respect to the binary operation; it would thus

make senseto denoteit by L x or ¸ x , but we adopt the notation Sx asconnotative of

a symmetry.

More formally, we begin with a binary system (X ; ² ), a set endowed with a bi-

nary operation (x; y) 7! x ² y : X £ X ! X (these are sometimescalled groupoids

or magmas). For each x, we have the symmetry Sx de¯ned by Sxy = x ² y. We

list our fundamental axiomswith equivalent alternative formulations in terms of the

symmetriesSx in parentheses.



4 JIMMIE LAWSON AND YONGDO LIM

De¯nition 2.1. A symmetric set, or symset for short, consistsof a binary system

(X ; ² ) satisfying for all a;b;c 2 X the ¯rst three of the following list of axioms:

(1) a ² a = a (Saa = a);

(2) a ² (a ² b) = b (SaSa = idX );

(3) a ² (b² c) = (a ² b) ² (a ² c) (SaSb = SSa bSa);

(4¤) the equation x ² a = b (Sxa = b) hasa solution x 2 X .

(4) the equation x ² a = b (Sxa = b) has a unique solution x 2 X , called the

midpoint or mean of a and b, and denoteda# b.

If the binary system(X ; ² ) satis¯es the ¯rst three axiomsand Axiom (4¤), then X is

called a homogeneous symset, and if it satis¯es the ¯rst three axioms together with

Axiom (4), then it is called a dyadic symset.

Property (1) is sometimesreferred to as the idempotent property, property (2) as

the left key property and property (3) as the left distributiv e property. Note that

property (4¤) resp. (4) is equivalent to the requirement that right translations are

surjective resp.bijective.

Remark 2.2. The adjective \dy adic" refersto the abilit y to ¯nd midpoints and their

iterates. The dyadic nature of such structures will becomeclearasthe paper unfolds.

Symmetric sets(satisfying the ¯rst three axioms) and homogeneoussymsetswere

introducedin the work of Nobusawa and his collaborators; see[19], [9], and [20] and

their references.Theseworks primarily consider¯nite symsets,in which caseAxioms

(4¤) and (4) coincide. Sincethe pioneeringwork of Joyce [7] binary systems(X ; ² )

satisfying the ¯rst three axiomsof De¯nition 2.1 have becomequite prevalent in knot

theory, where they are referred to as involutory quandles. (For quandles in general,

Axiom (2) is weakenedto require only that Sa be bijective; such structures are called

pseudo-symmetricsets by Nobusawa.) We are unaware of any focusedstudy of our

Axiom (4).

Recall that a function f : X ! Y betweenmagmasis a homomorphismif f (u² v) =

f (u) ² f (v) for all u; v 2 X . Note that Axiom (2) is equivalent to the assertionthat

each Sa is involutive (hencebijective). Furthermore Axiom (3) is equivalent to the

assertionthat each Sa is a self-homomorphism;this becomesapparent when Axiom
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(3) is written in the \mixed" form:

Sa(b² c) = (Sab) ² (Sac):

HenceAxioms (2) and (3) togetherareequivalent to the assertionthat each symmetry

Sa is an involutive automorphism.

A quasigroup (G; ² ) consistsof a binary systemfor which the equationsx ² a = b

and a ² y = b have unique solutions x and y in G. The next lemma establishesthat

dyadic symsetsare quasigroupsand gives an alternative characterization of dyadic

symsetsas a special classof quasigroups.

Lemma 2.3. A set G endowed with a binary operation is a dyadicsymsetif and only

if it is an idempotent quasigroup for which each left translation Sx is an involutive

automorphism.

Proof. Assumethat (X ; ² ) is a dyadicsymset. Axiom (1) assertsidempotency, Axioms

(2) and (3) are equivalent to the assertionthat all Sx are involutive automorphisms,

and Axiom (4) assertsthe unique solution of x ² a = b. SinceSa is an automorphism,

the equation a ² y = Say = b has a unique solution. The conversefollows even more

directly. ¤

In verifying that speci¯c examplessatisfy the axioms, it is often helpful to have

the axioms given in a weakenedform. We are indebted to Karl-Hermann Neeb for

suggestinga much more direct proof of the next observation.

Lemma 2.4. Let (X ; ² ) be a symsethaving a distinguished point " satisfying for all

a;b;c 2 X :

(4¤
" ) the equation x ² " = b hasa solution x 2 X ; or

(4" ) the equation x ² " = b hasa unique solution x 2 X .

Then (X ; ² ) is a homogeneous resp.dyadic symset.

Proof. Let a;b 2 X . By (4¤
" ) pick u such that Su" = u ² " = a. By Axiom (2), Su is

involutive, and hence" = Sua. Pick x such that x ² " = Sub. Applying Su to both

sides,we have via Axiom (3) Sux ² Su" = Sux ² a = b. Thus Sux is a solution of

( )² a = b. If y² a = bwereanother, then applying Su to both sidesyieldsSuy² " = Sub,
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henceSuy = x if ( ) ² " = Sub has a unique solution, and thereforey = Sux, which

establishesuniquenessin general. ¤

Remark 2.5. Not only does the preceding lemma provide a weaker condition to

verify, but it alsosuggestsa conceptthat will be crucial for our further developments,

that of a pointed symmetricset. The categoryof pointed symsetsandpoint-preserving

homomorphismsis both vital and suggestive for our later developments.

De¯nition 2.6. The category SYM of pointed symsetshas pointed symsetsas ob-

jects and homomorphismspreserving the distinguished points as morphisms. The

categoriesHSYM of homogeneoussymsetsand DSYM of dyadic symsetsare the

obvious full subcategories.Products and subobjects are de¯ned in the standard way.

The operation (x; y) ! x# y of taking the meanor midpoint in a dyadic symsetis

alsoa binary operation. There is a very closeconnectionbetweenthe meanand the

symmetric re°ection given by

x ² y = z , x = y# z:

This often allows one to useoneor the other, whichever is more convenient.

Lemma 2.7. A function is a homomorphismof dyadic symsetsif and only if it is a

# -homomorphism. Thus, in the presence of Axiom (4), Axiom (3) is equivalent to

Sx (y# z) = Sxy# Sxz for all x; y; z 2 X , i.e., the symmetriespreservethe midpoints.

Proof. Using x ² y = z if and only if x = y# z, we have for x = y# z, f (x) ² f (y) =

f (x ² y) = f (z), and thus f (x) = f (y)# f (z). Converselyif f is a #-homomorphism,

then for z = x ² y, we have x = y# z, and hencef (x) = f (y)# f (z). It follows that

f (x) ² f (y) = f (z).

The last assertionfollowsfrom what wehavejust done,sinceAxiom (3) is equivalent

to Sx being a symsethomomorphism,which we have just seenis equivalent to being

a #-homomophism, and the proof dependedonly on Axiom 4. ¤

3. Symmetric topological spaces with midpoints

The classof symmetric spacesof noncompacttype forms a key topologicalexample

of a classof dyadic symmetric sets. We present a more generaltopologicalclass.Let
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X be a Hausdor®space. We assumethat X comesequipped with a linear geodesic

family ¡, a family of homeomorphisms° from the real line R onto a closedsubsetof

X such that for each pair of distinct points x; y 2 X , there exists ° 2 ¡, unique up

to linear parameterization,such that x; y 2 ° (R). (The uniquenesscondition means

that if x; y 2 ° 1(R) \ ° 2(R), then there existsa;b2 R, a 6= 0, such that for all t 2 R,

°1(t) = ° 2(at + b).)

We de¯ne the midpoint or mean of x and y to be ° ((s + t)=2) if ° 2 ¡ and ° (s) =

x, ° (t) = y. This is well-de¯ned by the uniquenessup to linear parameterization

condition. For m 2 X we de¯ne the point re°ection Sm by Smx = y if m is the

midpoint of x and y. The point re°ection Sm is called a symmetry if Sx° 2 ¡ for all

° 2 ¡.

Lemma 3.1. Let X be a Hausdor®family endowed with a geodesicfamily ¡ . If each

point re°ection Su, u 2 X , is a symmetry, then X is a dyadic symmetric set.

Proof. It is immediate that Axioms (1), (2), and (4) are valid. Supposethat m is the

midpoint of x and y. Then there exists a geodesic° : R ! X such that ° (s) = x,

° (t) = y, and ° ((s + t)=2) = m. By hypothesisfor u 2 X , ° 1 := Su° is a geodesic

with °1(s) = Sux, °1(t) = Suy, and °1((s + t)=2) = Sum. HenceSum is the midpoint

of x and y, i.e., Su preservesmidpoints. By Lemma 2.7 X is a dyadic symset. ¤

Example 3.2. Let X be a di®erentiable manifold modeledon a Banach space,and

equipped with a covariant derivative D arising from a spray. A D-symmetry is a

di®eomorphismSx : X ! X that is a D-isomorphism,that leavesx ¯xed, and that

has derivative ¡ id on TxX . The manifold X is called D-symmetric if it has a D-

symmetry at every point, and if expx : Tx ! X is surjective for all x 2 X (see

[12, Chapter XI I I,5]). A D-symmetric manifold is geodesically complete and each

D-symmetry preservesgeodesics.

Let X be a D-symmetric manifold, let ¡ be the family of geodesics,and let us

assumeadditionally that expx : TxX ! X is a di®eomorphismfor each x 2 X . Then

the family ¡ is a geodesic family in our earlier sense. Henceall the conditions of

Lemma 3.1 are satis¯ed, and X is a dyadic symset.

The ¯nite-dimensional Riemannian symmetric spacesof noncompact type are a

special caseof such D-symmetric manifolds.
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4. Twisted subgr oups

There are closeconnectionsbetween symsetsand groups. In this section we be-

gin this development and simultaneously construct important examplesof symsets,

particularly dyadic symsets.

The notion of a twisted subgroupappearsexplicitly in [1], although it is implicit

at placesin the work of Nobusawa and his group. The notion of a twisted subgroup

alsoarisesin several contexts in the theory of loops.

De¯nition 4.1. A twisted subgroup of a group G is a subsetP of G containing the

identit y e such that (i) if x; y 2 P, then xyx 2 P, and (ii) if x 2 P, then x ¡ 1 2 P.

Alternativ ely onecanreplace(i) and (ii) with the equivalent condition that xy ¡ 1x 2 P

whenever x; y 2 P.

For x; y 2 P, a twisted subgroup,we de¯ne x ² y := xy ¡ 1x. Then it is straightfor-

ward to verify that the binary system(P; ² ) satis¯es the three axioms for a symset.

For example,for Axiom (3):

x ² (y ² z) = x ² (yz¡ 1y) = xy ¡ 1zy¡ 1x;

while

(x ² y) ² (x ² z) = (xy ¡ 1x) ² (xz¡ 1x) = (xy ¡ 1x)(x¡ 1zx¡ 1)(xy ¡ 1x) = xy ¡ 1zy¡ 1x;

so that the two are equal.

Prop osition 4.2. Let P be a subsetof a groupG containing the identity e, and de¯ne

x² y = xy ¡ 1x. Then (P; ² ) is a symsetresp.homogeneoussymsetresp.dyadicsymsetif

and only if P is a twisted subgroup resp.2-divisible twisted subgroup resp. uniquely2-

divisibletwisted subgroup. If h : G1 ! G2 is a grouphomomorphismcarrying a twisted

subgroup P1 into a twisted subgroup P2, then the restriction h : (P1; ² ) ! (P2; ² ) is a

homomorphismof symsets.

Proof. We have already seenthat if P is a twisted subgroup, then the three axioms

of a symsetare satis¯ed. Converselyassumethat (P; ² ) is a symset. Then x; y 2 P

implies x ² y = xy ¡ 1x 2 P. That P is a twisted subgroupfollows from the alternative

de¯nition of a twisted subgroup.
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Assumethat P is a twisted subgroup. Then for x; y 2 P, x = y2 if and only if

y ² e = ye¡ 1y = y2 = x. Thus for " = e, the identit y of G, condition (4¤
" ) resp.

condition (4" ) of Lemma 2.4 is satis¯ed if and only if P is 2-divisible resp. uniquely

2-divisible. Hencethe proposition follows from Lemma 2.4.

The last assertionof the proposition is immediate from the group homomorphism

property and the de¯nition of the symsetoperation. ¤

Example 4.3. Considerthe additive dyadic group (D; +) of all fractions of the form

m=2n for m; n 2 Z. Then each element t 2 D has a unique square,namely t=2, and

thus D itself is a uniquely 2-divisible twisted subgroupof itself. Henceby Proposition

4.2 (D; ² ) is a dyadic symsetwith t ² s = t ¡ s+ t = 2t ¡ s. The symmetriesare given

by Sts = 2t ¡ s. Also t# s = (1=2)t + (1=2)s, since(t# s) ² t = s. We call the dyadic

symsetD the dyadic line.

Lemma 4.4. Let P be a twisted subgroup of a group G. If x 2 P, then the cyclic

subgroup generated by x is a subsetof P. If P is additionally uniquely 2-divisible,

then for eachx 2 P, there is a uniquegrouphomomorphism¾from the additive group

(D; +) of dyadic rationals into G suchthat the imageis contained in P and ¾(1) = x.

Proof. The ¯rst assertion is well-known (see, for example, [1]). However, for our

purposes,it is instructive to give a proof from the symsetpoint of view. For x 2 P,

we de¯ne x0 = e, x1 = x, inductively xn+1 = xn ² xn¡ 1 for higher positive n, and

x¡ n = e ² xn . Theseare all in the symset(P; ² ) and one easily seesthat they agree

with the usual powers in the group G.

In the casethat P is uniquely 2-divisible, wede¯ne x1=2 = e# x, which is the unique

squareroot of x in P, and then recursively obtain x1=2n
. We can then de¯ne a group

homomophism¾from D into G by ¾(m=2n ) = (x1=2n
)m = xm=2n

; elementary group

theoretic arguments yield that it is a group homomorphism,and hencealsoa symset

homomorphism(Proposition 4.2) ¤

De¯nition 4.5. The preceding proof suggestshow powers should be de¯ned in

pointed symsets,namely x0 = ", x1 = x, inductively xn+1 = xn ² xn¡ 1 for posi-

tiv e integers n, and x¡ n = " ² xn . If additionally the symset is dyadic, we de¯ne

x1=2 = "# x , inductively x1=2n +1
= "# x1=2n

, and xm=2n
= (x1=2n

)m for all dyadic

rationals.
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There are closeconnectionsbetweeninvolutive groupsand twisted subgroups.

Corollary 4.6. Let G be a group equipped with an involutive antiautomorphism

x 7! x¤. Then the set PG := f xx ¤ : x 2 Gg is a twisted subgroup, and hence is

a homogeneousresp.dyadic symsetunder x ² y = xy ¡ 1x if and only if P is 2-divisible

resp.uniquely 2-divisible.

Proof. Weobserve that e = ee¤, (xx ¤)¡ 1 = (x¡ 1)¤(x¡ 1)¤¤; and aba= xx ¤y(xx ¤y)¤ 2 P

for a = xx ¤, b = yy¤. Thus P is a twisted subgroup, and the remaining assertions

follow directly from Proposition 4.2. ¤

Example 4.7. Let A bea C¤-algebra(see,for example[24, I I.15] for basicde¯nitions

and properties). We considerthe subsetof strictly positive self-adjoint members of

A, which is the set P = f x 2 A : x = aa¤ for someinvertible a 2 Ag. By the

precedingcorollary P is a twisted subgroupof the group of all invertible elements of

A, and hencea symmetric set with respect to x ² y = xy ¡ 1x. Also it is standard that

members of P have unique strictly positive self-adjoint roots of all orders, so that

(P; ² ) is a dyadic symset. Theseobservations apply, in particular, to the C¤-algebra

of bounded linear operators on a Hilbert space,in particular, to the matrix algebra

over Rn .

5. The displa cement gr oup and the quadra tic represent ation

A basictool in the study of symmetric setsand spacesis the quadratic representa-

tion into the group of displacements; see[17], [19], or [9].

De¯nition 5.1. Let (X ; ") be a pointed symset. Each composition SxSy is called a

displacement or transvection and the group G(X ) generatedby all SxSy, x; y 2 X , is

called the group of displacements or transvection group. The isotropy group at " is

denotedK (X ). The quadratic representationof X is the map Q : X ! G(X ) de¯ned

by Q(x) = SxS" .

Remark 5.2. Since Q(x)Q(y)¡ 1 = (SxS" )(S" Sy) = SxSy (since (Sy)¡ 1 = Sy by

Axiom (2)), we have that G(X ) is alternatively the group generatedby Q(X ).

The next lemma givesfundamental properties of the quadratic representation.
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Lemma 5.3. For a;b in a pointed symset(X ; "), we have

(i) Q(Q(a)b) = Q(a)Q(b)Q(a);

(ii) Q(") = idX and Q(a)¡ 1 = Q(a¡ 1), where a¡ 1 := S" a;

(iii) Q(a ² b) = Q(a)Q(b)¡ 1Q(a):

Proof. For items (i) and (iii), see[17, Lemma 1.1, Chapter I I] or [19]. For (ii), we

observe Q(") = (S" )2 = idX and

Q(a)¡ 1 = (SaS" )¡ 1 = S" Sa = SS" aS" = Q(a¡ 1):

¤

Item (i) of the previouslemmais sometimescalled the fundamentalproperty of the

quadratic representation.

Theorem 5.4. Let (X ; ") be a a pointed symset. Then Q(X ) µ G(X ) is a twisted

subgroup and hence a symsetwith respect to x ² y = xy ¡ 1x. Furthermore, members of

Q(X ) are inverted by the involutory automorphismg 7! S" gS" : G(X ) ! G(X ). If X

is homogeneous, then Q(X ) is 2-divisible, and if X is dyadic, then Q(X ) is uniquely

2-divisible. The map x 7! Q(x) : (X ; ² ) ! (Q(X ); ² ) is a homomorphismof pointed

symsetsand is an isomorphismin the casethat X is dyadic.

Proof. For x; y 2 Q(X ), Q(x)Q(y)¡ 1Q(x) = Q(Q(x)y¡ 1) 2 Q(X ) by Lemma 5.3(i),

and thus Q(X ) is a twisted subgroupof G(X ). If the twisted subgroupis given the

structure of a symset, then Lemma 5.3(iii) establishesthat the map x ! Q(x) is a

homomorphismof symsetsfrom X onto Q(X ).

For x 2 X , we have

S" Q(x)S" = S" SxS" S" = SS" xS" = Q(S" x) = Q(x¡ 1):

Thus conjugation by S" carriesQ(X ) into itself and hencethe subgroupG(X ) that

it generatesinto itself. Since(S" )2 = idX , it follows that g 7! S" gS" : G(X ) ! G(X )

is an involutory automorphism. By Lemma 5.3(ii), Q(x ¡ 1) = Q(x)¡ 1, somembersof

Q(X ) are inverted under conjugation by S" .

Suppose that X is homogeneous.Since the surjective homomorphic image of a

homogeneoussymsetremainshomogeneous,it followsfrom Proposition 4.2that Q(X )

is 2-divisible.
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Supposethat X is dyadic. If a = Q(x)" = Q(y)" , then by Axiom (4) x = "# a = y.

Thus the quadratic representation Q : X ! Q(X ) is an isomorphismof symsets,and

henceQ(X ) is a dyadic symset. By Proposition 4.2 Q(X ) is uniquely 2-divisible. ¤

Example 5.5. Considera ¯nite dimensionalJordan algebraA over the ¯eld of real

numbers. Then the setM of invertible elements is openin A andbecomesa symmetric

spacewith the product

x ² y = P(x)y¡ 1;

where P(x) is the Jordan algebra quadratic representation de¯ned by P(x)(y) =

2x(xy) ¡ x2y ([17, Chapter I I, Theorem 1.2]). In particular, the binary operation

x ² y on M satis¯es the three axioms of a symset(and, in addition, the symmetries

are homeomorphismswith isolated ¯xed points).

If onerestricts attention to EuclideanJordan algebrasand the corresponding sym-

metric conesX , the imagesof the exponential mapping, then the symmetric coneis

closedunder the bullet operation and additionally satis¯es the fourth axiom concern-

ing the existenceof meansor midpoints. Indeedspeci¯c formulasexist for calculating

the geometricmean,which is the midpoint (see[15]). Let " denotethe identit y of the

Jordan algebraA. We calculate in the symmetric coneX :

SxS" (y) = x ² (" ² y) = x ² y¡ 1 = P(x)(y):

SinceSxS" = Q(x) in the dyadic symset(X ; ² ), we seethat Q(x) in (X ; ² ) and P(x)

in the Jordan algebrasenseagreeon X . A number of the formulasand calculationsof

this sectionarehighly reminiscent of calculationswith the quadratic representation in

the theory of Jordan algebras,and we seethat indeedthesecalculations in sysmsets

generalizethoseon the symmetric conesof EuclideanJordan algebras.

Corollary 5.6. Let (X ; ² ) be a dyadic symsetand let x; y 2 X . Then there existsa

uniquehomomorphismg of dyadic symsetsfrom the dyadic line (D; ² ) to X suchthat

g(0) = x and g(1) = y.

Proof. We set " = x, the distinguished point of X . The map x 7! Q(x) : X !

Q(X ) µ G(X ) is an isomorphism of pointed symsetsand Q(X ) is a uniquely 2-

divisible twistedsubgroupby Theorem5.4. By Lemma4.4thereexistsa uniquegroup

homomorphism¾from (D; +) into Q(X ) such that ¾(1) = Q(y) and by Proposition
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4.2 it is also a symset homomorphism. The composition Q¡ 1¾ is then the desired

symsethomomorphism. If there were another, then the composition with Q would

give oneinto Q(X ), which would alsobe a group homomorphism(sincepowersin the

symsetand group senseagree),but the latter is unique. ¤

6. Universal twisted represent ations

The quadratic representation givesa usefulconnectionbetweensymsetsand twisted

subgroupsof groups,but it su®ersthe disadvantage that it is not functorial. In this

section we give an alternative representation that is functorial. We consider the

categoriesSYM of pointed symsetsand symsethomomorphismsand the categoryG±

of involutive groups. The secondcategoryhas for objects pairs (G; ¿), where¿ is an

involutiveautomorphismof G, and for morphisms(G1; ¿1) to (G2; ¿2) homomorphisms

h : G1 ! G2 such that h ± ¿1 = ¿2 ± h. For (G; ¿) an involutive group and g 2 G, we

set g¤ := (¿(g)) ¡ 1. We note that g 7! g¤ : G ! G is an antiautomorphism.

De¯nition 6.1. Let (S; ² ; " ) be a pointed symsetand (G; ¿) an involutive group. A

twisted representationof S in G is a function h : S ! G such that

(i) for all s; t 2 S, h(s ² t) = h(s)h(t) ¡ 1h(s),

(ii) h(S) µ f g 2 G : g = g¤g,

(iii) h(") = e, the identit y of G.

If, additionally, for any twisted representation h1 : S ! G1 there exists a unique

homomorphismof involutive groupsf : G ! G1 such that h1 = f h, then the twisted

representation h is called a universal twisted representation.

We show that for every symsetS, there is a universaltwisted representation for S.

We ¯rst recall a construction from [1].

Lemma 6.2. (Aschbacher) Let the group G be generated by a subsetX . Then

(i) there exists a smallest normal subgroup K of G such that the quotient group

G=K admits an involution that inverts the elementsof the imageof X ;

(ii) any homomorphismf : G ! H into an involutive group H that carries X

into the elementsinverted by the involution of H haskernel containing K ;

(iii) the induced homomorphismf : G=K ! H is a homomorphismof involutive

groups.
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The normal subgroupK is generatedby

f x¡ 1
1 ¢¢¢x¡ 1

n : x1 ¢¢¢xn = e; x1; : : : ; xn 2 X g;

wheree = e2 2 G. The involution ¿ on G=K is givenby ¿(x1 ¢¢¢xnK ) = x¡ 1
1 ¢¢¢x¡ 1

n K .

G
¼ - G=K

¿ - G=K

@
@

@
@

@
f

R

H
?

f

¾ - H
?

f

Prop osition 6.3. Every symset S has a universal twisted representation that is

unique up to an isomorphismcommuting with the twisted homomorphisms.

Proof. We ¯rst form the free group F (S) over the set S of generators. We then

considerthe smallestnormal subgroupN of F (S) containing f (s ² t) ¡ 1st¡ 1s) : s; t 2

Sg. Then the function ¯ : S ! F (S)=N de¯ned by ¯ (s) = sN satis¯es ¯ (s ² t) =

¯ (s)¯ (t)¡ 1¯ (s) and thus is a twisted homomorphism.

Note that ¯ (S) generatesF (S)=N and henceby the precedinglemmathere existsa

smallestgroup congruenceon F (S)=N , namely the cosetcongruenceassociated with

K , such that the quotient group F ² (S) is involutive and the imageof ¯ (S) is inverted

by the involution. Let j S : S ! F ² (S) be the composition of ¯ and the quotient map

from F (S)=N onto F ² (S). We claim that this is the universal twisted representation

(note that it is a twisted representation).

Let k : S ! H be a twisted representation into the involutive group H . Then

k factors through the free group F (S) and hencethrough F (S)=N sincek(s ² t) =

k(s)k(t)¡ 1k(s). It then follows from Lemma 6.2 that k factors through F ² (S), i.e.,

there existsa homomorphismof involutive groups` : F ² (S) ! H such that ` ±j S = k.

Note that ` is unique sincej S(S) generatesF ² (S).

The argument for the uniquenessof the universal twisted representation up to

isomorphismis the standard one for universalobjects. ¤

We typically denote the universal twisted represention for a pointed symsetS by

j S : S ! F ² (S).
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Corollary 6.4. Given a pointed symsetS, there exist a uniquehomomorphismof in-

volutive groups° : F ² (S) ! G(S) suchthat ° j S = Q, where G(S) is the displacement

group and Q is the quadratic representation.

Proof. This follows from the precedingproposition and Theorem5.4. ¤

Corollary 6.5. For S a dyadic symset,the universal twisted representationis injec-

tive.

Proof. This follows from the precedingcorollary and the fact that the quadratic rep-

resentation is injective (Theorem 5.4). ¤

Given a homomorphismf : S ! T of point symsets,we obtain F ² (f ) : F ² (S) !

F ² (T), where F ² (f ) is the unique homomorphismof involutive groups induced by

the twisted homomorphismj T f : S ! T ! F ² (T). The following proposition is then

straightforward to verify.

Prop osition 6.6. The correspondences S ! F ² (S) and (f : S ! T) ! F ² (f ) :

F ² (S) ! F ² (T) de¯ne a functor from the category SYM of pointed symsetsto the

category G± of involutive groups.

7. Dyadic symsets and gr oups with polar decomposition

We pursuethe lines of investigation of the precedingsectionfor the special caseof

dyadic symsetsand obtain considerablemore structure in this setting. As mentioned

in the introduction, connectionsbetweensymmetricspacesand involutivegroupshave

long beenknown and play an important role in the theory of Riemanniansymmetric

spaces.

We work in this section in the setting of an involutive group G, a group equipped

with an involutive automorphism¾. We set g¤ = ¾(g¡ 1) = (¾(g)) ¡ 1 and note that

g 7! g¤ : G ! G is an involutive antiautomorphism. Let

K = G¾ := f x 2 G : ¾(x) = xg; PG := f xx ¤ : x 2 Gg µ G¾ := f g 2 G : g = g¤g:

(That (xx ¤)¤ = x¤¤x¤ = xx ¤ shows PG µ G¾.)

We recall somebasic terminology. Let G be group with subgroupH . A subsetL

of G is called a transversalof G=H or transversalto H if the identit y e 2 L and L
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intersectseach cosetgH of H in preciselyone point. Thus the map g 7! gH : G !

G=H has a cross-section,namely the map that picks the member of L out of each

coset. One seesreadily that a subsetL containing e is a transversal of G=H if and

only if the map (x; h) 7! xh : L £ H ! G is a bijection. In the caseof an involutive

group (G; ¾), if L µ f g 2 G : g = g¤g, then the map (x; k) 7! xk : L £ G¾ ! G

is called a polar map. HenceL containing e is transversal to G¾ if and only if the

polar map is a bijection. If it is a bijection, then the pair (L; G¾) is called a polar

decomposition for (G; ¾).

Lemma 7.1. The sets PG and G¾ are twisted subgroups, and hence the operation

x ² y := xy ¡ 1x on PG and G¾ satis¯es the three axioms for a symset.

Proof. By Corollary 4.6 PG is a twisted subgroup. For x; y 2 G¾, the equality

(x ² y)¤ = (xy ¡ 1x)¤ = x¤(y¡ 1)¤x¤ = xy ¡ 1x = x ² y

shows that G¾ is also a twisted subgroup. We have already noted (Proposition 4.2)

that the ¯rst three axiomsare satis¯ed for twisted subgroups. ¤

The next lemma presents a type of converseto the precedinglemma.

Lemma 7.2. Let (G; ¾) be an involutive group and let Q be a twisted subgroup con-

tained in G¾. Then the subgroup H generated by Q is an involutive subgroup with

respect to the restriction of ¾, and PH µ Q. If Q is 2-divisible, then PH = Q.

Proof. SinceQ is closedunder inversionand contained in G¾, it is invariant under ¾,

and thus the group H it generatesis invariant under ¾. Any h 2 H can be written

asa product of membersof Q, h = q1 ¢¢¢qn . Then hh¤ = q1 ¢¢¢qnqn ¢¢¢q1, which is in

Q (inductively considerqi ¢¢¢qnqn ¢¢¢qi as i movesfrom n to 1). Thus PH µ Q. If Q

is 2-divisible, then x 2 Q hasa squareroot y 2 Q, and x = y2 = yy¤ 2 PH . ¤

We note in passingthe standard observation that onecan alternatively work with

the cosetdecomposition M := G=K insteadof PG. The next remark is standard and

can be directly veri¯ed [12, Chapter XI I I,5].

Remark 7.3. Considerthe binary operation on M = G=K de¯ned by

xK ² yK = xx ¤¾(y)K :
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The mapping xx ¤ 7! xK : PG ! G=K is a well-de¯ned ² -isomorphism.

Most, if not all, of the equivalenceof (2), (3) and (4) below may be found in the

literature and is more or lessfamiliar to researchers in loop theory; see,for example,

[1], [3], and [10]. For completeness,we include a quick, direct proof.

Theorem 7.4. Let (G; ¿) be an involutive group, K = G¿ the ¯xed point subgroup,

and P = f xx ¤ : x 2 Gg. The following are equivalent:

(1) P is a dyadic symsetunder the standard operation x ² y := xy ¡ 1x;

(2) P is a uniquely 2-divisible twisted subgroup;

(3) the polar map (x; k) 7! xk : P £ K ! G is bijective;

(4) P is transversalto K .

Proof. The equivalenceof (1) and (2) follows from Proposition 4.2, in light of Lemma

7.1 and the equivalenceof (3) and (4) is immediate, as remarked in the beginningof

this section.

We turn to the equivalenceof (2) and (3). If (2) and g = x1k1 = x2k2, then

gg¤ = (x1)2 = (x2)2. Hencex1 = x2, and then k1 = k2.

Conversely, for gg¤ 2 P, let g = xk. Then gg¤ = xk(xk)¤ = x2, so x 2 P is a

squareroot of gg¤. If y 2 P were another, then one veri¯es that y(y¡ 1g) would give

another decomposition of g, since

y¡ 1g = y¡ 1gg¤(g¤)¡ 1 = y¡ 1y2¾(g) = y¾(g) = ¾(y¡ 1g):

¤

We considerthe full subcategoryDSYM of SYM consistingof pointed dyadic sym-

sets and the full subcategory PG± of G± consisting of involutive groups with polar

decomposition satisfying property (3) (or any of the equivalent properties) of the pre-

ceding theorem. We de¯ne a functor P : PG± ! DSYM that sendsan involutive

group with polar decomposition (G; ¾) to the pointed dyadic symset (PG; ² ) given

in the previous theorem. One veri¯es directly that if f : G ! H is a homomor-

phism of involutive groups, then f (PG) µ PH , so the restriction f : PG ! PH is a

homomorphismof pointed dyadic symsets.

There are various equivalent ways of de¯ning adjoint functors. We adopt the fol-

lowing (see[8, Appendix 3]). Functors F : A ! B and P : B ! A are adjoint if
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for every object A 2 A, there is a morphism ´ A : A ! PF (A) such that for all

morphismsf : A ! PB in A , there is a unique morphism f 0 : F A ! B in B such

that f = (Pf 0) ± ´ A . Additionally ´ should be a natural transformation from the

identit y functor 1A to PF and F should be given by F (f ) = (´ A 2 f )0 for f : A1 ! A2

in A .

Prop osition 7.5. The functors F ² : DSYM ! PG± and P : PG± ! DSYM are

adjoint functors, the functor F ² being the left adjoint. Furthermore, we have ´ :

1DSYM ! PF ² is a natural equivalence of functors.

Proof. For every pointed dyadic symsetX , we de¯ne ´ X : X ! PF ² (X ) to be the

corestriction of j X : X ! F ² (X ) to codomain PF ² (X ) = P(F ² (X )). It follows from

Corollary 6.5 that j X : X ! F ² (X ) is injective, by Lemma 7.2 that PF ² (X ) = j X (X ),

and hence that ´ X : X ! PF ² (X ) is an isomorphism of pointed symsets. The

naturalit y of ´ is straightforward, and the characterization of F (f ) in the de¯nition

of adjoint functors is simply a reformulation of our de¯nition of F ² at the morphism

level.

Let X be a pointed dyadic symset and G an involutive group with polar de-

composition. Suppose that f : X ! PG is a homomorphism of symsets. Then

f : X ! PG ,! G is a twisted representation of X , so by Proposition 6.3 extends

uniquely to a homomorphismof involutive groupsf 0 : F ² (X ) ! G in such a way that

f 0j X (x) = f (x) for all x 2 X . It then follows from the de¯nitions of ´ X and P that

f = (Pf 0)´ X .

¤

Let G be a Banach-Lie group and let g be its Banach-Lie algebra. Let ¾ be a

di®erentiable involutive automorphismof G; and let p = f X 2 g : d¾(1)(X ) = ¡ X g:

The cosetspaceM = G=K becomesa geodesicallycompleteFinsler manifold with a

canonicalspray [18]. If X 2 p; then ¾(expX ) = exp(d¾(1)(X )) = exp(¡ X ) and

(expX ) = (expX =2)(expX =2) = (expX =2)¾(expX =2)¡ 1 2 P = f x¾(x¡ 1) : x 2 Gg

and henceexpp ½ P: Supposethat the polar map

expp £ K ! G; (expX ; k) 7! (expX )k
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is bijective. Let x 2 G: Then x = (expX )k for someX 2 p and k 2 K : Since

x¾(x¡ 1) = (expX )k¾((exp X )k)¡ 1 = (expX )kk¡ 1¾(expX ) = (expX )2 = exp2X ;

we have P ½ expp: We have proved the following.

Corollary 7.6. If the polar map

expp £ K ! G; (expX ; k) 7! (expX )k

is bijective, then the manifold M = G=K (and also expp) is a dyadic symset.

The previoustheory ¯nds a classicillustration in the well-known Cartan decompo-

sition of semisimpleLie groups.

Example 7.7. Let G be a connectedsemisimpleLie group over the realswith ¯nite

dimensionalLie algebrag. Let ¿ be a Cartan involution on g, g = k + p the corre-

sponding Cartan decomposition and let K be a Lie subgroupwith Lie algebrak, the

subalgebra¯xed by ¿. Then we have

(i) K is closed,connected,and equal to the ¯xed point set of a unique involutive

automorphismof G extending ¿;

(ii) The center of G is contained in K ; K is compact if and only if G has ¯nite

center;

(iii) K is its own normalizer. The centralizer of K in G is the center of K .

(iv) The map (X ; k) 7! (expX )k is a di®eomorphismof p £ K onto G. The

involution on G sendsg = exp(X )k to exp(¡ X )k.

The precedingitems are all standard, see,for exampleTheorem2.3 of Chapter IV

of [17]. We remark further that the twisted subgroupP = expp has unique square

roots, indeedunique roots of all orders,sincethe exponential function restricted to p

is a bijection onto P.

8. Dyadic symmetric sets and B-loops

Suppose that G is a group, H is a subgroup, and L is a transversal of G=H.

Then the map (x; h) 7! xh : L £ H ! G is bijective. This allows one to de¯ne a

multiplication on L asfollows: for a;b2 L, we write ab= xh 2 LH for uniquex 2 L,

h 2 H and de¯ne a ¤ b := x. Then as an algebraic structure (L; ¤) is a left loop,

that is, it has an identit y, namely the identit y e of the group, and there is a unique
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solution of the equationa¤x = b for all a;b2 L (see,for example,[11, Theorem2.7]).

The various typesof left loopsand loopsthat ariseasoneimposesvariousadditional

properties on the transversalL have beenquite intensively studied.

Things becomequite nice in the casethat we consideredin the previous section.

Let (G; ¿) be an involutive group, K = G¿ the ¯xed point subgroup,and P = f xx ¤ :

x 2 Gg satisfy any of the four equivalent conditions of Theorem7.4.

Lemma 8.1. The left loop multiplication in P is given by

a ¤ b := (ab2a)1=2:

Proof. Let a;b2 P. De¯ne k = (a ¤ b)¡ 1ab, wherea ¤ b= (ab2a)1=2. Then

k 2 K , (a ¤ b)¡ 1ab2 K

, ¾((a ¤ b)¡ 1ab) = (a ¤ b)¡ 1ab

, ¾(a ¤ b)¡ 1¾(a)¾(b) = (a ¤ b)¡ 1ab

, (a ¤ b)a¡ 1b¡ 1 = (a ¤ b)¡ 1ab

, (a ¤ b)2 = ab2a

, ab2a = ab2a:

We thus concludethat k 2 K . Sinceby de¯nition a¤b2 P, we concludethat (a¤b)k

is the polar decomposition of ab, and hencethat a ¤ b = (ab2a)1=2 givesthe left loop

multiplication. ¤

Remark 8.2. It is frequently convenient to work with an alternative multiplication

on P given by a ± b = a1=2ba1=2. This is no loss in generality, since the left loops

(P; ¤) and (P; ±) are isomorphic, the isomorphismbeing given by D : (P; ¤) ! (P; ±),

D(x) = x2:

D(a ¤ b) = D((ab2a)1=2) = ab2a = a2 ±b2 = D(a) ±D(b):

The bijectivenessfollows from the unique 2-divisibilit y of the twisted subgroup P.

Note that both the multiplications of (P; ¤) and (P; ±) agreeon any cyclic subgroup

of G with that computed in the group G.



SYMMETRIC SETS WITH MIDPOINTS AND ALGEBRAICALL Y EQUIV ALENT THEORIES 21

We give the basic de¯nitions and elementary properties from loop theory that we

employ in the remainderof this section. A loop is a left loop (L; ±) that is alsoa right

loop, that is, equationsof the form y ± a = b also have unique solutions for all a;b

in the left loop. A left Bol loop is a loop satisfying the Bol-identit y (I), and a Bruck

loop or K -loop is a left Bol loop satisfying item (I I).

(I) (Bol-identit y) x ± (y ± (x ±z)) = (x ± (y ±x)) ±z;

(I I) (Automorphic inverseproperty) (a ±b)¡ 1 = a¡ 1 ±b¡ 1:

An equivalent de¯nition of a K -loop is to replace item (I I) by the following [11,

Theorem6.8]

(I I') (a ±b) ± (a ±b) = a ± ((b±b) ±a):

It is a standard result that a K -loop (indeed a left Bol loop) is power associative

and every element has a unique inverse,which together imply that every element is

contained in a cyclic subgroup. Furthermore, xm ±(xn ±y) = xm+ n ±y for all integers

m; n. The K -loop is uniquely 2-divisible if every element has a unique squareroot.

Such loops are sometimesreferred to as B-loops, although originally only ¯nite B-

loops were considered.The term B-loop arosein the work of Glaubermann ([4] and

[5]). He studied K -loops that were ¯nite of odd order. Sinceeach cyclic subgroup

hxi partitions the K -loop in cosetshxi ± y of equal cardinality, one has a Lagrange

theoremfor cyclic subgroups.Thereforeeach cyclic subgrouphasodd orderand hence

is uniquely 2-divisible.

De¯nition 8.3. A B-loop is a uniquely 2-divisible K -loop.

We give an alternative characterization of B-loops.

Lemma 8.4. A K -loop is a B-loop if and only if it is 2-divisible and hasno elements

of order 2.

Proof. A B-loop cannot have elements of order 2, for otherwisethe identit y e would

not have a unique squareroot. Converselysupposethat a K -loop is 2-divisible and

x2 = y2. Then by (I I0) in the de¯nition of a K -loop, we have

(x¡ 1 ±y)2 = x¡ 1 ± (y2 ±x¡ 1) = x¡ 1 ± (x2 ±x¡ 1) = ":

Sincethere areno elements of order 2, it follows that x ¡ 1 ±y = ", and left multiplying

by x that x = y. ¤
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Prop osition 8.5. Let L be a uniquely2-divisibletwisted subgroupof a groupG. Then

L with the operation a ±b= a1=2ba1=2 is a B-loop.

Proof. See3.9 of [10] or [11, Theorem6.14]. ¤

We needonemore basic result about B-loops.

Prop osition 8.6. Let (L; ±) be a B-loop. Then L is isomorphic to a uniquely 2-

divisible twisted subgroup of somegroup with operation a ±b= a1=2ba1=2.

Proof. See[11, Theorem6.15]. ¤

We comenow to a major result of the paper.

Theorem 8.7. A pointed dyadic symset(X ; ² ; " ) is a B-loop with respect to the op-

eration x ± y = Q(x1=2)y = ("# x) ² y. Converselya B-loop is a dyadic symsetwith

respect to the operation x ² y = x2 ±y¡ 1. The two constructions are inverseconstruc-

tions. The squaringmap, the square root map, and the inversion mapsall agree for

the two structures (X ; ² ; " ) and (X ; ±). Furthermore, a function between two pointed

dyadic symsetspreservingthe point " is a homomorphismif and only if it is a homo-

morphism between the corresponding B-loops. Hence the functor from the category

DSYM of pointed dyadicsymsetsto the category of B-loopsand loop homomorphisms

that assignsto a pointed dyadic symsetthe sameset with the corresponding B-loop

structure and to a homomorphismof pointed dyadicsymsetsthe samefunction, now a

loop homomorphism,between the corresponding B-loop structures is an isomorphism

of categories.

Proof. By Theorem5.4 the dyadic symsetX is, up to an isomorphiccopy, a uniquely

2-divisible twisted subgroupof a group G endowed with the operation x ² y = xy ¡ 1x.

Then

Q(x1=2)y = Sx1=2 S" y = Sx1=2 y¡ 1 = x1=2yx1=2:

The ¯rst assertionof the theoremnow follows from Proposition 8.5.

Converselyby Proposition 8.6 a B-loop arises,againup to loop isomorphism,from

a uniquely 2-divisible twisted subgroupwith the operation a ± b = a1=2ba1=2. Then

x ² y = x2 ±y¡ 1 = xy ¡ 1x yields a dyadic symsetoperation.
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For the assertionsabout the squaring map, squareroot map, and inversion map,

we again work in an isomorphiccopy that is a twisted subgroup,and note that there

theseoperations for both the dyadic symsetand the B-loop agreewith those in the

group and hencewith each other.

It follows readily from the precedingcomputations that the two constructionsare

inverseconstructions, that is, if on a pointed dyadic symset the B-loop operation ±

is de¯ned from ² and ² 1 is de¯ned from ±, then ² 1 and ² are the sameoperationsand

vice-versa.

(Note that we can pass directly from any pointed dyadic symset to its B-loop

structure and back to the dyadic symsetby the formulasgiven in the theorem. Work-

ing in the isomorphiccopy of a twisted subgroupwas done to facilitate deriving the

assertionsand make possiblethe application of known results.)

Since homomorphismsof either type of algebraic structure preserve powers and

dyadic roots aswell as the given operation, it follows immediately from the formulas

for the alternative operation that this operation is also preserve, i.e. the function

remainsa homomorphismfor the new operation de¯ned from the old.

The ¯nal categoricalassertionfollows from the precedingresults. ¤

We mention in closinga ¯nal equivalencewith the theory of gyrogroupsthat now

immediately results. The notion of a gyrogroup has been introduced by A. Ungar,

primarily as an appropriate structure for the study of Einstein velocity addition in

special relativit y and related topics (see,for example,[23]). Ungar's axiomstake the

following form.

Let P be equipped with a binary operation ¯ , an unary operation x 7! x ¡ 1, and

an identit y e. For x; y 2 P, de¯ne gyr[x; y] : P ! P by

gyr[x; y]z = (x ¯ y)¡ 1 ¯ (x ¯ (y ¯ z)):
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Then P is a gyrogroup if it satis¯esthe following laws(1)-(5) and is a gyrocommutative

gyrogroup if it additionally satis¯es law (6):

(1) x ¯ (y ¯ z) = (x ¯ y) ¯ gyr[x; y]z; (gyroassociative law)

(2) e¯ x = x ¯ e = x; (existenceof an identit y)

(3) x ¯ x¡ 1 = x¡ 1 ¯ x = e; (existenceof inverses)

(4) gyr[e; y] = id;

(5) gyr[x ¯ y; y] = gyr[x; y]; (loop property)

(6) x ¯ y = gyr[x; y](y ¯ x): (gyrocommutativ e law)

Sabinin, Sabinina,and Sbitneva [21] have shown that (P; ¯ ) is a gyrocommutativ e

gyrogroup if and only if it is a K -loop. It then follows immediately that (P; ¯ ) is

a uniquely 2-divisible gyrocommutativ e gyrogroup if and only if it is a B-loop. By

Lemma 8.4 the fact that (P; ¯ ) is uniquely 2-divisible is equivalent to its being 2-

divisible and having no elements of order 2. Thus there is an alternative version of

Theorem8.7that substitutesgyrocommutativ egyrogroupsfor B-loops,but otherwise

leavesthe theorem intact.

Theorem 8.8. A pointed dyadic symset(X ; ² ; " ) is a uniquely 2-divisible gyrocom-

mutative gyrogroup with respect to the operation x ± y = Q(x1=2)y. Converselya

2-divisible gyrocommutativegyrogroup with no elementsof order 2 is a dyadic symset

with respect to the operation x ² y = x2 ± y¡ 1. The two constructions are inverse

constructions. The squaring map, the square root map, and the inverse maps all

agree for the two structures (X ; ² ; " ) and (X ; ±). Furthermore, a function between

two pointed dyadic symsetspreservingthe point " is a homomorphismif and only if

it is a homomorphismbetween the corresponding gyrogroups.

9. Future directions

In this paper we have primarily establishedrelationshipsand equivalencesbetween

the category of pointed dyadic symsetsand other algebraic categories. In future

papers we plan to focus on the theory of the (geometric) mean in the context of

dyadic symsets[14]. We also want to develop these ideas in a topological context,

wherethe dyadic line is replacedby the usual real line.
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