THE RADON-GA USS TRANSF ORM

VOCHIT A MIHAI AND AMBAR N. SENGUPT A

Abstra ct. Gaussian measure is constructed for any given hyperplane in an
innite-dimensional Hilb ert space,and this is usedto de ne a generalization of
the Radon transform to the in nite-dimensional setting, using Gauss measure
instead of Lebesgue. An inversion formula is obtained.

1. Intr oduction

The purposeof this paper is to extend the theory of Radon transforms to in nite
dimensions. Sincethere is no useful version of Lebesguemeasurein in nite dimen-
sions,and Gaussmeasureis the most useful standard measureain this setting, we
use Gauss measureas the badkground measurefor the transform. We obtain an
inversion formula and a support theorem (of course,there may be many di®erert
support theoremsasthere are in the "nite dimensional case).

The Radon transform (invented by Radon in [3]; seereproduction in [1]) of a
functign f on R" is a function which assiates to eat hyperplane » %2 R" the
value _f dm, wherem is Lebesguemeasureon ». Our transform takesplacein the
setting of areal, in nite-dimensional, separableHilb ert spaceEg. As is known (and
we describe brie®y in section 2), there is a probability space(- ;F;*) and a linear
mapk 7! R, assaiating to ead k in a denselinear subspaceE oo ¥2 Eg a measurable
function K on -, such that eac K, viewed as a random variable, is Gaussianwith
mean 0 and variance jkj2, and the random variables K generatethe ¥{algebra F;
this leadsto a linear map Eq ! L2(%) : k 7! R, with ead K Gaussianof mean 0
and variance jkj2. This is generally taken as the standard Gaussianmeasure\on”
the Hilb ert spaceEy, though - is not equalto Eq in any natural sense.

Let us now summarize some of the results and constructions of this paper, re-
ferring the the notation set up above. A hyperplanein Eg is a subsetof the form
»= pu+ u?, whereu is a unit vector in Ey and p a non-negative real number; when
p, which is the distance d(0; ») of » from the origin, is positive, the hyperplane »
determinesp as d(0;») and u asthe unit normal vector from the origin onto ».

In section2, we shaw that onthe (- ; F) thereis a probability measure! ,,, and the
ead function K is a Gaussianrandom variable with respectto t,, with mean phk; ui
and variancelk; P~ ki. At a coarselevel (and we provethis), onecanview! , asthe
Gaussmeasure! conditioned to satisfy 0 = p; howewer, the generalconstruction of
such conditional measuregrovide existencefor almost every p whereaswe construct
1, asa probability measurefor ead givenvalue of (p;u). One other issueto obsene
here is that, aswe prove in Theorem 3.1 in section 3, the measures! ,, and ! are
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mutually singular, and so, a priori, the functions K, when viewed as elemerts in
L2(*), do not have meaning as elemeris of L2(% ).

In section 4 we formally introduce the Radon-Gausstransform. In brief, if f
is a suitable measurablefunction on (- ;F), then its Radon-Gausstransform Gf
assaiated to ead hyperplane » in the Hilgert spaceky, the value

Gf(») = fd,

and work out a few examples. Then in section 5 we establish an inversion formula
for the transform. In the "nite-dimensional case,it is known (see, for example,
[1]) that there is an inversion formula using powers of the Laplacian and another
formula using the Fourier transform. We have not beenable to give an appropriate
meaningto an in nit y-power of the Laplacian in our context (though the possibility
of a meaningful de nition remains), so we proceededusing the Segal-Bargmann
transform S, and in Theorem 5.1 we establish a relation which allows inversion of
G by inverting S.

2. Gaussian Measure on Hyperplanes: Constr uction

In this section we construct and study Gaussian measureon hyperplanes in
Hilb ert spaces.Although numerousavenuesexist for this construction (from Minlos'
theoremto ideasconnectedwith Malliavin calculus), we choosea direct construction
using Kolmogorov's method, which then provides a single measurespace(- ;F) on
which all hyperplane measureswill be de ned simultaneously and also provides
a linear spaceof measurablefunctions which are simultaneously densein all the
hyperplane L ?-spaces.

To beginwith, let us considerthe "nite dimensionalcase.Considera hyperplane
»in RN. Then we can pick a unit normal vector u 2 RN sud that

(2.1) »= pu+ U?;

wherep 2 R is the distance of » from the origin. The standard Gaussianmeasure
1, on »is given by

2.2) di,(y) = (2yyi el Vi Puit=2gy

wherey 2 RN, but dy denotesLebesguemeasureon ». This measureis certered
at the point pu, which is the point on » closestto the origin. Let », be the
characteristic function for ,,, viewed as a probability measureon RN . Then, for
any k 2 RN, we have

i i NG 1 . L2
n(k) = @kviyyi Trel Vi put2gy
Z»
- eihk;pu+zi(21/4)i Ni2 1e”- ijzzdz
u?
- eiphk;ui eihk;Zi(Zl/)i Ni2 1e”- Zj2:2dz
u?
— eiphk;uieij P,? kj2:2;
Thus,
(2.3) n (k) = ePhkuiil Pyo k12:2;

where P,- k is the orthogonal projection of k onto u” .
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Now we move to the in nite dimensional situation. SupposeE, is a separable,
real in nite-dimensional Hilbert space. Let fe,gn2p be an orthonormal basis of
Eq, where P is the set of positive integers:

P=1123:9
Let (- ;F;1) be the probability space,where
(2.4) - = RP;

F is the product ¥{algebra, and ! is the product of the standard Gaussianmeasure
(2v)i 726l X*=2¢x. The coordinate projections

Xj:i- 1! Rl 7L,

are independert standard Gaussianrandom variables. If x is an elemen in the
Hilb ert spaceEy we have then the ra)rgdom variable ® on - given by

(2.5) 2= X egiXj;
j2pP
which is an L2(2 ){convergert ieriessince

h; gi? = jxj?< 1
j2pP
The seriesfor ® corvergeseverywhereon - if x is in the linear span (as opposedto
the closedlinear span) of the vectorse;; e;;:::.
Motiv ated by the Tnite-dimensional case,we will prove:

Theorem 2.1. SupmseEy is a real, se@rable, in nite-dimensional Hilbert space.
Let » be any closal hyperplane in E, givenas » = pu+ u’, where u 2 Ep is a
unit vector and p 2 R. Then there is a probability measure *,, on the product
space (- ;F), and, for each k 2 Eg, a Gaussian random variable K on (- F;1y),
depending linearly on k, suzch that

(2.6) dRr, = gPtii £iP,7 ki*

for all k 2 Eo.

We will carry out a direct construction using Kolmogorov's method of produc-
ing a measureon the innite product through a consistert family of measureson
“nite-dimensional \sub-products.” It is important to note that all the probability
measures! ,, are de ned on the same measurablespace(- ;F). If - is allowed to
depend on » then the construction is much simpler. It should also be noted that
random variablesK, for k 2 E, were constructed for L2(1) but those random vari-
ablesdo not specify well-de ned elemeris in L?(*,), since? ,, aswe shall seelater,
liveson a set of t {measure 0.

Proof. As before, let fe g2p be an orthonormal basis of Eo. For N 2 P let
uy 2 RN be the vector given by the rst N componerts of u:

2.7) uy = (hu;eqi; s hueyi)
First we construct on RN the measure! y whosecharacteristic function is given
b
y z
(2.8) 1y (K) def gihkixi gt N (X) = iphk;un i 2 (ikiZih kunij ?)

RN
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The quadratic part of the exponert on the right can be recast as follows:

(2.9) jkiZ i jhkunij?= kB ki
where
(2.10) Bn = 1i Juni® I+ Juni®Pyy

If junj < 1andthen By > 0. In this case,! \ is the characteristic function of the
Gaussianmeasuret y on RN given by:

(2.11) dty (x) = P N2 (det By )i 12ei 20 Pun Byt (xi pun)i gy
for, usingzx = puy + By °z, .
elhk,XI dty (X — e|hk,puN i elhB,%‘ 2k:zi; ihz;zi
RN N (X) RN (2¥N=2

ghkipun i it $hk;B ki ;

which matches(2.9).

If juxj = 1then By = Py, (which is not invertible), and in this case® y is the
hyperplane Gaussian? ,, consideredin (2.2) and (2.3). (If - wereallowedto depend
on » then we could simply start with an orthonormal basisfor which e; = u, and
we would be done at this stage.) At the other extreme, if uy = 0then 1y is just
standard Gaussmeasureon RN .

The expression(2.8) for 2\ (k) shows a consistencyproperty: if k = (ki; 5Ky )
and k°= (k;0), then

My (k) = Py (K)
This implies that for any Borel setA %2RN we have

N1 (AER)=1n(A)

and so Kolomogorov's theorem on existenceof probability measuresimplies that
there is a probability measure! , on RP, with the property that, for every N 2 P,

I ¢
L, py (A) = 1N (A);
for all Borel A % RN, with py : RP ! RN being the projection on the st N
componerts.
Let Eqo be the subspaceof Eg given by the linear span of the vectorse;; e; :::.

Let k 2 Eqo, and kj = tk;gi. Supposethat kj = 0forj > N. Let kK denote the
random variable on - given by

X
Rox) = kix;
j2P
Then: 7 7
ekdr, = g (kixa+ 806k xn) g1 (x)
- RN ¢
= By ((kg;nkn)
= gphkunii 2 (iikiZiih kunij?)
= ghhkiuii 2 (iiki%ijh kuij )
Thus,
Z

(2.12) dRyr, = gphkunii 3P, ki
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for all k 2 Egg. Note that for k 2 Eqg, the function R is dened everywhereon -,
and the relation (2.12) in%plies

(2.13) gtRgr = gltp hkuii 3t%nkP, - ki

which shaws that, with respect to the probability measure? ,,, the random variable

R has Gaussian distribution with mean phk; ui and variance hk; P,- ki. (This is
becausea random variable X is Gaussianwith meanm and variancev if and only
if its characteristic function is et™ i t*v=2)) Consequetiy,

(2.14) iKiZo ) = PPhk;ui® + h Pyo ki - (p? + 1)jkj?
This implies that the linear mapping
Eoo! L2(%,):k7!K
extendsto a cortinuous linear mapping
Eo! L2(1,):k7!K
For k 2 Eg, we can choosea sequenceof points kqn) 2 Eqo which corvergesto Ej.

Then, by (2.14), kO(\n) I Rin L2(*,), and so, by examining characteristic functions,
it follows that K is Gaussian. Moreover, equation (2.12) implies (2.6). a

Here is a somewhatmore general construction:

Theorem 2.2. Let Eq be a real, semrable, in nite-dimensional Hilbert space, U :
Eo! R" alinear maponto R", and let p2 R". Then there is a unique measure
10 on (- ;F) and alinear map Eq ! L2(- ;F;typ) 1k 7! R suchthat, for all
k2 Eo: 7

(2.15) eiQ dtyp = kiU i %jjk?jiz;

where k- is the orthogonal projection of k onto kerU, and U}, RN 1 (keru)?
is the isomorphism which inverts Uj(kerU)? .

Proof. The argumert being quite similar to the previous proof, we only sketch the
essetfial elemens. For any integer N | 1 considerthe Gaussianmeasure?! y.p:n
on RN Epeci_ed by

IPN

P P ; . .

(216) el :\‘:1 Ky X¢ dr UpN (X) = e'h :\1:1 krer ;UL 1(p)|i 2 ris=1 kr ksh(er)» ;(es)» |;
RN

for all (kq;:kn) 2 RN, Consistency of the system 1 u:pN On, 1 follows by ob-

serving that

(2.17) Pupin +1 (Kas 22K 0) = Py (Kas k)
Kolmogorov's theorem then gives the existence of a measure! y;, on (- ;F) for
which
Y4
(2.18) Rt yp = Pupn (kei k)

holds for every k 2 Eq of the form k = kie; + ¢¢¢+ ky ey . Using (2.16) we then
have the desiredformula (2.15) for all k in the subspaceE oo spannedby the vectors
er; ;.. The caseof generalk 2 Eq sinceboth sidesin (2.15 are corntinuous in
k 2 Eg. o
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3. Gaussian Measure on Hyperplanes: Pr oper ties

We proceed with the same setting as in the preceding section: Eg is a real,
separable,Hilbert space,- = RP, whereP = f1;2;3;:::9, and F is the product
sigma{algebraof subsetsof -. Let fe,gn2p bean orthonormal basisof Eg, and Eqgg
the subsetof Ey which is the linear span of the vectorse;; e;;:::. For ead k 2 Eqg
we then have a measurablefunction K on - given by

k)= Heix;
i2P
wherex = (Xj)j2p 2 -. A typical hyperplanein Eq will be denoted», and is given
as

»= pu+ u? ;
for someunit vectoru 2 Eg and p 2 R. In the precedingsection we constructed a
probability measuret ,, on (- ; F) for which
Z

(3.1) dR e, = gPhii £iP,o ki*

for all k 2 Eqg, thereby making R a Gaussianrandom variable on (-;F;t,). We
then shawed that there is a bounded linear map

Eo! L%(t,):kT7!'R

such that equation (3.1) continuesto hold for all k 2 Ey.

Intuitiv ely, it seemsthat *, should\liv " on the subspace». Howewer, just as
the product Gaussianmeasuredoesnot live on Ey, we cannot expect ! ,, to literally
assignmass1 to » viewed somehav as a subsetof -. The correct version of this is:

Prop osition 3.1. SupmseE is a real, se@rableHilbert space, and » a hyperplane
givenby » = pu+ u’, where p2 R and u is a unit vector in Eq. Let !, be the

probability measure on (- ;F) from Theorem 2.1, and, for eachk 2 Eg, let K be the
random variable descrited in Theorem 2.1. Then

0(x) = p for ! ,{almost-every x 2 -

It follows, asa consguene, that 1 ,, assignsfull measure 1 to a setwhoset {measure
is 0, where t is the product Gaussian measure on (- ; F).

Proof. From (2.6) we have
z
gt gu L = P huitu i 1jP,» tuj?
2

eits di‘p(S),
R

where;, is the delta measurewith +,(f pg) = 1. So,sincethe characteristic function
of a random variable uniquely speci es the distribution, it follows that the random
variable ¢ hasthe distribution #,, i.e. 0 hasthe constart value p almost everywhere.

Consider any unit vector u 2 Eqg. Then, relative to the probability measure? ,
the function 0 is a Gaussianrandom variable for variable juj? > 0. On the other
hand, the samefunction 0, is almost every-whereconstart with respectto t ,,. Thus
the set & 1(p) has! {measure 0 but ! ,{measure 1. o
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We record the corresponding fact for the measures! y., which were constructed
in Theorem 2.2. As in that theorem, we have our separableHilb ert spaceE, and
a linear surjection

U:Eo! R"
Now let by;:::; b, be the standard basisof R". The linear map U can be expressed
as

xo

3.2) U(v) = hU,; viby for all v2 Eg
r=1

for a unique set of vectors Uy ; :::; Uy 2 Ep. Then we have:

Theorem 3.2. With notation and hypothesesas just descrited, andp2 R", let 0
ke the R"{valued random variable on (- ;F;* y;) given by

X
0= Ob:
r=1
Then
O=p 1yp{almost-everywhee

Proof. Let U” : R" | Eg( be the adjoint map satisfying hU®y;vi = hy;Uvi for
aly2 R"andv 2 Eq. Then Uy = U, for eah r 2 f1;2;::;;ng. As is readily
chedked, the image of U” is orthogonal to kerU, and so, in particular, eah U, is
orthogonal to kerU. Then, using the characteristic-function formula for * y;, given
in (2.15 we have

(3.3) g0 1y = @MVTDEUL RN FiCU- 5

where (U;)» , being the orthogonal projection of U, onto kerU, is in fact 0. The
“rst term in the exponert on the right equals

it ; UUE Y(p)i = ih;pi
So 7
(3.4) g0 ge Up = ihbr ;pi -

which provesthat U, is? u;p{almost-everywhereequalto the constart value ho ; pi.
Thus, the R“{\ﬁalued random variable O is 1 upfalmost-everywhere equal to the
constart value ?:1 Hy;pib = p. o

Before we proceedto other properties of 1 ,, we prepare a generallemma:

Lemma 3.3. SupmsefG,gn2p is an increasing family of sigma-algebas of subsets
ofaset-9 andlet G= %[ n2p G)), the sigma-algeba geneated by all the collec-
tions G,. Then, for any nite measure © on G, the Hilbert space L2(- % G;°) has
[ hopL2(- % G,;°) as a denselinear subspce.

Proof. Supposef 2 L2(- %G;°) is orthogonal to V %' [ 12pL2(- ©Gy;°). Our
objective is to show that f must be 0in L?(- & G;°?).

Let L be the collection of all setsA 2 G for which f is orthogonal to 14, i.e.
A fd® = 0. Let P be the union of all the sigma{algebras G,; since the latter
are an increasing family of sigma-algebras,it follows that P is closedunder nite

intersections. Moreover, L cortains ; and - ° (since theseare both in P), is closed
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under complemeris and courtable disjoint unions. Therefore, by the Dynkin Y4
theorem, it follows that L % %{P); thus,

L=G

R
This means , f d° = Ofor all A2 G. Sof = 0 almost everywhere with respect to
[o] . o}

We can now describe a collection of functions on - whoselinear spanis dense
simultaneously in all L2(°), for every nite measure® on (- ;F):

Prop osition 3.4. The functions e‘k\, ask runs over Eqg, span a densesubspce of
L2(°), for any nite measure® on (- ;F).

Proof. Let W be the closure of the linear subspaceof L?(*,) cortaining all the
functions eik\, for k 2 Ego. Let f 2 W? . Our objective is to show that f = 0.

Let Gy bethe sigma{algebraof subsetsof - generatedby the functions &;;:::; &y,
and let fy be the orthogonal projection of f onto the closedsubspacel ?(Gy ;°).
Then

fn(X) = Fn(8r s én)
for somefunction F 2 L2(°y), with °y being the measureon RN speci ed by
i ¢
°n(A) = ° pT(A)

where A is any Borel subsetof RN, and py : R” ! RN is the projection on the
“rst N componerts.

Let k 2 Eqp, and supposek, = 0 for n > N. Then, using notation from (2.117),
we have 7

0 = effae
Z- P,
= alaf,ae
z P
= e 1= M Fy (x) doy (X)
RN
Since this holds for all (ki;:;ky) 2 RN, it follows that the complex measure
speci ed by Fy d°y is 0, and this implies Fy is zero? y {almost-everywhere. Since
this is true for every fy, it follows by Lemma 3.3 that f = 0in L?(°). o

The next fact we verify is that 1, provides a disintegration of the Gaussian
measurel , asp runs over R, with u any xed unit vector.

Theorem 3.5. Letf be a non-negative or complex-valuel measurable function on
(- ;F), and u a unit vector in Eq. Then

def

(3.5) p7! Gyf(p) = fd sy
is a Borel measurable function on R. Furthermore,

Z Z - Z S dp
3.6 fdt= fdl, ., €°P2p—:
( ) ] R ] pu+u 21,

wheneverthe left side exists.
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Note that, in general, conditional expectations are well-de ned only almost-
everywhere, not pointwise, and so cannot be usedto de ne the measure?! , for a
given »,

Proof. Let Fy be the setof all cylinder subsetsof -, i.e. setsof the form
i ¢
fl 2-: 'el(! icnéen() 2 Ag;

with N ranging over P = f1;2;3;:::g and A over all Borel subsetsof RN . Assume
for the momert that the conclusionsof our Theorem hold for all functions f of the
form 1c with C 2 Fo. Now the collection of all setsB 2 F for which our Theorem
holds for f = 15 forms a , {system (closed under countable disjoint unions, and
complemernts). By assumption, this , {system contains the collection Fy which is a
Y{system (contains ; and is closedunder complemeris). Then by the Dynkin % ,

theorem, it follows that our Theorem holds for all f of the form 1p with D 2 F.
Hence, by linearity and monotone corvergence,we have the full result.

The reasoningin the precedingparagraph shows that it will su+ce to prove our
Theoremfor all functions f of the form F (&;:::; &y ), with N ranging over P and F
over all boundedfunctions on RN . We shall usenotation from the proof of Theorem
2.1, where! , was constructed using the system of "nite-dimensional measurest
on R". In particular, for the particular f we have now,

Z Z
3.7) fdlpeye = Fdiy;
- RN

where! y is the Gaussianmeasureon RN specied by (2.9):

3

(3.8) (k) = gPhkunii F(Iki%in kuni®)

and ) ¢
Uy = lhJ;eli;:::;hJ;eNi
To prove measurability of the function Gf,, we considerthe two casesjuyj < 1
and junj = 1 separately If juyj = 1 then, as seenin the proof of Theorem
2.1, the integral on the right in (3.7) is the integral of F over the hyperplane
fx 2 RN : huy;xi = pg. It is, therefore, a Borel measurablefunction of p, by
essetially the argument usedin the proof of the measurability-part of the usual
Fubini's theorem (the argumert needsa slight, but straightforward, modi cation
becausethe section under consideration is a general hyperplane, not necessarily
orthogonal to a vector in the standard basis). Now considerthe casejuynj < 1. In
this case,by (2.11),
z z )
iGNz
(3.9 Fdiy = F(x) 2%
RN RN
and this is certainly Borel measurable(indeed, cortinuous) in p.

Finally, we have to prove the disintegration formula (3.6) which, aswe have seen,
is equivalert to proving the special casewheref = F(&;;:::;éyv), where F is any
bounded Borel function on RN and N 2 P. For this f the left side of (3.6) is the
standard Gaussianintegral

Z

(3.10) F (x) (2¥)" =2eil 1Xi*=2 gy
RN

(detBy )i 72 Lrxi pun B i M (xi pun )i dx:
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and the right side isZ

(3.11) F(x)diy(x) (2¥) =26 P*=2 qp:
R RN
Thus we will be done if we can show that the Borel measure! § on RN specied
through
z -Z .
(3.12) Fdf = F(x)diy (x) (2v) 26 P°=2(p
RN R RN
for all bounded measurableF, is actually the standggd Gaussianmeasureon R N,
To establish this all we needto do is verify that . ehxi g9 (x) equals the
stanflard Gaussiancharacteriftiq fij IKi*=2 for all k 2 RN :

gl hkixi dlr?j (x)
RN ZR RN I ¢
ghhiGunii 3 ki kuni® g p?=2 P—dﬂ by (3.9)
] ¢ 2Y4

eihk;Xi le (X) (21/‘)| 1=Zei p?=2 dp

R
ei

i
Lhkuni?i 3 jkiZih kuni?

Fiki?

This provesthat t{ is in fact the standard Gaussianmeasureon RN, and hence
provesthe disintegration formula (3.6). o

As consequenceave have

Corollary 3.6. Letf 2 L?(- ;F;), and u a xed unit vector in Eg; let Gyf (p) =
Gf (pu+ u?). Then G,f is the image of f under the orthogonal projection of
L2(- ;F;1) onto the subsmoe L2(- ;3{0);), wher %{0) is the sigmafalgeba gen-
erated by 0. Thus, Gf (pu+ u?) is the conditional expectation E. [f j& = p]

i 2 i, C . - .
Proof. Let f 2 L?(*) and g2 L2'R:ei X =2(21)1 172dx . Now in the disintegration
formula (3.6) useg(®Mf in placeof f, to obtain the desired conclusions. o

4. The Radon-Ga uss transf orm

Let * bethe standard product Gaussianmeasureon (- ;F), where- = RP, with
P = f1,2;3;:::9, and F is the product sigma-algebra. Let E, be a real separable
Hilb ert spacewith orthonormal basis(e,)n2p, and Eqg the linear subspacespanned
by the vectorse;; e;:::. Asusual,for k 2 Eg we have the Gaussianrandom variable
Ron (- ;F;1) given by X
Rix) = kX
j2P

and the linear map k 7! K extendsto a linear isometry Eq ! L2(*) : k 7! K, with
R being again Gaussianwith mean zero and variance jkj2.

_ R
De nition 4.1. Let f be a measurable function f on (- ;F) suchthat f dt,
exists for each hyperplane » in Eg. Consider the function Gf which assaiates to

each hyperplane » in Eg, the value 7

(4.1) (GH)(» = fd,

We call Gf the Radon-Gausstransform of f .




RADON-GA USS 11

Let us make a quick obervation:

Prop osition 4.2. Letf 2 L2?(*), and u a unit vector in the Hilbert space Eq.
Thenf 2 L2(* pu+u ) for almosteveryp2 R and

o z o el p°=2
(4.2) Witee) = Witee o) Podp

In particular, if f equals 0 ! {almost-everywhee, then Gf (pu+ u”) equals O for
almosteveryp 2 R.

Proof. This follows from the disintegration formula (3.6). o

Let uswork out the Radon-Gaussdransform of the\coherent state" (\re" )normaized
exponertial function
(4.3) o = ehi N,

for any k 2 Eq. Then for any unit vector u and real number p, we have:
z

Gf (pu+ u?) = ki Fiki®gr

ephk;uii Lhk;ui?.

which we obtain by splitting k as a part k, orthogonal to u and a part h;uiu
parallel to u.

5. An Inversion Formula

The behavior of the measure! under translations x 7! x + K givesrise to useful
notions and questions. For a bounded measurablefunction f on -, and k 2 Eg

de ne
Z

(5.1) Sf(k)y=  feRiiki*=2 g

R
which is actually equalto  f (x + K) d (x), wherek 2 RP is the coordinate vector

IR 2
(5.2) R="h;gi ,p;
asis readily veri ed by taking f to be a cylinder function “rst.
The corresponding de nition for functions on R is
Z

L y2= dy L y2- dy
Sk g(t) = +t)el Y 2pt = gyiy =257
r (1) i gly+1t) 92—1/4 . a(y) 192—1/4

It can be shawn that Sg g has a holomorphic extensionto a function, also denoted
Sk g, on C, and Sg then speci es a unitary isomorphism of L2(R ;e P*=2=(21172)
onto the Hilb ert spaceof holomorphic functions on C which are square-irtegrable
with respect to the Gaussian measuree’ Zj2jdzj:1/4 This is the Segal-Bargmann
transform, and exists also in the in nite-dimensional setting. The transform S
is also useful in studying distributions in terms of their S{transforms. The S{
transform, and its inversion, hasbeenwell-studied in the literature (see,for instance
[2] for the S{transform on distributions on in nite-dimensional spaces).
Our next objective is
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Theorem 5.1. Letf 2 L?(- ;F;1), and, for each unit vector u 2 Eq, let Fy be
the function on R given by:

(5.3) Fu(p) = (Gf )(pu+ u”)
i o2 ., C

Then F, 2 L? & P"72(2¥)i =2dp and

(5.4) (SrFu)(t) = (Sf)(tu)

Therefore, f may be recovered from Gf by inverting the S{tr ansform in (5.4).

Proof. We have:

(Sr Fu)(1)

Z
@) ¥ Fu(p+ e = dp
/R

= @)t Fuper T

12
[ dp
z .z ~ p2
= fdi, ePi'z where» = pu+ u’

- _ i 2 gy itz d
= fel i zd, ePTp— by Theorem 3.5
ZR - 2
12 ..
= felli z gt by Proposition 3.1

= (Sf)(t);
which completesthe argumert. o

We obsene also that the precedingresult allows the possibility of de ning the
conditional expectations Gf (») of a distribution f, by inverting the Sg {transform.
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