SUPPOR T PROPERTIES AND HOLMGREN'S UNIQUENESS THEOREM
FOR DIFFERENTIAL OPERA TORS WITH HYPERPLANE
SINGULARITIES

GESTUR OLAFSSON AND ANGELA PASQUALE

Abstra ct. Let W be a nite Coxeter group acting linearly on R". In this article we
study support properties of W-invariant partial di erential operator D on R" with real

analytic coe cien ts. Our assumption is that the principal symbol of D has a special form,

related to the root system corresponding to W. In particular the zeros of the principal

symbol are supposedto be located on hyperplanes xed by re ections in W. We show that

conv(suppDf) = conv(suppf) holds for all compactly supported smooth functions f so
that conv(suppf) is W-invariant. The main tools in the proof are Holmgren's uniqueness
theorem and someelemenary corvex geometry. Seweral examplesand applications linked
to the theory of special functions assaiated with root systemsare presered.

Intr oduction

Let D be a linear partial di erential operator on R" with constart coe cients. Then a
classicaltheoremof Lions and Titc hmarsd statesthat, for ewvery distribution u on R" with
compactsupport, the corvex hulls of the supports of Du and u are equal:

conv(suppDu) = conv(suppu); u2 EYRM: (1)

By regularization, this is equivalert to stating that for every compactly supported smaoth
function f on R", the cornvex hulls of the supports of Df andf are equal:

conv(suppDf) = corv(suppf); f 2Cl(R"): (2)
In fact, Lions [Lio51] proved a more generalversion of the support theorem, namely
conv supp(v u) = conv(suppv) + corv(suppu); 8v; u2 EYR"): (3)

We refer to [Boe85]for an elemettary proof of this theorem. The rst version(1) obviously
follows from the third one(3) by taking u = o, the delta distribution at the origin.

The comparisonof the supports of f and Df plays an important role at seweral places
in analysis. One typical situation is the study of sohability of di erential operators. Recall
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that a linear partial di erential operator

X
D = a ()@ (4)
jlji m
with smooth coe cien ts a, is saidto be solvablein R", provided DC! (R") = C! (R"), that
is, if for every g 2 C! (R") the di erential equation Df = g hasa solutionf 2 C! (R").
The following theorem givesa necessaryand su cien t condition for the sohability of D (see
[Tre75], Theorem 3.3).

Theorem 0.1. Let D be a linear partial di er ential operator with smath coe cients in R".
Then D is solvableif and only if the following two condition are satis ed:

(a) (semi-globalsohability) For everycompact subsetK of R" and for everyg2 C! (R")
there is a function f 2 C! (R") sothat Df = gonK.

(b) (D-cornvexity of R") For everycompact subsetK of R" there is a compact setK °so
that for everyf 2 G (R") the inclusion supp(D'f) K implies suppf K°© Here
D! denotesthe formal transmpseof D.

The support theorem of Lions and Titchmarsd implies that, for every linear partial dif-
ferertial operator D with constart coe cients, R" is D-corvex, and that we canin fact take
K?%= convK. Obsene that, in this case,condition (b) alsoimplies that the operator D! is
injective on C* (R").

The main result of this paper is Theorem 2.1, which provides an extensionof the support
theorem of Lions and Titc hmarsd to speci ¢ (but very large) classesof invariant singular
linear partial di erential operatorswith realanalytic coe cien ts andto distributions having a
compactsupport with invariant corvex hull. The invariance consideredhereis with respect
to certain nite groups of orthogonal transformations generatedby re ections. In the 2-
dimensionalcase,examplesof sud groupsare the groupsof symmetriesof regular n-agons.
The principal symbols of the examineddi erential operators are allowed to vanish, but only
in a preciseway, alongthe re ecting hyperplanes.Seeformula (10) below.

Somerestrictions in generalizingthe theorem of Titchmarsd and Lions are of course
needed.The following easyexampleshows that the theoremcannot hold for arbitrary linear
di erential operators with variable coe cien ts, even in the one-dimensionalcaseand with
real analytic coe cients.

Example 0.2. Considerthe dierential operator D = x& on R. Let u = [oy be the
characteristic function of the interval [0;1]. Then Du = 1, Where ; denotesthe delta
measureat 1. Thereforesupp(Du) = f1g and suppu = [0; 1] are corvex and di erent.

In the one-dimensionakase,the di erential operator D = x% of Example 0.2 belongsto
the classof di erential operatorsto which our support theorem applies. Obsene that D is
an ewen di erential operator which is singular at x = 0. For this very special di erential
operator, our theorem statesthat corv(suppDu) = conv(suppu) if u 2 EYR) satis es one
of the following conditions:

(1) suppu ]O;+1 [,
(2) suppu ] 10,
(3) cornv(suppu) is symmetric with respect to the origin 0.

Of coursethe distribution  [p.1; from Example 0.2 doesnot ful Il any of theseconditions.
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The coreof the proof of Theorem2.1is to shav that the consideredsituation allows usto
apply Holmgren's uniquenesstheorem for comparing the size of the supports of f and Df
when f is a compactly supported smaoth function with the property that corv(suppf) is
invariant. The employ of Holmgren'stheoremis the reasonfor imposingto the coe cien ts
of the considereddi erential operatorsto be real analytic.

Se\eral other authors employed Holmgren's uniquenessheorem for proving D -corvexity
properties (seee.g. [RW76], [Cha79],[vdBS93). Remarlable is newertheless,that the proof
of our theoremis very elemetary. It requiresonly basicfacts from convex geometryand an
application of equation (3).

The article consistsof two parts. The rst part cortains the proof of Theorem2.1, which
doesnot require any knowledgeof symmetric spaces.In the secondpart, we discussse\eral
applications of our main results, including hypergeometricdi erential operators, Besseldif-
ferertial operators, shift operators, Hamiltonian systems,and invariant di erential operators
on symmetric spaces.

The sohability of G-invariant di erential operators is one of the fundamertal problems
in the analysison a symmetric spaceG=H (see[Hel84],p. 275). Recall that Theorem 0.1
holds more generallyif R" is replacedwith a 2nd courtable smaooth manifold (see[Tre75],
p. 14). Since G=H is a secondcourtable smaoth manifold, one obtains the equivalence
between global and semi-globalsohability, provided one can prove that G=H is D-corvex.
The sohability of invariant di erential operatorson Riemanniansymmetric spacewasproved
by Helgason[He73]. In the generalpseudo-Riemanniarsymmetric case,van den Ban and
Sdlichtkrull [vdBS93 determinedasu cien t condition for a G-invariant di erential operator
D ensuringthat G=H is D-corvex. This condition involves the degreeof the polynomial
which is the image of D under the Harish-Chandraisomorphism. It is for instance always
satis ed whenG=H is split, i.e., hasa vectorial Cartan subspace.The Riemanniansymmetric
spacesof the noncompacttype are examplesof split symmetric spacesand so are the K
spaceof Oshimaand Sekigudi, [O0S80].

As a rst application of Theorem 2.1, we deducein Section 4 the D-corvexity of Rie-
mannian symmetric spacesG=K of noncompacttype when D is a G-invariant di erential
operator on G=K. Our method, which is basedon taking the radial componert of D along
the Cartan subgroup,is di erent from those of usedin [He73]and [vdBS93.

Support theoremsplay alsoan important role in harmonic analysis,in particular in Paley-
Wiener type theorems. Thesetheoremscharacterize the spaceof functions which are im-
age, under a suitable generalization of the Fourier transform, of the compactly supported
smooth functions. Applications in this setting appeared rst in the work of van denBan and
Sdlichtkrull on Fourier transforms on pseudo-Riemanniarsymmetric spaceqvdBS97]. The
basicidea, which we shall outline more preciselyin Section4, is to cancelthe singularities
appearingin a wave padket f by applying a suitable di erential operator D. The problemis
to comparethe sizeof the support of Df , which can be easilydetermined,with the {hard to
determine{ size of the support of the original wave padet f . In fact, our needfor support
properties like those stated in the presen paper turned up in the proof of a Paley-Wiener
type theoremfor the -h ypergeometrictransform, which is a Fourier type transform related
to the theory of hypergeometricfunctions assaiated with root systems. See[OP04]. How-
ewver, we point out that Theorem2.1is stated in a very generalsetting and appliesto many



di erent situations. SeeExample 1.3, and the Subsections3.1, 3.2 and 3.3 for se\eral special
cases.

Our paper is organizedasfollows. In Section1 we introducethe generalsetting in which
our extensionof the theorem of Lions and Titc hmarsd will be proved. The main results,
Theorems2.1 and 2.2, will be stated and proved in Section2. Section3 preserns se\eral
concretesituations where our support theorem applies. The preserted examplesare related
to the theory of special functions assaiated with root systems. The last sectionis dewted
to applications. We deducethe D -corvexity of Riemanniansymmetric spacef noncompact
typewhenD isaninvariant di erential operator. Moreover, we descrite how to employ The-
orem 2.2 for proving of Paley-Wienertype theoremsin the harmonic analysison symmetric
spacesand on root systems.

1. Not ation and setting

1.1. Finite Coxeter Groups. In this sectionwe introduce the notation and set up that
will be usedin this article. In particular we introducethe classof di erential operatorsthat
will be consideredin this article and give few examples.

In the following a standsfor an real Euclidean vector spaceof dimensionn, i.e.,a’' R".
Furthermore D will stand for a di erential operator on a with arﬁllytic coe cients. We
denoteby h; i a (positive de nite) inner product on a. Setjxj = hx;xi. For" > 0 we
denoteby B- := fx 2 a:jxj "gthe closedEuclideanball in a with certer 0 and radius ".

Let a denotethe realdual of a. Foreatch 2 a nfOgwe denoteby y the uniqueelemen
of a satisfying (x) = hx;y i for all x 2 a. We set

X =2y 2y :yi (5)
and notice that x isindependert of h; i. With each 2 a nf0Og we assaiate the re ection
r of aacrossthe hyperplaneH := ker . Thus

r (x) = x (X)x ; X2 a (6)
A nite set a nfOg is called a (reduced) root systemif the following conditions holds

for :
RLIF 2, then \ R =f g;
(R2)If ; 2, thenr ()2 .
The elements of are called roots. Obsene that we are not requiring that  cortains a
basisof a . In particular, our de nition allows to bethe empty set.
A subset of s calleda simplesystemif is linearly independen and if any root in
can be written asa linear conbination of elemerts in  in which all non-zerocoe cien ts

are either all positive or all negative. If = ;,thenweset = ;.

Let asimplesystem of be xed. Set *:=R o \ , whereR, =fx2R :x 0g.
The elemens in  * are said to be positive. Obsene that =r ()2 foral 2.
Hence = “[( *).

Let W  GL(a) be the group of orthogonal transformations of a generatedby the re-
ections fr : 2 g. It coincideswith the group generatedby fr : 2 g. We set

W = fidg, if isempty. If dma= 1land 6 ;,then W = f idg. The group W is a
nite Coxeter group. Conversely every nite Coxeter group originates from a root system

as above. Seee.g. [GP0({], Chapter 1. Among the nite Coxeter groupswe nd the Weyl
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groups (for instancethe nite groupsof permutations) and the dihedral groups (that is, the
groups of symmetriesof the regular n-gons).
The group W actson functionsf :a! C accordingto

(w f)(x):=f(w X); w2 W, x2a: (7)

It alsoacts on compactly supported distributions u 2 E{a) and on di erential operators D
on a by:

<(w u);f>=<uw?l!f> w2 W; f2C!(a; (8)
(w D)f :=w D(w ! f); w2 W:f 2C!(a); 9)

wherewe have written the pairing betweendistributions and functions by < u;f >:= u(f).
The function f (resp. the compactly supported distribution u or the di erential operator
D) is saidto be W-invariant providedw f = f forallw2 W (resp.w u=uorw D =D
for all w2 W). For instance,if dma= 1and 6 ;, then W-invariant meanseven. More
generally let  be a character of W. Then f is said to transform under W according to

ifw f = (w)f forall w2 W. This de nition extendssimilarly to distributions and
di erential operators. Notice that if f transformsunder W accordingto a character , then
the support of f is W-invariant.

1.2. X -elliptic polynomials and X -elliptic dieren tial operators. Wewill be studying
di erential operators with leading synbol of a specic form. We will therefore needthe
following de nition:

De nition 1.1. Let X be a non-empty W-invariant corvex open subsetof a, and P :
a a ! C apolynomial function. We say that P is a homayen@us X -elliptic polynomial
if the following holds:

(P1) P is a homogeneougolynomial in 2 a with real analytic coe cients on a, i.e.
thereis m 2 Ny sothat

P
wherea (x) is real analytic, and jlj := | _ i, if | = (iy;::1;10) 2 N is a multi-
index.
P2) If (x; )2 X a and 6 0,thenP(x; )6 0.

Let D beaW-invariant linear partial di erential operator on a with real analytic coe cien ts.
We say that D is X -elliptic if its principal syrrtI)oI is of the form

Y
@) )= p() [N P ) (x)2a a; (10)
2
where p( ) is a homogeneougolynomial, n( ) 2 Ng := f0;1;2;:::gforal 2 , and
P(x; ) is a homogeneous -elliptic polynomial.

In this paper we considerX -elliptic linear partial di erential operatorsasoperatorsacting
on functions or distributions on X . Note that the decommsition of (D)(x; ) in (10) is
in generalnot unique: if (x) 6 0 for all x 2 X, then we canreplaceP by (X)XP(x; ),

O<k n(),andreplacen( )by n( ) k.
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The classof X -ellipltic cortains all elliptic partial di erential operators on a by taking
X = aand = ;. But, more generally the principal symbols of the consideredoperators
are allowed to vanish at the zerosof p( ) aswell asalongthe hyperplanesH with 2 .
Obsene that the condition in (10) imposesa restriction only on the principal part of the
di erential operators. In particular, supposeD 1, D, areW -invariant linear partial di erential
operators with real analytic coe cients sothat degD, > degD,. If D; satis es condition
(10), then the sameis true for D; + Ds,.

Example 1.2. Any partial di erential operator with constart coe cien ts p(D) satis es (10)
whenwe chooseX = aand = ;. Indeed,in this casewe do not imposeany symmetry
condition, and (p(D))( ) = p( ) is of the form (10).

Example 1.3 (The one-dimensionatase) Supposedima= land 6 ;. We shallidentify
a a with R. The possiblesubsetsX are the open intervals of the form ] R;R][ with
0< R +1 . Then the dierential operators consideredare the even ordinary di erential
operators with real analytic coe cien ts and with principal symbol

(D)(x; ) = x"p( )P(X; ):

Here,n 2 Ng, the polynomial p( ) is homogeneousand P (x; ) is homogeneous -elliptic.
For X = R, examplesare x% and the Euler operator

2 d2
E=x"—+ax—+ Db;
dx? dx
wherea;b 2 C. Other examples,which are relevant in harmonic analysis, are constructed
from the Jacobiand the Besseldi erential operatorson ]0;+1 [. Let L and L, respectively
denotethe Jacobiand the Besseldi erential operators, i.e.

2 h [

d d
L = O + hacoth(x);r bcoth(2x) ax’
2
Lo= d N al+ 1'd

~ dx? X 2x dx’

Then, for speci c positive integral valuesof the constarts a and b, the operator L agrees
with the radial part of the Laplace-Beltrami operator of a rank-one Riemannian symmetric
spacesG=K of noncompacttype, whereasL is the radial part of the Laplace-Beltrami
operator of the correspnding rank-one Riemannian symmetric spaceGo=K of Euclidean
type. Examplesof su spacesG=K are the (real, complexor quaternionic) hyperboloids;
examplesof spacesGy=K are given by R" regardedas homogeneouspaceM (n)=0(n). We
refer to [Hel84], Ch. 11, Propositions 3.9 and 3.13, for more information on radial parts of
the Laplace-Beltramioperators.

The operators D := sinh®x L and Dy := x? L, satisfy our assumptionssince they
are even operators on R with real analytic coe cients, and (D)(x; ) = x? ? % ? and

(Do)(x; ) = x2 2. Generalizationsin more variables of theseexampleswill be treated in

Section3. Notethat, in the rst casewecantakeP(x; )= Six 2 2orp(x; )= sihx 2

Example 1.4 (The Calogeromodel). The Calogeromodel is a non-relativistic quartum

medanical systemof n + 1 identical particles on a line interacting pairwise. Sud a system
6



is described by the Hamiltonian
1 X X 1
H = — 2+ 2 — :
j=1 1 i n+l
wherethe positive constart g? is the coupling coe cient. The ass@iated Sdredinger oper-
ator is .
1 X , X 1
= — + -
SCaI 2 - @ g Lid e (Xi Xj)2

basisof R"*! and let h; i be the standard inner product on R". For 1 i;j n+ 1 with
i6jset j:=e ¢g.Then =1 ;:1 1ij n+ 16 jgisarootsystemoftype
A,. Wetake *:=f ;5 :1 i<j n+ 1gasa setof positive roots. The correspnding
systemof simplerootsis =f ;4 :j = 1;:::;ng. The nite Coxeter group W asseiated

X 1
h :xi?

1
Sca(¥) = Slat ¢
2 +
where L@is the Euclidean Laplace operator on a. It follows that Scy is W-invariant. If
(x) := , h;xi, then the dierential operator (X)Sca(X) satis es our requiremerts in
(10). This examplewill be generalizedin Section3.

Remark 1.5. Multiplication by sinh®x and x? in Example 1.3 (resp. by  in Example 1.4),
which is usedto obtain W-invariant di erential operators with analytic coe cients in a, is
in fact inessetial whendealingwith even (resp. W-invariant functions). Indeed, despitethe
singularity of their coe cien ts, the operatorsL and Ly map even smooth functionson R in
smaoth functions. Likewise,the operator Sc; mapssmooth W -invariant functions on a into
smooth functions. This remark will be stated, in a more generalform, in Section3.

1.3. Function spaces. We now introducethe classof functions that will be consideredin
this paper. As above, let X bea xed W-invariant open corvex subsetof a. Let E{X ;W)
denote the spaceconsisting of distributions u on a so that conv(suppu) is a W-invariant
compact subsetof X, and let C! (X;W) be the subspaceof E{X ;W) consisting of C?

functions. Important subspacesof C! (X ;W) are the spacesC! (X; ), formed by the
smooth compactly supported functions f : X ! C which transform under W accordingto
the character of W. For instance,if is the trivial character, then we obtain the space
Cl (X)W of W-invariant smooth functions on X with compact support. Similarly, inside
EqX ;W) we nd the spacesEY{X; ) of compactly supported distributions on X which
transform accordingto , and the spaceE{X )W of W-invariant distributions on W with
compact support.

Example 1.6. If dima= 1and X = a, then we canidertify X = a a with R. Suppose
rst = ;. Then W istrivial, and C! (a;W) (resp. E{a; W)) reducesto the spaceof C?

functions (resp. distributions) on R with compactsupport. If 6 ;,thenW =1f idg. In
this case,Cl (a; W) (resp. EXa; W)) is the spaceof smooth functions (resp. distributions)
f on R sothat corv(suppf) is a boundedinterval of the form [ R;R] for someR > 0. The

subspaceC! (a)" consistsof the compactly supported even smooth functions on R; with
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equalto the sign character, the subspaceC? (a; ) consistsof the compactly supported odd
smaoth functions on R.

2. The support theorem

In this sectionwe proof the main result of this article. This is the following version of the
the support theoremof Lions and Titc hmarsa:

Theorem 2.1 (The W-Invariant Support Theorem). Let; 6 X  a be open, convexand
W-invariant. SupmseD is a W-invariant linear partial di er ential operator on a with real
analytic coe cients and with principal symlwl of the form (10). Then

corv suppDu = cornv(suppu)
for eachu 2 EqX ;W).

We shall prove below that, by regularization, Theorem 2.1 is equivalert to the following
smooth version:

Theorem 2.2. Let X and D beasin Theorem 2.1. Then
corv suppDf = corv(suppf)

for eachf 2 C! (X; W).
Equivalently, for eachf 2 C! (X ;W) and for every compact convexW -invariant subset
C X wehave

suppDf C () suppf C:

Proof of the equivalene of Theorems 2.1 and 2.2. It is clear that Theorem 2.1 implies
Theorem2.2. For the other direction, let u 2 E{X;W). Letf . :" > Og be an approximate
identity with sugp - B~ forall " > 0. SinceX is a W-invariant, we can, if necessary
replace - bijij waw (W ). Wecanthereforesupposethat - is W-invariant. It follows,

in particular, that supp - and hencecorv(supp -) are W-invariant. Thus, by (3),
conv(supp(u  +)) = corv(suppu) + corv(supp -)

is a W-invariant compact subsetof a. Since X is open, we can choose"y > 0 so that
u -2CHX;W)for0< "< "y The functionsu . corvergeto uin E{a) as" ! 0,
andD(u +)=Du . It is easyto chek (without invoking deeper support theorems)
that there exists (") > 0, corvergingto O as" ! 0, sothat

suppu  supp(u )+ B ¢y (11)
Replacingu with Du, we obtain
supp(Du ) suppDu+ B-;
suppDu  supp(Du )+ B y:
The sameinclusionsare presened for the convex hulls. By Theorem 2.2, we have

supp(u ")=88upp(D(u "))



Hence,
corv(suppu) corv(supp(u -)) + B ¢
= corv supp(Du ) +B ¢y
conv(suppDu) + By (vy;

which impliesthat conv(suppu) corv(suppDu). Similarly, corv(suppDu) conv(suppu).
This proves Theorem2.1. O

Before goinginto the details of the proof of Theorem 2.2, let us brie y explain the main
ideasinvolved. SincesuppDf  suppf, it suces to shav that if C is a compact corvex
W-invariant subsetof X, then suppDf  C impliesthat suppf C. This will be proved
by cortradiction. The main tool will be Holmgren'suniquenesgheorem.

Theorem 2.3 (Holmgren's uniquenessheorem). Let ; 6 R" be open, andlet’' be a
real valued function in C%() . Let D be a linear partial di er ential operator with analytic
coe cients denedin . Let (D) denotethe principal symtol of D.

Supmsethat Xq is a point in  suchthat

(D)(Xo;d" (X0)) 6 O (12)
Then there existsa neightorhood © of xo with the following property: If the distribution
u 2 DY) is annihilated by D, i.e., Du = 0, and u vanisheson the setfx 2 :' (x) >
' (Xo)g, then u must alsovanishin ©
Proof. This is Theorem5.3.1in [Hoer64. n

For non-elliptic di erential operatorsthe delicate matter is to choosepoints Xo for which
condition (12) is ful lled. This is exactly the kind of di cult y one encourters in the proof
of support theorems. Coming bad to the streamlineideasof the proof of Theorem 2.2, let
C beasabove. SetS := suppf. ThenS X. To reac a cortradiction, we assumethat
S6 C. Let xo 2 SnC. As C is convex and compact, there exists a hyperplane strictly
separatingxo and C, i.e.,we can nd (22 a sud that

< ;
max oY) < o(Xo)

Without lossof generality we can alsoassumethat
o(X0) = Max o(x):

Otherwise we translate the hyperplaneto the boundary of S in the direction oppositeto C.
In this way, the ertire set S liesinside a closedhalf-spacesupported by the hyperplane

Ho:=fx2a: oX)= o(X0)0:

Our plan is to apply Holmgren'suniquenesgheoremto = X nC,' = gandu= f. Note
that in this cased' = (isconstart and non-zero.Obsenealsothat Df Oon andf O
on the side of Hy not cortaining C (which is described by the equation’ (x) > ' (Xp)). If
the principal symbol of D werenot zeroat (Xo; o), then all assumptionswould be satis ed,
and we could concludethat f 0 in a neighborhood of xo. This would yield the required

cortradiction becausexg 2 S = suppf .
9



S a= X = R?
=f

(1; 039 of type Ay,
[ L1 ] f= =10y

u

Figure 1

Since ( 6 0, the condition (D)(Xo; o) 6 Ois equivalert to

Y
P( o) [ (Xo)]n( )6 O (13)
2

This might not be satis ed by the chosenpair (Xo; o). It is evenpossibleto have a situation
wherethere is no choiceof  for which the above procedurecould guararteethat (xq) 6 O.
Figure 1 sketchesan examplein which this problem arisesbecauseof the \corner" at the
boundary of S. Note that the setS in this exampleis alsocorvex and invariant with respect
to the group W 5 fid;r,g, wherer, denotesthe re ection with respect to the v-axis.

In casep( o) = , [ (Xo)]"() = 0, the above proceduremust be modi ed. The rst step
is to show that it su ces to considerthe caseof smaoth functionsf with the property that
the corvex hull C°of S := suppf is W-invariant and has C! boundary. The point is that
the X, selectedas above, will always belongto the boundary @C9 of C° and that Hy is a
supporting hyperplanefor C% For the modi ed procedurewe needsomepreparations.

For" > Olet B- a denotethe closedball certered at the origin and with radius". Let
B-(C) .= C + B- bethe (closed)"-neighborhood of C.

Lemma 2.4. Let C be a proper convexsubsetof a R" with nonempty interior, and let
"> 0. Then B-(C) is an n-dimensional convexsubsetof a and its boundary @-(C) is a C?
(n  1)-dimensionalsubmanifoldof a.

Proof. This is Satz17.6in [NGL88]. "

Lemma 2.5. Let D be adier ential operator on a. Supwsethere existsa smamth compactly

supprted function € on a and a compact convexsubset€  a with nonemptyinterior such
that

suppDf€ € but suppf€6 €:

Then there existsa function f 2 C! (a) and a compact convexsubsetC  a with nonempty
interior suchthat

suppDf C and suppf 6 C:

Moreover, the boundary @ corv(suppf) of the convexhull of suppf is a Cl-manifold.

If €2 Cl(X;W), whee X is a W-invariant open convexsubsetof a, and € X is

W-invariant. Then we can chasef 2 C! (X;W) andC X to be W-invariant.
10



Proof. Let f « : " > Og be an approximate identity with supp - = B~ for all *. Then
€ .2C! and

supp D(f ) = supp Df - suppDf + B-  B«(€):

Notice that (3) appliedto compactly supported smaoth functions implies that for all g2 C!
we have

suppg B- corv(suppg) = corv(suppg)+ B- = corv supplg ) : (14)

Hence,there exists"y > 0 sothat supp(f¢ .)) 6 B-,(€). Otherwise(14) would imply that

suppf® corv supp(® ) B-(€) for all " > 0, and hencesuppf®€ €. Asin (14), we
have

corv supp(f® .)) = B., conv(suppf® :
Therefore,by Lemma 2.4, corv supp(f® .)) hasC!-boundary. We can thus selectf =
€ .,andC = B. (€).
Finally, suppose that conv(suppf®) and € are W-invariants subsetof X. Since X is
open, then, by choosing a su ciently small "y > 0, so are also corv supp(f .)) =
B., conv(suppf® andB. (€). 0

In the following we shall supposethat f and C are chosenasin Lemma2.5. As before,
we set S := suppf and C°= conv(suppf). We also x y, 2 SnC. We now proceedto the
selectionof the pair (Xo; o).

Lemma 2.6. Letyy2 SnC be xed, and let
U:=f 2a :max (y)< (Yo)o:
y2C
Then Uy is a nonemptyopen subsetof a .
Proof. The separationproperties of compactcorvex setsensurethat Uy 6 ;. Obsene that
U=f 2a :max (y Vo) <0g
y2C
=f 2a: min_ (y)> 0g
y2yo C

HenceU, = h *(J0;+1 [) whereh( ) := miny,y, ¢ (y). This provesthe lemmabecauseh
is proper and convex, hencecortinuous (see[Rock70], Theorems5.3 and 10.1). "

SinceUy is open and nonempty we can choose (2 Uy with the following properties:

(1) p( o) 6 0,
(2) ho; 16 0forall 2 (i.e. o(x )6 Oforall 2 ).

SinceC®= conv S,

Lemma 2.7 (Choice of (Xo; o). Let o be as alove. Then there exists Xy 2 S such that
o(Xo) = Maxwco o(X). Furthermore xo 2 @\ @°andXx, 2 X. Finally

o(Xo0) = Tzasx o(X) o(Yo) > TZ%X o(y):

Proof. This follow as CCis the corvex hull of S. 0
11



When 6 ;, the W-invariance of the situation plays a role becauseof the following
lemma.

Lemma 2.8. SupmseCPis a W -invariant compact convexsubsetof a with nonemptyinterior
and C!-boundary. Let 2 andx 2 @°suchthat (x) = 0. Let T,(@Y denote
the tangent space to @° at x (regarded as subspce of a) and let x ke asin (5). Then
X 2 TJ(@9.

Proof. The re ection r of a acrossthe hyperplaneker maps C°onto itself and xes x.
Henceit maps (C9Y° (resp. @9 onto itself. The derived involution r is therefore an

automorphism of T,(@9. Hencer (N) = N, whereN is the outer normal vector to
@lat x. Sincer N 8 N by invarianceof C°underr , we concludethat r N = N, i.e.
N 2 ker =x2. Thusx 2 x> N7 = T, (@9. O

Prop osition 2.9. Let xo and ( beasin LemmaZ2.7. Then (Xo; o) satis es (13).

Proof. The elemen o has beenchosenso that p( ¢) 6 0. This suces to prove (10)
when = ;. If 6 ;, then it remainsto shov that (xo) 6 Oforall 2 . Since

o(Xo) = maxcaco o(X), the hyperplaneHqy ;= fx 2 a: o(X) = o(Xo)g is the supporting
hyperplanefor C°:= conv(suppf) at x,. The set C%is W-invariant and its boundary @?is
CL. HenceH = xo+ Ty, @° If (xg) = Oforsome 2 , thenx 2 T,,@°by Lemma2.8,
i.e. Xo+ X 2 Ho. Thus o(Xo) + o(X ) = o(Xo+ X ) = o(Xo), which Imp“eS o(X ) =0,
againstour choiceof . Thus (xp) 6 Oforall 2 . 0

Proof of Theorem2.2. Arguing by cortradiction, we assumethat there existsf 2 C! (X ;W)
and a W-invariant subsetC of X asin Lemma 2.5. We select(Xq; o) asin Proposition
29.Set = X nCand' = 4 HenceHp:=fx2 : o(X) = o(Xp)gis a supporting
hyperplanefor C°:= corv(suppf ), andd' =  isconstart and non-zero.Moreover, Df = 0
on andf 0 on the side of Hy not cortaining C (which is descriked by the equation
o(X) > o(Xo)). Proposition 2.9 ensuresthat (D)(Xo; o) 6 0. Holmgren's Uniqueness
Theorem then implies that f 0 in a neighborhood of xqo. This givesthe the required
cortradiction becausexg 2 suppf . n

Before concluding this section we prove someimmediate consequencesf Theorem 2.1.
Recallthat the transposeof the partialxdi erential operator D given by (4) is

D = ( Da(x@: (15)
jilj m
HenceD! belongsto the classof invariant di erential operators consideredin this papersif
sodoesD. In fact, the principal synmbols of D and D! are linked by the relation
OYx )= H™ O)x% ); (x )2a a:

Corollary 2.10. Let D be a W-invariant di er ential operators D on a with real analytic
coe cients and with principal symiwl of the form (10). Then the following properties are
true.

(@) D is injective on C} (X ; W).

(b) For all f 2 C! (X;W) we have

corv suppD'f = corv(suppf):
12



3. Applica tions to some special differential opera tors

In this sectionwe presen someexampleslinked to the theory of special functions assaiated
with root systems.In theseexamplesthe group W is a parabolic subgroupof a xed Coxeter
groupW actingona' R", andthe di erential operator D isin fact invariant underthe larger
nite Coxeter group . The generalsituation correspndsto a (not necessarilyreduced)
root systems. A root systemisa nite set a nf Og satisfying condition (R2) of Section
1. In this sectionwe will alsoassumethat satis es the following additional conditions:

(RO) spansa;

(R2) s crystallographic, that is

hooj
’:22

forall ; 2

Crystallographic root systemsarise naturally in se\eral placesin algebraand analysis. In
particular, they are relevant in the theory of real Lie algebras,Lie groups, and symmetric
spaces.

If isaroot system,then =f 2 :2 2 gisareducedroot systemaccording
to the de nition of Sectionl. The nite Coxeter group asseiatedto isthe nite Coxeter
groupW asseiatedto . It is alsocalledthe Weyl group of . A multiplicity function isa
t-invariant functionm: ! C.For 2, we adopt the commonnotation m to denote
m( ).

The set * of positive roots and the set of positive simple roots can be de ned asin
the caseof reducedroot systems.Becauseof (R0O), isabasisofa . Fix a setof simple
rootsin . For ead subset of wedene h i asthe setof elemerts of which are
linear combinations of elemeits from , i.e.,h i:=2Z \ . It isitself aroot system,but in
generalit doesnot satisfy (R0). We denotethe correspnding nite Coxeter group by W .
Note that W v is generatedby the re ections r with 2 . Forinstance,W =
and W. = id. Wealsoseth i* := h i\ * for the set of positive roots insideh i. The
Coxeter group W will play the role of the group W of the previous sections. Recall that
a subgroupW of v is calleda paralolic sulgroup if it is of the form W for some
The parabolic subgroupscan also be characterizedas those subgroupsof v that stabilize a
subspaceof a. Thus W isa parabolic subgroupif and only if there exists a subspace
b asud that

w=fw2 W : wb) = bg:

A chamler in a a connectedcomponert ofan[ , H (see[Bou0g, Ch. V, x3). >FHom
now onwe X the chambera® ;= fx2 a: (x)> Oforall 2 g. It isan opensimplicial
conewith vertex O (loc. cit., Ch. V, x3.9, Proposition 7 (iii)), and its closurea* := fx 2 a:

(x) Oforall 2 gisafundamenal domain for the action of W on a (loc. cit., Ch. V,
x3.3, Theorem 2).

We de ne

a =W (@)% (16)
where® denotesthe interior. For instance,a = a* anda = a. In the following examples,

the setsa will play the role of the set X appearingin Theorem2.1.
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__Theseta =W (a*) is the smallestconein a which is closed,W -invariant and cortains
a*. It is a union of closedchambers. The open polyhedral conein a
X

C = R* x
2 *nh it
hasthe dual cone
C :=fx2a:hxyi Oforally2Cg
=fx2a: (xX) Oforall 2 *nhi'g

C is aclosedcornvex cone. It is the intersection of the closedhyperplanesde ned by roots,
and hencea union of closedchambersin a.

Lemma 3.1. We have
a=C:
Conseauently,a is a closel W -invariant convexconein a and alsoits interior a is convex.
Moreover,
a =fx2a: (x)>0forall 2 "nhi'g: (17)

Proof. This was proven in [Pa04], Lemma 3.4, when W is a Weyl group. The sameproof
appliesalsoto the more generalcaseof nite Coxeter groups. 0

Specializing the notation of Section1 to this cortext, we considerthe spaceC? (a ;W )
of smooth functions f : a ! C with the property that corv(suppf) is a W -invariant
compactsubsetof a . Its subspaceof W -invariant functionsona with compactsupport is
Cl (a )V . Furthermore, EXa ;W ) is the spaceconsistingof distributions u on a sothat
conv(suppu) isa W -invariant compactsubsetof a .

3.1. Hyp ergeometric dieren tial operators. As beforelet a' R" be a nite dimen-
sional Euclideanspaceand let  be a (non-necessarilyreduced)root systemin a . Further,
let v the bethe correspnding Weyl group and let m be a multiplicit y function on . Hed-
man and Opdam asseiated with sud atriple (a; ;m) acommutativ e family of v -invariant
di erential operatorson a, the hypergeometric di er ential operators, having meromorphicco-
e cien ts of a speci ¢ type. More precisely their coe cien ts are meromorphicfunctions on
the complexi cation ac of a and their singularities are cancelledby multiplication by a
suitable power of the Weyl denominator v

(x) = sinh (x): (18)

g

We referto [Hec97, [Opd0Q and [HS94]for more information on Hedkman-Opdam's theory
of hypergeometricdi erential operators.

For special values of m, the triple (a; ;m) arisesfrom a Riemannian symmetric space
G=K of the noncompacttype, i.e., G is a noncompactconnectedsemisimpleLie group with
nite certer and K G is a maximal compact subgroup, seeSection4. In this case,the
hypergeometricdi erential operators coincidewith the radial parts (with respect to the K -
action) on a* of the G-invariant di erential operators on G=K. Here we idertify a" with

its di eomorphic image in G=K under the exponenial map (usually denoted A* in the
14



literature on analysison symmetric spaces). For instance, the hypergeometricdi erential

operator X
L=L,+ m coth @y ) (29)
2 +
coincideswith the radial part of the Laplace-Beltrami operator of G=K. Notice that L is
singular on the hyperplanesH , 2 . Furthermore, L is the multivariable analog of the

Jacobidi erential operator of Example 1.3. In (19), @y) denotesthe directional derivative
in the directign of y 2 a, and L, is the Laplace operator on the Euclidean vector spacea,

that is, L, = j”=1 @x; )* wheref x; g'-; is an orthonormal basisof a.
Set
Y
(x) = (x);

2h i+
Y

(x) = sinh (X);
2h i

Y

°(x) := sinh (X);

2 *nh it

with the usual corvertion that empty products are equalto 1. We write (Xx) instead of
(x). Finally, dene D := 2 L. The principal symbol of D is

D)% )= (X)* (L% )=h; i (X)?P(;Xx)
where

h [
(x) 2
P(; x):=[ °(x)]? ;
(5 x)=["(x)] )
Becauseof Lemma3.1l,eath 2 * nh i ispositiveona . ThereforeP(; x) is a homo-
geneousa -elliptic polynomial ona  a (of degree0in 2 a ). More generally for eat
hypergeometricdi erential operator D there is k 2 N sothat the linear partial di erential
operator D := (x)*Dg is a W-invariant di erential operator with real analytic coe cien ts
and with principal symbol of the form (10) whereP ( ; x) is a homogeneous -elliptic poly-
nomial. In this case,we say that D = (x)XD, is a regularization of Dy. The nature
of the principal symbol of D can in fact be deducedby the explicit represetation of the
hypergeometricdi erential operatorsin terms of Cherednik operators (seee.g. [Hec97]). Ac-
cording to this represetation, ead hypergeometricdi erential operator can be constructed
asthe \di eren tial part" of the di erential-re ection operator assaiated with a W -invariant
polynomial in the symmetric algebra over ac by meansof Cherednik operators. If Dy is
asseiated with the W-invariant polynomial p, then the principal part of the regularized
operator D = (x) Dy is

(20)

h [
@)% )= Pl ) (0%
=p( ) (O*P(:x)
wherep,( ) is the highesthomogeneougpart of p( ) and
"ot

P(; %)= 10—
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In this setting, Theorems2.1 and 2.2 yield the following result.

Theorem 3.2. Let the notation be as alove. Let . For a hypergeometric di er ential
operator Dy let D = (x)% Dg be a regularization of D,y. Then for everyu 2 E4a ;W ) we
have

conv(suppDu) = conv(suppu):
Equivalently, for everyf 2 C! (a ;W ), we have
conv(suppDf) = conv(suppf):

In the caseof W -invariant functions, Corollary 3.2 can be stated directly for the hyper-
geometricoperators.

Theorem 3.3. Letthe notation be asalove. Let Dy be a hypergeometric di er ential operator
andf 2 Cl (a )V . ThenDof 2 Cl (a )V forallf 2C!(a)?¥ and

conv(suppDof ) = corv(suppf):
Proof. As
w(a) = w(a )
w2 v w2 v =w

a

and supp(f) a is compactand W -invariant, it follows that there exists a unique f€ 2
cl (@)% sothat §, = f. Let D = 2 D, be aregularization of Do. Then

(D®ja = D(Ma ) = Df : (21)
SupposeDy is the di erential part of the Cherednik operator T, (seee.g. [Hec97]). Then
Dof€ = Tof€ by {\v -invariance. Cherednik operators map {v-invariant smooth functions into

v -invariant smooth functions. It follows that Dof€ is smaoth and W -invariant. >From (21)
we therefore deducethat

— ( 2 Doﬁja

Dof = ~——F5——

extendsto be smaoth and W-invariant ona . If g is a cortinuous function, then % gand
g have the samesupport. The Theoremthereforefollows. 0

3.2. Bessel dieren tial operators. Let G be a connectednoncompact semisimpleLie
group with ntie certer and K G a maximal compact subgroup. Then K = G for
someCartan involution . The Lie algebrag decommsesinto eigenspace®f the derived
homomorphism :g! g

g=k p
wherek is the +1 eigenspacend p isthe 1 eigenspaceConsiderp asa abelian Lie group.

The groupK actslinearly onpby k X = Ad(k)X . We canthereforeconsiderthe semi-direct
product

Go=p aK:

Let (a; ;m) be asin Example 3.1. The Besseldi er ential operators assaiated with

(a; ;m) arethe \rational" analogsof the hypergeometricdi erential operators. They are
16



W -invariant and the singularities of their meromorphiccoe cien ts are cancelledby multi-
plication be a power of the polynomial

Y
(x) := (%) : (22)
5 +
When the triple (a; ;m) arisesfrom the structure of Riemanniansymmetric spaceG=K of
the noncompacttype, the Besseldi erential operators coincidewith the radial parts on a*
of the Gg-invariant di erential operatorson the corresppnding Riemanniansymmetric space
Go=K of Euclideantype. For instance,the Besseldi erential operator
X
Lo:= La+ m l@y ) (23)
g
coincideswith the radial part of the Laplace-Beltrami operator on Go=K. The operator L,
is the multivariable analog of the Besseldi erential operator of Example 1.3. The Bessel
di erential operators can be constructed as\di eren tial parts" of di erential-re ection op-
erators asseiated with W -invariant polynomials functions p on a. by meansof the Dunkl
operators[dJ04]. SupposeD is the Besseldi erential operator ass@iated with p. Letk 2 N
be chosensothat D := (x)*D, hasreal analytic coe cients. Then the principal synbol
of D is
(D)6 ) =p( ) 0™ =p( ) O*P(; X)Q

wherepn( ) is the highesthomogeneougart of p( ) and P(; x) = s eon e (X)X isa
homogeneous -elliptic polynomial of degree0 in . As for the hypergeometricdi erential
operators, we obtain the following corollary of Theorems2.1 and 2.2.

Theorem 3.4. Let the notation be as alove. Let be a xed set of positive simple roots in
. For a Besseldi er ential operator Dy let D = (x)% Dy be a regularization of Dy. Then,
for u2 E4a ;W ) we have

conv(suppDu) = conv(suppu):
Equivalently, for everyf 2 C! (a ;W ), we have

conv(suppDf) = conv(suppf):
If f 2Cl(a)V ,thenDof 2 C!(a)?¥ and

conv(suppDof ) = conv(suppf):

3.3. Shift operators. For the study of hypergeometricdi erential operatorscorrespnding
to di erent multiplicit y functions (seeExample 3.1), Opdam introducedcertain W -invariant
di erential operators, called shift operators. For simplicity, we treat here only the caseof
a reducedroot system and we refer the readerto [HS94], Part I, Ch. 3 for the general
case.As in the caseof hypergeometricdi erential operators, Opdam's shift operators have
meromorphiccoe cien ts with singularitiesalongthe root hyperplanes,and their singularities
are cancelledby multiplication by powers of . A shift is a multiplicit y function | which
isewen (i.e. suhhthat | 2 2Z forall 2 ). Opdam's shift operators exists for any shift
I. They can be consideredas generalizationsof the hypergeometricdi erential operators,
which form the spaceS(0) of shift operators of shift 0. For an arbitrary nonzeroshift I, the
spaceS(l) of shift operators of shift | is a free rank-one (right) S(0)-module generatedby a

certain shift operator G(l). Seeloc. cit., Theorem 3.3.7. Supposefurthermore that either
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| >0forall orl < Oforall . Then G(l) is obtained by composition of fundamental
shift operators Gs. , shifting of 2 the multiplicities alongead Weyl group orbit (loc. cit.,
p. 42). The principal symbol of ead fundamenal shift operator is
Y
(Gs; )% )=c s(x)* (x);
28"

whereS* = "\ Sand s(x) = Q ,s+ Sinh - (x). Seeloc. cit., Remark 3.3.8. The analysis
donein Example 3.1 for the hypergeometricdi erential operators, in particular Corollary
3.2, easily extendsalsoto the fundamertal shift operators, and henceto all shift operators.

A similar argumen can be also applied to the shift operators assa@iated with the Bessel
di erential operators. For more information on the latter we refer to [Hec917, where they
are studied in the generalcasein which W is an arbitrary nite Coxeter group.

3.4. Hamiltonian  systems. A wide classof integrable Hamiltonian systemsassaiated
with root systemswere introducedby Olshanetskyand Pereleme in [OPe7q. Let (a; ;Q)
be a triple consistingof a nite dimensional Euclidean spacea, a root system in a, and
a real-valued multiplicit y function g on . These integrable systemsare descrited by a
Hamiltonian of the form

H = %fp;pi + U(0q); p;q2 a;

with potertial energy X

U(a) := g°v(hg; i)
) -

wherethe function v has v e possibleforms. Herewe considerthe cased, Il and V aslisted
in [Pe90],(3.1.14)and (3.8.3):

(1 v()= %
(1)  v()=sinh ? ;
V) v()= 2+122%

The CalogeroHamiltonian of Example 1.4 is a special instance of casel. The assaiated
Sdiredinger operators are the linear partial di erential operators

1
S= éLa+ U(x); X2 a

They areinvariant with respectto the Weyl groupW of . The operator S canberegularized
by multiplication by the polynomial (x) of (22) in the cased and V, and by multiplication
by asin (18). The possibility of applying Theorems2.1 and 2.2 to these regularized
di erential operators can be proven asin Examples3.1 and 3.2. In fact, there is a close
relation betweenthe operator S of casell, resp. of casel, and the operator L of (19), resp.
to the operator L, of (23). Seee.g. [HS94],Theorem2.1.1,and [OPe76].

For an overview on the role of the Hamiltonian systemstreated in this examplein di erent

areasof theoretical physicsand mathematics, we refer the readerto [DVO0O].
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4. Applica tions to symmetric spaces

In this sectionwe apply Theorem2.2to di erential operatorson symmetric spaces.In par-
ticular we give a new proof of the D-corvexity of the Riemannian symmetric spaceG=K,
c.f. [He73,vdBS93. Our proof usesTheorem?2.2, appliedto the radial part of invariant dif-
ferertial operatorsand is, asfar aswe know, new. Our notation is the sameasin Subsection
3.2.

Let us start by recalling the notation from Subsection3.2. Here G is a connectednon-
compact semisimple Lie group with nite certer. Furthermore : G ! G is a Car-
tan involution and K = G the correspnding maximal compact subgroup. Denote by

: G ! G=K, the natural projection g 7! gK. We denotealsoby the derived involution
ong. Theng= k p, wherek s the +1-eigenspaceof , and p the 1-eigenspace.Then
k is the Lie algebraof K. Fix a Cartan subspacea, that is a maximal abelian subspace
of p. The Killing form on g de nes an Euclidean inner product on a. For 2 a set
g =fy2g :[x;y]= (X)yforall x2 ag. Thenthe set consistingofall 2 a nf0Og
for which g 6 f0Og is a (generally non-reduced)root systemas de ned in Section3. It is
called the (restricted) root systemof (g;a). The multiplicity m of 2 is dened asthe
dimensionof g . The map m given by m( ) := m is a multiplicit y function on . This
construction assaiates with the Riemannian symmetric spaceG=K a triple (a; ;m). As
beforewe denote by v the correspnding Weyl group.

Let * be a choiceof positiverootsandlet a” := fx 2 a: (x)>Oforall 2 *gbe
the correspnding positive chamber. Denoteby exp: g! G the exponertial map. Then
A = expa is an abelian subgroup of G di eomorphic to a. We set A* := expa". The
mapK A K 3 (ki;a;ky) 7! kiak, 2 G is surjective and the A-componert is unique up
to conjugation by an elemen of . Henceewery K -bi-invariant subsetof G is of the form
K (expB)K whereB is a W -invariant subsetof a. Moreover, B is compactif and only if

(B) G=K is. Let C! (G=K) denotethe spaceof compactly supported smaoth functions
on G=K. Usingthe map C! (G=K)! C! (G=K)X,f 7! f , wewill oftenidentify smooth
functions on G=K with the correspnding right K -invariant function on G.

The decompsition G = K AK yields the following lemma.

Lemma 4.1. Letf 2 C! (G=K) and supmsethat suppf is K -bi-invariant. Then suppf =

K (suppf ja)K whee f jo denotesthe restriction of f to A. Moreover, suppfja is a t-
invariant compact subsetof A.

Denote by D(G=K) the (comnutative) algebra of G-invariant di erential operators on
G=K. We idertify A* can be identied with the submanifold (A*) G=K. Then, for

every D 2 D(G=K), there is a unique v -invariant di erential operator, ! (D) on A*, called
the radial part of D, sothat for all f 2 C! (G=K) onehas

(Df)jar = 1(D)(fja+) (24)
See[Hel84, p. 259.
De ne a di erential operator on a, alsodenotedby ! (D), by
'(D)g:="!(D)(g exp ') exp; g2C'(a):

In this way, we can consider! (D) as a (singular) W -invariant di erential operator on the

Euclidean spacea. To simplify our notation, we shall adopt the iderti cation A  a using
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the exponertial map. Then exp := id. We then write f j, instead of f j5, and the above
mertioned decompsition of a K -bi-invariant subsetof G will be written asK BK instead of
K (expB)K. With theseidenti cations, the operator! (D) turns out to be a hypergeometric
di erential operator asseiated with the triple (a; ;m) as consideredin Subsection3.1.
When f 2 Cl! (G=K) is K-invariant, we can moreoser extend (24) by { -invariance to
obtain

(Df)ia= 1 (D)(fja) (25)
Lemma 4.2. Let G=K be a Riemannian symmetric space of the noncompact type. Let

D 2 D(G=K) andlet B be a compact, convexand v -invariant subsebfa. SetXg := KBK.
Then for all f 2 C! (G=K), we have

suppf Xpg if andonlyif supp(Df) Xgz:

Proof. We needto prove that supp(Df) Xpg impliessuppf Xg. The rst stepis, asin
[vdBS93, to reduceto the casein which the support of f is left-K -invariant. The function
f canin fact be expandedas a sum of K - nite functions. Since Xy is left-K -invariant,
we will obtain suppf  Xg if the support of ead K - nite summandis cortained in Xg.
We can therefore assumethat f, and henceDf, are K- nite. As the support of a K -
nite function is left K -invariant, we obtain from Lemma4.1 that suppf = K (suppf ja)K

and supp(Df) = K supp(Df)ja K where suppf j, and supp(Df )j, are v -invariant and
compact. Sincesupp(Df) Xg, we then concludethat supp(Df )j. B. Since! (D) is a
hypergeometricdi erential operator, Corollary 3.3with = yieldsthat conv(suppf j,) =
conv(! (D) suppf jo) = corv(supp(Df)ja) B. This provesthe requiredinclusion. 0

Theorem 4.3. Let G=K and D 2 D(G=K) be asin Lemma4.2. Then G=K is D-convex,
that is for every compact subsetS of G=K there is a compact set S° so that for every
f 2 G (G=K) the inclusion supp(D'f) S implies suppf S°% Here D! denotesthe
formal transpseof D.

Proof. ChooseS; G sothat S;=K = S The setK S;H is K -bi-invariant, henceK S;K =

Xg = KBK for some W -invariant compactsubsetB of A a. SinceD! 2 D(G=K) we
can apply Lemma4.1to it. Sosupp(f) Xcows. We canthen selectS%:= X o =K. 0O

We concludethis sectionby a short discussionof the application of the theorem of our
support theorem in harmonic analysis correspnding the the -h ypergeometrictransform,
c.f. [OP04. Becauseof the technical nature of this application, a detailed exposition would
require a certain amourt of notation and of badkground information. Instead, we prefer here
just to outline the main ideasinvolved. We refer the interestedreaderto [OP04] for further
information.

As already remarked in the introduction, the support theoremplays a role in the study of
the Paley-Wiener space. This is the set of imagesunder a suitable generalizationF of the
Fourier transform, of the compactly supported smooth functions. The Paley-Wiener space
generally consistsof ertire or meromorphicfunctions with exponertial growth and possibly
satisfying additional symmetry conditions. The sizethe support of the original function is
linked to the exponertial growth of its Fourier transform. The thrust of Paley-Wienertype
theoremsis usually to prove that, if a function g in the Paley-Wienerspacehas a given ex-

ponertial growth, then the support of the asseiated \w ave padcet" | g (obtained by formal
20



application to g of the inverseFourier transform | of F) is compactand hasthe correctsize.
In the classicalsituation of the Fourier transform on R", this is proven by a suitable \shift"

of contour of integration by meansof Caudy's theorem. The shift is allowed becausel g
is given by integration of an ertire function of exponertial type and rapidly decreasing.A
suitable generalizationof this argumert was applied alsoto the spherical Fourier transform
on Riemannian symmetric spaces.See[Hel84], Ch. IV, x7.2, or [GV88§], x6.6. For pseudo-
Riemanniansymmetric spaceghe situation is more complicated. Herethe wave padkagesare
integrals of meromorphicfunctions and the required shift of integration would generallyre-
quire addition of certain \residues". For somekinds of Fourier transforms, like the spherical
Fourier-Laplacetransform on noncompactlycausalsymmetric spacesvith even multiplicities

[OPO04],the singularities of the integrand are cancelledby multiplication by a certain polyno-
mial function p. Hence,for every function gin the Paley-Wienerspacethe wave-padet | (pg)
is given by integration of an ertire function. Furthermore, there is an invariant di erential

operator D sothat D(l1 g) = | (pg). The possibility of shifting the cortour of integration
in | (pg) allows us then to determine the size of the support of D(I g). The generalization
of the support theorem of Lions and Titc hmarsd preseted in this papersallows us nally

to recover the size of the support of I g. A concrete application of this procedure using
Theorem?2.2 canbe found in [OP04]in the context of the -h ypergeometrictransform. The
latter transform, stated in a setting of transformsassaiated with root systems,is a common
generalizationof Opdam's hypergeometricaltransform (henceof Harish-Chandra'sspherical
transform on Riemanniansymmetric spaceof noncompacttype) and of the Fourier-Laplace

transform on noncompactly causalsymmetric spacesfHO96]. A similar application would
alsobe neededfor determining the Paley-Wienerspacefor the transform assaiated with the
-Bessel functions of [BSO04].
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