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Let ¹ be a probabilit y measure on R with ¯nite moments of all orders. Suppose
¹ is not supported by a ¯nite set of points. Then there exists a unique sequence
f Pn (x)g1

n =0 of orthogonal polynomials such that Pn (x) is a polynomial of degreen
with leading coe±cien t 1 and the equalit y (x ¡ ®n )Pn (x) = Pn +1 (x) + ! n Pn ¡ 1 (x)
holds. The numbers f ®n ; ! n g1

n =0 are called the Jacobi-SzegÄo parameters of ¹ .
The family f Pn (x); ®n ; ! n g1

n =0 determines the interacting Fock space of ¹ . In
this paper we use the concept of generating function to give several metho ds for
computing the orthogonal polynomials Pn (x) and the Jacobi-SzegÄo parameters ®n

and ! n . We also describe how to identify the orthogonal polynomials in terms of
di®erential or di®erence operators.

1. Accardi{Bo _zejk o unitary isomorphism

Let ¹ be a probabilit y measureon R with ¯nite moments of all orders.
Assumethat ¹ is not supported by a ¯nite set of points and that the linear
span of the monomials f xn ; n ¸ 0g is densein the complex Hilb ert space
L 2(¹ ). Then we can apply the Gram-Schmidt orthogonalization procedure
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to the monomials f 1; x; x2; : : : ; xn ; : : :g, in this order, to get orthogonal
polynomials f P0(x); P1(x); : : : ; Pn (x); : : :g. Here Pn (x) is a polynomial of
degreen with leading coe±cient 1. It is well-known (see,e.g., the books
by Chihara5 and by SzegÄo7) that theseorthogonal polynomials satisfy the
recursion formula

(x ¡ ®n )Pn (x) = Pn +1 (x) + ! n Pn ¡ 1(x); n ¸ 0; (1)

where ®n 2 R; ! n > 0 and by convention ! 0 = 1; P¡ 1 = 0. The numbers
®n and ! n are called the Jacobi-SzegÄo parametersof ¹ .

De¯ne a sequencef ¸ n g1
n =0 associated with the measure¹ by

¸ n = ! 0! 1 ¢¢¢! n ; n ¸ 0: (2)

It can be easily checked that ¸ n =
R

R jPn (x)j2 d¹ (x). Assume that the

sequencesatis¯es the condition that inf n ¸ 0 ¸ 1=n
n > 0. De¯ne a complex

Hilb ert space¡ ¹ by

¡ ¹ =
n

(c0; c1; : : : ; cn ; : : :)
¯
¯
¯ cn 2 C;

1X

n =0

¸ n jcn j2 < 1
o

with norm k ¢k given by

k(c0; c1; : : : ; cn ; : : :)k =
µ 1X

n =0

¸ n jcn j2
¶ 1=2

:

Let ©n = (0; : : : ; 0; 1; 0; : : :) with 1 in the (n + 1)st component. De¯ne
the creation, annihilation, and neutral operators a+ ; a¡ , and a0 acting on
¡ ¹ , respectively, by

a+ ©n = ©n +1 ; a¡ ©n = ! n ©n ¡ 1; a0©n = ®n ©n ; n ¸ 0;

where ©¡ 1 = 0 by convention and ®n 's and ! n 's are the Jacobi-SzegÄo
parametersof ¹ . It can be easily shown that the operators a+ and a¡ are
adjoint to each other.

The Hilb ert space¡ ¹ together with the operators f a+ ; a¡ ; a0g is called
the interacting Fock space associated with the measure ¹ . It has been
shown by Accardi and Bo_zejko1 that there exists a unitary isomorphism
U : ¡ ¹ ! L 2(¹ ) satisfying the conditions:

(1) U©0 = 1,
(2) Ua+ U¤Pn = Pn +1 ,
(3) Ua¡ U¤Pn = ! n Pn ¡ 1,
(4) U(a+ + a¡ + a0)U¤ = X ,
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where the polynomials Pn (x)'s are given in Equation (1) and X is the
multiplication operator by x.

Note that the Hilb ert spaceis determined only by the numbers ! n 's,
while the numbers ®n 's and the polynomials Pn (x)'s are related to the
unitary operator U. It is natural to ask the following question:

Question: Given a probabilit y measure ¹ on R, how to compute
the associated orthogonal polynomials and the Jacobi-SzegÄo parameters
f Pn ; ®n ; ! n g?

In Section 2 we will explain the generating function method to derive
the orthogonal polynomials. In Section 3 we will describe two ways for the
computation of the Jacobi-SzegÄo parameters. In Section 4 we will discuss
the computation of the orthogonal polynomials by di®erential and di®erence
operators. In Section5 we will list someimportant classicalexamplesfrom
the viewpoint of generating functions.

2. Pre-generating and generating functions

Let ¹ be a probabilit y measureon R satisfying the conditions mentioned
in Section 1. In a seriesof papers2;3;4 we have intro duced the generating
function method to derive the associated orthogonal polynomials f Pn (x)g
and the Jacobi-SzegÄo parameters f ®n ; ! n g.

A pre-generating function is a function ' (t; x) which admits a power
seriesexpansionin t as follows:

' (t; x) =
1X

n =0

gn (x)tn ;

where gn (x) is a polynomial of degreen and lim supn !1 kgn k1=n
L 2 ( ¹ ) < 1 .

A generating function for ¹ is a pre-generatingfunction of the form

Ã(t; x) =
1X

n =0

an Pn (x)tn ; (3)

wherePn (x)'s are the orthogonal polynomials associated with ¹ asgiven in
Equation (1). Note that a generating function for ¹ is not unique because
we can always replace t in Equation (3) with ct for a nonzero constant
c 6= 1 to get a di®erent function Ã(t; x). However, it is possible to have
two essentially di®erent generating functions for the same measure. For
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example, the following functions

Ã(t; x) =
1

1 ¡ 2tx + t2

Ã(t; x) =

Ã
2

(1 ¡ 2tx + t2)
¡
1 ¡ tx +

p
1 ¡ 2tx + t2

¢

! 1=2

are generating functions for the measured¹ (x) = 2
¼

p
1 ¡ x2 dx; jxj · 1.

Suppose' (t; x) is a pre-generatingfunction. Consider its multiplicativ e
renormalization de¯ned by

Ã(t; x) =
' (t; x)

E ¹ ' (t; ¢)
:

Theorem 2.1. The multiplicative renormalization Ã(t; x) is a generating
function for ¹ if and only if E ¹ [Ã(t; ¢)Ã(t; ¢)] is a function of ts.

If we can check that E ¹ [Ã(t; ¢)Ã(t; ¢)] is a function of ts, then by the
above theorem Ã(t; x) is a generating function. We can expand Ã(t; x) as
a power seriesin t to get

Ã(t; x) =
1X

n =0

Qn (x)tn ;

where Qn (x) is a polynomial of degreen. Let an be the leading coe±cient
of Qn (x) and let Pn (x) = Qn (x)=an . Then the polynomials f Pn (x)g are
the orthogonal polynomials satisfying Equation (1) for the measure¹ .

In the papers2;3;4 we have applied the generating function method to
pre-generatingfunctions of the form

' (t; x) = h
¡
½(t)x

¢
;

where h(x) = ex or h(x) = (1 ¡ x)c and ½(t) is a function to be derived so
that the condition in Theorem 2.1 is satis¯ed.

Case 1: h(x) = ex

measure polynomials

Gaussian Hermite
Poisson Charlier
gamma Laguerre

negative binomial Meixner
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Case 2: h(x) = (1 ¡ x)c

measure polynomials

uniform Legendre
arcsine Chebyshev of 1st kind

semi-circle Chebyshev of 2nd kind
beta-type Gegenbauer

The above polynomials are derived from the power series expansion
of the resulting generating functions. Consequently they are expressedin
terms of sums of monomials. In Section 4 we will use di®erential and
di®erenceoperators to identify thesepolynomials.

Recently all measuresof exponential type have been derived in the
paper6. In particular, the probabilit y law of the L¶evy stochastic area is
in this class.

3. Computation of orthogonal polynomials and
Jacobi-SzegÄo parameters

SupposeÃ(t; x) is a generatingfunction for ¹ . The object is to compute the
orthogonal polynomials f Pn (x)g and the Jacobi-SzegÄo parametersf ®n ; ! n g
from Ã(t; x). Recall that ¸ n = ! 0! 1 ¢¢¢! n ; n ¸ 0, as de¯ned by Equation
(2). The following theorem has beenproved in our paper3.

Theorem 3.1. Let Ã(t; x) =
P 1

n =0 an Pn (x)tn be a generating function for
¹ . Then we have

lim
t ! 0

Ã
³

t;
x
t

´
=

1X

n =0

an xn ; (4)

E ¹
£
Ã(t; ¢)2¤

=
1X

n =0

a2
n ¸ n t2n ; (5)

E ¹
£
xÃ(t; ¢)2¤

=
1X

n =0

³
a2

n ¸ n ®n t2n + 2an an ¡ 1¸ n t2n ¡ 1
´

; (6)

where a¡ 1 = 0 by convention.

Thus once we have found a generating function for ¹ , then we can
compute f Pn ; ®n ; ! n g as follows:

Ã(t; x) ²¡ ! f an ; Pn g ²¡ ! f ¸ n g ²¡ ! f ®n ; ! n g
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Namely, ¯rst expandÃ(t; x) asa power seriesin t to get an and Pn (x), which
is expressedas a sum of monomials. If we are not interested in ¯nding Pn ,
then we do not have to expandÃ(t; x) asa power seriesin t. We can simply
use Equation (4) to ¯nd an . Then we use Equation (5) to ¯nd ¸ n , which
can be usedin turn to ¯nd ! n since! n = ¸ n =¸ n ¡ 1; n ¸ 1; ! 0 = 1. Finally
we can useEquation (6) to derive ®n .

In our paper3 we have used this method to compute f Pn ; ®n ; ! n g for
those measureslisted in Section 2. However, the computation is somewhat
complicated due to the following di±culties:

Di±culties: There are several di±culties in applying Theorem 3.1.

(1) It might be di±cult to ¯nd the seriesexpansionof Ã(t; x) in t.
(2) The computation of E ¹

£
Ã(t; ¢)2

¤
in Equation (5) might be very

complicated.
(3) The computation of E ¹

£
xÃ(t; ¢)2

¤
in Equation (6) is even more

involved.
(4) The orthogonal polynomials are expressedas sums of monomials.

How to ¯nd the closeforms for them?

Resolution: Here are someideasto overcomethe above di±culties:

(a) Find a computation method without having to usethe power series
expansionof Ã(t; x) in t.

(b) Find a systemof linear equationsfor the Jacobi-SzegÄo parameters.
(c) Determine Pn (x) by a di®erential or di®erenceoperator.
(d) Find a di®erential equation satis¯ed by Pn (x). This equation is

determined by the measure¹ .
(e) Determine f ®n ; ! n g from the eigenvaluesof a di®erential operator.

We have made someprogressregarding to Items (a), (b), and (c). The
key idea is to use the seriesexpansionsof Ã(t; 0) and @x Ã(t; x)jx =0 in t.
Then we can avoid the di±cult y (1).

So, suppose ' (t; x) is a pre-generating function and assumethat its
multiplicativ e renormalization Ã(t; x) = ' (t; x)=E¹ ' (t; ¢) is a generating
function for ¹ . De¯ne three functions A(x); B (t), and C(t) with their
respective power seriesexpansionsby
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A(x) = lim
t ! 0

Ã
³

t;
x
t

´
=

1X

n =0

an xn ; (7)

B (t) = Ã(t; 0) =
1X

n =0

bn tn ; (8)

C(t) =
@

@x
Ã(t; x)

¯
¯
¯
x =0

=
1X

n =0

cn tn : (9)

The next theorem is from our paper4.

Theorem 3.2. SupposeÃ(t; x) = ' (t; x)=E¹ ' (t; ¢) is a generating function
for ¹ . Let an ; bn ; cn be the numbers de¯ned in Equations (7){(9). Assume
that bn cn ¡ 1 6= bn ¡ 1cn . Then the Jacobi-SzegÄo parameters f ®n ; ! n g are the
unique solution of the systemof the linear equations:

8
>><

>>:

bn

an
®n +

bn ¡ 1

an ¡ 1
! n = ¡

bn +1

an +1
;

cn

an
®n +

cn ¡ 1

an ¡ 1
! n = ¡

cn +1

an +1
+

bn

an
:

(10)

Thus we can compute the Jacobi-SzegÄo parametersas follows:

Ã(t; x) ²¡ ! f A(t); B (t); C(t)g ²¡ ! f an ; bn ; cn g ²¡ ! f ®n ; ! n g

Now, considerthe special casewhen the pre-generatingfunction ' (t; x)
is of the form

' (t; x) = h
¡
½(t)x

¢
; (11)

where½(t) =
P 1

n =1 ½n tn is an analytic function near x = 0 with ½1 6= 0 and
h(x) =

P 1
n =0 hn xn is an analytic function near x = 0 with h0 = 1; hn 6= 0

for all n ¸ 1 and there exists t1 > 0 such that ½(tx ) is analytic in x on the

support of ¹ for all jt j < t1, and lim supn !1

¡
jhn j kxn kL 2 ( ¹ )

¢1=n
< 1 . In

this casethe function A(x) in Equation (7) is given by

A(x) = lim
t ! 0

h
³

½(t)
x
t

´

E ¹ h
¡
½(t) ¢

¢ =
h(½1x)

h0
= h(½1x):
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Therefore, an = hn ½n
1 and so Equation (10) becomes

8
>>><

>>>:

½1bn

hn
®n +

½2
1bn ¡ 1

hn ¡ 1
! n = ¡

bn +1

hn +1
;

½1cn

hn
®n +

½2
1cn ¡ 1

hn ¡ 1
! n = ¡

cn +1

hn +1
+

½1bn

hn
:

(12)

In particular, when ¹ is symmetric, we have ®n = 0 for all n. Then
Equation (12) yields the valuesof ! n 's as follows:

8
>><

>>:

! 2m +1 = ¡
b2m +2 h2m

½2
1b2m h2m +2

;

! 2m = ¡
c2m +1 h2m ¡ 1

½2
1c2m ¡ 1h2m +1

+
b2m h2m ¡ 1

½1c2m ¡ 1h2m
:

(13)

4. Orthogonal polynomials in terms of di®eren tial or
di®erence operators

SupposeÃ(t; x) is a generating function for ¹ . Then we can expand Ã(t; x)
as a power seriesin t

Ã(t; x) =
1X

n =0

an Pn (x)tn ;

wherePn (x)'s are the orthogonal polynomials associated with ¹ . As pointed
out in Section 3, these polynomials are expressedas sums of monomials.
Sinceit might be di±cult to compute the power seriesexpansionof Ã(t; x),
it is desirable to determine or identify these polynomials in some other
ways, namely, we raise the following

Question: How to determine or identify the orthogonal polynomials
f Pn (x)g without using the power seriesexpansionof Ã(t; x) in t?

For absolutely continuousmeasureswe have the next two theoremsfrom
our paper4. Recall that A(x) =

P 1
n =0 an xn from Equation (7) and that

¸ n = ! 0! 1 ¢¢¢! n .

Theorem 4.1. Let ¹ be a measure on (a;b) with a smooth density function
µ(x) and assumethat Ã(t; x) is a generating function for ¹ . Supposeqn (x)
is a smooth function satisfying the conditions:

(a)
1

µ(x)
D n

x

£
qn (x)µ(x)

¤
2 L 2(¹ ).
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(b) D k
x

£
qn (x)µ(x)

¤
= 0 at x = a; b for all 0 · k < n.

Then the orthogonal polynomial Pn (x) associated with ¹ is given by

Pn (x) =
1

kn µ(x)
D n

x

£
qn (x)µ(x)

¤

with someconstant kn if and only if
Z b

a

£
D n

x Ã(t; x)
¤
qn (x) d¹ (x) = dn tn

with someconstant dn . In this case, dn and kn are related by

dn = (¡ 1)n ¸ n an kn :

For the special casewhen ' (t; x) is of the form in Equation (11), the
generating function is given by

Ã(t; x) =
' (t; x)

E ¹ ' (t; ¢)
:

In this case,we can make useof the function B (t) de¯ned in Equation (8)
and take qn (x) = µn (x)=µ(x) in Theorem 4.1 to get the next theorem.

Theorem 4.2. Let ¹ be a measure on (a;b) with a smooth density function
µ(x) and assumethat

Ã(t; x) =
h

¡
½(t)x

¢

E ¹
£
h

¡
½(t) ¢

¢¤

is a generating function for ¹ . Suppose µn (x) is a smooth function with
support in [a;b] satisfying the conditions:

(a)
1

µ(x)
D n

x

£
µn (x)

¤
2 L 2(¹ ).

(b) D k
x

£
µn (x)

¤
= 0 at x = a; b for all 0 · k < n.

Then the orthogonal polynomial Pn (x) associated with ¹ is given by

Pn (x) =
1

kn µ(x)
D n

x

£
µn (x)

¤

with someconstant kn if and only if
Z b

a
h(n ) ¡½(t)x

¢
µn (x) dx =

dn

B (t)

³ t
½(t)

´ n

with someconstant dn . In this case, dn and kn are given by

dn = n!½n
1 hn ; kn = (¡ 1)n n!

¸ n
:
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For discrete measureson the set N0 = f 0; 1; 2; : : : ; n; : : :g we have the
analogousresults in the following two theoremsfrom our paper4. De¯ne the
right- and left-hand di®erenceoperators ¢ x + and ¢ x ¡ acting on functions
de¯ned on N0 by

¢ x + f (x) = f (x + 1) ¡ f (x);

¢ x ¡ f (x) = f (x) ¡ f (x ¡ 1);

where f (¡ 1) = 0 by convention. We have ¢ n
x + f (x ¡ n) = ¢ n

x ¡ f (x).

Theorem 4.3. Let ¹ be a measure on N0 and let µ(x) = ¹ (f xg); x 2 N0.
Assume that Ã(t; x) is a generating function for ¹ . Suppose qn (x) is a
function on N0 satisfying the conditions:

(a)
1

µ(x)
¢ n

x ¡

£
qn (x)µ(x)

¤
2 L 2(¹ ).

(b) ¢ k
x +

£
qn (x)µ(x)

¤
= 0 at x = 0; 1 for all 0 · k < n.

Then the orthogonal polynomial Pn (x) associated with ¹ is given by

Pn (x) =
1

kn µ(x)
¢ n

x ¡

£
qn (x)µ(x)

¤

with someconstant kn if and only if
1X

x =0

£
¢ n

x + Ã(t; x)
¤
qn (x)µ(x) = dn tn

with someconstant dn . In this case, dn and kn are related by

dn = (¡ 1)n ¸ n an kn :

The next theorem is analogousto Theorem 4.2. It is a special caseof
Theorem 4.3 for the multiplicativ e renormalization of the pre-generating
function ' (t; x) = e½(t )x .

Theorem 4.4. Let ¹ be a measure on N0 and let µ(x) = ¹ (f xg); x 2 N0.
Assumethat the multiplicative renormalization

Ã(t; x) = B (t)e½(t )x
µ

B (t) =
1

E ¹
£
e½(t )¢

¤
¶

is a generating function for ¹ , Here ½(t) =
P 1

n =1 ½n tn is analytic with
½1 6= 0. Suppose µn (x) is a probability mass function on N0 for each n
satisfying the conditions:
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(a)
1

µ(x)
¢ n

x ¡

£
µn (x)

¤
2 L 2(¹ ).

(b) ¢ k
x +

£
µn (x)

¤
= 0 at x = 0; 1 for all 0 · k < n.

Then the orthogonal polynomial Pn (x) associated with ¹ is given by

Pn (x) =
1

kn µ(x)
¢ n

x ¡

£
µn (x)

¤

with someconstant kn if and only if

1X

x =0

e½(t )x µn (x) =
dn tn

B (t)
¡
e½(t ) ¡ 1

¢n

with someconstant dn . In this case, dn and kn are given by

dn = ½n
1 ; kn = (¡ 1)n n!

¸ n
:

5. Classical examples

In our paper3 we have used our method to derive generating functions
Ã(t; x) and f Pn (x); ®n ; ! n g for those measureslisted in Section 2. But
somecomputations, for example in identifying the polynomials Pn (x), are
rather complicated. In the paper4 the computations are simpli¯ed by using
Equations (12) and (13) and Theorems4.2 and 4.4. Recall that ! 0 = 1.

Example 5.1. (Gaussian measure) µ(x) = 1p
2¼¾

e¡ x 2 =2¾2
; x 2 R:

Ã(t; x) = etx ¡ ¾2 t= 2;

Pn (x) = (¡ ¾2)n ex 2 =2¾2
D n

x

£
e¡ x 2 =2¾2 ¤

(Hermite polynomial);

®n = 0; n ¸ 0;

! n = ¾2n; n ¸ 1:

Example 5.2. (Gamma distribution ) µ(x) = 1
¡( ®) x®¡ 1e¡ x ; x > 0: Here

® > 0.

Ã(t; x) = (1 + t)¡ ®e
t

1+ t x ;

Pn (x) = (¡ 1)n x ¡ ®+1 ex D n
x

£
xn + ®¡ 1e¡ x ¤

(Laguerre polynomial);

®n = 2n + ®; n ¸ 0;

! n = n(n + ®¡ 1); n ¸ 1:
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Example 5.3. (Beta-type distribution )

µ(x) =
1

p
¼

¡( ¯ + 1)
¡( ¯ + 1

2 )
(1 ¡ x2)¯ ¡ 1=2; jxj < 1;

where the parameter ¯ > ¡ 1=2; ¯ 6= 0.

Ã(t; x) =
1

(1 ¡ 2tx + t2)¯ ; (14)

Pn (x) = (¡ 1)n ¡( n + 2¯ )
¡(2 n + 2¯ )

(1 ¡ x2)¡ ¯ +1 =2D n
x

£
(1 ¡ x2)n + ¯ ¡ 1=2¤

(Gegenbauer polynomial);

®n = 0; n ¸ 0;

! n =
n(n ¡ 1 + 2¯ )

4(n + ¯ )(n ¡ 1 + ¯ )
; n ¸ 1:

We have two special cases.When ¯ = 1=2, the measure¹ is the uniform
measure on [¡ 1; 1] and Pn (x) is the Legendre polynomial. When ¯ = 1,
the measure¹ is the semi-circle distribution on [¡ 1; 1] and Pn (x) is the
Chebyshev polynomial of the secondkind, which can be veri¯ed to equal

Pn (x) =
1
2n

sin
£
(n + 1) cos¡ 1 x

¤

sin
£

cos¡ 1 x
¤ ; n ¸ 0:

Note that we have to exclude ¯ = 0 in this example since the function in
Equation (14)) is not a generating function when ¯ = 0. The next example
takescare of this case.

Example 5.4. (Arcsine distribution ) µ(x) = 1
¼

1p
1¡ x 2 ; jxj < 1:

Ã(t; x) =
1 ¡ t2

(1 ¡ 2tx + t2)
;

Pn (x) =

8
<

:

1; if n = 0;
1

2n ¡ 1 cos
£
n cos¡ 1 x

¤
; if n ¸ 1:

(Chebyshev polynomial of the ¯rst kind);

®n = 0; n ¸ 0;

! n =

(
1=2; if n = 1;

1=4; if n ¸ 2:
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Example 5.5. (Poisson measure) µ(x) = e¡ ¸ ¸ x

x ! ; x 2 N0; ¸ > 0:

Ã(t; x) = e¡ ¸t (1 + t)x ;

Pn (x) = (¡ 1)n ¸ ¡ x ¡( x + 1)¢ n
x ¡

h ¸ x + n

¡( x + 1)

i

= (¡ 1)n ¸ ¡ x ¡( x + 1)¢ n
x +

h ¸ x

¡( x ¡ n + 1)

i

(Charlier polynomial);

®n = n + ¸; n ¸ 0;

! n = ¸n; n ¸ 1:

Example 5.6. (Negative binomial measure)

µ(x) = pr
µ

¡ r
x

¶
(¡ 1)x (1 ¡ p)x ; x 2 N0;

where r > 0 and 0 < p < 1.

Ã(t; x) = (1 + t)x ¡
1 + (1 ¡ p)t

¢¡ x ¡ r
;

Pn (x) = (¡ 1)n 1
pn

¡( x + 1)
¡( x + r )

(1 ¡ p)¡ x ¢ n
x +

h ¡( x + r )
¡( x ¡ n + 1)

(1 ¡ p)x
i

(Meixner polynomial);

®n =
(2 ¡ p)n + r (1 ¡ p)

p
; n ¸ 0;

! n =
n(n + r ¡ 1)(1 ¡ p)

p2 ; n ¸ 1:
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