GENERA TING FUNCTIONS
ASSOCIA TED TO
HIGHEST WEIGHT REPRESENT ATIONS

MARK G. DAVIDSON

Abstra ct. A boundedlinear map de ned on an L ?-spacewith
valuesin a reproducing kernel Hilb ert spaceis necessarilygiven as
an integral operator with kernel K . We discussin general how
the adjoint of K is the generatingfunction assiated to a basisof
the domain space.Our primary applications are the highestweight
represenations for a Hermitian symmetric group G modelled by
the geometric realization. We obtain new formulas relating the
generating function to the action of an Abelian subalgebrap

dc, Where gc is the complexi cation on the Lie algebraof G.

Intr oduction

A generating function assaiated to a sequencef a,g is an analytic
function a(z) sud that

b3
a(z) = a,z"
i=0
has a positive radius of corvergence. When ead a, is a function on
someset X oneconsidersgeneratingfunctions of the form

P
a(z;x) = an(x)z":

i=0
Typically, the main problemis nding a closedexplicit expressionfor
a(z;x). A casein point is the generatingfunction for the Laguerre

functions. The n" Laguerrepolynomial L, is de ned by

ex d
L) = = dxn
and the n" Laguerre function *, is dened by " (x) = L,(2x)e *.
In [5] we veried, in the context of a highest weight represetation

(e *x"")
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of SL(2; R), that the generatingfunction assaiated to f*,;;n 2 Ng is
given by the formula
1+ X .

2y = L0z jzp< 1
1 z .

i=0

from which oneeasilydeduceghe equivalert formula for the generating
function asseiated to the Laguerre polynomials:

XZ X
(02) 1 2z (™Dexp e L.(x)z"; jzi<1, > 1
n=0

Equations(0.2) is, of course,classicaland its proof is straightforward
in that it is possibleto compute that the n™ term in the Maclaurin
seriesof the generatingfunction is the n" Laguerre polynomial. Suc
a proof is o ered in [5], amongothers. A more elegan approad that
lends itself to a great deal of generalization, in particular to higher
dimensionalLaguerrefunctions [6, 8], is to realizethat the generating
function is the kernel of a integral transform de ned on an L2-space
with valuesin a reproducing kernelHilb ert space.More speci cally, let
L2(R*;d ) bethe spaceof squareintegrable functions on R* with re-
spect to the measured = x dx, wheredx is Lebesguemeasure.The
Laplace transform, L, of a function in L?(R*;d ) producesa holo-
morphic function on the upper half plane and the inverseof the Cayley
transform, C, carriesthe holomorphicfunctions on the upper half plane
to holomorphicfunctions on the unit disk. The composition = C 'L,
which we will call the Cayley-Laplacetransform, is a unitary map of
L2(R*;d ) with valuesin areproducing kernelHilbert spaceH (D).
Necessarilysud a transform is given by a kernel (c.f. Proposition 2.1)
and that kernel is preciselythe generating function given in the left
side of Equation (0.1). (In the generalvector valued caseone needs
to considerthe adjoint of the kernel. In the scalar case,sud as the
presem example,this reducesto simple complexconjugation.) Onecan
easily chek that f*;n 2 Ng is an orthogonal basisof L2(R*;d ). If
we dene °, ;n 2 N, to be the dual basis, which, in this case,is
obtained by renormalizingead ", then ( ",)(z) = z". Theorem3.1
then gives Equation (0.1). Although Theorem 3.1 is generalin scope
it follows from rather simple properties of Hilb ert spacetheory.

This paper is organizedinto two main parts. In sectionsonethrough
three we discussthe generalproperties of a boundedlinear map de-
ned on a closedsubspaceH of L?(X;W;d ) with valuesin a repro-
ducing kernel Hilbert space,H(S;V). Sud operators are necessarily
given by a kernel K (z;x) 2 B(W;V), where B (W, V) is the spaceof

(0.1) 1 z) (Vexp
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V-valued bounded operators on W. The adjoint of this kernel is the
generatingfunction asseiated with a basisof the domain space. (c.f.
Theorem3.1for the precisestatemert.) In the secondpart of the paper
we explore the situation where the reproducing kernel Hilbert space,
H(S;V), supports a unitary highestweigh represetation of a group
G, which is semisimpleand Hermitian, and is a unitary map. In
this caseone can de ne an equivalent represetation of G on H. The
complexi cation of the Lie algebraof G decompmsesinto three subal-
gebrask, p;, and p , wherethe action of p and p. are, respectively,
raising and lower operators. ByPTheorem 6.1, foreah T 2 D p.
we can show that K(T;x) v = i1:0 Tn—, v(x), where indicates the
Lie algebraicaction on H. This formula thus relates the action of G
to thg generatingfunction in a preciseway. Furthermore, whena basis

B = B, is chosencompatible with the natural gradingonH = H,
we obtain the formula
T" X
T V= (VIE (T)) e:
e 2Bg

Theserelations can be easily seenin our introductory example of
the Laguerre functions. A covering group G of SL(2;R) acts by a
unitary highestweight represetation = onL?(R*;d ) and
onH (D). Let sl(2;R) be the Lie algebraof G and let sl(2; C) be its
complexi cation. There is a decomposition

sl(2;C)=p: k p;

wherep, and p are one dimensional Abelian subalgebrasconjugate
to oneanotherwith respectto sl(2; R). Proposition (2.7) and Theorem
(3.4) of [5] imply that there is a distinguished elemen E 2 p. with
the property that (E)", = (n+ 1), : By induction and linearity, we
have that ]
(zE)
n!
This allows us to reexpressEquation (0.1) in the following way:
14z _ X TzE)" .
- - 0>
1 z - n!

Sud a formulation, in general,underscoreghe needto have explicit
formulas for the Lie algebraicaction, in particular, p . For SL(2;R)
the operator (E) = (E) is given by the secondorder di erential
operatori(tD? (2t ( +1)D+ (t ( + 1))); (c.f. [5]). We refer
the readerto [3] wheresud formulas are worked out for G = U(n; n).

N N
O_z n-

03 @ 2 (Yexp

jzj < 1.
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The paper concludeswith the example of the generalizedLaguerre
functions. In a future paper we will extend theseideasto ewaluate
in a natural way the generatingfunctions for Hermite and generalized
Hermite functions and other systemsof special functions that arisein
represetation theory.

Acknowledgement. | wish to thank ProfessorsRay Fabecand Ges-
tur Olafssonfor helpful discussions.

1. Repr oducing Kernel Hilber t Spaces

We begin by reviewing the essetial properties of reproducing kernel
Hilbert Spaces.A more detailed account can be found in (c.f. [10]).
Let S be a locally compactHausdor spaceand V a complexHilbert
spacewith inner product givenby (] ),. Let H(S;V) be a Hilbert
spaceof cortinuous V-valued functions on S. We say H(S;V) is a
reproducing kernel Hilbert Space if for eady T 2 S the linear map
Er : H(S;V) ! V givenby E(f) = f(T) is cortinuous and has
denserange. This assumptionimplies that the adjoint Q(;T) := E;
is cortinuous, injective, and has the reproducing property: for eah
f 2 H(S;V) andv 2 V we have (f (T)jv), = (fjQ(;T)v). A func-
tion f 2 H(S;V) orthogonalto Q( ; T)(V) satisesf (T) = 0 and this
implies that the setof all nite sums

X

f= Q(T)v;
|

with v 2 V and T, 2 S, formsadensesubspaceH (S;V), of H(S; V).
For such anf we have

, X
kf k= = (Q(T| ; Tj )ij Vi) 0:
Il)
We thus have that the function (T;S) 7! Q(T;S) = EtEg is positive
de nite; i.e.
X
(Q(Ti; Tvijvi) 0

i

(T;8) 7' Q(T;S):D D! B(V) iscortinuousin the strong operator
topology.

The operator valued kernel, Q, is called the reproducing kernel for
H(S;V). The continuity of E1 implies there is a bound Bt sud that
kf (T)k Btkfk, forallf 2 H(D;V). Thus corvergencein H(D; V)
implies pointwise corvergence. Moreover, since Q is cortinuousiit is
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bounded on compact sets. The uniform boundednessprinciple then
givesthat corvergenceof ff,gin H(S; V) implies uniform corvergence
on compactsets.

2. Bounded Opera tors on L2 with values in a Repr oducing
Kernel Hilber t Space

Let W be a Hilbert Spaceand Herm" (W) the corvex coneof nonneg-
ative de nite operatorson W; i.e. eah E 2 Herm" (W) is a bounded
operator and satis es
(Ewjw),, 0

for eahh w2 W. Let X be a measurespaceandd (x) a Herm" (W)-
valued measureon X . If W is nite dimensionalthen we can write
d (x)= (x)d ,where isameasurableHerm" (W)-valued function
and d is a positive measureon X . We will henceforth assumethat
W is nite dimensionaland the measured (x) is written in this way
(c.f. [11] for more details). We let L?(X;W;d ) denotethe spaceof
measurableW -valued fgnctionsf sud that

kf k? = CCOOFOOIf00) d (< 1

A linear map on L?(X;W;d ) with valuesin H(S;V) is said to
be anintegral transform givenby a kernelK = K if canbewritten
in the form Z

()T = K(Tx) )f(x)d (x);
X
forall T 2 S. We obsene that K(T;x) isamap from W to V.

Prop osition 2.1. SupmseL?(X;W:;d ) is givenasaltoveandH(S;V)
is a reproducing kernel Hilbert space with V nite dimensional. Sup-
pose :L?(X;W;d )! H(S;V) is aboundel linear map. Then is
an integral transform givenby a kernelK . For eachT 2 Sandv 2 V
themapx 7! K(T;x) visin L?(X;W;d ).

Proof. Let T2 Sandv 2 V. Then

( fT(Miv) = ( fiQ(;Tv)
= (fi  (Q(G;Tv)):

Let krv = (Q(;T)v): Thenkr, 2 L2(X;W;d ), forall T 2 S and
v2 V. Foreahh x 2 X themapv 7! kr.y(x) : V! W is linear and
hencecortinuousasV is nite dimensional.Let B(V; W) be the space
of bounded W -valued linear mapson V and let st(x) 2 B(V; W) be
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given by sr(x)v = k. (x). Let K(T;x) 2 B(W,; V) be the adjoint of
st(x). We then have

C T(Miv) = Gikm)
= ( CAf (jsr(x)v) d (x)
ZX
= (K(T;x) ()f (x)jv) d (x)
and hence 7
f(T)=

K(T:x) ()f (x)d (x);
X

forall f 2 L2(X;W;d )andT 2 S. SinceK(T;) v = ky,, for all
T2Sandv2V wehaveK(T; ) v2L%X;W;d )

We will call K, given above, the kernel assaiated with . When
necessarywve will denoteit by K

Corollary 2.2. SupmwseE is a boundel linear operator on L?(X; W;d )
and :L%X;W;d )! H(D;V) a boundal linear map. Then the

kernel asseiated with  E is relatal to the kernel assaiated with by

the following formula:

K 5(T;)v=EK (T;) v,
forall T2 Sandv2 V.
Proof. Let k., be asin the proof of proposition 2.1. Then
kry = ( E) (QGT)V)

E  (Q(:T)v)
= E kqy:

The corollary now follows from the fact that K (T;x) v = k., (X):

Corollary 2.3. SupmwseH is a closal subspce of L?(X;W;d ) and
:H! H(D;V) is a boundeal operator. Then is givenby a kernel
K ,wheeK (T;)v2H.

Proof. Let P be orthogonal projection of L?(X;W;d ) onto H. Then
P:L%X;W;d )! H(D;V)

is a bounded operator. By proposition 2.1 P is given by a kernel
K P. SinceP = P2= P we have by corollary 2.2

K P(T;)v=PK P(T;)v2H:;
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forall T2 Sandv2 V. Since is the restriction of P to H we have
(f)T)= K P(T;x) ()f (x)d (x);

X
for all f 2 H. In this cortext welet K =K P:

3. The Operator Valued Genera ting Function

Henceforthwe assumeV and W are nite dimensionalcomplexinner
product spaces.

Theorem 3.1. SupwseH L2?(X;W;d ) is a semrableHilbert sub-
sppeeand :H! H(S;V) is aboundal linear mapinto a reproducing
kernel Hilbert space with kernel K . Supmsefe :i 2 1g is a hasis of
H that hasa dual basisfe :i 2 1g. SetE; = . Then

X

K (T;)v= (VE(T)) e;

i21
whee convelgene is with resgct to the L2-norm as givenin the pre-
vious section.

Proof. Letv2 V. Foreah T 2 S wehave, by corollary2.3,K (T; ) v2
H and X

(K (T;) vie) e
>|(2I
| (vi &(T)) e
)|(2I

(VIEi(T)) &:
i21

K (T;) v

We will call K (T; ) v the geneating function for .

4. Highest Weight Represent ations

We now specializeto the situation where H(S;V) is the geometric
realization of a highestweight represetation and is a unitary map
(c.f. [2]). By Proposition 2.1, must be givenby an integral transform
and by Theorem (7.2) of [2] is given in terms of the exponertial of
a certain Lie algebraicaction. It is in the interplay betweenthesetwo
realizations of  that we obtain a more detailed formulation of the
generatingfunction that incorporatesthe action of the Lie algebra. In
this and the next sectionwe setdown the preliminaries. See([2, 6]) for
more details.
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Let G be a connectednoncompactsimple Lie group with nite cen-
ter. Let K be a maximal compactsubgroup. We will assumeK hasa
one-dimensionalcerter. This assumptionimplies that G=K is a Her-
mitian symmetric space.Let T K be a compact Cartan subgroup,
i.e. a maximal Abelian subgroupin K. Let g, k, andt be the Lie
algebrasof G, K, and T, respectively. We will adopt the cornvertion
that the removal of the subscript will denote complexi cation. Our
assumptionsmply that thereis adecompsitiong= p. k p , where
p. and p are Abelian subalgebrasof p satisfying

kp] p;and

Furthermore, if a bar denotesconjugation on g with respectto g,
then we have

(4.2) P =p:

The subalgebrat is a Cartan subalgebraof g. We let  be the
roots correspnding to the pair (g;t). Let . and , denotethe set
of compact and noncompactroots, respectively. We denote the root
spacecorrespndingto 2 by g . A positive systemof roots
may be chosensothatif ' = "\ ,and ,=( ")\ ,then

p = , +g and
(4.3) p = 2 .9

TorealizeG=K asaboundedsymmetricdomainin p. it is corvenien
to assumehat G hasafaithful represetation: thusG G¢. LetP =
exp(p ). Thenthe mappingp. K¢ p ! Gc dened by (a;k;b) 7!

exp(a)k exp(b) is a holomorphic di eomorphism onto a denseopen set
= P, KcP of Ge. We uniquely write eath x 2 asa product

(4.4) X= +(x) (x) (x);
where (x) 2 P and (x) 2 Kc. It is well known that G
and that themap : ! p: dened by (x) = log( :(x)) induces

a holomorphic di eomorphism of G=K onto (G). The setD = (G)
is an open bounded symmetric domain in p. which we idertify with
G=K.

For ead (g;T) 2 Gc  p-+ for which gexp(t) 2  we set

g T=log «(gexp(T)) and
(4.5) J(@:T) = (gexp(T)):

The rst formula in Equation (4.5) de nes, by restriction, the ac-
tion of G on D equivalert to the action of G on G=K. The map
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j :Gec ps! KcisaC! mapandis holomorphicin the p, variable.
Furthermore, it satis es the following properties:

j(k;T) = k;
j(p;T) =1, and
(4.6) J (192, T)=j(01:% T)j(gxT);

wherek 2 K¢, T 2 ps, p2 P+, 01; 0 2 Gc; and for which g;g, exp(T)
and g, exp(T) arein .

Let ! be a nortrivial irreducible unitary highest weight represen-
tation of G on a Hilbert spaceH. We will let d! denote both the
derived represeration of! ong andits complexlinear extensionto g.
Howeer, when there is no confusionwe will usually write X or X
insteadofd! (X) ,where isaC?! -vectorin H and X 2 U(g), the uni-
versalervelopingalgebraof g. Our assumptionon! impliesthat there
is a nonzerovectorv 2 H sud that Xv = 0O, forall X 2 , g
and Xv = (X)v, forall X 2 t. The linear functional is calledthe
highestweight and is uniquely determinedby ! . The K-spanofv is
denotedby V or Hq. Let denotethe restriction of ! jx to V. Then
is an irreducible represetation of K on V with highestweight . We
let denotethe set of highest weighs that correspnd to irreducible
unitary highestweigh represetation. In the early 1980's wascom-
puted by Enright Howe, and Wallach, [7] and Jakobsen[9]. We will
sometimeswrite ! = I | H = H , etc, if we want to emphasizethe
dependenceon the weight

In k there is a certral elemet  in which ad( ) actsby 2l onp*
and 2l onp , wherel is the idertity operator. We let

Ho=fF2H: ()F=( () 2n)Fg:

Equivalertly H, is the subspacespannedby all terms of the form E'v ,
wherer = fr g, 2 *,isamulti-index andE" = , +E" . By
Equations (4.1) and (4.2) it is easyto verify

X :Hp! Hpsg for X 2 p ;
X :Hy! H, {forX 2 ps;
4.7) X :Hp! H,forX 2Kk

for eath n 2 N. The spaceH ; is understood to be the trivial space.
From this it followsthat , oH, is a g-invariant subspaceof H which
is denseby irreducibility.
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5. The Geometric Realiza tion

Foreadhy 2 weshallde ne aconcreterealization of H , which we
will referto asthe geometric realization. Let =  be anirreducible
represemation of K with highestweigh 2 ona nite dimensional
spaceV =V .DeneJ=J byJ(gT)= (j(gT). ThenJ hasthe
following properties:

J(k;T) =k;
J(p;T)=1; and
(5.1) J(019T) = J(91;02 T)I(sT);

wherek 2 K¢, T 2 ps, p2 Py, 01,0 2 G; and for which g;g, exp(T)
and g, exp(T) arein . Let Hol(D;V) bethe setof V-valued holomor-
phic functions on D. The formula

(QF(T)=J3(g 1 T) 'F(g 'T);

whereg 2 G and F 2 Hol(D;V), de nes a represetation of G on
Hol(D;V). The spaceof K - nite vectorsin Hol(D;V) consistsof all
V -valuedpolynomialson D, which canbeidenti ed with P (p.:;V), the
spaceof all V-valued polynomials on p., sinceD is openin p.. For
eahiv2 V let 1, 2 P(p:;V) denotethe constart function 1,(T) = v.
We let L( ) be the unique g-irreducible subspaceof P (ps: ;V) which
contains the constart functions. (For some 2 ; the irreducible
module, L( ), is just P(p:;V) and for others is a proper subspace.
For the latter case,c.f. [1] for a completedescriptionof L( ) in terms
of solutions to partial dierential equations.) Our assumption on
impliesthat L( ) is unitarizable. There is thereforean inner product,
(j) onL( ) which makeseadr (X), X 2 g, skew-Hermitian. Let
H(D; ) bethe completionof L( ) with respect to this inner product.
It canbeidenti ed with a subsetof Hol(D;V) and is well known to be
a reproducing kernel Hilb ert spacewith reproducing kernel Q(S;T) =
J(exp( S);T) '. The restriction of onH(D; ), which we denote
in the sameway, is anirreducible unitary highestweigh represetation
of G. We will referto this represetation asthe geometric realization.
If v 2 V is the highestweight vector under the action of K then 1,
is the highest weight vector under the action of G. We can idertify
Hn(D; )= (H(D; ))n, asde ned in section4, with the homogeneous
polynomials of degreen in L( ).

Let ! be an irreducible unitary highest weight represetation of G
onaHilbert spaceH . LetV = V bethe K -spanof the highestweigh
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vectorv . Foreah T 2 p, andv 2 V we formally de ne
R Tn
Grv = -

|
n=0 n:

Theorem 5.1 ([2]). With notation establishd alove we have:
(1) Themapagr : V! H convegesstronglyin H if and only if

T2D.
(2) Themap :H ! H(D; ) givenby

(£)(T) = (ar) f;
for eachT 2 D, de nes a unitary G intertwining map onto the
geometric realization.

6. Genera ting functions and Highest Weight
Represent ations

We now specialize section 3 to the setting of highest weight repre-
serations.

Theorem 6.1. SupwseH is a closal subspce of L2(X;W;d ) and
supports a unitary highestweight representation of G. Suppse

H ! H(D;V) is a unitary intertwining operator which maps each
v2 (H) totheconstantfunction 1, 2 H(D;V). LetKg bethekernel
of . SupmwseB, is ahbasisof (H ),,n2 NandB = B,. Then for
eachT 2 D andv 2 V, we have

(1) arv= KP(T; ) V= -5 € (VIE (T))

(2 Tn—| V= o8, € (VIE (T)):
Proof. Unitary intertwining maps betweenirreducible represetations
are unigue up to unitary scalar. Since v=1,= v,foreathiv2V,

wehave = , where isthe intertwining map givenin Theorem5.1.
Setkr, = K (T; ) vand Ie%f 2H ,T2D,andv 2 V. Then
( f(Mijv) = (K(T;x) ()f (x)jv) d (x)
ZX
= ( Of (¥)jkrx) d (x)
X
= (fJ kT;v) :

On the other hand,

( £(Tiv) = (fiarv);
by Theorem5.1. It follows then that

Krv = arv:
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Sinceeat spaceH, is nite dimensionaland the collection f H,gr_,
are mutually orthogonalthe basisB, hasa dual basisB% whoseunion
over n form the dual basisfor B. By theorem 3.1 we have that

X X X
kry= e (VE (T)) = e (ViE (T)):
2B i=0 2B,

This gives(1) and projection of this formula onto (H ), gives(2).

7. The genera ting function for the generalized Laguerre
functions

The group represetation theoretic aspectsfor SL(2; R) and the La-
guerrefunctions discussedn the introduction extendto a wider classof
groupsand a wider classof Laguerrefunctions. In [3, 4, 5, 6] we stud-
ied these extensions. The generalizedLaguerrefunctions were a focus
of someaspects of this work. In this sectionwe derive the generating
function assaiated to the generalizedLaguerrefunctions.

The notation and results preserned here are from [6]. We refer the
readerto this article for more details. Let D be a Hermitian symmet-
ric spaceisomorphicto a tubetypedomainT() = + iJ, where
is an open symmetric conein a real Jordan algebraJ of rank r and
dimensiond. Welet L?() = L?( ;d ) be the spaceof squareinte-
grablefunctionson with respectto the measured (x) = rg(x)dx,
where is the maximal principal minor on V. = J + iJ. Dene

L :L?() ! O(T()) by
z
L (f)(2) e @fx)d (x); z2T() :
HereO(T() denotesthe spaceof holomorphicfunctionson T().

We de ne the Hilbert spaceH (D) to be the spaceof holomorphic
complexvalued functions on D with n(Z)rm given by

(7.1) kFk? = kF kﬁ D) = d iF(2)j?dm (2)
D
where
_ 1 () .
d= 5 &=n

dm (z) = (e zz) Pdzandp= 2 If > 1+ a(r 1) then
H (D) 6 O: The constart d is chosenso that the constart function
z 7! 1 hasnorm one. The Cayley transform : D ! T(), given
by z= £2Z inducesan isomorphism ( 1) de ned on the spaceof
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holomorphic function on T() to the spaceof holomorphic functions
on D given by

( "F(@=27(e 2) F(2:
Let C = p% ( Handlet = C L bethe Cayley-Laplace
transform.

Theorem 7.1 ([6, 8]). Themap :L?() ! H (D) is aunitary map
given by
27 z
f(T)= ﬁ( e T) esTX()d (X):
2

Let G be the connectedcomponent of the identity of the group of
biholomorphic functions on D and K the subgroupthat xes 02 D.
We can de ne a unitary highestweigh represetation of G onH (D)

by the formula

(9)F (2) = I(g % 2)7F (g9 '2);

wherez 7! J(g;z) is the Jacobian of the action of G on D. Let
denote the unitarily equivalert represemtation of G on L?() via the
Cayley-Laplacetransform. The Cayley transform  can be iderti ed
with an elemen of Gc. The group G°= G ! actson T(). Let
H be the subgroup of G° that leaves invariant and L = H \ K.
Welet L?() \ (resp. H (D)') bethe L-xed vectorsin L?() (resp.
H (D)). If P_ igorthogonal projection of L?() onto L2() " then we
have P f (x) = | f (Ix) dl; wheredl is normalized Haar measure.

Let M be the collection of indicesm = (my;:::;m,) with m;
mp m, 0. Foreahh m 2 M we ass@iate an L-invariant
generalizedpower function , with the property that ., 2 (H (D)),
if andonly if jmj= my+ + m; = n. The collectionf ,,:m 2 Mg
formsanorthogonalbasisof H (D)t andthe collectionf ,, :m 2 M and jmj = ng
is an orthogonal basisof (L?()) ». For eact m 2 M we follow [8] and
de ne the generalizedLaguerre polynomials by the formula

m 1

N ()n

and the generalizedLaguerrefunctions by
m(x) = e "L, (2x):

By the unitarity of and Propositions X111.2.2 and XV.4.2 of [8] we
have

Len = ( )m n( X);
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Theorem 7.2. The Laguere functions form an orthogonal basis of
L2() 4,

N 2 _ (m+ ) g m.
Knk'= —% A
and ( )
N _ m + )

We concludewith the following theorem.

Theorem 7.3. LetT 2D andx 2 . Then

R . P .
M (eT) L e@NEDIANd="" " dyet m(T)pn):

(F)m
R . P
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wheee P, is orthogonal projection onto (L2()) n:

Proof. Let *,, = %(g—ymm Then °, .. isthe basisdual to
fmOmou and, by Theorem7.2, °, = p%(gf; m: Application of
Theorem 3.1 gives o
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Conjugation and multiplication by the reciprocal of p% gives for-

mula (1). Formula (2) follows immediately from (1). (We obsene that
this formula is not new. Seeg[8], page347,and the referencegherein.)
Formula (3) follows from Theorem 6.1. Formula (4) follows from (1)
and (3), the fact that P_ and P,, comnute, and *,, 2 (L?()) , if and
only if jmj = n.

For a description of the action (T) in the caseG = U(n;n) c.f. [3].
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