
Name:
Instructions. Show all work in the space provided. Indicate clearly if you
continue on the back side, and write your name at the top of the scratch sheet
if you will turn it in for grading. No books or notes are allowed. A scientific
calculator is ok - but not needed . The maximum total score is 100.

Part I - 48 points. Answer 8 of the following 12 questions. Circle the numbers
of the 8 questions you want counted - no more than 8 ! Detailed explanations
are not required, but they may help with partial credit and are risk free!

1. Is the set {fa,b(x) = ax + b | a ∈ Q and b ∈ Q} of all linear functions
with rational coefficients countable or uncountable?

2. True or Give a Counterexample: Every open subset of R is the union of
countably many open intervals.

3. True or Give a Counterexample: If f : [0, 1] → R is bounded on [0, 1)
but not continuous at 0, then the f(x) converges to some L 6= f(0) as
x → 0+.

4. Find all the cluster points of the set Q of all rational numbers.



5. True or Give a Counterexample: If f : [0, 1] → [0, 1] is a continuous
function then there exists c ∈ [0, 1] such that f(c) =

√
c.

6. Give an example of a sequence of unbounded functions fn(x) that con-
verges uniformly to f(x) = log x on R.

7. Give an example of a bounded, continuous function on (0, 1) that is not
uniformly continuous on (0, 1).

8. Is the given set a vector space or not a vector space?

(a) The set P2n−1 of all polynomials of odd degree.

(b) The set of all bounded functions on R.

9. Find ‖f‖sup if f(x) = x3 on (−1, 0.5).



10. Let fn(x) = ex

n . Answer True or False:

(a) fn converges point-wise on R.

(b) fn converges uniformly on R.

11. Let fn(x) = xe−nx for all x ∈ [0,∞). Find ‖fn‖sup.

12. Suppose fn(x) = 1 − xn. True or False: fn converges uniformly on the
given interval.

(a) [0, 1]

(b) [0, b], where 0 ≤ b < 1

(c) [0, 1)



Part II - 52 points. Prove carefully two of the following three theorems. Circle
the letters of the two proofs to be counted - no more than two! You may write
the proofs below, on the back, or on scratch paper.

A. A function f is called monotone increasing, denoted by f ↗, provided
whenever x1 < x2 in Df we have f(x1) ≤ f(x2).

(i) Let S = {f(x) | x > a}. Show that inf(S) is a real number L.

(ii) Show that for every sequence xn → a+ we must have f(xn) → L.
This shows that limx→a+ f(x) exists and is a real number.

B. Let Q(x) =
√

x, which is defined for all x ≥ 0.

(i) Prove that |√x−√a|2 ≤ |x− a|.
(ii) Prove that Q ∈ C[0,∞).

(iii) Prove that Q is uniformly continuous on [0,∞)

C. Let p(x) = a2nx2n + · · ·+a1x+a0 be any polynomial of even degree and
real coefficients. Prove: If a2n > 0 then p has a minimum value on R.

Solutions and Class Statistics

1. Is the set {fa,b(x) = ax+b | a ∈ Q and b ∈ Q} of all linear functions
with rational coefficients countable or uncountable?

Solution: The set is countable. Write Q = {ri | i ∈ N} and arrange
the set of all possible functions fa,b as

⋃
i∈N
{fri,rj

| j ∈ N}.

Then invoke the fact that the union of countably many countable
sets is countable.

2. True or Give a Counterexample: Every open subset of R is the union
of countably many open intervals.

Solution: True. This was an assigned homework problem.



3. True or Give a Counterexample: If f : [0, 1] → R is bounded on [0, 1)
but not continuous at 0, then the f(x) converges to some L 6= f(0)
as x → 0+.

Solution: Counterexample:

f(x) =

{
sin 1

x
if 0 < x < 1

0 if x = 0
.

The indicated limit fails to exist and thus is not equal to any number
L.

4. Find all the cluster points of the set Q of all rational numbers.

Solution: R. This was a homework problem.

5. True or Give a Counterexample: If f : [0, 1] → [0, 1] is a continuous
function then there exists c ∈ [0, 1] such that f(c) =

√
c.

Solution: True. Apply the Intermediate Value theorem to g(x) =
f(x)−√x on [0, 1].

6. Give an example of a sequence of unbounded functions fn(x) that
converges uniformly to f(x) = log x on R.

Solution: For example, let fn(x) = log x− 1
n
.

7. Give an example of a bounded, continuous function on (0, 1) that is
not uniformly continuous on (0, 1).

Solution: For example, f(x) = sin 1
x

on (0, 1). This was a homework
problem.

8. Is the given set a vector space or not a vector space?

(a) The set P2n−1 of all polynomials of odd degree.

Solution: This is not a vector space because the difference be-
tween two such polynomials can have non-odd degree.

(b) The set of all bounded functions on R.

Solution: True. This was a homework exercise.

9. Find ‖f‖sup if f(x) = x3 on (−1, 0.5).

Solution: ‖f‖sup = 1.



10. Let fn(x) = ex

n
. Answer True or False:

(a) fn converges point-wise on R.

Solution: True, since fn converges pointwise on R because
fn(x) → 0 for each fixed x as n →∞.

(b) fn converges uniformly on R.

Solution: False since fn → 0 pointwise but ‖fn − 0‖sup = ∞
and does not approach 0 as n →∞.

11. Let fn(x) = xe−nx for all x ∈ [0,∞). Find ‖fn‖sup.

Solution: You can use the derivative to determine that ‖fn‖sup = 1
ne

for all n ∈ N.

12. Suppose fn(x) = 1 − xn. True or False: fn converges uniformly on
the given interval.

(a) [0, 1]

Solution: False. This was a homework exercise.

(b) [0, b], where 0 ≤ b < 1

Solution: True.

(c) [0, 1)

Solution: False.

Class Statistics

Grade Test#1 Test#2 Test#3 Final Exam Final Grade
90-100 (A) 4 4
80-89 (B) 5 4
70-79 (C) 3 2
60-69 (D) 1 5
0-59 (F) 3 1
Test Avg 77.1% 78.3% % % %
HW Avg 5 4.5
HW Adj 74.9% 72.5%

HW/Test Correl 0.86 0.87


