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1. Algebra and Pictures

We have discussed the algebraic side of free resolutions. We will
review these ideas and move on to examing the underlying geometry
and topology. Recall, we have a group G =< X|R >, where X =
{x1, x2, . . . , xn} is the set of generators and R = {r1, r2, . . . , rm} is the
set of relations. We have used this data to begin to construct a free
resolution of the trivial Z[G]-module Z.

C1(G)
d1−−−→ C0(G)

ε
−−−→ Z −−−→ 0

d1 : [xi] −−−→ 1− xi

ε : g −−−→ 1

Where C0(G) = Z[G] and C1(G) = Z[G]n =
⊕n

i=1 Z[G].[xi], an n-tuple
space. Since d1 is linear over Z[G] we only need to define where the
generators [xi] go.
The next step in this process is adding to our chain homology C2[G] =

Z[G]m =
⊕m

j=1 Z[G].[rj]. The map d2 : C2(G) −→ C1(G) is given by

Fox derivative calculus, i. e. [rj] 7−→
∑ ∂rj

∂xi
[xi]. At this point it is

simple to compute the zeroth and first homologies. But in order to
comute H2, the second homology, we have to find the generators of
Ker d2, the group of homological 2-syzygies.
We assume here that there are finitely many generators, {s1, s2, . . . , sk},

but this is not always possible. There are finitely generated groups for
which the kernel is not finitely generated. However, the groups we will
be interested in are finitely generated.
To find these generators we will be using the following one of Igusa’s

theorems which we will not prove.

Theorem 1.1. Ker d2
∼= P (X,R), the group of pictures.

This means the generators {s1, s2, . . . , sk} correspond to atomic pic-
tures.
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There are two approaches we could take to finding the kernel. Since
d2 is a matrix, we could try algebraically to find the kernel of the matrix.
However, the entries of the matrix are elements of a ring, not a field
and when G is not abelian this could could get quite complicated.
The visual, geometric approach is given to us by Igusa’s pictures.

It is not difficult to produce pictures corresponding to elements of the
kernel. The difficulty comes in proving you have a complete list. We
look at an example of this approach.

Example 1.2. Let G = S3 = < x, y | x2, y3, xyxy >, the symmetric
group on three letters. By inspection, we can easily draw pictures in
P (S3).
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Figure 1. Basic pictures in P (S3)

Verifying that the corresponding set of pictures is a complete set for
Si is a possible project for the summer. You can find the relations in
this picture by reading counter-clockwise are the the vertices, starting
from the starred region. If we let x2 = [a], y3 = [b], xyxy = [c] then the
relations are given as shown in figure 2.

To find the elements of Ker d2 we label the regions of the picture
with the convention that left multiplication by a generator corresponds
to crossing that generator from left to right, when coming from the
outside. Now we can find a relation among relations from a picture
by summing the products of the relation and the region in which it
appears. For example the picture p1 gives us [a] from the bottom
vertex, and −x[a] from the top vertex because the preferred region is
labelled x. This yields the relation [a]−x[a] = (1−x)[a]. We can show
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Figure 2. Relations in P (S3)

d2((1− x)[a]) = 0 using Fox calculus:

d2((1−x)[a]) = (1−x)d2[xx] = (1−x)([x]+x[x]) = (1−x)(1+x)[x] = ((1−x
2)[x] = 0

With the same process, we derive the following relation from p3.

(−1− y2 − y)[a] + (−x− 1)[b] + (1 + y + y2)[c]

The reader can check that d2 of this is zero. This is a complete set of
pictures for S3, although we do not prove it here.

2. The Geometric Point of View

We are interested in understanding the free resolution to help con-
struct of classifying space BG for a group G. This space has the fol-
lowing properties:
1. BG is connected.
2. π1(BG, ∗) ∼= G

3. The higher homotopy groups πi(BG, ∗) = 0 for all i ≥ 2, or,
equivalently, BG is a K(G, 1)-space.

Theorem 2.1. Given a group G, the classifying space BG exists and

is unique up to homotopy.

We begin building BG in stages. We construct an increasing union
of spaces:

BG(0) ⊂ BG(1) ⊂ BG(2) ⊂ . . .

BG(0) is a 0-cell, that is, a point. To make BG(1) we attach a loop (a
1-cell) for each generator xi (figure 3).
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Figure 3. BG(1)

The fundamental group of this space π1(BG
(1)) = F (x1, x2, . . . , xn)

so if we wanted to build a group for K(π, 1) we would be done. Now
for each relation ri we attach the borders of a disk (a 2-cell) to the
loops in the relation. For example, if r1 = x1x2x

−2
3 x1 then we attach

the pentagonal disk in figure 4 by gluing the edge x1 along the loop x1,
the edge x2, along the loop x2, etc.
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Figure 4. A 2-cell

Every relation gives us a gluing. This is how we create BG(2). We
have π1(BG

(2)) = G. We have killed off all the relations, because all
the boundaries of the disks are contractible and therefore trivial. If all
the higher homotopy groups were zero, we would be done. However,
in attaching the 2-cells, we may have created non-trivial π2 elements
so we have to create 3-cells, that is, balls, to kill the elements of π2.
This, in turn, may create non-trivial elements in π3 and so the process
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continues. We decompose S2 into polygons. Each polygon will be glued
onto a polygon in BG(2) and we fill in the sphere, making it a solid ball,
and this trivializes the surface it attaches to. Here is where pictures
help us. The decomposition of the sphere is the dual of the picture for
G. This is a spherical cancellation diagram.
For example, the reader can check that the decomposition below in

figure 5 is the dual to p3 in figure 1 of P (S3). The vertices in the picture
correspond to regions in the cancellation diagram.
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Figure 5. Cancellation diagram for BS3

If you take any region and read around the boundary you have one
of the relations.
For certain groups, like the Braid groups, we have the complete story.

But for most groups the classifying space remains to be constructed
and we are still at the point of trying to find the kernel of d2 to create
the proper 3-cells to attach to BG(2). For more information you can
download Jean Louis Loday’s paper, Homotopical Syzygies.
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