GROWTH FUNCTIONS OF THE BRAID GROUP

ANDREW MARDER

1. BACKGROUND

Definition 1. Given a group presentation G = (X|R), let I(g) be the length
of the word g with respect to the generating set X, the growth function is
defined by

pa,x(t) = Z {g:1l(g) =n} -t" = Ztl(g)
n=0

geG

Definition 2. A finite state automaton is a quintuple (S, 3, sg, Y, 1) where

S is a finite set called the state set

Y is a finite set called the alphabet

sp€eS is the initial state

Y C S are the accept states

WS x ¥ — S is the transition function

Definition 3. Let M be a finite state automaton with n states, the tran-
sition matriz A of M is the n x n matrix with entries a;; equal to [{aeX :
1(sj,a) = s;}|. Graphically, this is the number of directed edges from s; to
S;.

Definition 4. Let p* be a function p* : S x ¥* — S where ¥* is a monoid.
Define p* recursively by

*( . )_ M(Sjaal) ifw:a162
wo(s,w) = u*(u(3j7a1)aa2~--an) if w=aias...a,ex*

We can think of this p* as a transition function for words instead of just
letters; given a word w, pu*(sj, w) tells us what state the automaton is in
after accepting this word w.

Lemma 1. Let M be a finite state automaton with n states and A be its
transition matriz, then A" has entries c; j equal to the number of words of
length r that begin at s; and end at s;. Formally,

¢ij = {weX” : w = ajas...a, and p*(s;,w) = s;}|
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Proof. By construction the lemma holds for r equal to one. Assume the
lemma holds for » — 1 then A™ = A" 1A thus each ci; of A" is the dot
product of the ith row of A”~! and the jth column of A. The ith row of

A™"L contains b, = [{weX* : w = ajas...a,—; and p*(sg,w) = s;}| while
the jth column of A contains ay; = [{aeX : u(sj,a) = si}|. Thus their dot
product ¢; ; = [{aweX* : aw = aaiaz...a,—1 and p*(sj, aw) = s;}|. O

Theorem 2. [3, 299] Let M be a finite state automaton with n states and
A be its transition matriz, the growth function of M s given by par(t) =
v(I — tA)~ T where v, ueZ™ with v being the characteristic function of Y
and u the characteristic function of sg.

Proof. From the previous lemma, we know A" has entries b; ; equal to the
number of words of length exactly 7 from s; to s;. Then ¢;(M) = vA™uT is
the number of strings of length ¢ beginning at sg and ending at some accept
state, this is simply the number of words of length r accepted by M. Thus

pm(t) = iciti = iv(tA)iuT = v{ i(tA)’}uT = oI —tA) T
n=0

2. EXAMPLES

In the following examples we have ignored the failure states. This simpli-
fies the graphical representation of a finite state automaton, and does not
impact our calculations since the fail state is not an accept state and given
any letter a, fu(Sfqil, @) = sfqi thus no word that is accepted by an automa-
ton ends at or goes through the fail state. Also note that in the following
diagrams the state label s; has been reduced to i, and the letters x and z—*
have been replaced with x and X.

Example 1. Let F,, be the free group on n generators. In Fj,, there are

2n words of length one (the generators and their inverses). And there are

(2n—1)(2n) words of length two, since given a word w = z{'z5*...z;" of length
i we can construct a word of length i + 1 by wz;\" where x/' # (x5")~".

This allows us to construct (2n— 1) words of length i+ 1 given a single root.
Thus

pr,(t) =1+ (2n)t + (2n — 1)(2n)t* + ... + et + (2n — Vet 4 ...

pr, (1) — (2n — Dtpp, (1) = [1+ ©@n)t+ ...+ (2n — Dt + .
— [2n—=1)t+ ..+ 2n— Det™ 4+ ..
pr,()(1—=02n—1)t) = 1+t
1+1¢

Example 2. F; = (z,y) gives rise to the following automaton.
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Thus using theorem 2 we have

1 0 0 0 O 0O 0 0 0 O 1
0O 1 0 0 O 1 1 1 0 1 0
pra)=(1 1 1 1 1) 00 1 0 0 |—t|1 1 1 10 0
0O 0 0 1 o0 1 0 1 1 1 0
o 0 0 0 1 1 1 0 1 1 0
4t 1+4+¢ 1+¢
sz(t):1+ =

1-3t 1-3t 1-(2n—1)t
This agrees with the more general formula proven in example 1.

Example 3. PSLy7Z = (z,y|z?,y>) is described in the following automaton
since = 2z~ L.

From this we find that each word ending in
x can be lengthened by y or y 1, but words
ending in y or y~! can only be lengthened
by x. Giving the following recursive rela-
tionship where ¢; are the number of words
of length i and ¢; , are the words of length
1 ending in x.

N G = Cig T Cj(yy1) Gz Cilyy™)

0 1 0 :

1 3 L .

2 4 2 :

3 6 2 )

4 8 4 !

m Cm—1,(y,y~1) 21,0
. 2%, o 2tm—22  2Cm_2,(yy-1)

From this recursive relationship we can find the growth function.
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ppsL,z(t) = 143t+4t% +6t3 + ...+ 2¢c; ot' + ...
= 1+ Gt+aHA+22 + 4t +8t5+ L+ (2 + )
1
= 1+ (3t + 4t
1436428
1 — 2¢2

Which agrees with the following application of theorem 2.

-1

100 0 0000 1

010 0 101 1 0

prsez(t)=(1 1 1 1) 0010 "[1100 0
000 1 110 0 0

2t+2t2+t+2t2 143t + 287
1—212 " 1-2t2 1-—2t2

ppPsL.z(t) =1+

3. THE BraID GROUP

The braid group B,, is defined to be the group generated by t1,t2...t,—1
subject to the following relations.

Litiv1li = tigatitiva

tit]’ = tjti if |Z —j| >1
Note that ¢; is a positive crossing of the i+ 1th strand over the ith strand. A
braid written as a product of these positive generators is a positive braid. A
permutation braid is a positive braid in which two strands cross at most once.
Our aim is to write every positive braid as a unique product of permutation

braids. Though it should be noted that permutation braids can be written
in multiple ways, for example t1tot] = totito.

Definition 5. A positive braid is written in right greedy canonical form if it
is a product of permutation braids wjws...w, such that the tail set of wy_1
is contained in the initial set of wy. Geometrically, if two strands that are
adjacent at the boundary of wyp_1 and wj cross in wg_1 they also cross in
W

Theorem 3. [2, 193] Right greedy canonical form is unique.

To examine the growth function of the braid group, we must first choose
permutation braid word representatives denoted P. This set P of permu-
tation braid words must be prefix closed. Then we construct a finite state
automaton M that recognizes right greedy canonical form. M must keep
track of two permutation braids wp,e, and weyrr. Both wprey and weyrr must
be elements of P. M will have the following three states.

o Accept states will be pairs (wWppey, Weyrr) such that the pair is in right
greedy canonical form.
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e Placeholders will be pairs (Wprey, Weurr) Where weyry is the prefix of
some permutation braid beP such that (wprey,b) is in right greedy
canonical form.

e The failure state will contain all other pairs.

In the initial state, wprey and wey,r are both the trivial braid. When M
is in the state (Wprey, Weurr) and sees the character ¢;, it goes to the state
(Wprev, Weurrti) if Weyrrtie P and to (Weyrr, ti) otherwise.

4. A-PRIME BRAIDS
Definition 6. The fundamental word of B,, denoted by
A = (t1)(tot1) (tatatr)...(tn_1tn_2..tat1)

Geometrically this is the braid in which each strand crosses every other
strand exactly once. A positive braid word w is A-prime if there is no
positive word u such that w = uA

Proposition 1. [1, 203] Given our set P of permutation braid words we can
write every element of B, in the following form sA™ where s is a positive
A-prime braid word and meZ.

Let Xao = {A, A7 t1,t,...t,_1}, and note that the braid relations are
all length preserving in the monoid X{. Thus all normal forms in X} are
length minimal.

Proposition 2. [1, 203] If we know the growth function, pa—prime(t), of
A-prime elements, then the growth function of B, with generating set Xa
can be found by pp, x, = %pA_pm'me(t)

This is pretty clear since given a single A-prime element s we can generate
% elements in X} by multiplying by some power of A. But, how do we
find the growth function for these A-prime braids? We simply take the
automaton described in the previous section and send all states (wpyey, A)

to the failure state. The following examples illustrate how this is done.

Example 4. Consider Bs the braid group on two generators. Given our
finite state automaton construction we get the following. Where accept
states are the white rectangles, the failure state is represented by the small
black rectangles, and there are no placeholders.

—Dg‘:'?ﬂ—

P | y y y
(L1112 ] (21 1221

N

Y Y - Y Y
112 {122  f211][221
I — I

Dot x"*-pzl;lz
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Using Theorem 2 and Proposition 2 we find

2
prl) =~
(t+1)E+t+1)
pexa(l) = G o)
PBsxA(t) = 144t +10t% + 2083 + 36t + 62t° + ...

Example 5. The finite state automaton for Bz only had fourteen states,
while the automaton for Bs has two-hundred and nine. Below is a text
formatted automaton where a P denotes a placeholder, and F denotes the

failure state.

Gy G G2 (3)
(1 (1,1 (12)  (,13)
(2): (21)  (2,2) (,23)
(3): @B,1HP (,32) (3,3)
(1,1): (1,1) (1,12)  (1,13)
(;12):  (121)  (12,2)  (,123)
(13):  (13,1)P  (,132)  (13,3)F
(21):  (21,1) (21,2)F  (,213)
(2,2):  (2,21) (2,2) (2,23)
(23): (23, 1)P  (,232)  (23,3)
B, HP: (1,1)  (3,12)P  (3,13)
(,32):  (,321)  (32,2) (32,3)F
(3,3) : (3, 1)P (3,32) (3,3)
(1,12) (1,121) (12,2) (1,123)
(1,13) (13,1)P  (1,132)  (13,3)F
(,121) (121,1)P (121,2)F  (,1213)
(12,2) (12,21) (2,2) (12,23)
(,123) (123, 1)P  (,1232)  (123,3)
(13,1)P (1,1) (13,12)P  (13,13)
(,132) (,1321)  (132,2) (132,3)F
(21,1) (1,1) (21,12)  (21,13)
(,213) (213, 1)P  (,2132)  (213,3)F
(2,21) (21,1) (21,2)F  (2,213)
(2,23) (23, 1)P  (2,232) (23,3)
(23,1)P (1,1) (23,12)P  (23,13)
(,232) (,2321)  (232,2)P (232,3)F
(23,3) (3. DP  (23,32)  (3,3)
(3,12)P: (3,12)F  (12,2)  (3,123)P
(3,13) (13,1)P  (3,132)  (13,3)F
(,321):  (321,1)  (321,2)F (321,3)F
(32,2):  (32,21) (2,2) (32,23)
(3,32):  (3,321) (32,2) (32,3)F



GROWTH FUNCTIONS OF THE BRAID GROUP

(1,121) :  (121,1)P  (121,2)F  (1,1213)
(1,123): (123, 1)P  (1,1232) (123, 3)
(1,132) :  (1,1321) (132,2) (132,3)F
(121, 1)P : (1,1) (121,12)P  (121,13)F
(,1213) :  (1213,1)P  (,12132)  (1213,3)F
(12,21) : (21,1) (21,2)F (12,213)
(12,23) : (23,1)P (12,232) (23, 3)
(123,1)P : (1,1) (123,12)P  (123,13)
(,1232) :  (,12321)  (1232,2)P (1232,3)F
(123,3) : (3,1)P (123,32) (3,3)
(13,12)P:  (13,121)F (12,2) (13,123)P
(13,13) : (13,1)P (13,132) (13,3)F
(,1321) :  (1321,1)P (1321,2)F (1321,3)F
(132,2):  (132,21) 2,2) (132, 23)
(21,12) :  (21,121) (12,2) (21,123)
(21,13) : (13,1)P (21,132) (13,3)F
(213,1)P : 1,1) (213,12)P  (213,13)
(,2132) :  (,21321)  (2132,2) (2132,3)F
(2,213) . (213, 1)P  (2,2132)  (213,3)F
(2,232) :  (2,2321)  (232,2)P  (232,3)F
(23,12)P:  (23,121)F (12,2) (23,123)P
(23,13) : (13,1)P (23,132) (13,3)F
(,2321):  (2321,1)P (2321,2)F (2321,3)F
(232,2)P: (232,21)P (2,2) (232,23)P
(23,32) :  (23,321) (32,2) (32,3)F
(3,123)P:  (123,1)P  (3,1232) (123,3)
(3,132) :  (3,1321) (132,2) (132,3)F
(321,1) : (1,1) (321,12)  (321,13)
(32,21) : (21,1) (21,2)F (32,213)
(32,23) : (23,1)P (32,232) (23,3)
(3,321) : (321,1) (321,2)F  (321,3)F
(1,1213): (1213, 1)P  (1,12132)  (1213,3)F
(1,1232) :  (1,12321)  (1232,2)P  (1232,3)F
(1,1321) : (1321, 1)P  (1321,2)F  (1321,3)F
(121,12)P:  (121,121) (12,2) (121,123)F
(1213,1)P : 1,1) (1213,12)P  (1213,13)
(,12132) :  (,121321)F (12132,2)P  (12132,3)F
(12,213) : (213,1)P (12,2132) (213,3)F
(12,232) :  (12,2321) (232,2)P (232,3)F
(123,12)P:  (123,121)F (12,2) (123,123)P
(123,13) : (13,1)P (123, 132) (13,3)F
(,12321) :  (12321,1)P (12321,2)F (12321,3)F
(1232,2)P:  (1232,21)P (2,2) (1232,23)P
(123,32) :  (123,321) (32,2) (32,3)F
(13,123)P:  (123,1)P (13,1232) (123,3)
(13,132) :  (13,1321) (132,2) (132,3)F
(1321,1)P : (1,1) (1321,12)P (1321, 13)F
(132,21) : (21,1) (21,2)F (132, 213)
(132, 23) : (23,1)P (132, 232) (23,3)
(21,121) : (121, 1)P (121,2)F (21,1213)
(21,123) : (123,1)P (21,1232) (123, 3)
(21,132) :  (21,1321) (132,2) (132,3)F
(213,12)P :  (213,121)F (12,2) (213,123)P
(213,13) : (13,1)P (213, 132) (13,3)F
(,21321) :  (21321,1)P (21321,2)F (21321,3)F
(2132,2) :  (2132,21) (2,2) (2132, 23)
(2,2132) :  (2,21321) (2132, 2) (2132,3)F
(2,2321) :  (2321,1)P  (2321,2)F  (2321,3)F
(23,123)P:  (123,1)P (23,1232) (123, 3)
(23,132) :  (23,1321) (132,2) (132,3)F
(2321,1)P : (1,1) (2321,12)P  (2321,13)
(232,21)P : (21,1) (21,2)F  (232,213)P
(232,23)P:  (23,1)P (232, 232) (23,3)
(23,321) : (321,1) (321,2)F (321,3)F
(3,1232) :  (3,12321)  (1232,2)P  (1232,3)F
(3,1321) :  (1321,1)P  (1321,2)F  (1321,3)F
(321,12) :  (321,121) (12,2) (321, 123)
(321,13) : (13,1)P (321, 132) (13,3)F
(32,213) : (213,1)P (32,2132) (213,3)F

(32,232) 1 (32,2321) (232,2)P (232,3)F
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(1,12132) :  (1,121321)F  (12132,2)P  (12132,3)F

(1,12321) :  (12321,1)P  (12321,2)F  (12321,3)F
(121, 121) : (121,1)P (121,2)F (121, 1213)
(1213,12)P:  (1213,121)F (12,2) (1213,123)P
(1213,13) : (13,1)P (1213, 132) (13,3)F
(12132,2)P: (12132,21)P (2,2) (12132, 23) P
(12,2132) :  (12,21321) (2132, 2) (2132,3)F
(12,2321) : (2321,1)P (2321,2)F (2321,3)F
(123,123)P:  (123,1)P (123, 1232) (123, 3)
(123,132) :  (123,1321) (132,2) (132,3)F
(12321,1)P : (1,1) (12321,12)P  (12321,13)
(1232,21)P : (21,1) (21,2)F (1232,213)P
(1232,23)P : (23,1)P (1232, 232) (23,3)
(123,321) : (321, 1) (321,2)F (321,3)F
(13,1232) :  (13,12321) (1232,2)P (1232,3)F
(13,1321) : (1321,1)P (1321, 2)F (1321,3)F
(1321,12)P: (1321, 121) (12,2) (1321, 123) F
(132,213) : (213,1)P (132, 2132) (213,3)F
(132,232) :  (132,2321) (232,2)P (232,3)F
(21,1213) : (1213,1)P (21,12132) (1213,3)F
(21,1232) : (21, 12321) (1232,2)P (1232,3)F
(21,1321) : (1321, 1)P (1321,2)F (1321,3)F
(213,123)P:  (123,1)P (213, 1232) (123, 3)
(213,132) :  (213,1321) (132,2) (132,3)F
(21321,1)P : (1,1) (21321,12)P  (21321,13)F
(2132,21) : (21,1) (21,2)F (2132, 213)
(2132,23) : (23,1)P (2132, 232) (23,3)
(2,21321) : (21321, 1)P  (21321,2)F  (21321,3)F
(23,1232) :  (23,12321) (1232,2)P (1232,3)F
(23,1321) : (1321,1)P (1321, 2) F (1321,3)F
(2321,12)P:  (2321,121)F (12,2) (2321,123)P
(2321,13) : (13,1)P (2321, 132) (13,3)F
(232,213)P:  (213,1)P  (232,2132)P  (213,3)F
(232,232) :  (232,2321) (232,2)P (232,3)F
(3,12321) :  (12321,1)P  (12321,2)F  (12321,3)F
(321,121) : (121,1)P (121,2)F (321, 1213)
(321,123) : (123,1)P (321, 1232) (123, 3)
(321,132) :  (321,1321) (132,2) (132,3)F
(32,2132) :  (32,21321) (2132, 2) (2132,3)F
(32,2321) : (2321,1)P (2321,2)F (2321,3)F
(121,1213) : (1213,1)P (121, 12132) (1213,3)F
(1213,123) P : (123,1)P (1213, 1232) (123,3)
(1213,132) :  (1213,1321) (132,2) (132,3)F
(12132, 21)P : (21,1) (21,2)F (12132, 213) P
(12132, 23)P : (23,1)P (12132, 232) (23,3)
(12,21321) : (21321,1)P (21321,2)F (21321, 3)F
(123,1232) :  (123,12321) (1232,2)P (1232,3)F
(123,1321) : (1321, 1)P (1321,2)F (1321,3)F
(12321,12)P :  (12321,121)F (12,2) (12321, 123) P
(12321,13) : (13,1)P (12321, 132) (13,3)F
(1232,213)P : (213, 1)P (1232,2132) P (213,3)F
(1232, 232) (1232, 2321) (232,2)P (232,3)F
(13,12321) (12321,1)P (12321,2)F (12321, 3)F
(1321, 121) (121, 1)P (121,2)F (1321, 1213)
(132,2132) :  (132,21321) (2132,2) (2132,3)F
(132, 2321) (2321,1)P (2321,2)F (2321, 3)F
(21,12132) (21,121321)F  (12132,2)P (12132, 3)F
(21,12321) (12321,1)P (12321,2)F (12321, 3)F
(213,1232) :  (213,12321) (1232,2)P (1232, 3)F
(213,1321) : (1321, 1)P (1321,2)F (1321,3)F
(21321,12)P : (21321, 121) (12,2) (21321, 123)F
(2132,213) : (213, 1)P (2132, 2132) (213,3)F
(2132,232) :  (2132,2321) (232,2)P (232,3)F
(23,12321) : (12321,1)P (12321,2)F (12321, 3)F
(2321,123)P : (123,1)P (2321, 1232) (123,3)
(2321,132) :  (2321,1321) (132,2) (132,3)F
(232,2132)P :  (232,21321) (2132, 2) (2132,3)F
(232, 2321) : (2321,1)P (2321,2)F (2321,3)F
(321,1213) : (1213,1)P (321, 12132) (1213,3)F
(321,1232) :  (321,12321) (1232,2)P (1232, 3)F
(321, 1321) : (1321,1)P (1321,2)F (1321,3)F
(32,21321) : (21321,1)P (21321,2)F (21321, 3)F
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(121,12132) :  (121,121321)F  (12132,2)P (12132, 3)F
(1213,1232) :  (1213,12321) (1232,2)P (1232, 3)F
(1213,1321) : (1321,1)P (1321,2)F (1321,3)F
(12132, 213) P : (213,1)P (12132,2132) P (213,3)F
(12132,232) :  (12132,2321) (232,2)P (232,3)F
(123, 12321) : (12321,1)P (12321,2)F (12321, 3)F
(12321,123) P : (123,1)P (12321, 1232) (123,3)
(12321,132) : (12321, 1321) (132,2) (132,3)F
(1232,2132)P :  (1232,21321) (2132, 2) (2132, 3)F
(1232, 2321) : (2321,1)P (2321,2)F (2321, 3) F
(1321, 1213) : (1213,1)P (1321, 12132) (1213, 3) F
(132, 21321) : (21321,1)P (21321,2)F (21321, 3)F
(213,12321) : (12321,1)P (12321,2)F (12321, 3)F
(21321,121) : (121,1)P (121,2)F (21321, 1213)
(2132,2132) :  (2132,21321) (2132, 2) (2132, 3)F
(2132, 2321) : (2321,1)P (2321,2)F (2321, 3)F
(2321,1232) :  (2321,12321) (1232,2)P (1232, 3)F
(2321, 1321) : (1321,1)P (1321,2)F (1321, 3)F
(232, 21321) : (21321,1)P (21321,2)F (21321, 3)F
(321,12132) :  (321,121321)F  (12132,2)P (12132, 3)F
(321, 12321) : (12321,1)P (12321,2)F (12321, 3)F
(1213,12321) : (12321,1)P (12321,2)F  (12321,3)F
(12132,2132)P : (12132, 21321) (2132, 2) (2132, 3)F
(12132, 2321) : (2321,1)P (2321,2)F (2321, 3)F
(12321,1232) : (12321, 12321) (1232,2)P (1232, 3)F
(12321,1321) : (1321,1)P (1321,2)F (1321, 3)F
(1232,21321) : (21321,1)P (21321,2)F  (21321,3)F
(1321,12132) :  (1321,121321)F  (12132,2)P  (12132,3)F
(21321,1213) : (1213,1)P (21321,12132)  (1213,3)F
(2132,21321) : (21321,1)P (21321,2)F  (21321,3)F
(2321, 12321) : (12321,1)P (12321,2)F  (12321,3)F
(12132, 21321) : (21321,1)P (21321,2)F  (21321,3)F
(12321, 12321) : (12321,1)P (12321,2)F  (12321,3)F

(21321,12132) :  (21321,121321)F  (12132,2)P  (12132,3)F

This automaton is too large for a computer to calculate the inverse in
Theorem 2, but we can still find individual coefficients. The following co-

efficients were found using the technique describe in Theorem 2, explicitly
¢ = vAuT.

PBaxA(t) = 1+ 3t 4+ 8% + 20> + 48t* + 119t + 302t% + 7637 + 1932¢5 + ...

This disagrees with Brazil’s explicit computation suggesting that his au-
tomaton needs correction.

5. CONCLUSION

Although we were able to find the growth function of B4 x, our technique
does not scale well. By has twenty-four permutation braids giving rise to a
finite state automaton with over two-hundred states. B4 has one hundred
twenty permutation braids suggesting an automaton with about seven thou-
sand states. This is too large for modern computers making it difficult to
find a pattern in the braid group. Another technique that might scale better
is that of rewriting rules.
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