HTML AESTRACT * LINKEES

JOURNAL OF MATHEMATICAL PHYSICS VOLUME 45, NUMBER 7 JULY 2004

The loss of stability of surface superconductivity

Y. Almog®
Faculty of Mathematics, Technion-Israel Institute of Technology, Haifa 32000, Israel

(Received 9 September 2003; accepted 9 March 2004;
published online 10 June 2004

The Ginzburg—Landau equations in a half-plane are considered in thexddirg.

We look at the reduced set of equations obtained in that limit. It is proved that the
one-dimensional solution presented by P@ommun. Math. Phys228 327
(2002] undergoes a bifurcation for an infinite number of applied magnetic field
values which are lower thahlc,. We also prove that each bifurcating mode is
energetically preferable to the one-dimensional surface superconductivity solution,
and thus, prove that the surface superconductivity becomes unstable for applied
fields which are lower thahi c, © 2004 American Institute of Physics.

[DOI: 10.1063/1.1755859

I. INTRODUCTION

Consider a planar superconducting body which is placed at a sufficiently low temperature
(below the critical ongunder the action of an applied magnetic field. Its energy is given by the
Ginzburg—Landau energy functional which can be represented in the following dimensionless
form:!

., VI 2, |1 ’
E:L) — || +T+|h_hex| + ;V\If—i—A‘P dx,dx,, (1.1

in which ¥ is the (comple® superconducting order parameter, such ti#dtvaries from|¥|=0
(when the material is at a normal state |W|=1 (for the purely superconducting statdhe
magnetic vector potential is denoted Ay(the magnetic field is, then, given thy=V X A), hg, is

the constant applied magnetic field, axds the Ginzburg—Landau parameter which is a material
property. Superconductors for whioh<1/?2 are called type | superconductors, and those for
which «>1#2 are called type 110} is a connected domain of superconductor, whose Gibbs free
energy is given bye. Note thatE is invariant to the gauge transformation

Ve AA+Vy, (1.2

where 7 is any smooth function.

For sufficiently large magnetic fields it is well known, both from experimental observations
and both from theoretical predictiofghat superconductivity is destroyed and the material must
be in the normal state. If the applied magnetic field is then decreased there is a critical field where
the material enters the superconducting phase once again. This field is called “the onset field” and
is denoted byH Cy

It is well-known that at the bifurcation from the normal state, superconductivity remains
concentrated near the boundary. Alternatively we can sayWhdecays exponentially fast away
from the boundaries as eitheror the size of() tend to infinity, which is the reason why the
phenomenon has been termed surface superconductivity. This result has first been obtained for a
half-plane’ then also for disks,and for general smooth domains#$.6~° It was extended later
to weakly nonlinear cases in the largdimit.°
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In the absence of boundaries the critical field at which superconductivity nucleates is denoted
by He, and is smaller tharHc3 (Hc3w1.7K whereasHsz k). Furthermore, the bifurcating
modes are periodic lattices, named after Abrikd$o¥ which have been observed
experimentally* It has been conjectured, therefore, by Rubinsfethat superconductivity re-
mains concentrated near the boundaryHQrz< hey< He,. WhenhEX~H02 (either for « large or
for large domainsa bifurcation of Abrikosov’s lattices far away from the wall was conjectdred.

Recently, it has been proved both in the largkmit,®1"and in the large domain linft that
as long asHc, < hex< He, superconductivity remains concentrated near the boundaries. From a
different direction, Sandier and Serfatyshowed for the global minimizer ofL.1) that ashg,

—Hc, from below and«— ¢, superconductivity vanishes in the domain’s interior, away from the
boundaries.

Despite the above-mentioned progress the transition from the surface superconductivity solu-
tion to the mixed state, where Abrikosov’s lattices appear in the bulk of the material, has not been
clarified yet. In particular, if the applied magnetic field is decreased bH@\évit has not been

proved yet that:

(1) The surface superconductivity solution becomes unstable, i.e., it is not a local minimier of
for heX<HC2.
(2) The bifurcating mode is indeed the global minimizer and has to be periodic.

In the present contribution we prove, in the lamgémit, for a domain wall, that the surface
superconductivity solution in a half-plane is not a local minimizeEdbr he,<Hc,, and hence
cannot be stable. To this end we assume, just likéRiid, that the global minimizer is essentially
one-dimensional in the boundary layer. In addition to the instability proof, we find the bifurcating
modes and show, by an heuristic argument, that when properly superposed, Abrikosov’s lattices
can be formed. However, since linear superposition of modes is impossible, in view of the equa-
tion’s nonlinearity, further research is necessary in that direction.

The Euler—Lagrange equations associated With), known as the steady state Ginzburg—
Landau equations, are given in the form

i;V+A 2\P=\I’(1—|\P|2), (1.39
—VXVXA= Zi—K(\If*V\If—\IfV\If*)+|\If|2A, (1.3b
and the natural boundary conditions by
(i;VJrA)«lf-ﬁ:o, (1.43
h=hgy. (1.4b

In Refs. 16 and 17 it is proved that as—«, h,,— «>1/k we have, near the boundary

W(Xg+ &/ k) —— (&) pointwise,

wherexye dQ, éeR?,
RZ ={(X1,X); X;>0}

and ¢ must satisfy

Downloaded 19 Jul 2004 to 132.68.1.29. Redistribution subject to AIP license or copyright, see http://jmp.aip.org/jmp/copyright.jsp



J. Math. Phys., Vol. 45, No. 7, July 2004 The loss of stability of surface superconductivity 2817

(iV+xq0)20=Ngp(1—|¢]?) in RZ, (1.53
%:o on dR?2, (1.5b
where
N
Pex
Let
H={ueH(z,)|xueL?(z,%)}, (1.6)

wherez is a real number, and let

[ 1o Eeiar
B(z)= inf - . (1.7
s [P

The dependence ¢f on z has been studied in Refs. 20 and 21 afterward. In particular, it has been
proved that there exist;(N\) and z,(\) such that\>g(z) if and only if z;<z<z,, and that
Z,(1)=0 andz;(1)=—<. It is also proved in Ref. 7 that

Bo= inf B(2)= lim —— ~0.50.
He,

zeR K—®©

The same result was also proved in Ref. 8.
Part® conjectured that any bounded solution(@f53 for Bo<A<1 must be in the form

=€\ (@02t (xy), (1.9
wherewg is a real number anél(x;,\) satisfies inRk
— "+ (x— wo)2f=\f(1—12); f'(0)=0. (1.9
In Ref. 16 it is proved that if3(— wy) <A<1 and
—2,<we<—17,
then there exists a solution f¢t.9). Furthermore, it is proved in Ref. 16 the
f(x)~x~ 1M~ 12 aq y o0, (1.10

The discussion in Ref. 16 was limited to the casel, since this is the regime where the surface
superconductivity solution is expected to be the global minimizeE.oNevertheless, it is not
difficult to show that the above existence result &hd0 still hold when\>1 for anyw,=0. We
bring the proof in Appendix A.

Weaker conjectures can be made instead of assuming@lti@ats the unique class of bounded
solutions of(1.53. Consider the energy functional

5(¢>=pr|(iV+x1?2>w|2+x<%|¢|“—|w|2>, (1.13)

wherei, is a unit vector in thex, direction, and let
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Hiad Q) ={d e L2(Q)|dy peL? iy ,p+ixipel?}. (1.12
It is well known'® that when\ > B, we have

inf  &(¢)=—c.

$<HradR2)

We therefore modify the definition dﬂﬁqag so it would guarantee the existence of a global
minimizer to & in the modified space. We thus apply the transformation

Xi— X1~ wg;  Y—e 02y

to obtain

» A 1
= an [ o l6v et Flurt- 1o | 113

and define the space
PO={¢eHiad [~ ©0,%2) X R)| (X1, Xo+ L) = (Xg,X2)}. (1.14
We can now conjecture, just like Prdid, that
g=1(X1,N)

is the global minimizer of in P;", for everyL>0 andwy=0.

We note that Paifi studied the same problem far>1 and found that the global minimizer of
(1.12) in P° decays exponentially fast away from the wall. Moreover, it is proved in Ref. 16 that
the global minimizer of(1.1) in a smooth bounded domain must tend,xas «, to a periodic
solution whose period is dD(k).

Periodic solutions have already been studied in the absence of bourldatie=eriodicity
was imposed in those works in both tkeand thex, directions. In this work we add the effect of
a planar wall: We impose periodicity only in the direction which is parallel to the wall, whereas
away from the wall we expect the solution to decay. This problem, which is still much simpler
than the determination of the global minimizer(@f1), is much closer to real situations than the
problem inR211-13

The present contribution can be summarized by the following theorem.

Theorem 1.1: There exists pe N, which may depend oa=27/L and wy, and a sequence
{Nntn=n, such that

(1) There exists a solution to (1.5a) iﬁ’[’o which bifurcates fromy=f(x4,\), in some right
semi-neighborhood of,, for every r=n,.

(2) For every r=ng
—(Nw+ wp)? —(Nw+wp)?
1+C, exq’%} <M<1+GC, exp{%

where G and G, are positive and independent of n
(3) Denote the bifurcating solution iﬁfO by ¢,(x1,\). Then
E(hn ,N)<E(TN)
in some right semi-neighborhood ®f, for every ren,.

: (1.19

In the next section we discuss the linearized equation and gioy8. Statements 1 and 3 are
proved in Sec. lll. Finally, in Sec. IV we briefly summarized the results obtained in Secs. Il and llI
and list some related open problems.
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II. LINEAR ANALYSIS
Consider the problem

(IV+xq02) 2= Ng(1=[¢]®) (X, X2) € (—wg, %) XR, (2.13
thy, (= w0, %) =07 h(Xy, X+ L) = th(X1,X2). (2.1b

Let
U= ty(Xq,Xo) — f(Xq,N), (2.2

whereinf satisfies(1.9). Denote byX the space
X={ue C¥[—wq,*) X R}NP|u, (— wg,%,) =0}
with the C? norm. LetF:R™ X X— C{[ — wq,>) X R} be the operator
FOLU)= (I V+X405)2u—A[u—f2(2u+T) — f(2|u|?+u?) —|u|?u]. 2.3

Clearly, if ue X satisfiesF(u,\)=0 for some\>pB,, then ¢y=u+f is a solution of(2.1).
Furthermore, sinc& (\,0)=0 for all \> B, we can consider the linear bifurcation of nontrivial
solutions ofF (u,\) =0 fromu=0. LetF, denote the Fiehet derivative ofF . Then, the linearized
form of F(u,\)=0 nearu=0 is

Fu(ON)@d=0

or

(iV+Xqi0) 20— N[ d—F2(2¢+ ¢)]=0. (2.4

Our first result proves the existence of nontrivial solutionX ifor (2.4) and gives the correspond-
ing critical values of\.

Theorem 2.1: There exists g(wg,w) e N and a sequenc{a)\n}ff:no, such that whem =\,
non trivial solutions of (2.4) exist. Furthermore, for alemg A\, satisfies (1.15).
Proof: Since we look for periodic solutions we multip{.4) by e "“*2 wherene N and inte-
grate with respect ta, over| — w/w, 7/ w] to obtain

— B+ [(X—nw) 2= N byt M223y+ d_) =0, (2.53
— " H[(XFN0)2=N] bt NF2(2B o+ ) =0, (2.50)
Bh(—wo)= ¢  (—wp)=0, (2.50
where
~ 7l )
b= s x0e e, 2.6

To prove the lower bound ifil.15 we need the following perturbation lemma.

Lemma 2.2: LetH(£) be defined by (1.6), and let

ae@=  int | o' 0eg0cr9) gl

peH
lllz-gx)=1
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where g[0,2)—R is continuous and decays asx~. Then

a=1+Jm§gv2+ 5(¢). (2.7a

In whichv is the quasi-mode

v=Cex(x+£)e X7 (2.7b

whose 1?(— &,%0) norm is unity y is a C* cutoff function satisfying

0, O0=x<3
X= (2.709
,1<x
and, for sufficiently large,
5(g)s2f 922+ Ce &, (2.79
3
where C is independent @f
Proof: Denote byP the operator
2
=t— —F 2
P e +Xx°+q,
and let
v=1+ f gv?.
—¢
Then,
(P—v)o=cf—x"+2xx' +gxle <= (v—1)v,
and hence,
’f v(P—v)v Sf —X—+2XX—02SCe_§2. (2.8
-¢ -& X X

Let {uj}{_, denote the eigenvalues aid;};_, the corresponding eigenmodes, whase
norm is unity, of the following problem:

Puj:Mjuj! X>§,
uj(-£=0.
It is well known?2 thatu;Te and that{uj}]-”=0 are square integrable and orthogonal. Let
5=v—a0u0, (293

where

a0=f v Ug. (Zgb)
¢
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Substituting(2.9) in (2.8) we obtain(note thatuy,= «)
a2 a—v|= le(p— V)| +Ce £, 2.10
To estimate the first term on the right-hand side(®f10 we make use of the following

inequality:

"

o o o 4 2 0
f |(73—v)5|2Sf [(P— V)U|2:f —X—+2XX—+g—(v—1) vzsf gzv2+Ce7§2.
—é 3 ¢ X X —é
(2.1
Since the distance af from the spectrum of? in H\Span() is |u;— v| we have
(= [ o= [ lp-wie= [ jp- w0l (2.12
—é —é 3

It is not difficult to show, using standard arguments from semi-classical an&tysier instance
theorem 3.4.1 in Ref. 23that

g —— 3. (2.13

E—o

Hence, for sufficiently large,

12 o
if [(P—v)v|2.

fw |5(P—v)o|<
—&

|

Substituting(2.10 in the above inequality yields

agla—v|sf 922+ Ce £, (2.149
3
By (2.12 and(2.13 we have
PSR T N R B ey
ag=1 o]°=1 gv-—Ce
—¢ —¢

from which (2.7) can be easily obtained. O
We now continue the proof of Theorem 2.1. Let

ap(N)=:a(—nw— wy,\f?). (2.15
Since, by(1.10
fmn f2(x+Nw+ wp)e X =C(nw+we) L exp— 2(nw+wg)2,
“Nw—awg
we have, by(2.7),
ap=1+C(nw+ wy)* Lexp — 3(Nw+ wg)?}. (2.16

We now define the functional
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o)

I Xn .an)==f

Xl 2+ (x=1w) 2| x>+ x 2+ (X +n0) 2| x_ o> = N xnl 2+ [ x - nl?
g
_f2(|Xn|2+|Xn+yfn|2+|)(fn|2)]- (2-17)

Let (¢,,,¢_,) e HXH satisfy(2.59 and(2.5b and

" dan+19 =1,
@Q

Multiplying (2.53 by ¢,, and the complex conjugate .50 by ¢_, and integrating their sum
over[ — wq,) we obtain

I pn,dp_n)=0.

However, from the definition o, it follows that

|7 1ai+ xmnop - xa= 6= @0 [ 1642
@0 ~®o

Furthermore, for sufficiently large, we have k+nw)?>(x—nw)? for everyx e[ — wq,*), and
hence

T pn,dp_n)=(an—N\). (2.18

Consequently, the value affor which the minimal value of7 vanishes, must be greater thag.
Therefore, by(2.16) the lower bound in1.15 is proved.
To prove the upper bound we need, once again, to prove an auxiliary result:
Lemma 2.3: Let

Ya(N)= inf T XniX-n)-
(Xn 1 X—n) e HXH

2 2
IxnlZ2+ - ol 2=1

Then

(1) For every\=1, there exists a minimizer if{ X H.
(2) v, is a continuous function of.

Proof: Since the proof is rather standard, we bring here only the main details and very briefly.
Let{o]', o™} _, denote a minimizing sequence satisfying||?+ [ ¢™ |2=1 for all m. Obvi-
ously,

0 C
[C1om1gmiz= 22,
a

otherwise limsup_...J7(¢n,¢™M,)=c. It is easy to show that the minimizing sequence is
bounded inH!xH?!, and hence, there exists a subsequence which converges weakly to

(¢n,d_n). Clearly,
a 2 ) C
1= [* (g lgo =1 o
.
and hencé|¢,||>+ | ¢_,/|*=1. To complete the proof of existence we need yet to showEhat

weakly lower semicontinuous. This, however, is a very simple task. For instance,
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[ oo 1

in view of the weak convergence. Applying the Cauchy—Schwarz inequality we obtain

lim inf[[(6") 1=l

m— o

Similar treatment can be given to the rest of the term&ia7).
The proof thaty,(\) is continuous is completely straightforward. |
We now calculate7(w,,0) wherew,,=exp{—(x—nw)%/2}. It is not difficult to show that

T, 00<(1—\) 7+ J f2wZ+ Ce (@orne)’<(1— )\ )7+ Ce (worne)?2

o
Hence, there exist€ >0 such that when
A>1+Ce (w0t nw)2/2,

we have7(w,,0)<0, and thereforey,(\)<0. Since, in view 0f(2.18), for sufficiently largen,
vn(X\)>0 whenevei < «,,, and sincey,(\) must be continuous, there exists satisfying(1.15
andy,(\,)=0. By lemma 2.3 there exists a minimizer which must saf{&f$), which completes
the proof of the theorem. O

We note that the above theorem proves, only for sufficiently largthat bifurcating modes
can exist and thax,>1. Nevertheless, it seems plausible to conjecture that the bifurcation may
take place only forA>1. Furthermore, it appears reasonable to believe Xhats monotone
decreasing, from which the previous conjecture readily follows.

It still remains necessary to find the dimension of the space of solutior(@.4f for A
=\, . Consider then(2.5), once again. Leth,=NR¢,,, and¢, =T, . Then, the real part satisfies

—($p)"+[(x=nw)2=\]$p+ 2240+ ¢" ) =0, (2.193
—(¢" )"+ (x+nw)?=N]g" ,+ N 229"+ $7)=0, (2.19b
(6) (—w0)=(9" ) (— wp)=0, (2.199
whereas the imaginary part satisfies
—(¢n)"+[(x=nw)?=N]¢y+ M (26— ¢L ) =0, (2.209
— (L) +[(x+Nnw)*~N]gL, + N 2241 ,— ¢) =0, (2.200
(61) (—w0)=(9" ) (— wp)=0. (2.200

Consequently, if &;,,¢" ) is a solution 0f(2.19, then (#;,,— ¢",) is a solution 0f(2.20. By
(2.6) we have

¢:¢neinwx2+ ¢7nefinwx2_

Substituting in the above a linear combination of the two independent magless{( ) and
(igy,,—ig",) we obtain

d): Cd):]einwxz‘l‘ E¢T7 ne—inwxz,
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-0
whereC e C is an arbitrary constant. We can now represgntipon substitutingC=|C|e™ "2, in
the following form:

¢: |C|[¢Leinw(xzfxg)+ ¢r7nefinw(xzfxg)].

Consequently, the additional mode stands for translations ix ligrection and is, therefore, of
very limited interest. Furthermore, singg must be of even multiplicity irX, it is not possible to
apply the Crandall-Rabinowitz theoréfhThus, it is desirable to confine the discussion to an
appropriatereal subspace oK. We thus define

X*={ueX[u(xy,xp) =u(xy,L=xp)}.

In this space, we have, = ¢/, for all n, and hence we need only to show that the solution space
of (2.19 is one-dimensional.
Lemma 2.4\, is a simple eigenvalue of (2.19).

Proof: Let (¢,,é_,) and (¢,,¢_,) be two different solutions of2.19. We show that they
must be linearly dependent. To this end we first multiy19a by ¢, to obtain

|” #2(0s8 1= Bat 0.

Hence,
IXpe (—wp,®) [d’nafn_and’fn]x:xozo-
Consequently,
X ¢ @
3CeR suchthat |~ :{ "lic| " (2.21)
X-n d_n b _n

vanishes ak=x;. Since (y,,x_n) iS a solution of(2.19 we must have7(x,,x_n) =0. Let then,

- Xn X0$X
Xn=

—Xn _0)0$X<X0.

Clearly, 7(Xn,x-n) =0, and hence,X,,x—_,) IS a minimizer, which must have a continuous
derivative atx,. Consequently,,(Xo)=x"_,(Xo)=0 from which we conclude thay,=yx_,
=0. O

IIl. WEAKLY NONLINEAR ANALYSIS

In the previous section, we showed that the linearized equézidh has nontrivial solutions
for a sequence of eigenvalues satisfyidgl5. However, our goal is to prove that each of these
eigenvalues is a bifurcation point for the nonlinear equation

F(\,u)=0, (3.2

whereF is defined in(2.3).

In this section we prove the existence of a bifurcating branch atJ0for sufficiently large
n. Furthermore, we prove that the bifurcation is supercritical and prove that the bifurcating branch
is energetically lower than=0, representing the one-dimensional solutiar8).
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A. Existence of the bifurcation

*
Theorem 3.1: Equation (3.1) has a bifurcation point &0\ ,) in W.
Proof: We use Theorem 1.7 in Ref. 24 to prove the existence of bifurcation. In view of the
results of the previous section it remains to show that

F)\u(f’et R(Fu(oa)\n)),

where ¢ spans the solution space @&.4) in X* at \=\,,. Alternatively, we can write

#0. (3.2

m[ f BF\uéb

—wp

The above condition may be applied also by applyingtd) the Taylor expansion
u=eu®+ €2, (3.33
A=A+ ex. (3.3b

In the above\(®=)\, satisfies(1.15, andu(® is a solution of(2.4). Theorem 1.18 in Ref. 24
guarantees that

T=u®+eu®+0(€?), (3.43
A=AD+ex@+0(ed). (3.4b
This Taylor expansion, in powers efwould be useful while investigating whether the bifurcation
is subcritical or supercritical and while estimating the energy of the bifurcating branch near the
bifurcation point.

The O(€?) equation is given by

(iV+X112)2uB = NO[u® — (£(x, A (©))2(2uD +TutD)]
=2 Wg, + N OF (x \O)[2[u@]2+ (u®)?], (3.59

where
Jd
gk:a{)\[u(o)_(f(Xa)\))Z(ZU(O)+U(O))]}|>\:>\(0) , (3.5b

which is exactly equation 1.20 in Ref. 24 applied to our particular case. Multipl@rsg by ut®
we obtain after some manipulation that

Ml)lA:x(O)mU flu@)2(u®+ 2U<°>)], (3.69
where

J 1
|k=5(xf |u(°)|2—Efz(x,)\(o))|u(°)+U(°)|2—f2|u(°)|2] (3.6b

A=A(0)

Condition (3.2) is a solvability condition of(3.5). By (3.6) it can be expressed in the form
1,#0.
In the previous section we showed that whéf=\,, we have
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u(O):¢neiwnX2+ ¢_ne—iwnxz, (37)

where (@,,¢_,) is a solution of(3.6). Hence,
27 (=
|x=jf | pol?+ (x—nw)?| gy >+ SL |2+ (x+Nw)?| ¢ |
~wp

of —
—20if = (|l >+ | o+ b+ [-i]?). (3.8

In the following, we prove thak, >0. To this end we need first the following lemma.
Lemma 3.2Let

e of
|7 19712 o nap?l gl xSl

Bn=inf p (3.9
per | 1or
—wgp
Then lim B,=1.
Proof: We first prove that

of c

— =

N,

The equation satisfied hgf/oN =T, is
— I+ [x2=N+3\f2]f =f(1—f2); f/(0)=0.
Clearly, there existg, such that
X>Xo=X2— N+ 3N f2>1.

Suppose now, for a contradiction, that at soxme-x,, for some\ =\, we havef,(x;,\g)>1
andf, (x1,\g)>0. Then, since fok>Xx, f, cannot have a maximum greater than 1 we must have
fr(X,No)>1 for all x>x, . Since bottf, andf| are continuous ii there must be a neighborhood
(Ao~ €,\ o+ €) wheref,(x{,\)>1 andf,(x;,\)>0. Consequently,

X=Xq; Ae(Ng— €, gt €)=F(X,\)>1,
and hence,
f(X,Ngt €)—f(X,\g— €)=2¢€
for all x=x,, contradicting(1.10. Thus, forx>x, we have
fr(X,\)>1=f](x,\)<0
from which we can conclude that, far>Xxg,
fa(x, M) =max(fy(xo,1),1)<C(N),

whereC is independent of. In a similar manner we can obtain a lower boundffpr and hence,

of
fﬁ‘sCxo‘l)’zexp{—xZIZ}. (3.10
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The lemma now follows fron{2.7) with g= —zxﬁfaf/ax andé=—no— wg. (I
We now return to the proof of Theorem 3.1. Fr@9) it easily follows that
| 4
2 —_—
A ® an

and hence, for sufficiently large, 1, must be positive, which proves our theorem.

B. Nature of the bifurcation

In the following we show that in some neighborhood of\({), in X* XR we must have\
>\, along the bifurcating branch. Alternatively, we can state that the bifurcation is supercritical.
From a physical point of view we can say that if we decrease the applied magneticafield
consequently increase) below the critical field which corresponds 1q, then the bifurcating
branch continues to develop, i.¢u|| increases.

Consider then, once agaif8.6). Using(3.7) it is not difficult to show that(")=0, which is
a natural result in as much as we do not expect the sign-ok(*) to depend on the sign af
Hence,

(iV + X410 )2u® = A O[u® - £2(2u® + W) 1= N OF[2|u©@)|2+ (u@)?], (3.11
The next order equation is given by
(I1V+x40 ) 2u@ =\ O[u@ — £2(2u@) + u@)]
=\@g, — \Of|u@)2y©) 4 2 f @YD+ yDYO) 4 y@OYO, (3.12

The above equation no longer follows directly from Theorem 1.18 in Ref. 24. Nevertheless, it can
be easily obtained, using the implicit function Theorem, in the same way it is used in the proof of
equation 1.20 in Ref. 24.

Multiplying (3.12 by u©® and integrating by parts we obtain

RIS >\<O>J [u©@4+ 2 f|u@)2(u®+uD) + 2 fu@) 2y (D), (3.13

We now multiply (3.11) by u® to obtain

[ 16745 uE A O[22 20D 2 202 ()2

= MO)f 2 f[u@2(u®+u®) + L fu@2y@D) 4 yD(y(@)2], (3.14
Hence,

A A:M‘”f lu(@4+ 2f |1V + x40 U=\ O[[uD]2— £2u@) |2 1£2]u@D+ yD)]2].
(3.15

By (2.17 and(3.7) we obtain, that if we substitute(®) instead ofu(*) in the second integral
on the right hand side d8.15 it must vanish identically. Furthermore, except for a finite number
of n values,(3.7) must span the solution space (@4) in X* whenx(®=X\,,. Hence,u® must
serve as the nontrivial global minimizer of the second integral on the right hand si@16f.
Consequently,
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J |1V + X411 ) uD 2= N O |u®)2— £2]y@) |2 12D+ yD| =0 (3.16

and hence,

A O
>\<2)>|— [u©]4>0. (3.17
A

This proves our assertion, namely, that A (?) along the bifurcating branch, or, that the bifurca-
tion is supercritical.

C. Energy

In this subsection we prove thét.8) is not a local minimizer of1.13) for A>1. To this end
we show that for everym=ng, there exist a right neighborhood &f, in R such that&(f +u,\)
<&(f,N). Let

2 (=
so(x)=5(f,>\)=jj £ +x*F2+\

—wg

%f“—fz}.
Let further
AE(UN)=E(f+u)—EH(N)
=2%[f(iV+x1?2)f‘(—iV+x1?2)U}+f |(iV+x1i‘2)u|2+2mU |£|2[fu+]|ul?]
+%f2U2+|u|2[fU+%|u|2]—fU—%|u|2}.
Using (1.9 and integration by parts yields

~ 1 _
AS(u,)\)=f |(iV+x1i2)u|2+)\f 2|f|2|u|2+2|u|29%(fﬁ)+)\J§|u|4—|u|2+%|fU~l—¢0u|2.

(3.18
We now multiply the(3.1) by u and integrate to obtain
f |(iv+xl?2)u|2=—xfz|f|2|u|2+|u|2(2fU+uE0)+f2m+|u|4—|u|2.
Combining the above wit3.18 we obtain
1
As(u,)\):—z)\f [f+ul?—|f[2]|ul2. (3.19

We now expand\¢ in powers ofe. By (3.4) we have
AE=€BAEO+ AAEM+0( D).

Substituting(3.4) into (3.19 yields
A5<°>:—>\<°>f lu@2R(fu®)=0.

Once again, this result corresponds to the natural expectation that the gighddes not depend
on the sign ofe. The next order term is expressible in the form
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1 — — —
A5<1>:—>\(°>f 5 U+ [u©@PER(Fu) + 2R (Fu@) R(UOu). (3.20

Using (3.14) we obtain

1) (0) L (0)4 i T yu@2=\ O] yD2= §2[y(1)y]2 L 214 ()2
AEW=—\ §|u [P=1 [ [(iVAXq0)uP 2= NOJuP)|2=f2|uD)| _Ef [uP+utt)|
and by(3.16 we have

1
Aems—zx((’)f lu@4<o,

which proves our assertion, and hence completes the proof of theorem 1.1.

IV. CONCLUDING REMARKS

In Sec. Il we proved the existence of a set of critical vaI{J)egﬁf:no for which nontrivial

solutions of(2.4) exist. We also show that,|1 exponentially fast according {d.15. However,
there might exist, finitely many, additional values)ofor which nontrivial solutions o0f2.4) can
exist. It would be reasonable to conjecture that}, _, is monotone decreasing, yet, this hypoth-
esis is proved only for largae. In fact, it is not proved yet that,,>1 for all n.

One can formulate the above conjecture in the following alternative mannet +£4t and

YN a)= inf Hbarb-a),

(ba b o) € HXH
Il 2+ 16— =1

where 7 is defined in(2.17). We look for values ok and« for which y=0. For sufficiently large
a it is proved in Sec. Il that there exisi®,>0 and a function\(«):[ @g,*°)—R such that
v(A(a),a)=0, and such that(a) |1 asa—ce. If one can show that(«) can be continued into
R, such that\(«) is monotone decreasing, the the above conjecture is proved.

In Sec. Il we proved:

(1) Existence of the bifurcation points;

(2) super-criticality of the bifurcation;

(3) that the bifurcating solution is energetically preferable to the one-dimensional surface super-
conductivity solution.

Statements 1 and 2 were proved only for sufficiently lamgé=or n which is not large, the
existence of nontrivial solutions d®.4) does not guaranteb >0, and hence the bifurcation
points do not necessarily exist. In fact, even if the bifurcation fram@) exists, it is not clear that
it must be supercriticalif 1, <0 then a subcritical bifurcation exists

In contrast, statement 3 is correct whenever a bifurcating solution exists. It is correct even for
n which is not necessarily large, and even in the unlikely situation that the bifurcation takes place
at A<1. The surface superconductivity one-dimensional solution becomes therefore locally un-
stable at each bifurcation point.

Finally, we note that if it was possible to linearly superpose the bifurcating modes then the
resulting combination would have the form

g=f+ > Cpdne“™e,
n=-—ow

and since
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bo~e" 1/2(x1 —nw)?
asn—oo for x;~0O(n) we have
Y~el P z C, . p€oM2e™ 1/2[x1 — (n+P)w]? (4.1)
for P>1 andx~O(P). The above formula thus approximatgsfar away from the wall ak;
=0. If
aN: C,.n=C, Vn.

Then the right-hand-side @#.1) is periodic, or an Abrikosov latticE*3

Clearly, it is impossible to linearly superpose modes since the equations are nonlinear and
since the bifurcations take place at different values\ofNevertheless, if €A —1<1 then 0
<A—A,<A-—1 for almost everyn. Hence, one might expect that the effect of nonlinearity tends
to 0 asA—1, and thus, that the solution far away from the wall can be approximated by an
Abrikosov lattice.
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APPENDIX A: THE ONE-DIMENSIONAL SOLUTION

Theorem A.1: Let H and B(z) be, respectively, defined by (1.6) and (1.7). het 8(2).
Then, there exists a positive solutionfhto the equation

—f"+x2f=\f(1—f2); f'(2)=0. (A1)
Moreover
f(x)~x~ 1M~ 1% a5 x o (A2)

Proof: Let

dx.

o 1
= [[ (@ g G

We first prove the existence of a minimizar. Clearly, there existg,>z such that forx=x, we
havex?=\+1. Then, since

N

I
we have for allp e H
A
el $)= 5 (X0~ 2).

Sincee, is semibounded there is a minimizing sequefég};_, in H. As

1 X 2 X X
[“az) <[ o=z [ g2rc.
Xo—Z z z z
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whereC is independent ofi, we obtain thaf| ¢n||,_z[Z,X0]sC. Recalling thax?—\=1 in[xq,*)
yields || ¢l| 2(z,.)=<C and hence ¢y[y1,-<C. Thus, there is a subsequence which converges
weakly inH(z,%) to a limit, which we denote by. We skip the proof of lower semicontinuity—
some of the details can be found in the proof of lemma 2.4.

Sincef is a minimizer ofe, in H it must satisfy(Al). Suppose for a contradiction that it
changes sign at=x,. Then let

3 f(x) x=xq
9= —f(x) x>x;

Clearly, e,(f )= €,(g), and thusg must be a minimizer and, therefore, a solutionAt). Thus,
eitherf=0, or f does not change its sigiboth f and —f are minimizers

We now prove that is nontrivial. Letu, be the minimizer of the fraction on the right-hand-
side of (1.7) such that|u,|,=1. Then

€,(CU,) = —CZ[K—B(Z)]+C4JOO|UZ|4-

Therefore, for sufficiently smalt the minimizer must be nontrivial.

It remains necessary, yet, to prof&2). We first prove that —0 asx—o. Suppose first, for
a contradiction, that for some,> X, we havef’(x,)>0. Then, sincd cannot have a maximum
for x>xq, f must be greater thafi(x,), contradictingf e H. Thus, f’<0 for all x>xq from
which we easily conclude thdt—0 at infinity.

Let w(x,t), wheret>X,, denote the decaying solution of

—W"+[X2_)\]W:0; X>t W(t't)zl

By the maximum principle we must have that<f(t)w for all x>x,. Let
f(x)=f(t)v(x,t)w(x,t). Substituting in(Al) we obtain

o0
!

v'=— ﬁj f3(s)w(s,t)ds= —xfz(t)fww%s,t)d&

The properties ofv have been obtain in Ref. 21 but can be also found in chapter 19 of Ref. 25.
From both references we find that tas o, x—o

X

N—1/2
W~ f) e V2681 yy=t

and hence, for akk>t

A—2
X
— 2N F2(1) tHetz-x2$v,<0_

Sincewv is decreasing it must converge to a limitas-e. Integrating the above inequality by
parts we obtain

. F2(1)
Uo()=Ilim v(x,t)=1—\ IR

X— 00

For sufficiently larget we, therefore, have..(t) >0, proving(A2).
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