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A system of difference equations of the first order with meromorphic coefficients (not necessary periodic
ones) subject to certain conditions of symmetry is analysed. These conditions arise in model problems
of diffraction theory. A method for the constructive solution of the system of difference equations is
proposed. It consists of three steps. First, it requires factorization of a certain function. Then, scalar
integral equations with the same kernel and different right-hand sides should be solved. The kernel of the
equations has a fixed singularity, and the solution belongs to a class of functions with a power singularity.
Finally, arbitrary constants are fixed from some conditions which guarantee the equivalence of the original
system of difference equations and the integral equations. The method is illustrated by solving a model
electromagnetic problem of a plane wave diffracted from an anisotropic impedance half-plane at oblique
incidence.
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diffraction.

1. Introduction

Many problems of applied mechanics (eAgkinson & Craster 1994 Antipov & Gag 2000, physics
(e.g.Gaudin & Derrida1975), the theory of integrable systenBuslaev & Fedotoy2001) and diffrac-

tion theory (e.gMaliuzhinets 1958 Budaey 1995 Croissille & Lebeau1999 Antipov & Silvestrov,
2004hc) require the solution of scalar first-order difference equations or their systems. The differ-
ence equations of diffraction theory subject to certain symmetry conditions, also known as the
Maliuzhinets equations, are always solvable in closed form if the equations are scalar. For systems
of Maliuzhinets equations, a general procedure is not available. Recntigpv & Silvestrov(2004¢

2006 proposed an exact solution for systems of difference equations of the first order:

Do) =G(o)P(0 —h)+d(o), o€ ={Res=uw}, (1.1)
subject to the symmetry condition

DP(w+it)=P(w—-—h—ir), —oc0 <71 <00 (1.2)
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The matrix coefficienG(c) has the following structure:

(1.3)

10 f 1
6o) = ai0) (5 ) +a0) (40 ).

fa(c) —fi(o)

whereai (o) and ax(c) are Hdlder functions andfi(s) and fz(s) are single-valued meromorphic
h-periodic functions. The functiorf1(s) has a finite humber of poles in the stip = {ow — h <
Res < h}. The functionff(s) + f2(s) has a finite number of poles and zeros in the same strip. The key
step of the procedure by Antipov and Silvestrov is the solution of the associated scalar Riemann—Hilbert
problem on a Riemann surface and a Jacobi inversion problem.

In this paper, we propose a method for the solution of Syste) {.2) when the entries of the
matrix G(s) are meromorphic, but the matr@(s) does not necessarily have the structur&)( The
main idea is to extend the strip and reduce the system to a second-order difference equation for one of
the unknown functions, sa®1(s), and to find the second functi@bp(s) from System {.1). In general,
this reduction is not equivalent. That is why additional arbitrary constants appear which should be fixed
afterwards. A second-order difference equation wWitlperiodic coefficients when the shift = T
or h = 1T has been solved in closed forrAr(tipov & Silvestroy, 20043gb). For arbitraryT andh,
this equation can be converted into an integral equation with a fixed singularity. Different aspects of
this equation associated with the diffraction problem for an impedance cone were anal\Behard
(1997 and Antipov (2002. Lyalinov & Zhu (2003 used the generalized Maliuzhinets functions to
analyse the governing second-order difference equation of a problé&¥patarization of a wedge with
an impedance sheet on the symmetry plane. In their case, the fixed singularity at the ending point is
guenched by the coefficient which vanishes at the end and therefore, the resulting integral equation is
of the Fredholm type. A method of the Fredholm integral equation for approximate factorization of the
matrix coefficient of a system of Wiener—Hopf equations equivalent to Systteinl(2) was proposed
by Daniele(2004.

In this paper, we focus our attention on the general case when the coeféi¢igrih the resulting
equation

1 /1 w(t)dt

axX)y(x) + = A 1-152 = f(x), O0<x<l1, (1.4)
has a finite non-zero limia(x) — a;, X —» 1, 0 < |a1] < oo, and therefore,1(4) is singular.
The dominant equation forl(4) is the Dixon integral equationT{tschmarsh1937. It is equivalent
to the convolution equation with the kerng{ toshi(t — s) on a semi-axis solved bigrein (1958 by
the Wiener—Hopf method using the Fourier transfobuduchavg1979 developed the Noether theory
for the singular integral equations with fixed singularities. It turns out that for the model diffraction
problem considered in this paper, we need to analys® in the casea; = 5 (the integral operator is
not a Noether one). In the class oblder functions on the interval (Q) with at most integrable singu-
larities at the ends, depending on the parametethe equation has either a unique solution (case 1) or
two linearly independent solutions (case 2)f (k) is a Holder function bounded at the endsyas> 1,
the solution has either a power singularfey # +5): w(x) ~ constl —x)™# (u € (— 3, 3)) ora
power-logarithmic singularitjal = iiz): w(X) ~ constl — x)FY2log(1 — x).

In Section2 of this paper, we show (Theorefl) that if the matrixA(s) given by @.6) is not a
zero matrix, then the governing system of difference equati®risZ.4) (main problem?2.1) is either
uncoupled or the solution does not exist. This work concentrates on the more challengiAgs)ase.
In this case, Probler.1reduces to a scalar difference equation of the second order (auxiliary problem
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2.2) in an extended strip. Conditions under which Probl@xsand2.2 are equivalent are summarized
in Theorem2.2

In Section3, the second-order difference equati¢hld 2.15 is converted into an even scalar
Riemann—Hilbert-type problen8(3, 3.4). Theorem3.1 establishes a link between Problem 2.2 and
the integral equation with a fixed singularitg.26). Its solution by the Mellin transform is derived in
Section 4.1 and the solvability conditions are formulated in Theatdm

In Section5, the model problem of electromagnetic diffraction of a plane wave from an impedance
half-plane at skew incidence is solved. It is shown that the associated rAgsixs a zero matrix. For
the solution of the problem, two different approaches are proposed. The first one requires solution of
a second-order difference equation for the first spectral funekigis). The second functio,(s) is
expressed througth, (s) from the governing system of difference equationshy9. Initially, the so-
lution possesses 12 arbitrary constants. They satisfy nine linear non-homogeneous algebraic equations.
The other three equations follow from the analysis of the asymptotics of the furdsi@) at infinity
(the relation $.55). For practical implementation, we propose another approach that needs the solution
of second-order difference equations in the extended strip for both funcigfs and @,(s). This
method gives 24 arbitrary constants. Two of them are found explicitly from the physical conditions. For
the other 22 constants, a system of 22 linear algebraic equations is derived. The key step of the procedure
of this paper is the solution of the singular integral equation with a fixed singularity. A scheme for its
numerical solution based on the method of orthogonal polynomials is proposed at the end of Bection

2. System of difference equations of the first order with meromorphic coefficients

Let /7 be a strip{w — h < Res < w} (w is real,h > 0) in a complexs-plane. Denote the left and
the right boundaries of the stripb_1 = {s € C: Res = w — h} andQ = {s € C: Res = w}.
Introduce also the left- and the right-hand side stiiffjs= {s € C: « — h < Res < o — %h} and

Iy ={seC:ow— %h < Res < w}. Analyse the following problem.

PrROBLEM 2.1 (Main problem) Find two function®1(s) and®(s) analytic in the strigl7, continuous
up to the boundarieQ_; andQ, apart from the simple poles, € 17, m= 1,2, ..., v, with prescribed
non-zero residues

res @j(s)=rim, m=212...,v, (2.1)
S=am

satisfying the boundary condition

D(0)=G(o)DP( —h), oeQ, (2.2)
where
_ (P19 _ [ G11(5) G12(9)
20 = (CDZ(S)) » GE®= (Gzl(s) Gzz(S))’ (2:3)

and the symmetry condition
D) =DP2w—h—-5), sellUQUQ_1. (2.4)

The matrixG(s) is not singular on the contou®. Its entries are meromorphic functions which have
certain limits at infinity:Gmj(6) ~ Gmj(w £ ioco) ase — w £ioco, m, | = 1,2. The functionsd; (s)
may have an exponential growth at infinifg2; (s)| < Dj €*Pi'mS ass — s +ico, 0 —h < 5 < o,

b;j are prescribed real numbers adgl are constants.
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REMARK 2.1 The symmetry conditior2(4) for o = 2z + = andh = 4z appears in two cases of
Problem?2.1 associated with the diffraction problem analysed in Secsiolt is a consequence of the
symmetry of the double-loop Sommerfeld contour (8e&pov & Silvestroy, 2006.

REMARK 2.2 For simplicity and because of the example considered in Segtibie system of differ-
ence equationg(2) is taken to be homogeneous. The non-homogeneous system can be treated similarly.

Because of the symmetry conditioR.4), the functions®1(s) and @»(s) have simple poles at the
points 20 — h — ay € I, C I1. The matrixG(s) is a meromorphic matrix function, and therefore
by the analytical continuation, the boundary conditi@r2f can equivalently be written as a system of
difference equations

D(s) =G(s)P(s—h), seC, (2.5)
with respect to the meromorphic functiodg (s) and @»(s). Introduce a 2x 2 matrix A(s) with the
entries

A11(8) = G11(2w — 5)G11(S) + G12(20 — 5)G21(s) — 1,
A12(S) = G11(20 — 5)G12(S) + G12(200 — 9)G22(9),
A21(s) = G21(20 — 5)G11(S) + G22(20 — )G21(S),
A22(S) = G21(2w — 5)G12(S) + G22(20 — 5)G22(S) — 1.

(2.6)

THEOREM2.1 If A(S) # 0, then eitherZ.5) is uncoupled or the solution to Probletri does not exist.
Proof. Replacings by 2o — h — sin (2.5 and employing the symmetry conditio®.{),
&(s) = G(2w —h —s)®(s+ h). (2.7)
By analytical continuation@ (s + h) = G(s + h)®(s) and @.7) becomes
@&(s) = G2w —h—5)G(s+ h)®(s). (2.8)
Therefore, if the vecto® (s) solves 2.5 and satisfies the symmetry conditidh4), then necessarily

A11(s + h)D1(S) + Ara(s + ) Po(s) =0,

(2.9)
A21(s + h)D1(s) + Aza(s + h)da(s) = 0,

where the functiong\j (s) are given by 2.6). Clearly, a non-trivial solution to the system of equations
(2.9 exists if

A11(S) A22(S) — A12(s) Azi1(s) = 0. (2.10)
Assume that the determinant of Systerdf equals O for als and A11(S) # 0 andA12(s) # 0. Then,

_ A11(s+ h)
A12(s + h)

and the function®4(s) solves the difference equation of the first order

Da(s) = D41(8), (2.11)

®1(s) = Ag(s)P1(s — h),
Ao(s) = [ G1x(s) — LuCI].

A12(s)

(2.12)
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The symmetry condition 4) applied to 2.11) and @.12) yields
A11(s + h)A12(20 — ) = Ara(s+ h)A11(2w —5),  Ao(s+h)Ag(2w —h—-s) =1 (2.13)

If the matrix G(s) fails to meet these conditions, then the solution does not exist;Jdfs) # 0 and
A11(s) = 0, then®,(s) = 0, and the functiond,(s) cannot have the non-zero residues at the poles
S = am. The solution does not exist. The other possible cases are analysed similarly. O

It turns out that in the diffraction problem considered in this work the mai(® = 0, and @.5) is
coupled. In what follows, we assume that all the entries of the mai($x are equal to zero.

Let// = {se C: & — 2h < Res < &}, wherew < & < w+ h. Analyse next the following problem
associated with Problezh 1

PROBLEM 2.2 (Auxiliary problem) Find a functiog(s) analytic in the strip/7 continuous up to the
boundaries?_1 = {s € C: Res = & — 2h} andQ = {s € C: Res = &}, apart from the poles
a1, 42, ..., 09 € II (Gj4p =20 —h—aj, ] =1,2,...,D), satisfying the boundary condition

¢(0) =b(e)p(c —h)+clo)p(c —2h), o€ Q, (2.14)
and the symmetry condition
?(s) =¢p(2w—h—5). (2.15)

On the contouK?, b(s) andc(s) are Hlder-continuous functions amds ) # 0. Ase — @ =+ ico, the
functionb(o) is bounded and(s) — c(® £ ico). Ass — s1 tioco, ® — 2h < 51 < @, the function
$(s) may grow:|¢(s)| < Do et ™S, Dy = constant.

Lets = a}‘ (j =1,2,...,v*) be the zeros of the functioB11(s) in the stripo < Res < @ and
s=dm(M=12,...,p)bethe poles of the function
G22(s) G11(s)
A(s) = 0] G — G ®d1(s—h 2.16
(s) G1(S) 1(8) + | G21(s) G0 22(S) | @1(s — h) (2.16)

in the stripZ7. Assume that all the poles’ anddy, are simple. The following theorem establishes the
conditions when the solution to Probletrl can be expressed through the solution to Problem 2.2.

THEOREMZ2.2 If the matrixA(s) is a zero matrix, then

d(s+h) — G11(s+ h)p(s)

D1(S) = p(S), P2(s) = , 2.17
1(s) = ¢(s) 2(s) Gia(s+ 1) (2.17)
provided the functionb(s) andc(s) are selected as follows:
G12(S)G22(s — h)
b(s)=G
() =Gu1(s) + GaG-h
B Gu(s—h)
c(s) = G12(s) [GZl(S h) G5 —h) Ga2(s—h)|, (2.18)
the set of polegin (m = 1,2,...,20, v = 2v 4+ v*) consists of the pointam, 20 — h — am, am +

h, 20 —2h —am (M = 1,2,...,v), a}‘ —handzo—oc‘jk (j = 1,2,...,v*), and the following
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conditions hold:

re(ss A(8)=0, m=212...,p, (2.19)
S=0m

h) -G h
PN = CuS+NIES) _ qtbeims) s 5 g tioo, w—h<g <o (2.20)

Gi2(s+h)
Proof. Eliminating the functiond,(s — h) from System 2.2) gives

Do(s) = A(S). (2.21)

The analytical continuation of2(16) to the left yields®2(s — h) = 4(s — h). Now, substitute the
function @, (s — h) into the first equation in Syster2.@) to get the second-order difference equation

®1(c) = b(a)P1(c — h) + c(6)P1(c —2h), o € Q, (2.22)

with the coefficientsZ.18) subject to the symmetry conditiaby (s) = @1(2w — h — ). Verify next the
symmetry condition for the functio®,(s) given by £.17). From @.21) and the symmetry condition for
the function®4(s), it follows
Go2(2m — h— S)
D20 —h—-—8) = —————P4(s
2(20 ) Gra@o—h—s) 1(s)
G112w —h —59)

Go(2w—h—g)— A2 7175
+[21(“’ ) Gr@o—h_s

Go2(20 —h — s)} ®i(s+h). (2.23)

The analytical continuation o2(22) to the right recovers the functiohy (s + h):
@1(s+ h) = b(s+ h)®1(s) + c(s+ h)d1(s — h). (2.24)

By making use of formulas(18) and also since all the functionsj (s) = 0 (i, j = 1, 2), we transform
the right-hand side of relatior2 (23 into

D1(s+ h) — Gri(s + h)@1(s)
Giao(s+h)

that coincides withZ.17) if @1(s) = ¢(s). Thus, the functionb,(s) meets the symmetry condition.
Finally, identify all the poles of the functio®: (s) in the extended strip/. The function®1(s) solves
Problem 1.1 and that is why it has to have the prescribed poles 17 and 20 — h — oy (M =
1,2,...,v). Because of the first equation i2.p),
P1(s + h) — Gia(s + h)Da(s) .

D1(s) = GG+ h , o—h<Res<ao-h. (2.26)
Therefore, the functiosb1(s) has poles at the pointgn+h(m = 1,2, ..., v) and atthe zeros= aj—h
(j =1,2,...,v*) of the functionG11(s + h) in the domainw — h < Res < @ — h. The symmetry
condition .19 yields the other poles2—2h —am (M=1,2,...,v)and2o—aj (j =1,2,...,v").
Note that the function2.16 and therefore the functio®,(s) have p simple poles in the strig?.
Conditions 2.19 remove them. The functio®12(s) may exponentially decay as— oo and Res is
finite that causes an unacceptable growth of the funafig(s). Thus, the functionp(s) has to meet
Condition @.20. This may bring, sayy extra conditions. The theorem is proved. O

, (2.25)
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3. Riemann-Hilbert-type problem

To solve Problem 2.2, we map it to a boundary-value problem on a plane. The conformal mapping

zZ= itann(s ) s—A+tho 1+2
= oh ST @ S=eF 8T

(3.1)

transforms the extendesistrip 7 onto az-plane cut along the segment], 1]. A single branch of

the logarithmic function is fixed such that the function Itigf z)(1 — 2)~] is real on the upper side

of the cut [—1 1]*. The mappingz = z(s) transforms the left and the right boundaries of the strip,
the contours?_; and Q, into the lower and the upper banks of the cut, respectively. This means that
the image of a point € Q is a pointtt e [—1, 1]* and a points € 2_; is mapped into a point

t~ € [—1, 1]". Choose the parametére (o, w+h)suchthaz = -t~ ass=2w—h—oc ando € Q.

This givesi = w+ 1h. Then, for any poins 11, the pomt 2 —h—s e IT is mapped into a pointz

of thez-plane. Also note that if a point € Qo = {s € I7 : Res = & — h}, then its image is the point
z=t"1,te (-1, 1). Letnow

F@ =¢((2), sell,

R (3.2)
BM) =b(o), CH) =c), ocf. o=d+ log i—“L:
i _
Then, the difference equatio.(4) becomes
1
FT(t) = C(t)F~(t) + B(t)F (f) , te(=11). (3.3)

The condition of symmetry2.15 requires the functioifr (z) to be even:
F(2) = F(-2). (3.4)
Now sinceF*(t) = F~(—t), the boundary values of the functiéi(z) have to satisfy the condition

s _F() B _( 1 _
PO =5 C(_t)F( t), te(-1,1), (3.5)

which follows from @.3). Comparison of Conditions3(3) and @.5) gives the two necessary conditions
Ct)C(-t)=1, B@Mt)+C(t)B(-t)=0 (3.6)

for an even solutiork (z) to exist. Consider next the Cauchy integral

1
Xo(2) = exp{ / O%C_(tz)dt ] (3.7)

where a single branch of the logarithmic function is fixed by the conditio€I@) =iy, -7 <y <=
(IC(0)] = 1). From B.6), it follows

argC(t) + argC(—t) = 2zn, (3.8)
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wheren is an integer. Particularly, far= 0, argC(0) = y = zn. Thus,n = 0 orn = 1. Introduce the
real number

)= 5 argC Ol = 5 [arge(@); =3, 39)
Then, argC(t) at the ending points can be represented in the form
argC(+1) =y + 27 4. (3.10)
Therefore, near the ends, the Cauchy inte@al) (s described by
Xo(2) ~ Dy(zF 1)/*/2Fue 7 5 +1 D, = constant (3.11)
where

1 1
usr = —log|C(£1)| = — log|c(@® % ico)|. (3.12)
2n 2n

Because of the propertie3.6) and @.8), the functionXp(z) reduces to

LlogCt)t dt
Xo(2) = p{m/ O?Z_()Zz ] (3.13)

This function solves the factorization proble@it) = X (t)[Xg (1] —1 < t < 1. To use this
factorization for solving the boundary-value proble®n3}, one needs to make sure that the facmgs
have the required asymptotics at the ends. The class of solutiopédpis fixed by the condition at the
infinite points:¢(s) = O(e™P1!MS) Ims — +o0, Resis finite. Therefore,

F(2)=0((1F2~"™/7), 7z +1. (3.14)

Letnowip = A + hby/z andx = [/10 + %n] (n = 0, 1), where §] is the entire part of a number.
Then, the new function

1
X(2) = (z+ 1)n(z2 -1 Xo(2) = z”(zz 1 exp{%/ w] (3.15)
0

t2 — 22

also factorizes the functioB(t): C(t) = X (t)[X~(t)]7%, —1 < t < 1. At the ends of the interval
[_15 1]1

X(2) ~ D/.(zF 1)/*"/2=*Fius 7 5 41, D/, = constant (3.16)

From 3.15), it follows that if argC(0) = =, then the factorization is odd, and if &&g0) = O, the
function X(2) is even. According to the choice of the class of the coeffici&igs) (i, j = 1, 2),

the functionB(t) is bounded at the ends= +1 and the functiorB(t)F (t~1)[X*(t)]~! may have an
integrable singularity

‘ B(OF (/1)

<Dt F1<%"2 t_ +1, D = constant 3.17
X+ It 1 ) . (3.17)
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Introduce next the Cauchy integral

1 [ B(@t)F(1/t)dt
Y2 = — —_— 3.18
@ 27ri/1 X+(0)(t - 2) (3.18)
Because of the relations
1 n C B() 1 1
- B(—t) = F{l—-)=F|(- 3.19
o=V Beo=—cg F(-1)=F (1) (519
the integral 8.18 can be transformed into the form
L B@t)F(1/D)t"2"dt
' . 2
@ =2 |/ X+ (1) (12 — 22) (3.20)
By the generalized Liouville’s theorem, we have
F(2 = X(@)[¥(2) + R(@ + Q(2)], (3.21)
whereR(z) is a rational function
. T . N
R(z) = JZ‘i - 2, = —itan2-(aj — &), (3.22)
Ej (j = 1,2,...,0) are arbitrary constants. if = 0, thenQ(z) is an even polynomial of degree

2 with k 4+ 1 arbitrary coefficients an@(z) = 0 in the casec < 0. If n = 1, thenQ(z) is an odd
polynomial of degree®” — 1 with « arbitrary coefficients an@(z) = 0 in the case < 0. Analysis of
formula (3.22) shows that regardless of whethes= 0 orn = 1 the functionF () is even.

The representation of the solutioB.21) involves the values of functioR (t) for t € (1, co) which
are unknown. Note that the left- and the right-hand side8 @flj are analytic inC \ [—1, 1]. Therefore,
it is sufficient for the equation to be held on any curve in thgane cut along the segment], 1].
Choose that curve as the cont@liy co). Then, B8.21) is satisfied everywhere i@\ [—1, 1]. This means
that Problem 2.2 is equivalent to the integral equation

! 1\ [ 1 [ BOF@/HE"x"dt 1
")) | E R 1, (32
(x) (x)[ni/o XF(1)(t12 — x~2) + ()+Q( ) , O0<x<1 (3.23)
and the following theorem has been proved.

Let H”#[a, ] be the space of Blder functionsy (x) on the intervala, #) which may have power
singularities at the ends:

lp(X)| < do|x —al”, X = a; |p(X)| <dix—pI*, x—= B, (3.24)

wherev andu are finite real numbers ardy andd; are constants.

THEOREM3.1 If the function

[//(X) Xsz()Z)F( ) HOK Ao— n/2[0 1] (325)
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solves the integral equation

Ly x2 it

1
a(X)y (x) + ;/O e - f(x), 0<x<1, (3.26)
where
_ X' (1 1
0= gaoxar =R () ro(y) o:27)

then the even functiof (z) = ¢(s(2)) given by @.21) solves Problem 2.2.

4. Integral equation with a fixed singularity

Consider the integral equatioB.26) for the casec — 1o — n/2 € (—1, 1), i.e. in the space of élder
functions w (x) on the open interva{0, 1), bounded at the poirt = 0 and admitting an integrable
singularity at the enck = 1. This space is the one of interest for the physical problem analysed in
Sectionb. The procedure should be changed accordingly if the parametép—n/2 € (m—1, m+1),
m # 0. The functionf (x) is chosen to be a&lder function on(0, 1) bounded whex — 0 andx — 1
asitisin 3.26.

If a(x) - oo, x — 1, then 8.26) is a Fredholm integral equation. This case appears in the diffrac-
tion problem considered by Lyalinov & Zhu (2003).

Leta(x) —» a3, X > 1, 0 < |a1] < oo. In this case, the equation can be regularized by the
Carleman—\Vekua procedure (Gakhov, 1966). Rew8t2q) in the form

1 /1 oy
aly/(x)+ﬁ/o zl//_(t—)_X+Ty/(x):f(x), O<x<l1, 4.1)

where

1 1
Ty=» /0 V(O (Ot + [a00) — arly (X),

2X2—ntl—n 1
V.t = 1—t2x2  2—t—x

(4.2)

Clearly, T is a Fredholm operator. Indeed, as»> 1, V(1,t) ~ n — % andV(x,1) ~ n— % when
X — 1. Making the substitutioh= 1 — 7, x = 1 — ¢ transforms 4.1) to

~ 1 [ty(r)de oz
aw(f)Jrﬁ/o S —f©. 0<i<t 4.3)

wherey (&) = y(1—¢) and f (&) = f(1—¢&) — Tw(1— ¢&). This equation can be solved exactly by
the Wiener—Hopf method by using the Mellin transform (see also the solutiémeig (1958 obtained
by the Fourier transform in a different form). Extend the equation for the whole semi-axi§ & oo:

- 1 [ v (1) de - ~ 4
a1y (5)+ﬁ/0 b RORAC IR (4.4)
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where the functiong ~ (x) and f = (x) coincide withy (x) and f (x) for 0 < x < 1and suppy~, f~} C

[0, 1]. The functiony ™ (x) is unknown on the interval [Io) and suppsr™ C [1, o). Apply next the

Mellin transform and map the integral equation into the Riemann—Hilbert problem
K(P?~(p)=F~(p)+ ¥*(p), I Rep=c¢e (maxeo, 0}, 1), (4.5)

where 7= (p) and F~(p) are the Mellin transforms of the functions®(¢) and f~ (&), respectively,
defined by

H(p) = /0 h(E)ePtde, 4.6)

&0 Is the real part of the zero of the function

K(p)=a1— 4.7

2sinzp
lying in the half-plane R@ < 1 and whose real part is the closest ongte- 1 among all its zeros in
this half-plane.
Introduce next a parameter

, —oo<lImqg<oo. (4.8)

NI =

1
a; = 0, —=<Reqg<
1 2sinzq’ q70, 2 g

Consider two cases:

1. —% < Req €£0,—0c0 <Imqg < oo (g = 0is excluded). Then, the coefficient of the Riemann—
Hilbert problem 4.5) can be factorized in terms of thé-function as follows:

K*(p)

K(p) = K=(p)’ pelrl, 4.9

where

_ ara-paraz-pa N
KNP = FaTqz—paraz—gz-pa & P2 PP

(4.10)
K—(p) = I'(p/2-q/2)I'(1/2+q/2+ p/2)
B I'(p/2)I'(1/2+ p/2)

1, p—>oo, peD,

whereD™ = {(Rep < &} andD~ = {Rep > ¢}. Since the functiongy®(¢) are bounded at
& = 1, the Mellin transform&?*(p) vanish at infinity:7*(p) = O(p~1), p = oo, p € D*.
By the Liouville’s theorem, the solution to the Riemann—Hilbert problér)(is unique:

P(p) = —KE(p)Q~(p), peD*,

1 F~(po)dpo
ofp=— [ —— T DE.
® 27ri/r K*(Po)(po—p) ©©

(4.11)
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2. 0<Req < 3, —00 < Imq < oo. Then, the factor& *(p) andK ~(p) in (4.9) become
al'(1-p/2)I'(1/2—p/2) a

Kt(p)=— ~ =, > o0, peDt,
P ="Faraz-parez-gz-pz p PP
(4.12)
_ I'(p/2—0q/291'(=1/2+q/2+p/2) 1 -
K = ~ —, — 00, e D™.
® T(p/2T W2+ p/2) pr PP
The solution to the Riemann—Hilbert problem is not unique in this case:
7¥(p) = K=(P[M - 2%(p)], peD™, (4.13)

whereM is an arbitrary constant. The solution to the integral equatad) (s recovered by the
inverse Mellin transform

- 1 -
_ - —-p
w() = Zni/rkl' (p)¢~Pdp. (4.14)

Formulas 4.11) and @.13 indicate that in the prescribed class the integral equa8d2fyis uniquely
solvable in case 1 and has two linearly independent solutions in case 2.

To find the asymptotics of the solution t4.0) at the pointx = 1, analyse the behaviour of the
function y (¢) at the point® = 0. The use of the analytical continuation yields

~ i + ot . sinTp —p
PO = 57 [ KT OIM =271 +F- ()2 P @1s)
(M =0incasel). Ifyy # +1, by the Cauchy theorem,
p(E) ~Eol™", &0, (4.16)

wherex = L sin~1i/(2ay). In the casey = +5, the kernelK (p) has a zerg = F3 of the second
multiplicity and therefore,

7 (&) ~ EocTY2 4 ExeTY2l0ge, & 0, ay = ilz, (4.17)

where Eg and E; are certain constants. This asymptotics can directly be verified from the analysis of
the integral equatiord(1). Leta; = 5. Assume that

w(X)~EQ-x*"+E'"1-x)*logl-x%x), x—>1-0, -1l<a <], (4.18)

whereE’ andE” are constants. Next, evaluate the singular integrals

L 1T“d1_ née o (—=&)]
v(é,oc)_/0 T+é_—smm+j§)a_j, 0<¢&<1,

/1 t%logr dr — im Vi a+p) -V a) (4.19)
0 T+¢ B—0 B '
_ @ o (=)
_—Smﬁa(logf—ncotna)—z(a_j)z, 0<¢<1l

i=0
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Sincea(x) ~ 5, x = 1—0, by using the above integrals, it is obtained frah8| that

1 cot 1
E’f“(l—l— o ”“)+E”§“Iogf(l+ _ )
SN o

sinra sinra

=0(1), ¢— 40 (x> 1-0). (4.20)

Clearly, these relations are satisfied if the parameter(—1, 1) is chosen to be = —3.
Finally note that for the second case, whan= 5 (q = %) the solution is unique in the class

H~1/2-Y2[_1, 1]. For the solution to be within this class, the arbitrary consMmnnust be fixed by

the condition
M = _Q+ (1‘) _ F_(%)’
2] K*(3)

(4.21)

whereF ~(p) is bounded at the poir = % since it is analytic in the half-plane Re> 0.

Let nowa(x) — 0 asx — 1. Analysis of the Cauchy integral &s— 1 shows that the asymp-
totics of the left- and right-hand sides as— 1 are not compatible. Thus, in the spad&#(0, 1)
(=1 < u < 1), the solution does not exist. This result also follows from the fact that i 0,
then the dominant integral equatichd) is not solvable in the class oftttler functions with integrable
singularities at the ending points.

Let us now summarize the derived results.

THEOREM4.1 Ifa(x) — oo, X — 1, then 8.26) is a Fredholm integral equation.

If a(x) —» 0,x — 1, then the solution 0f3.26) does not exist.

Leta(x) — a1, x = 1,0 < |ay| < oo anda; = i(2 sinzq)~L. Then, the dominant integral equation
(4.3) in the spaceH®#(0,1) (-1 < u < 1) has a unique solutiom (11, 4.19) if —% < Req <0,
—o0 < Imqg < oo (q # 0) (case 1). If 0O< Req < % —o0 < ImQ < oo (case 2), then the general
solution to 8.26) has an arbitrary constant and the solution is giverdo$3 and @.14).

If a1 # %3, then the solution has a power singularityat 1:

L
) ~EL=x)"F, x—1 p=-=sinl_, (4.22)
T 2a;

with 0 < Reu < {incasel and—% < Reu < 0incase 2.
If a1 = F3, then the solution has a power-logarithmic singularity at 1:

y(x) ~ E' Q-2+ E"1 - ?log(1-x), x— 1, (4.23)

with *+"in case 1(ag = —5) and " in case 2(a; = %).

5. Electromagnetic diffraction from an anisotropic impedance half-plane
5.1 Formulation

The technique proposed will be illustrated by analysing scattering of an electromagnetic wave at skew
incidence from an anisotropic impedance half-pl&e {0 < p < 00,0 = 7 F0, —00 < Z < +00}.
The surface impedance parametersﬁre&md:73r on the upper side$,= = — 0, andy; andz, onthe
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lower sidefp = —= + 0. In general, they are different and could be complex numbers. Let the incoming
plane wave be described by

EiZ — eikp sing cos(@—é)o)—ikzcosﬁ,

Zo H; _ ezeikp sing cog0—0p)—ikzcosp (5.1)

where (p, 6, z) are cylindrical coordinatesk is the wave number (Igk) < 0), Zg is the intrinsic
impedance of free spacg, € (0, ) is the angle of incidence (< g < =x/2), the angledy €
(==, 7)\{0} defines the direction of incidence; ande, are prescribed parameters and a time fac-
tor €t is suppressed. The two components of the electric and magneti®/fieldE, andV, = ZgH,
solve the Helmholtz equation
(VZ+KH)Vj =0, (p.0,2) eR3\'S, (5.2)

and are coupled by the following boundary conditions (Senior, 1978):

10V, i 0Va_j

22 4 (—1yicosp) LikiFSiP BV =0, 0 =4 £0, j=1,2 (5.3)

p 00 op !

wheref; = 1/5] andi; = 75
The total fieldV = (V1, V) is represented in the form of the Sommerfeld integkddifuzhinets
1958:

—ikzcosp o
Vip.0.2) = —— / gk sinfcossg(s 4 g)ds. (5.4)
7

Here,y is the Sommerfeld contour that consists of two loops symmetric with respect to the origin.
The asymptotes for the branches are the lmes %n ands = —%n for the upper loop and the lines

S= %7[ ands = —gn for the lower loop. The spectral vector functisiis) = (S1(s), S2(s)) is analytic
everywhere in the strip-r < Res < z apart from the poins = 8y, where its components have a
simple pole with the residues defined by the incident figld)(

resSj(s)=ej, =12 (5.5)
s=6bp
At the infinite pointss = x &+ ico (|X| < 00), the functionsS;(s) andS2(s) are bounded. In a vicinity
of the pointr = 0, the energy is assumed to be finite (the electromagnetic field satisfies the Meixner

condition). The boundary condition5.8) can be written in terms of the spectral functiafgs) and
So(s) as the following system of Maliuzhinets difference equations:

(sins+ f;f sinp)Sj(sx ) + (—1)j COSSCOSfS3_j(sEm)
= (= sins+ 4] sin)Sj (-s £ 7) + (—1)! cosscospSs_j(-s+ ), j=1,2. (56)
Following Antipov & Silvestrov(2006), introduce the following four functions:
d5ji(s) = (—sins+ fﬁ sinp)S;j(s) — (=1)) cosscospSs_j(s), | =1,2. (5.7)
The spectral functionS§:(s) andS2(s) have to be invariant with respect to the transformation

T: 0,00, B, 17, n3) — (=0, =60, & — B, nif» n3). (5.8)



METHOD OF INTEGRAL EQUATIONS FOR SYSTEMS OF DIFFERENCE EQUATIONS 15 of 25

This property can be achieved if the functiafigs) andSz(s) are represented as

1 .

Sj(s) = é[Sf(s) +S79, =12 (5.9)

where

1 . . . ; .
Si(s) = m[(— sins+ fj3_; SinB)®}"(s) + (-1)) cosscospdy (9], | =1,2,
(5.10)
and

Is(a, b) = (sins + asinp)(sins + bsinp) + cos scos . (5.11)

The difference equation$ () reduce to two cases of Probletril for the stripsi7+ described by
IIT={seC|—-n <Res<3r}, I ={seC|—-37 <Res < x}. (5.12)

We shall refer to these cases as Probléri$. The functionsﬁji(s) (j =1, 2) are analytic in the strips

IT* apart from the geometrical optics poles at the paintsfp ands = +2z — 6. They are continuous
up to the boundary of the strigg® and satisfy the boundary conditions

®F(0) = G11(0) P (6 — 4n) + Gi,(0) PS5 (6 — 4n),
®F(0) = G3y(0) P (6 — 4n) + Goo(0) D5 (6 — bn), (5.13)
ceQf={seC|Res=2r + )}
and the conditions of symmetry
qui(s) = qﬁji(izn —s), sell*. (5.14)
The coefficients of Systenb(14) are given by

Lo (L/ny, =) o (U ni, —n3) + nang t cof o sir? 28

Gi1(o) = (o) ,
Lo (=YL, n) T (=1/nf 1) + n2 ~lcof o sin 2
Goa(o) = o M>Mp)le Wé(:i n2m, ﬁ, (5.15)
ng sinfsin28 sin2 4 1o n2Sing sin 28 sin 2
120) =% mD(o) - Cul) =% D(o) ’
where
D(o) = Lo (=1/nf, =n3) Lo (=1/n1. —1n3),
O T e
mo 2\ny ong 2 ny n

At the ends of the strip, i.e. &— oo (Resis finite),qﬁji(s) = 0(e%) (j =1, 2). In the derivation of
the formula for the functio (¢) in (5.16), the following identity was used:

1 1 . 1 1
(==t ) s 5 -5 )+ Beogsitop = 1| —=, - ) s S.0f ). 517
My nqy n Ny nq
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The functlonsSi(s) have to be analytic everywhere in the stipp < Res < x apart from the point

S = 6o, where they have a simple pole. To remove the pgiegm = 1, 2, 3, 4) of the right-hand side
in (5.10), it is required that

(—sin&E £ 55 sinp) D7 (&F) — coséd cospds (65) =0, m=1,2,3,4. (5.18)

The pointf% are those four zeros

2rm—ilog(iME +,/1— (M)?2), m=0,+1,..., v=12, (5.19)

of the functionsl“s(qcl/nf, ¢'7§E) which lie in the strip—z < Res < x. Here,

1
ME=+———[1+757n; + (-1 "Vhsl,
27 sing 1 (5.20)

he = (L — nyny)? + 4 (ny — ny) cos B,

and/hx and logiMF £+ /1 — (M;5)2) are fixed branches of the square root and the logarithmic func-
tions, respectively.

5.2 Reduction to an integral equation

Show first that for Problem®.1F, the matrixA given by @.6) (w = o™ = 2z + 7) is a zero matrix.
Let G*(s) be the matrix whose entries are the coefficients of Systefdl It can be directly verified
that

D(-s)

detG*(5) = G11(5)522(s) — GH(S)GH(S) = — = (5.21)
and also
sz(—s)z—%sfz(s), L) |

The identitiesAjj; = 0 (i, ] = 1, 2) follow immediately from 2.6), (5.21) and 6.22. Therefore, Sys-
tem (.14 cannot be decoupled. According to Theor2rB since the functionss(16) are 2r -periodic
functions anch = 4r, the coefficient®(s) andc(s) of the second-order difference equations

¢ (o) =b(o)p* (6 —4r) +c(o)pT (6 —8r), o € QF, (5.23)

are given by
D(-9)
D(s)

b(s) = G11(s) + G22(8), ¢(s) = — (5.24)

For Problem®.1*, #* = 4z + x, and the symmetry conditior2 (15 becomes

¢ (s) = pT (221 — ). (5.25)
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Specify now all possible poles of the functiop$ (s) andg(s) in the extended strips
t—={seC: —3r <Res <5z}, I[I"={seC: —5r <Res < 3r}. (5.26)

Because of the geometric optics pole and the symmetry condition, in the Btfipthe functionss® (s)
have simple poles at the poirflg 2z — 6y, —27 — 6o and+4x + 6. From the analytical continuation,

() = G11(9)P5 (s — 4n) + G,(S)P5(s—4n), 2rn 7 <Res <4drx £,
D7 (S) = G11(—9) DT (S + 4n) + Gi(—9) D5 (S+4n), —4r 7 < Res < -2 £ 7,(5.27)

it follows that the functiong)® (s) may have additional poles in the domaifis-\ 77+. These poles are
:l:fjJr +47, FE +4n, :|:4‘J-Jr :|: 2z and+&; F27 (j = 1,2,3,4), wherefjjE are the four simple zeros of
the functionsl"s(¢l/r;1 Fi1p £) which lie in the strip-7 < Res < = and are determined i5(19 and
(5.20. Note that the symmetry conditioB.5 does not bnng extra poles. Thus, both functigriys)
and¢(s) have @ = 20 simple poles in the stripg * and /7 ~, respectively.

We now implement the procedure of Sect(ﬁznTransform the difference equatioR.{4) into the
Riemann—Hilbert-type problen8(3). The conformal mapping3(1) for Problem2.1* becomes

. S . 1+2z
z=7"(s) =icot q;ﬂ, s=si(z)=4n:|:n+4|logliz. (5.28)

It is directly verified that the functions(c) andc(c) have the properties

c(o) = —%, c2r —o)=c(G), b2r —o)=bG), e (5.29)

Therefore, by using the identity

G11(6) + G22(5) = %[Gn(ﬂ) + Ga2(0)], o e Q% (5.30)

we establish the following:

Ct)C(=t)=c(o)c(6) =1, t=2z(), o e OF
(5.31)
B(t) + C(t)B(~t) = 1.

Thus, the necessary conditior&@) for the existence of an even solutiéin (z) = ¢*(s*(2)), s €
I1#, are satisfied.

Factorize now the functio€(t), -1 <t < 1. Asoc = 4nr + 7 +iop € OF andoy, — oo,
c(c) ~ =1.Aso — 4r + x,c(c) ~ —1. S0,C(£1) = —1 andC(0) = —1. Fix a branch of the
logarithmic function lodC(t) by the condition log(0) = # i. Then, the integen introduced in 8.9
equals 1. It has been numerically verified for different sets of the parameters of the problem that

[argc()]7 =3+ = [argc(o)]7 =2 H® = —47. (5.32)

0=3r o =51
Therefore,
logC(l) =z i+27ik, A=—2 (5.33)
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In the case under consideratidn= 4z,b; = 1,n = 1, 1o = 2 andx = 2. Thus, the functiorX(z)

becomes
1
X(2) = 22 — 1) 2e p{m/ 'ogc(t)tdt}. (5.34)

The even functiorf+ () has 20 simple poles at the images of the poles of the funciéits) in the
strips/7*. For the functiorF,.(z), these poles ae= +z3, +1/z}, £5j and+y; (j = 1,2, 3,4). The
poles of the functiorF_(z) are the following pointsz = +z;, £1/z;, +J; and%y; (] = 1,2, 3, 4).
Here,

o &r—m &+
= _jcot 2t si—itandl——, ,i—itan—— j=1,234 5.35
% 8 j 8 j 8

Thus, the function$ (z) admit the following representations:
Fi(2) = X@)[¥+(2) + R:(2) + Qx(2)]. (5.36)
The polynomial9Q..(z) and the rational functionB.. (z) are given by
Qi(2)=dyz+di 7,

diz diz dfgz & df,z (5.37)
Ri(2) = z + 3 + R s
+(2) 22 _ (Zg)z 72 _ (Zoi)—Z ; _ 512 JZ:; _ Vj

wheredjjE (j =0,1,...,11) are constants to be determined. Fré&1@ and @.20), the functions
¥, (z) are expressed through the solution to the integral equations

1, +
+ X y=Odt
axX)y=(x) + ;/0 T— 52 = f*(x), O0<x<l1, (5.38)
as follows:
1 [Lyrtyd oz Lyt
P = — = — . 5.39
(@ 277:i/_1 t—2z mijJg t2—22 ( )

Here, the functiora(x) is the same as irB(27) and

00 = e (x) =R (3)+ s (5). (5.40)

Both functionsf *(x) and f ~(x) possess 12 arbitrary constants.
Analyse the functiom(x) asx — 1. Since

B(x) ~ 2, X(x—l)[x+(x)]—1 ~—i, x—>1-0, (5.41)

the functiona(x) has a finite non-zero limia(x) ~ 2 asx — 1 — 0. Therefore, the singular equa-
tions (.39 have two linearly independent solutions. As— 1, the functionsy*(x) have a power-
logarithmic singularity:

pEx) ~ ELQ-x)"Y2+ EL1-x)"Y?logl-x), x—1-0, (5.42)
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where E/. and E/ are constants. On the other hand, analysis of the exact solution (Antipov &
Silvestrov, 2006) shows that the functio®3(s) (j = 1, 2) have the exponential growth at infinity:
|D;(s)| < cj €, s > oo, Resis finite andc; are constants, not polynomials. Therefore, the func-
tion w*(x) cannot have the power-logarithmic singularity afd3@ should be solved in the class
H~12-1Y2[_1, 1]. In this class, the solution is unique and the arbitrary constants are fixedagh (

5.3 Functions®; (s)

To find the electromagnetic field, one needs to recover the four funaﬂgﬁ(s) and dﬁ;(s). All these
functions have to be analytic everywhere in the strip < Res < z apart from the geometrical optics
poles = 6p. From 6.5 and 6.7), they have to meet the four conditions

res @} (s) = (—sindo + 77 sinp)ej — (1)) cosfpcospes_j, j=1,2. (5.43)
S=bo

In addition, they must satisfy the eight conditio®s1@). At infinity, as Ims — oo and Res is finite,
these functions may grow aSleThe functionsbf (s) have been expressed through the functienéz)
by

OF(s) = FL(Z5(9)), sell*, 75(s) = icotsjgn. (5.44)

Define now the functionsazﬁzjE (s). From the system of difference equatioBsld) and by using%.22),

+ray nD(s) + _ + _
D (s)= 1 Sinf S 255N 7S D (s+4r) — Gu(5)P, (5)], -7 <Res<m, 645
—ey 11D(=9) e AN — Coanf — D= _ '
D, (s) = T singsin 2,b’sin25[¢1 (s —4n) — G11(—s)P; (9)], r <Res< .

Because of the function sirs2both functions@j(s} and @, (s) may have inadmissible poles at the
points Q :i:%n and=+x . These poles will be removed if
1

1
OF(s+4n) — Gr(£9)P; () =0, s=0, 575

Sinceb(s) andc(s) are meromorphic functions523 can be analytically continued from the contour
Res = 5z into the complex plane by

T,T,—T. (5.46)

¢ (s+4n) =b(s)p™(s) +c(8)p™ (s — 4n). (5.47)

Fors = 7, becausé(z) = 2 andc(z) = —1, (5.47 vields¢+ (5z) = 2¢™(x) — ¢ (—3r). By the
symmetry condition%.14), ¢ (—3r) = ¢ T (5x), and therefore, sinc&11(x) = 1, Condition 6.46
for s = r is satisfied automatically. The relatiob.46) for s = —r readsp™(—r) = ¢ (3z), and this
follows from the symmetry conditiorb(14). Thus, the points = z, —z are removable singularities of
the functions@zi(s). Fors =0,s = iz ands = —1, the relations§.46) yield six additional conditions
for the constanteljjE (j=0,1,...,11):

$*(0) = ¢p*(£4n),

ot (:I:%) — Hlyt (4;: + %) . ¢ (:I:%) — ¢ Flp— (—4;: + %) : (5.48)
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where
_ g = sinp)(ni — sinp)
" (i +sinB(f +sing)’

(5.49)

The functions@f(s) may grow ass — oo (Res is finite), but not faster than'®. From 6.45), it is
clear that, in general, the right-hand side grows 88.¢érhe functionsqﬁf(s) will have the required
asymptotics at infinity if and only if

OF(s+4n) — Gru(£9)dF(s) = 0™, |s| - oo, se I, (5.50)
or equivalently, by letting Re = +r,

FI(X) —Gu(o)F+(x™H) =0{(1-x*, x—>1-0, ¢ 5z +ioo,

_ (5.51)
FZ(X) — Gui(—o)F_-(x H =0{(1-x)*, x—1-0, ¢ - =57 +ioco,
By the Sokhotski—Plemelj formulas,
+ 1 [ yEt)d
wEx) = + 2% —/‘” ~1,1). 52
F0 = | S Xe(LY (5.52)
Next, using the formulas
1 X+ (x) 1 X7 (x) _
Fol=)=—-—"""Ly" F-{-)=- 0 1 5.53
+(X) BV (), (X) B—x)" (x), 0<x<1, (5.53)
and the asymptotics of the functioXs™(x) asx — 1,
XE(X) ~ Ex(x¥1)~ 7?2, x - £1, E4 = constant (5.54)
the relations§.51) reduce to
1 /1 yE(t)dt n 1  Gui(+o)
— | 4+ ——"""|4+R
27ti/_1 t—x 7 (X)[ > B0 }Jr (%) + Qe (X)
=0{(1-x)1?%), x> 1-0, ¢ > +57 +ico. (5.55)

To satisfy these conditions, there are three free constants for each fure}i¢s),and @, (s).

5.4 Definition of arbitrary constants

It is possible to avoid the analysis of the asymptotics of the left-hand sidg.%%) (and fix all the
arbitrary constants. To do this, we reduce Systéri4 to two separate difference equations of the
second order:

Di(0) =b(0)DE(6 — 4n) + c(0)PE(c —8r), o e QF m=12 (5.56)

with the coefficients given by5(24). The solution of the equations must meet the symmetry condition
DE(s) = dE(+£2r — s). Clearly, if the functions®i(s) solve SystemH.14), then they solve the
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difference equation$(56). In general, the inverse statement is not correct: not each solutidnsgj (
solves System5(14). The general solutions t& (66 are defined by

D(s) = dej tj°(s), sell*, m=12, (5.57)

whered,;, are arbitrary constants,

z [yt fe
TJ:t(S):X(Z)[fJi(Z)-F;‘/O m , SEHi, J:O,l,,ll,
+on N _ 3 z N z
o=z FO=2 FO=; 0 GO, 55 659
z z
fiva(@ = 22— fiv7(2) = o (1=1,234),

and the funcuonsy/J (x) € H%=12[0,1] (j = 0,1,...,11) are the unique solutions of the integral
equations

Y] £(t)dt N
1— t2x2 j

1 .
a(x)y; (X)+—/ (;) O0<x<1 j=0,1,...,11 (5.59)
0
Each function®(s) (m = 1, 2) has 12 arbitrary constants (in total, 48 constants). The four constants

d;, anddj, can be defined explicitly from the physical conditioBsiQ:
ds, = i[(z5)2-11[4X(Z5)] (= sinfo 7 sinf)em—(—1)™ costp cospes—_m], m=1,2.  (5.60)

Equations §.18 yield the following eight conditions for the functions;" (s) and®5 (s):

Z[( singy = n5 sinB)dy (&) — coséy cospdyi T (6] =0, m=1,2,3,4  (561)
j=0

For each functiom (s) (m = 1, 2), the difference between the number of the arbitrary constants and
the number of the conditions is equal to nine. The solutions to the difference equéiib@ssplve

the original system of difference equatiois14) if the number of constants and the conditions is the
same. The other 36 conditions come from the original system of difference equétibfsThe general
solutions of b.56) have to satisfy Systenb(14) at some fixed points. Clearly, because of the relations

(p;—m(s) : s )[(pr}lw—(s‘i‘ 4r) — Gmm(S)QD;;(S)], —n < Res <7,
Cra- T (5.62)
+m(S) = —()[dia(s —4r) — Gym(—S)@, ()], —7 <Res<z, m=1,2,
m3 m\"

it is convenient to take the poings= 0, s = iz ands = —}x. This choice explicitly shows that apart
from the geometrical optics pole at the pomnt= 6p, the right-hand sides ob(62 are free of poles
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everywhere in the strip-r < Res < z. The six conditions for the- functions and the six equations
for the — functions can be written as

11
> [t (s+47) - Gum(ES) T (9)]dE =0, s=0, % —%, m=1,2 (5.63)
j=0

The other points, saﬁ,i (I =1,2,...,6)are arbitrary fixed points which meet the following conditions:

° ReSjdE € (—m,m),

e s areinvariant with respect to the transformatisrgy; 7- str =5/,

]
e the two 22x 22 matrices of thet and— systems of algebraic equations for the constdmisand
dpj(Mm=1,2,j=01,...,11,j #2), (5.61), (5.63 and

11
D 157 (§" £ 4n) — Gom(E5)7] () — Gra_m(@E§ D)7 (§9)]dgy; = O,
j=0

|=1,2,...,6, m=1,2, (5.64)

are non-singular.

5.5 Numerical scheme for the integral equation

It has been shown that the solutions of the integral equatibr@d(are even, bounded at the point
x = 0 and have the square-root singularity at the piat 1. The functionsy®(x) admit the following
expansion in terms of the Chebyshev polynomials:

=+ o0
to0= X ) oS i n), —l<x <1 5.65
The series in%.65 converge tay(x) in the spaceL/Z)(—l, 1) of even functions with the norm
1 1/2
ly OOl = [ / ) v/f(x)p(X)dX] . P ==X (5.66)
Substituting $.65 into the integral equation$ (38 yields
— [ Tom(X) mX) ] f=(x)
Z[ 1_X2+ia(x)}svm_ 200" O<x<1, (5.67)

m=0

whererm(X) is the singular integral

ox t Tom(t)dt
) =2 /o VI—2(1-t2x2) (568)
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The functionsrm(X) can be represented in terms of the Mellin convolution-type integral

o0 1 1
tm(X) = /0 hl( )hz(t)—=ﬁ /F Hy(p)H2(p)XP dp. (5.69)
Here,
1 1L—t3)"2Tnt), 0<t <1,
MO = -y “Z(t)z[o, to1, (570)

Hi(p) and Ha(p) are the Mellin transforms of the functiomg (t) andhx(t) (Gradshteyn & Ryzhik,
2000, formula 7.346):

o
HJ(IO)=/0 hjtP~tdt, j=1,2

1
Hi(p) = ztanﬂ—zp, —1<Rep <1,
mI'(p)
r(§+i+mr+i-m’

Ha(p) = Rep > 0, (5.71)

and the contour” = {Rep = 7}, 0 < y < 1. By the Cauchy theorem, the integral@9 can be
expanded as follows:

X

m(X) = (_

2m+1 1 2
2) F(m+§,m—|—1;2m+1;x). (5.72)

The use of the orthogonality property of the Chebyshev polynomials conges® into infinite systems
of linear algebraic equations with respect to the coefficieis

o0
ViE+ D am¥y = f, n=01,.... (5.73)
m=0
Here,
1 (0 Tan(x)dx
i) ax
1 FE)Tan(x)dx T
/ a.(X) s o0 29 On T, ) ( )

(the functionsz (x)/a(x) and f*(x)/a(x) are even). Analytical expansion of the Gauss function in
(5.72 shows thatrm(x) ~ 2—%(1 — x)~Y2, x — 1. For the coefficients,m, the Gauss quadratures

formulas can be used.

6. Conclusions

This paper has proposed a method of integral equations for a system of difference equations with mero-
morphic coefficients subject to symmetry conditions for the unknown functions. It has been shown how



24 of 25 Y. A. ANTIPOV AND V. V. SILVESTROV

the system of two difference equations of the first order can be reduced to a second-order scalar dif-
ference equation. The unknown function is analytic everywhere in an extended strip apart from a finite
number of poles. By mapping the strip into a complex plane with a cut, the difference equation converts
into an even scalar Riemann—Hilbert-type problem. Its solution has been found in terms of the solution
of associated integral equations on the intervalljQwith a fixed singularity at the point = 1. If the
coefficient of the equatioa(x) has a finite non-zero limih; at the pointx = 1, then in the class of

Holder functions admitting integrable singularities at the ends, depending on the param#terin-

tegral equation is either uniquely solvable or has two linearly independent solutions. Moreover, for two
exceptional values of the parame#ar the solution has a power-logarithmic singularity. This method

has been applied to find an efficient approximate solution to the model problem of diffraction theory
that concerns scattering of an electromagnetic plane wave at oblique incidence from an anisotropic
impedance half-plane. It has been shown that in the physical class of solutions and for a known right-
hand side, the integral equation has a unique solution. For its numerical solution, it has been proposed
to expand the solution in terms of the Chebyshev polynomials and reduce the equation to an infinite sys-
tem of linear algebraic equations. The same diffraction problem has recently been soivetibioy &
Silvestrov(2006. The solution was found in closed form. The numerical implementation of the method

of Riemann surfaces requires the solution of the Jacobi inversion problem on a hyperelliptic surface of
genus 3 (or, equivalently, a certain cubic equation with complex coefficients) and two separate linear
systems of 15 algebraic equations to fix 30 free constants. This paper has derived another solution that
does not use the theory of Riemann surfaces and bypasses the solution of the Jacobi inversion problem.
To obtain numerical results, one needs to solve an integral equation (for these purposes, we propose
to use the method of orthogonal polynomials). To fix 44 free constants, we have two linear algebraic
systems of 22 equations each.

The method proposed does not derive a closed-form solution. However, the technique developed can
be applied not only for a half-plane (a closed-form solution for this problem is now available) but also
for more general problems (e.g. the problem on scattering of an electromagnetic wave as skew incidence
from an anisotropic impedance wedge).
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