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Summary

At high temperatures, polycrystalline materials often suffer creep fracture under prolonged
loading conditions. Microstructural examinations reveal that nucleation, propagation and
linkage of interfacial cracks normal to the principal stress directions are responsible for the
premature failure. To simulate service conditions, a semi-infinite crack is considered to grow,
in steady state, along a grain boundary via a coupled process of surface and grain-boundary
diffusion within an elastic bi-crystal subjected to a remote constant applied stress. Governing
equations based on equilibrium and Hooke’s law obeyed within the adjoining grains, and matter
conservation and Fick’s diffusion laws prevailing at both crack surfaces and the interface are
employed to derive the singular integro-differential equation for the normal stress distribution
along the interface ahead of the moving crack tip.

Using the Mellin transformation, the integral equation is first converted to a functional-
difference equation (a Carleman boundary-value problem), and then solved analytically via
an approach based on the theory of the Riemann-Hilbert problem on a curve. Asymptotic
behaviours of the stress solutions at both ends (that is, near the crack tip as well as in the
far field) are provided. Excellent agreement is reached when the full analytical solutions are
compared with the existing numerical solutions.

The stress solutions permit the far-field loading intensity to be connected with the boundary
conditions containing the parameter of crack velocity at the crack tip, thereby making it possible
to predict the crack-growth rate for a given applied stress. The stress solutions in analytical form
have the merit, over the numerical form, that they will facilitate the future solution scheme when
the analysis is extended to tackle crack growth in the transient creep stage wherein both stresses
and near-tip crack shapes are changing continuously with time.

1. Introduction

This paper aims to provide analytical solutions for a class of integro-differential equations that
emerge from the diffusional crack-growth theory. Crack-like cavities at grain boundaries are often
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detected in creep rupture specimens of polycrystalline materials such as metals, metal alloys and
ceramics. It is believed that their growth and coalescence lead to premature failure. In particular,
the growth rate of such cavities may become the dominant contributor to creep life, and development
of predictive capability of the crack-growth rate as a function of applied stress, which makes
life prediction possible, will be a challenging task for the design engineers and manufacturers of
structural components in high temperature, load-bearing environments.

A literature review shows that the kinetics of cavity growth may involve coupled mass transport
at crack surfaces and grain boundary (that is, surface and grain-boundary self-diffusion); see, for
example, the books by Riedel) and Ashby and Brown2). In (3) Chuangget al. reviewed the
subject of diffusive cavitation along grain interfaces and laid down the conditions under which the
growth of crack-like cavities prevails. In general, crack-like or slit shapes are favoured if the applied
stress and grain-boundary diffusivity are larger than the sintering stress and surface diffusivity,
respectively. Likewise, if the service time approaches the later stage in the growth phase, creep
cavities tend to turn into crack-like shapes. Under these circumstances, the crack travels at a
subcritical speed in a steady-state fashion along the grain boundary (gb). It is then appropriate to
treat the crack as semi-infinite, propagating at a constant speed in an infinite elastic bicrystal under
plane-strain conditions. This case has been considered by Chdleaigd( Chuangt al. (5) who
solved the coupled problem of diffusion and elastic deformation, leading to a specific kinetic law
for subcritical crack growth. The essential part of their work involved solving a singular integral
equation. Unfortunately, only numerical solutions were provided in their work. It is inconvenient
to expand the coverage to the non-steady-state regime based on their work in numerical form. To
extend the analysis, closed form solutions are desirable. Accordingly, the main objective of the
present paper is to present complete analytical solutions in closed form, thereby facilitating future
work on more general time-dependent problems.

The program of the current paper is as follows: first, we will briefly describe the diffusional
crack growth theory, and then using the governing mechanics and physical laws derive the integral
equation in section 2. Next, in section 3, in order to solve the integral equation, we convert it into
afunctional-difference equation, via the Mellin transformation technique and the Cauchy theorem.
We then proceed to tackle the mathematical problem by the method based on the theory of the
Riemann—Hilbert problem on an arc (see Antipov and G3). (In section 4, we present the
asymptotic solution near the crack tip. The far-field solutions are presented in section 5. A complete
closed-form solution is given in section 6. Finally in section 7, numerical evaluations are made for
the integral representation using the numerical quadrature. The full distribution of stress ahead
of the crack tip is determined. The complete solutions are shown to agree with the asymptotic
solutions both near the crack tip and at the far field. Moreover, excellent agreement is reached when
our analytical solutions are compared with the numerical solutions given by Chdiamgc{uding
stress solutions and stress intensity versus crack-velocity relations. Concluding remarks are given at
the end in section 8. The Appendix extends the solution scheme to a more general class of integral
equations which may or may not have any physical implications.

2. Formulation of the physical problem
2.1 Description of the crack-growth model by diffusion
Let us consider a semi-infinite crack travelling in steady state at a constant, unknown a priori,

velocity V along a grain boundary between two dissimilar grains under the action of a remote
applied stress;, (Fig. 1).
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Fig. 1 A diffusive crack-growth model wherein a semi-infinite crack is considered to grow at a constant speed
V driven by the applied stresg. The model seeks to establish the functional relationship betowgandV

Here we use a rectangular Cartesian coordinate system with its origin coincident with the moving
crack tip and the positiveX-axis aligned with the planar grain boundary. In this way, all field
variables in reference to the moving Cartesian coordinate system will become time independent at
the steady state. The two grains on either side of the grain boundary are assumed to be linearly
elastic with distinct mechanical and physical properties. Our goal in developing this model is to
predict the crack velocity for a given applied stress;. The mechanism of crack growth is
based on a coupled process of surface diffusion and grain-boundary diffusion, since at temperatures
higher than one-half the melting point, stress assisted mass diffusion should be activated: under the
action of the remote principal stress, atoms at crack surfaces near the tip are driven by the curvature
gradient in the presence of surface free energy towards the crack tip and into the grain boundary.
Once there, they are further driven away from the tip via grain-boundary diffusion due to the gradient
of the normal stress. The primary contributor to the local stress along the gb is of course the applied
stress. The induced elastic stress field in the presence of the crack exhibits stress concentration at the
tip, and thus becomes non-uniform. Moreover, mass transport in the gb may induce residual stresses
or dislocational misfit stresses which alter the elastic stress field. It turns out, as will be shown later,
that solving the true stress distribution (that is, elastic stresses superimposed with residual stresses)
is a necessary step to achieving the final goal of establishing the functional relationship bétween
andojy or stress-intensity factdf .
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2.2 Governing eguations

2.2.1 Derivation of the singular integro-differential equation for stress. As discussed in section

2.1, the real stress consists of two terms: the elastic stress and the dislocational misfit stress due to
diffusion. To formulate the latter term, consider an edge dislocation residing at an arbitrary location
X = Xp in the gb ahead of the crack tip. The elastic stress field generated by this dislocation and
by the applied stress has the following expressifn (

J(by +iby)

2.1)

wherei = /-1, b andby, are the Burger’s vectors in thé¢ andY directions, respectively,(X) is

the Dirac delta function and andg are Dundurs’s constants. To simulate the residual stress, let us
consider an arbitrary distribution of dislocations alongXzaxis under the action of a remote stress
oa such thatdby = A/de, dby = A{dX. The normal stress at any locatidhcan be integrated to
yield the following form:

%0 A{(Xo)d X
oyy(X) = 0q —A/ % TABAL(X). (2.2)

The shear stress becomes

A f"o A% (X0)dXo

X) = —
ny() X — Xo

— m\ﬁA/y(X). (2.3)
Assume that the flat gb cannot resist shear, thatg,= 0 everywhere along the wholX-axis,
which is true in many realistic situations. Applying the Hilbert transformation, we have

o Al (Xg)dX
ALX) = ﬂ/ y(Xo) Ay(XodXo

X X (2.4)

Substituting equation (2.4) in (2.2) and applying the Hilbert transformation again we arrive at

T (2.5)

721 — AL (X) = /0
Notice that the integration now starts at zero, rather than from minus infinity because of the traction-
free conditions at the crack plane in the negaivaxis. An additional relation betweexy andoyy
coming from the grain-boundary diffusion equation (Fick’s law) and steady-state conditions yields
Ay X)) = ——— 22 2.6
OO ="V ax (26)
where Dpdp = (Dpédp)1 + (Dpdp)2 is the gb diffusivity. Here a subscrigt refers to materialj
(j = 1, 2), andkT has its usual meaning an) is the effective atomic volume defined by the
harmonic mean of2; and2, with a weighting factolR; and R, respectively:

R R,
Q) = # (2.7
R1/Q1+ Ro/22
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Here R; and R, are material properties defined as follovg (

2
(Ds8s92) 3
Rj = 73;_ Lo j=12 (2.8)
J

where Dgds is surface diffusivity and/j is surface free energy for materipl Notice that in the
special case wher®1 = Q, = Q, the effective atomic volume reduces® that is, (2) = Q
evenif Ry # Ry. Finally, combination of equations (2.5) and (2.6) yields the following integro-
differential equation for the unknown(X) = ayy(X):

L26"(X) = /O ;(’(_X?()deo, (2.9)

where the integral is supposed to be performed in the sense of Cauchy principal value and a length

scaleL is defined by
= E Dpdp(€2)
L= /4 <<1— v2>> VKT (2.10)

where E, v are Young’s modulus and Poisson’s ratio respectively, @3yl denotes the simple
harmonic mean of the two materials’ properties. It can be shown that when the properties of
materials 1 and 2 are identicdl, in relation (2.10) reduces to the expression for the single-phase
case.

2.2.2 Derivation of initial conditions at the crack-tip. With the governing equation (2.9), it is
clear that two initial conditions & = 0, namelyo (0) and the first derivative of stress with respect
to X, o/(0), are required in order to secure unique solutions.

The first initial condition at the crack tip; (0), can be derived from the continuity requirement
of the chemical potential aX = 0. Recognizing that the crack tip is located at the juncture
of the two crack surfaces and the gb, one needs to find the general expressions there. Now, the
chemical potential at a free surface can be expressad as« ysQ if we neglect the strain-energy
contribution. Herex is the local surface curvature of the crack profile. On the other hand, the
chemical potential at a gb can be expressed@X) = o (X)$2. The surface curvature immediately
adjacent to the crack tip has been obtained by Chuang and &iemd Chuanget al. (5) from
solving the constant near-tip shapes travelling at a constaibng a gb in steady state. Equating
the two chemical potentials at the crack tip and substituting the curvature expressions at the tip in
the equation, we arrive at the following expressiondg0):

_ [2nty2— ) 1
o(0) = /—R1+ R (VKT)3, (2.11)

where it is shown that the crack-tip stress is proportional to the crack veldcity a power of
one-third.
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We found that the second initial condition, the expression for the first derivative of stress with
respect toX at X = 0, ¢’(0), can be obtained by a combination of the grain-boundary diffusion
equation, conservation of mass and steady-state conditions at the crXcktth The result isg)

VKT)3
o'(0) = /2Ry + Ro)(y1 + y2 — ”b)|(3bT<zz3>’ (2.12)

wherey; (j = 1, 2) is the surface free energy for materjalyy is the grain-boundary free energy
and Dydp is the grain-boundary diffusivity. The properti¢®) and R; have been defined in
formulae (2.7) and (2.8). The relation (2.12) indicates that the first derivative of stress at the tip
is proportional tov 5.

Having obtained the governing integral equation in (2.9), together with the initial conditions given
in formulae (2.11) and (2.12), we are now in a position to solve the initial-value problem. Before
we do this task, it is desirable to simplify the equations further by reformulating the parameters
involved in non-dimensional quantities. So, let us define the following dimensionless parameters
for the coordinateX and stress (X):

X _ o (X)

X = T f(x) = 0 (2.13)
Then, the integral equation (2.9) becomes
f(x) = /000 fx(t_)cit, 0 < X < 0. (2.14)
The first initial condition, by definition (2.13), is simply
f(0) = 1, (2.15)
and the second initial condition (2.12) has the form
f'(0) = a, (2.16)
wherea depends oV and is dimensionless:
_ Lo’(0)  [7#((E/1—=1?))) Ri+Re 2.17)

o 4Dpdn(R2)  (VKT)E

It can be seen that in addition Y6, « is also a function of materials mechanical propertEesnd
v, physical propertie$<2), transport propertieR; andDypdp, and the absolute temperatuire
In the following sections, we will present the analytical solutions for the unknown funétign
based on the system of governing equations (2.14) to (2.16), recognizing that from the principles of
linear elastic fracture mechanics, the far-field behaviour(f) must behave likE€x~2 (C =const)
asx — oo.

3. Functional-difference equation

Consider the integro-differential equation

[e¢]

f”(x):ﬁ/ OLLP 3.1)
T X—t

0



INTEGRO-DIFFERENTIAL EQUATION 295

subject to the conditions
fO=1 fO=a [fX)|<CxF? x- o0, (3.2)

wherei, «, C, 8 are constants and > 0, 8 > 0. The singular integral is understood in the sense
of the Cauchy principal value. The functidin(x) and its derivatived’(x), f”(x) are assumed to
satisfy the Hblder condition on every finite segmeji, B] : f(x) € H[b, B] (0 < b < B < 00),

and f’(x) is bounded ag — +0.

In this section we reduce the integro-differential equation to a functional-difference equation. A
general discussion of equation (3.1) is included in the Appendix. Here we focus attention on the
physically relevant range of the parametgr$, that is,A > O andg = % Introduce the Mellin
transform of the functiorf (x)

F(s) = / f (H)tS1dt. (3.3)
0

The conditions (3.2) imply its analyticity in the strip© Re(s) < 8. Assuming thas belongs to
this strip and integrating by parts yield

1
s(s+1)

F(s) = / f7®t5tdt, 0 < Res) < B. (3.4)
0

Therefore, by the inverse Mellin transform, we have
1
f7(x) = > / s(s+ 1)F(s)x 32ds, Q= {Res)=ce (0, B)}. (3.5)
JT
Q

On the other hand, by the Mellin convolution theorem we get

o0

l/ fOdt = —i./cotnsF(s)x‘sds. (3.6)
2ri
0 Q

T X—t

Next, continue analytically the functidf(s) outside the strip of convergence of the integral (3.3),
namely for Rés) > g and Rés) < 0. This continuation defines the integral (3.3) in these half-
planes in the generalized sense. Now we introduce a new function

®d(s) = rcotwsF(s), 3.7)
which is required to be analytic everywhere in the silip= {c < Re(s) < ¢+ 2}. In addition, we

impose the following condition:

/ |®(t +it)[?dt < C (C = cons}) (3.8)
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uniformly with respect ta € [c, ¢ + 2]. The analyticity of the functiord (s) in the stripIT and the
Cauchy theorem give

/cb(s)x‘sds:/@(s~|—2)x‘5‘2ds. (3.9)
Q Q

Now it is possible to rewrite the original integro-differential equation as follows:

1
/ [cb(s +2)+ Xs(s +1) tannscb(s)} X5 2ds=0, 0<X < oo, (3.10)

which is equivalent to the functional-difference equation
O +2) +K@)P(o)=0, oeg, (3.11)

whereK (o) = A~ 1o (o + 1) tano. The function®(s) is analytic in the stridl and satisfies the
condition (3.11).

REMARK 1. Alternatively, instead of the functio®(s) defined by (3.7), it is also possible to
introduce the functio, (s) = s(s+ 1) F(s), analytic in the strigl, = {c—2 < Re(s) < c¢}. Then
equation (3.11) with the shift to the right becomes the following functional-difference equation with
the shift to the left:®. (o) + K(0)®4(c — 2) = 0(c € ), with the same functioK (o) as in
(3.11). Both functionsb(s) and @, (s) can be used in the procedure being presented and, finally,
lead to the same result.

Because the coefficient of equation (3.11), the functkdr), grows at infinity and is
discontinuous ag& — C =+ ioo, it is desirable to transform this equation to a new one whose
coefficient is continuous and tends to loas> ¢ + i co. By using the identities

Fe+2 1 (VN° o siniro
Pp=-—2TD WA g 2Ta7% 3.12
ol@+1 (o) A (WA an 4 sin %n(a +2) ( )

equation (3.11) becomes

do(o + 2) + Ko(o)Po(o) =0, o0 € Q, (3.13)
where
A2 ;s s
dp(s) = NG sm%cb(s), Ko(s) = cot% tanws. (3.14)

Itis clear that the new coefficient is continuous and bounded at infinity:
Ko(o) =14+ 0@ ™2 5 =c+it, t— +oo, (3.15)

and the increment of the argument of the functiGg(o) aso traverses the contodt equals zero.
At the next stage, we reduce the functional-difference equation (3.13) to a Riemann-Hilbert
problem @). To do this we introduce a new functigr{w) such that

1
1 l—w) 2
p(w) = rw <| 1+—w> Do(S), (3.16)
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where

. 1 s-c i 1—w
w_ltan{n<4+ > )} s_c+ﬂlog<|1+w). (3.17)
The conformal mapping (s) transforms the stril > s into the complex plan€ > w with the
cuty = {lw| = 1, Im(w) > 0}. The contour of the s-plane is mapped onto the contour
y~ = {lw| = 14+ 0, Im(w) > 0} and the contouf2; = {Re&(s) = ¢ + 2} is mapped onto
yt ={lw|=1-0, Im(w) > 0}. Onthe contoury, the function log is real and the function
;‘% is positive. Hereg = i (1 — w)(1 + w)~L. It becomes evident that

A+ met() = —e 27 Doy +2),

A+ne () = ef%”i(cfo)fbo(a), ney, o€Q. (3.18)

The limiting valuesp®(n) satisfy the following boundary condition of the Riemann—Hilbert
problem:

et =Gme . nevy, (3.19)
where
i 21—
Gy =K —logi —— ). 3.20
() O<C+nog|1+n) (3.20)
The functionG () enjoys the following properties:
1
[argG(m]l, =0, G =1+O0{1l¥n}2), n—=*l ney, (3.21)
wheren = 1 isthe starting point of the contogr (corresponding te = c—ioco) andn = —1isthe
end point (the image of the poiat= ¢+ ic0). Therefore, the functio () admits a factorization
X*(n)
G =y——, nevy, 3.22
X~ "7 322

whereX* () are the limiting values of the functiod(w) asw — n € y*. The functionX (w) is
defined by

1 f °gG™) 4, (3.23)

Xw) = (w—DP(w+ %™, Yw) = o
JT n—w
Y

with the integer9, q to be determined anicdargG(n)| < x. The general solution of the Riemann—
Hilbert problem (3.19) is given bydj

p(w) = (w — HP(w + 1)9e' ™ P, (w), (3.24)

whereP, (w) is an arbitrary polynomial of degree By the definition (3.16)¢(w) = O(w™1) as
w — oo. Therefore,p + q + « + 1 = 0. Using the formula

IT(c+it)] ~ e M2t 2427, |t] — oo, (3.25)
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and also the relations (3.14), (3.16) and (3.24) we get the asymptotic of the fudetionfor
o =c+itandt - +oo

()
(i +ehHatliiet + 1P’

@(O_) — |t|C—%e—3ﬂ|t|/4+T[t/2 (326)

whereX(t) is bounded as — +oo. Analysing®(c + it) ast — 400 andt — —oo separately,
we find that . .
(o) = OS2~ @+DTY  {  Loo,

®(0) = O((—t) 2eP+DT) {5 oo (3.27)

This means that for the conditions (3.8) to be satisfied, we need to demand5/4, q > —5/4.
Sinceq = —1— p —«, weobtain—5/4 < p < 1/4— k. The largest class of solution is achievable
whenk = 1. Thereforep = q = —1. Finally, the solution of equation (3.11) is

B A+iI'(s)cosin(i+s—c)Q(s)

Co+C s)=e’' ™) 3.28
JB2sinrs (Co+Ciw), Q(9) (3.28)

o(s) =

wherew, Y (w) were defined in (3.17) and (3.23) respectively, and the coefficient€; are to be
determined from the conditions (3.2).

4. Asymptotic solution for small x

The function®(s) is constructed in closed form, and its representation possesses two arbitrary
constants. By (3.7) the Mellin transform of the functidiix) is known as well. Therefore, the
inverse Mellin transform yields the integral representation of the fundtion:

1
f(x) = —— [ ®(s)tanzsx 3ds. (4.1)
27
Q

To satisfy the initial conditions (3.2) and to find an asymptotic expansion for smaille apply
the technique presented by Antipov and G@p First, construct the analytical continuation of the
function ®(s) from the stripIl into the left half-plane R@) < c. Because of the periodicity of the
solution

d(S) = (—)"P(s+2m), sell, m=0,+1+2, ..., (4.2)
the limiting values of the solution

@ (sm) = 8irrlo<1>(3+ 2m+35), P_(sm) = Sinl0<1>(5+ 2m —9),

SeQ), SneElm={s:Res)y=c+2m}, m=0,4+1,+2, ..., (4.3)
are discontinuous through the contog:

D_(s) = K(s=2md,(S), S€ Qn. (4.4)
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Using this boundary condition we construct the analytical continuation of the fundtisnto the
left:

D(s) D(s)
— = — Im_ _ = I 4.
§-1(9) K’ sell_1, F-209 KOKGTD) sell_y, (4.5)
Forthenth strip in the left half-plane we obtain
S_n(S)z HLv Se H—na nzla 27~.- ) (4.6)
[T K(s+2m)

m=0

wherell_, = {¢c — 2n < Reg(S) < ¢ — 2n + 2}. By continuing the functiord (s) to the stripl1_1
and using the Cauchy theorem, we get

—S
o0 = = [ 2OXTES o) xa@) + —— /

@, (s)xSds
27i s(s+ 1) 27i '
Q

s(s+1) “-7)

-1

Here we used the relatiods(0) = —®(2) and®(—1) = —®(1). This representation enables us to
formulate the initial conditions (3.2) in terms of the functidris):

P2 =-1, &) =a. (4.8)

The above conditions fix the constafgandC;. Finally,

Co = VAl-i) [ atanjz(3—c)  V2itanjr(3+0)
T2 Qcosin(i+¢) Q)cosin(i—c))’
. \/X(l-i- i) o V25
9= Qcoskr(l+ 0 | Q@ cosin(3—0) )’ (4.9)

where
A =tanjm (3 —¢) +tanin (3 + ©). (4.10)

Continuation of the functiord_(s) (s € Q_1) into the next strip[1_, and use of the Cauchy
theorem give

d 4 (s)x5ds

s(s+ 1)(s+ 2)(s+ 3) tanxs’ (4.11)

A

f =1 R_ R_ —
x) + aX + 2+ 3+271i/
Q_p

where

R > = res AP(SX —)LXZ d'(=2) + d(-2 - log x
‘2_s:_zs(s+1)(s+2)(s+3)tanns_Z[ (=2 + o= )<§_ 9 )]
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AD(S)X~S 3T 11
R.3= =—[®'(-3)+ (-3 —= -1 . (4.12
3= S s Dt 26 Jtanms ~ on | DT T 5 ~logx ). (4-12)
In the next stripI1_3, the analytical continuatiof_3(s) has two poles = —4,s = -5)

of the third order. Computing the residues and applying the relations (4.2) yield the following
representation for the solution:

AT 17 31, 11
f(x)=l+aX+2—[<1>(2)+|09X—§]——[q)(l)"‘“(g_'ogx)}

T 6

A2x* 1@,,(2)+¢/(2) 18 o) 259 Iogzx+13|0 y
2472 | 2 2 9) "1 T2 "1

A5 (1, , 137 12019 log®x 137
+ ECD (1) + o' E—Iogx +a|—+ — —logx ]| + S(x),

12072 3600 2 60
(4.13)
where
23 d_(s)xS
S(x) = o (S)7X ds  _ O0x8log®x), x — 0. (4.14)
JT
a3 tadws [ (s+m)
m=0

Itis clear thatin each stripl_, (m =1, 2, ... ) there are two poles= —2m+2 ands = —2m+1
of the mth order. To evaluate the residues at these points, we need to compute the derivatives
o*k-D(1)andd®D©2) (k=1,2,...,m).

5. Asymptotic solution for large x

The analytical continuation of the solution, the functign(s), in the stripsIl, = {c + 2n <
Re(s) <c+2n+2}is

n
Fn(s) =) [[K(s—2m), sell,, n=12... (5.1)

m=1

It enables us to find an asymptotic expansionXor> co. Using the Cauchy theorem transforms
(4.1) into

1
x“z2 (1\ x3%%2 /3 1 e
Q1
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The pointss = 5/2 ands = 7/2 ae poles of the second order in the stfiR. Evaluating the

corresponding residues gives

1

X2 1 1 3
r0="5 ¢ (3) +x2 ()]
x‘5/2q>5 o B oax) 30 (3 2 Lo (7Y (4— B 10ax L35, (7
‘W[ (é)(‘z°9)+z (§)+; (5)(_709) ax (zﬂ
f (s—1)(s—2)(s— 3)(s — 4) tar’ 7P, (s)xds. (5.3)

+2nik3
Q

In the stripIy, the poless = 3 ands = ! are of the third order. By the periodicity property (4.2),
finally, we obtain the following asymptotic expansion for> co

f(x)—xi% @ ! +1<I> 3 +X75/2 @ ! 2 3Io X +3<1>’ !
=T 2) Tx%\2 722 2 2°99%) 2% (3
—|—1<I> 3 4 15Io X 15d>’ 3 +X_9/2 ) 43 221lo x+105Io X
x 2 I+ xC\2) | e [P\ 2\ 2 9 g
1 105 105 , (1 3\ /103
+9 (2><22——ng>+§¢ (5 —cb<2><7—93| gx+—log x)

1 3 945
20 3) - Yomr) - 380 ()] o von

V(X)= L (s—1)(s—2)(s—3)(s—d(s—5)(s—6)tarf 7sd, (S)Xx Sds
2wiAd
Q3
=0(x ¥2log®x), x> +oo. (5.5)

where

6. Analysis of the solution

First, we show that the left- and right-hand sides of equation (3.1) have the same asymptotic
behaviour ax — 0. From (4.13) we get

A A
f(X) ~1+ax+ gxz logx, f”(x)~ =logx, x— +0. (6.1)
g

On the other hand, the Cauchy integral in (3.1) with a bounded density=a0 has a logarithmic
singularity:

o
A f(tHdt A
—/ © ~ —logx, x— +0. (6.2)
T X—t b4

0
Thus, the behaviour at = 0 of the functionf”(x) is the same as that of the Cauchy integral in
(3.2).
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At infinity, from (5.4),

X2 1
f7(x) ~ D= ) 6.3
(x) o <2> ., X — 400 (6.3)

To estimate the behaviour at infinity of the right-hand side in (3.1), note that

f(x) SE. (A 0 (N ogt x o doo. (6.4)
o o\2) T T P\ Tz ®\3) 9% ' '

Therefore

oo 1 1 1
/ f(t)dt_/ fihdt  @(L) [ t-zdt

x—t J x—t  maxJ t—1/x
0 0 0

1 1
o@) [ tzdt 30} [ t¥2logt

dt+..., X . 6.5
aax J t—1/x  4n22x ) t—1/x + = e (6-5)
0 0

Evaluating the integral

1

t¥?logt 2 & x7
dt = — — T a—— 1 6.6
/ X —t x3/2 ;)(3/2_]-)2 x>1 (6.6)
0 =
enables us to obtain the following estimate:
o0
fHdt 3x 22 /1

where the functionr (x) decays not slower thaxi 1 asx — +oco. We show that, in fact| Y (x)| <
Dx~3 (D=const). Indeed, assume that

o0
f (t)dt
/ x( )t = Dix 14+ Dax 2+ 0(x7?), x— 4oo, (6.8)
0

with D1 # 0andD; # 0. By formally expanding the Cauchy integral at infinity we @at= F (1)
andD2 = F(2), whereF (1) andF (2) are the corresponding values of the analytical continuation
of the integral (3.3) into the exterior of the strip Re (0, 8). By the relation (3.7), it is clear that
F() = F(2 = 0. We emphasise that the valuEsl) and F (2) have nothing in common with
the total areas under the curves described by the funcfignsandxf (x), respectively (which are
obviously infinite for the function decaying at infinity ﬁrgx*%, Dg=const).

Therefore, the regular function(x) vanishes at infinity at least as fastxas®. This means that
the left- and right-hand sides of (3.1) have the same behaviour at infinity.
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7. Solution by quadrature. Numerical results

In this section we aim to analyse the integral representation of the solution (4.1) which we rewrite
as follows:

f(x) = %/ F(o)x “do, (7.1)

where )
(1+0)I'(0)cod37(3 +0 —€)}Q(0)

- (Co+ Can),
V2)0/2+1sin %na cotro

F(o) =—

n=itanin(i{+o0—-c), o0e€Q, ney. (7.2)

To evaluateQ(o), one needs to take into account that the contus transformed inta,~ and
that the function® (o) (o € Q) corresponds to the limiting valug™ (1) (n € y). Therefore by the
Sokhotski—Plemelj formulae (Gakho9)j

Qo) = [G(MI~2e¥™, pey, (7.3)

whereY (n) is understood in the sense of the principal value:

log G(e?)do .
Y )—277/ ig é((w)e) ¥ = —ilogn € (0, 7). (7.4)

For computational purposes, it is convenient to represent the Cauchy-type integral (7.4) as follows:

1 f 1 - -
_ 1 = i
Y(n) = - /h(@,¢)d9+ o logG(e'¥) log 7 (7.5)
0
where _ L
logG(E") = O({r — ¢}2), ¥ —» 7 —0,
logG(€?) = O(¥3), ¥ — +0,
6 i . 1@ Vya v
he. ) = logG(e?) logG(e'") N 1IogG(e"/’)+ G'(e¥)e Ly (7.6)

1-e0-0 " iy—0) 2 G@Ev)

We emphasize that the functidi®, v) is bounded a8 — .
Let us now show that the functidh(o) decays exponentially as= c+it and|t| — oco. Using
the asymptotic expansion for tliefunction (Jahnket al. (10))

Fc+it) =e 3719, —ic), t>0,

x@=— exp{ (—— +z(logz—1) — 36023

1
7.7
126&5 16807 1188:9 )} |argz) < . (7.7)
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f (%)

Fig. 2 The stress distribution functioh(x) (the integral representation (7.1)) along the interface.fer =
anda =1, « = 5anda = 10

we can establish that fer = c +it, t > 1,

ix(t —ic)e/A o1 4 je Y tan{z(c + it)}

FC+it)=— ACHD 2+ (g-71/2 _ g-70/2) (Co + C1m) Qo). (7.8)
Also, the identity
T

rl-—-o)=— 7.9
1=a) sinto (o)’ (7:9)

together with formulae (7.2) and (7.7), reveals thatdfoe ¢ —it, t > 1,

. 27ie/AMHO (| 4 e tan{z(c 4 it)}
Flc—it)= _)L(c—it)/2+lX (t —i +ic)(87¢/2 — g7t/2)(1 — g-2n(t+ic)) (Co + Can) Q).

(7.10)

Thus, for largdt|, the functionF (o) decays exponentiallyE (c +it) = O(e "!/4), t — +c0.
The asymptotic expansions (7.8), (7.10) and (7.7) are helpful for numerical computations.

Let us summarize the numerical procedure for evaluating the funétigh The exact solution
is given in terms of the two integrals (7.1) and (7.5). Since the fundfiGn) decays exponentially
aso — C =+ oo, for the integral (7.1), it is possible to use, for instance, Laguerre integration or a
non-uniform mesh for the trapezoidal rule. This integral is computed by the second technique. The
integral (7.5) is not singular. The functidrid, ) is continuous everywhere on the segmi@ntr ]
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f(x)

Fig. 3 The stress functiori (x): the asymptotic expansions for smal(0 < x < 0-75) and for largex
(1-8 < x < 8)—the solid curves; the exact integral representation—the dashed curves @nd
a=1a=5ua=10)

and decays at the ends. To evaluate this integral we use the standard trapezoidal rule. Alternatively,
one can apply Gaussian integration using Chebyshev abscissas and weights.

In Fig. 2, we plot the graphs of the stress distribution functigr) for A = = for some values of
a: o =1, = 5anda = 10. These graphs are in good agreement with the numerical solution by
Chuang 4).

Figure 3 illustrates the asymptotic expansions of the funcfign) for smallx (0 < x < 0-75)
and largex (x > 1.8) for the same values afanda.

The asymptotic expansions based on formulae (4.13) and (5.4) (the fungtiorendV (x) were
taken to be zero) give reasonable results fa @ < 0-6 andx > 5, respectively. To evaluate the
function ®(s) and its derivatives at the poings= 1,s = 2 ands = % s = % we use formulae
(3.28) and (3.23). It is important to notice that in contrast with the integral (7.4), the integral (3.23)
is not singular since neither of the poirsts= 1, s = 2 ands = % S = % belongs to the contoue.
Therefore itis not surprising that direct application of the trapezoidal rule is effective for computing
this integral.

We emphasize that the integral representation (7.1) yields excellent results foealt, A) at
least within the range > 10~2 and A < 1000.

The principal term of the asymptotic expansion (5.4) yields the exact formula for the stress-
intensity factor at infinity

Ki () = XETOO\/an f(x) = \/g%%) (7.11)
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By regularizing the original integro-differential equation, it is shown by Chudhthatk, («) is a
linear function of the parameter. k| (o) = ac + b with

a=024/27 = 06016 b= 030v27 = 0.7520. (7.12)

The linear dependence of the fackpfa) on the parameter also follows directly from the analysis

of equation (3.1). Indeed, ldt(x) = fo(X) + «f1(X), where the functions;(x), j = 0, 1, provide

the unique solutions of equation (3.1) subject to the conditi (ﬂ%(O) =06imj=01m=01

(8jm is the Kronecker symbol). These functions are independentarid thereford; (o) = ax+b.

Computingk, (@) by formula (7.11) fore = 1, 5 and 10 confirms this conclusion and also reveals

a = 0-5993,b = 0-7511. These constants are in good agreement with the numerical solution (7.12).
Thus we havek;, = 0-5993r + 0-7511. It is straightforward to convert this non-dimensional

form back to its original counterpart so as to establish the functional relationship bekyeen

ki o (0)+/L andV. To do this, we use the definition ef from (2.17). Finally, we get

K, = 05993 (0)L%2 + 0.75115 (O)L 2. (7.13)

SubstitutingL from (2.10),0 (0) from (2.11) ands’'(0) from (2.12), we finally arrive at the following
expression forK as a function o¥/:

K, = AVY/12 L py—1/12 (7.14)

where A andB are temperature-dependent materials constants:

_ Intyr2—mn 1 E i

and

FN

(7.16)

B:\/(7/1+V2—)/b)(R1+ R2) | (KT)3 Db ()

2 =)

Equation (7.14) reduces to a quadratic equation with respétttov /1% AU2 — KU + B =0

that has two real positive solutions. However, only one root has a physical meaning. The other
solution is meaningless since it yields highérfor lower K| and must therefore be discarded; see
(4,9).

8. Conclusion

We have presented a viable mathematical procedure to provide analytical solutions of a class of
singular integro-differential equations that have appeared as governing equations in the diffusional
crack growth theory. The theory was first briefly introduced in terms of its physical background,

mathematical modelling and derivations of the controlling equations leading to this Cauchy-type
integro-differential equation for the unknown stress distribution on the grain boundary ahead
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of the moving crack tip. The procedure of solving this type of integral equation analytically
involved the following steps. (1) Using the Mellin transformation, the equation was first converted
into a functional-difference equation; (2) reducing this difference equation to a Riemann—Hilbert
boundary-value problem on an arc; and (3) finally, analysing the coefficient of the problem, solve
the Riemann-Hilbert problem by quadratures. Also included in the solution scheme were the
asymptotic solutions at smadl(that is, near the crack tip) as well as the far field (that i, as 00).

Since the near-tip field contains the information on the crack velatitgnd the far field is related

to the applied stress intensiky; , this stress solution makes a connection of these two fields to yield
afunctional relationship betwedf, andV.

It should be emphasized that the analytical solutions obtained herein are exact. They are in
excellent agreement with the existing numerical solutions which overestimated tivalues by
approximately @B per cent. This closed-form solution which pertains to steady-state creep crack
growth is useful as a limiting asymptotic value when time approaches infinity in a more general time-
dependent crack-growth problem in the transient creep regime. We leave this interesting problem
for future research.
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APPENDIX
General case

In the text of this paper, we have discussed the solution to the integral equation (3.1) for a range of physically
relevant parameters. However, the method of analysis we presented has no limitations with respect to the
parameters chosen. Here we give a general discussion of the solutions to (3.1) for different parameter ranges
in case similar problems might arise in other applications.
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We have solved the integro-differential equation (3.1) for positivendg = 1. It becomes evident that if

[f(x)] < Cx B, x — oo forall B € (0, 1], then| f (x)] < Cx‘%, X — oo. Section 3 implies that in the class
0 < B < 3, forx > 0, equation (3.1) has two linearly independent solutions. The general solution possesses
two arbitrary constants fixed by the conditions (3.2). ¥er 0 andx — oo we have obtained

f(x) = 14+ ax + O(x?logx), x — 0,

1
Fx) = %x_% +0x¥?), X . (A1)

Consider now the next cla%s< B < land as beforg > 0. In this class, the parametee= Re(s) in formula
(3.3) is defined in the range < ¢ < 1. We factorize tamo as follows:

. 1

tanto = — cotnTo Ko(o), indKg(o) = Z[argKo(a)]Q =0, (A.2)

and introduce the new function
25/2 7S A3

(o} = —— COS— P (s). .
o(s) F(S)C S (s (A.3)
By using the identity
o cosiro

—cot— =——%
4 cos%n(a +2)

we arrive at the problem (3.13). In contrast with the functipg(s) from section 3, the function (A.3) must

satisfy the additional conditiofg(2) = 0. This is because = 2 € IT and®(s) is analytic in the stridl. By
the approach of section 3 we get

_ (1+Dr(s)cog 37 (3 +5—0)}Q(S)

(A4)

@(s) = (Co + Crw). (A.5)
V2)8/2 cosirs 0T
However, the constantg, Cq are not arbitrary and are linked by
Co=—-iCitan{in(}i — 0)}. (A.6)

Thus, equation (3.1) has only one non-trivial solution. Sisee § € I, and the first pole of the integrand in
(4.1) in the stripl1q iss = % the functionf (x) decays at infinity as
3
d(2
f(x) ~ ﬁx—w, X — 00. (A7)
TA
This means that the solution meets the requiremént)| < Cx A, x - oo, B € (%, 1]. Forx — 0,
f(X) ~ —®(2) + xP(1).
Next, analyse the class4 g < 3 (1 < ¢ < 3). We use the factorization (3.12), (3.14). The solution with
two arbitrary constants is defined by (3.28). At infinity, the asymptotics of the funétighis given by (A.7).
However, at the point = 0, its first derivative has the logarithmic singularity

f(x) = —®(2) + O(xlogx), x — 0. (A.8)

This occurs because now the pasne —1 € IT_», and it is a pole of the second order for the first integrand in
(4.7). The fact thaff’(x) = O(logx), x — 0, makes it impossible to employ the second condition in (3.2).

If % <B<2 (% < ¢ < 2), the factorization (A.2) is applied and the solution is described by (A.5). Again,
sinces = 2 € I1 is a zero of the functio®q(s), by the same argument as in the cgse g < 1, there is only
one solution to equation (3.1). Its behaviouxat 0 is gven by (A.8). At infinity,

(2
foo~ 2258 ¥ L o (A.9)
TA
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For2<pB < g (<c< %), the factorization of the functioK (o) is given by (A.2), (A.4). However, now,
the points = 2 is outside the stridl (the next zers = 6 does not belong to the strifi either). The general
solution possesses two arbitrary constants and the previous formula (A.9) is still valid for this case. 0t
the solution has the logarithmic singularitf(x) = O(log x).

In the clasé < B < 3, we return to the original factorization (3.12), (3.14). Siece 4 € I1 (% <Cc<3)
we should not expect two arbitrary constants. By the conditigt4) = 0 one of the constantSg, C1 is fixed,
and by the same argument as in the previous case

f(x) = O(ogx), Xx—0, and f()=O0(X2), X— oo. (A.10

We note that for8 > 3, in general, the solutiofi(x) has a hon-integrable singularity>at= 0. For instance,
if3<pB< % thenf (x) = O(1/x). Howewer, in this case, by an appropriate choice of one of the two arbitrary
constants, it is possible to remove this singularity.

So far we studied the cage> 0. Letnowi < 0. If 0 < 8 < % then we need to factorize the function
—tanzo :

cosin(o +2) ,
—tanmro = — Ko(o), indKg(o) =0. (A.11)
COSZ]TO‘

Therefore, instead of dealing with the function (3.14) we get

252 (s)

Do(S) = —————.
I'(s) cosins

(A.12)

The function®qg(s) admits a pole at the poirg = 2 € II. The scheme of section 3 yields the following
relations for the integerp, q andx:

~2<p<-i-«x g=-1-p-« (A.13)

The above inequality impliee = —1 andp = g = 0. Because of the poke = 2 of the functiong(w), the
solution to the Riemann—Hilbert problem (3.19) is not trivial and has one arbitrary constant:

C*eY(w)

)
w — wo

p(w) = (A14)

wherewp = itan{iz (3 — c)}. Therefore, the integro-differential equation (3.1) has only one solution. As
X — 0, f(X) ~ —®(2) + xP(1), and ax — oo, the functionf (x) has the asymptotics (A.1).
Inthe next clasg < B < 1, we get

sin %171((7 +2)

—tanro = 7 Ko(o), indKg(o) =0, (A.15)
sinzwo
and 12
S,
Dp(s) = TR (A.16)

Ir'(s)sin %ns'
Itis obvious that the functiom(s) is free of poles in the stripl and by the above argument, the corresponding
equation (3.13) has the trivial solution only. Thdgx) = 0.

Let us analyse the other cases. Fot B < % l<c< %), we use formulae (A.11), (A.12). The function
®((s) has a simple pole &= 2 € I1. The solution is defined uniquely up to an arbitrary constant factor and
displays the following behaviour at the singular points:

f(x) =C +C’xlogx, x—0; f(x)=0x %), x- oo, (A.17)

whereC’, C” are constants.
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If % <B <2 (% < € < 2), we introduce the auxiliary function (A.16) and, as in the c%se B < 1,
f(x)=0.

For2< B < % 2<c< g), we use the factorization (A.15). Clearly, the function (A.16) has a simple pole
at the points = 4. This circumstance remedies the situation, the solution has one arbitrary constant and it is
given by (A.14). At the singular points, its behaviour is described by (A.10).

We now state the final result.

THEOREM1. Let f(x) € H[b, B] for all b, B suchthat 0 < b < B < oo and, in addition, | f (x)| < Cx~#

asx — oo, where C, B are positive constants. Let A > 0andk = 0,1, 2, .... Then the integro-differential
equation
T fdt
f”(x):—/—, 0< X< oo, (A.18)
T X—t
0

has two linearly independent solutions for k < g < k + 1, and at infinity, f (x) = O(x‘k‘%).
Ifk+ 3 < B < k+ 1, equation (A.18) is solvable uniquely (up to an arbitrary constant factor), and

f(x) = O(x_k_%), X — oo. For 0 < g < 3asx — 0, thefunction f (x) behaves as follows:

Cp+ Cyx, 0<B<L,
f(x)~{ Cl+Cixlogx, 1<g<2 x—0, (A.19)
Chlogx+Cj, 2<pB<3,

where Cy, C;/ (k =0, 1, 2) are constants. For 8 > 3, the solution is non-integrable at x = 0.

Let A < 0. For k < B < k+ 1 equation (A.18) has only one non-trivial solution which has the same
asymptotic propertiesat x = 0 and at infinity asinthecase » > 0.

For k+ 1 < B < k+ 1, equation (A.18) has the trivial solution only.



