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Summary

Scattering of a plane electromagnetic wave from an anisotropic impedance half-plane at skew
incidence is considered. The two matrix surface impedances involved are assumed to be com-
plex and different. The problem is solved in closed form. The boundary-value problem reduces
to a system of two first-order difference equations with periodic coefficients subject to a sym-
metry condition. The main idea of the method developed is to convert the system of difference
equations into a scalar Riemann—Hilbert problem on a finite contour of a hyperelliptic surface
of genus 3. A constructive procedure for its solution and the solution of the associated Jacobi
inversion problem is proposed and described in detail. Numerical results for the edge diffraction
coefficients are reported.

1. Introduction

During the last 50 years significant progress has been made in the mathematical theory of diffraction
which studies the influence of material properties on edge diffraction phenomena. The achievements
have been made in large part due to the use of the Leontovich impedance boundary conditions in
modeling and the Wiener—Hopf-Jones (1, 2) and Maliuzhinets (3) methods for the solution. The
former method works successfully for half-planes and right-angled wedges. Wedges of arbitrary
angles are normally treated by the Maliuzhinets technique. Recently, Daniele (4) showed that the
Wiener—Hopf-Jones method is applicable for scattering problems for wedges as well. In fact, for
certain canonical problems of acoustic and electromagnetic diffraction (5 to 8), both techniques
are equivalent to the solution of a scalar Riemann—Hilbert problem on a Riemann surface (in some
particular cases on a sphere, that is, on a plane).

The scalar problem of electromagnetic diffraction of a plane wave from a semi-infinite impedance
plane at oblique incidence was solved by Senior (9) by the Wiener—Hopf approach. By using the
Sommerfeld integral, Maliuzhinets (3) found a closed-form solution to the problem of acoustic
diffraction by an impedance wedge with two different impedance parameters. The solution was
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derived in terms of special functions later called the Maliuzhinets functions. The homogeneous
isotropic two-face impedance half-plane problem of electromagnetic diffraction in the oblique inci-
dence case was analysed by Liineburg and Serbest (10) by using the ‘range restrictions’ concept.

For the more complicated anisotropic case, two different matrix surface impedances

+ _ 0 —’72i>

z Zy ('hi 0 (1.1)
are involved. Here the superscripts identify the upper and the lower faces of the plane, ryli and
nzi are dimensionless parameters, Zo = /uo/€o is the intrinsic impedance, and ug and ¢q are the
permeability and permittivity of free space. On the screen faces, the impedance boundary conditions
are E = Z*H, where E = (Ep, E,)" and H = (H,, H,) T are the total electric and magnetic
fields. In the normal incidence case, the governing system of Wiener—Hopf and first-order difference
equations is uncoupled. The solution is obtained by quadratures.

When the incident wave is not orthogonal to the edge of the structure the equations are in general
coupled. For special cases of skew incidence the equations reduce to scalar Maliuzhinets equations.
Examples include those considered by Bernard (11) and Lyalinov and Zhu (12). For the case when
the matrices Z* and Z~ are different, Senior (13) used the Wiener—Hopf and Maliuzhinets ideas to
reduce the problem to functional equations. The former method gives rise to a vector Wiener—Hopf
problem for four pairs of unknown functions. Hurd and Liineburg (14) found a closed-form solution
inthe case Z+ = Z~ when the problem is reducible to the problem of factorization of a 2 x 2 matrix.
The matrix was factorized by employing the Daniele (15) method. In the more general case, when
Zt # Z~, the Daniele method leads to a system of highly nonlinear equations. These equations
have to be solved in order to eliminate an essential singularity of the Wiener—Hopf factors. Apart
from the elliptic case (the number of nonlinear equations equals one) (15, 14) so far there is no
constructive (exact or approximate) technique for its solution.

Senior and Topsakal (16) employed the Sommerfeld—Maliuzhinets formulation and reduced the
problem to a second-order difference equation and then converted it into an integral equation. An
approximate solution was given for the case Z* = Z~. A method of the Riemann bilinear re-
lations for abelian integrals for a partial solution of a second-order difference was proposed by
Legault and Senior (17). The principal complexity of their method is to eliminate the polar and
cyclic periods of the solution in order to make it single-valued. The procedure requires solving a
system of nonlinear equations with respect to the unknown singularities of the abelian integrals of
the third kind. Its constructive solution is found only for those cases which are equivalent to the
elliptic case.

The main motivation behind the present work was to solve in closed form the problem on
electromagnetic scattering of a plane wave from an anisotropic impedance half-plane at oblique in-
cidence. The entries of the impedance matrices Z* and Z~ could be complex and different. Antipov
and Silvestrov (6, 7) proposed a unified approach for a general class of problems in electromagnetic
scattering. It generalizes the Wiener—-Hopf and Maliuzhinets technique for systems of Wiener—Hopf
and Maliuzhinets equations. The proposed method rephrases the systems of governing equations
as a scalar Riemann—Hilbert problem on a Riemann surface. The Wiener—Hopf factors expressed
through the solution of the boundary-value problem on a Riemann surface are single-valued. The
essential singularity of the solution at infinity is removed by fixing certain free parameters which
solve the associated Jacobi inversion problem. Its solution always exists and can be constructed in
terms of the zeros of the Riemann 6-function. By this method, a problem on E-polarization of a
right-angled magnetically conductive wedge was solved by quadratures (8). It was pointed out (6)



THE EXACT SOLUTION FOR ELECTROMAGNETIC SCATTERING 213

that the problem of electromagnetic scattering at skew incidence from an anisotropic half-plane is
solvable by quadratures.

The main aims of this work are (i) to construct the actual solution to the problem, (ii) to develop
an efficient procedure for the associated Jacobi inversion problem, and (iii) to derive formulae for
electric and magnetic fields and to compute the diffraction coefficients.

In section 2, the governing equations are converted into two vector first-order difference equations
(2.18) subject to a symmetry condition (2.19) and additional conditions (2.5) and (2.17). Section 3
derives a vector Riemann—Hilbert problem (3.14) on a system of segments. In section 4, this prob-
lem reduces to a scalar Riemann—Hilbert problem (4.3) on two segments of a hyperelliptic surface
of genus 3 and to a Jacobi inversion problem (4.23). The solution of the inversion problem requires
calculating the Riemann constants and finding the zeros of the associated Riemann #-function of
genus 3. Formulae (5.19) and (5.33) for the Riemann constants are derived and a numerical algo-
rithm for the Jacobi problem is proposed in section 5. Section 6 presents the exact solution (6.10),
(2.10) to the physical problem and fixes arbitrary constants Cj (j = 1,2,...,15) in (6.5). The
case of normal incidence is considered in section 7. It is shown that the problem is equivalent to
two scalar Riemann—Hilbert problems on a segment of a complex plane. These problems are solved
in terms of one quadrature. The reflected, surface and diffracted waves are recovered in section
8. Numerical results for the diffraction coefficients are reported and discussed. It is proved that
the electromagnetic field and the diffraction coefficients are invariant with respect to the trans-
formation (9, 6o, B, ni, n3) — (=6, —60, ® — B, nf, nF), where @ is the angle of observation,
f is the angle of incidence, and = — 6p is the angle between the screen and the incident plane
wave.

2. Formulation

PROBLEM 2.1 (Main problem) Let S be a thin semi-infinite anisotropic impedance sheet {0 <
p < 00,0 =+r F0,—00 < z < +oo} with surface impedances 77, #5 on the upper side S*
(@ =r —0)and 5, n, onthelower surface S~ (¢ = —= + 0) (Fig. 1). The impedances may be

Incident wave

Point of observation

Fig. 1 Geometry of the problem
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complex. The screen S isilluminated by a plane wave incident obliquely whose z-components are

Ei _ elei kp sin B cos(§—6p)—ikzcos B ZoHi _ ezei kp sin B cos(@—6y)—ikzcos (2 1)
yAR ) z — N .
where k is the wave number (Imk < 0), B € (0, ) is the angle of incidence, the angle 6y €
(==, =)\{0} defines the direction of incidence, ; and e, are prescribed parameters, and a time
factor e'! is suppressed. The two components of the electric and magnetic field V; = E, and

V, = ZyH; solve the Helmholtz equation

(V24 KV =0, (p,0,2) e R3\S, (2.2)
and satisfy the following boundary conditions (13):
10V
J+( Hic osﬁ L Likitsin? pV) =0, 6=4rF0, j=1.2 (2.3)
op

Where;y1 = 1/’71 , 772 = ;72 .

In this section the boundary-value problem for the Helmholtz equation will be reduced to two
vector difference equations with periodic coefficients. The total field V = (Vi1, V») is sought in the
form of the Sommerfeld integral (3)

—ikzcos g
2ri
Here y is the Sommerfeld contour. It consists of tvvo loops symmetric with respect to the origin.
The asymptotes for the branches are the lines s = 277: ands = ——n for the upper loop and the lines
s = %71 and s = 271: for the lower loop. The spectral vector functlon S(S) = (S1(9), S2(9)) is

analytic everywhere in the strip —z < Re s < # apart from the point s = 6y, where its components
have a simple pole with the residues defined by the incident field (2.1)

res Si1(s) =eg, res Sa(s) = ep. (2.5)
s=0p s=0o

V(p,0,2) = / elkpsinfcossg(s 4 g)ds. (2.4)
Y

At the infinite points s = x £ 0o (]X]| < 00), the functions S1(s) and S»(s) are bounded.

Because of the symmetry of the Sommerfeld contour in (2.4) the boundary conditions can be
rephrased in terms of the spectral functions as the system of the Maliuzhinets type difference equa-
tions

(smsi smﬁ)SJ(sin)Jr( 1)) cosscos fS3—j(s+ 7)

= (— sins+ ?;ji sinﬂ) Sj(—=s* )+ (—1)j €0SSCoS fS3_j(—=s*+ ), j=1,2. (2.6)
To satisfy the boundary conditions, we introduce the following four new functions:
iji(s) = ( sins+ 7 ;7] sin ﬁ) Sj(s) — (- 1)j C0SSCos fS3_j(s), j=1,2. (2.7)
Clearly, the transformation

T: 0,00, B, 15 17) = (=0, =00, 7 — B, 07, n3) (2.8)

does not change the electromagnetic field. The general solution to the main problem invariant to the
transformation 7 is given by the Sommerfeld integral (2.4) with the spectral functions S1(s) and
S2(S) being expressed through the functions d)li(s) and (Dzi(s) as follows:

S15) = 3 [ST(9) +S7 (9], Sas) = 5 [SF () + S5 (9)], (2.9)
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where
1
St = — sins = #i3_; sin g ) ®7°(s)
) Ts(Fiy . Fil) K ) )
+(=1)! cosscos a3 (s)}, ji=1,2, (2.10)
and
I's(a, b) = (sins+ asin B)(sins + bsin B) + cos? scos? A. (2.11)

The boundary conditions (2.6) for the functions S;"(s) and S5°(s) are equivalent to the following
conditions:

! {F (:I: ! F i) OL(-SsF ) F ! c0sSSin28d5 (=S F )]
———— |Ts (=, F# —SF1)F — —SF7
Ts(F1/n7. Fn3) i)t n 2

1

1 + + 1 H +
=——|Ts| F—=, &7 )cb (SFr)F —cosssin2pd5(sFx)|,
Ts(+1/n7, £ny) { ( R m ?

o | (73 ) nzsod
—  |Is q:,i;ﬁ)cb (—SF ) £ nacosssin2pd; (—SF )
Ts(F¥1/75 > F13) ') '

o (5 : n2pe;
=—— T i,:pﬁ)d) (SFm)Encosssin2pd(sFrx)|,
Ts(+1/75, +115) ) '

O (str) =D (-stm), =12, (2.12)
Here
1 1\t Y4y
m =2 ( + —) , =222 (2.13)
771 M 2

From formulae (2.10) it follows that (Di(s) O™ (j =1,2)ass — oo (Res is finite). Because
of the poles of the functions Sl (s) and 82 (s), the new functions <:[>l (s) and ch (s) admit 3|mple
poles at the point s = 6y. Analysis of the relations (2.10) |mpI|es that the functions 81 (s), 82 (s)
have inadmissible poles at the zeros of the functions Fs(qcl/;yl Fip ) which lie in the strip —z <
Res < . Let these zeros be denoted by fl , j =1, 2,3, 4. The singular points 51 are the numbers

27j —ilog (i Mfi\/l—(M;—L)2>, j=0,+1,..., v=12, (2.14)

which meet the requirement Refji € (=m, ). Here

1
MEf=+— "~ |14 ii+ _1y di:|’
v 2’7% sinﬁ [ 1M ( ) 1

= (1 — nfm3)? + dni (5 — ni) cos? (2.15)

and \/df and log(iMF £ /1 — (MF)2) are fixed branches of the square root and the loga-
rithmic functions, respectively. Notice that the transformation 7 maps the points 5j+ into BRIk



216 Y. A. ANTIPOV AND V. V. SILVESTROV

fj —Té and f‘ —Té* The points fi become removable points of the functions 81 (s)
and S2 (s) |f the foIIowmg condltlons hold:

(—sins % 75 sin ) @7 (S) — cosscos D5 (s) = 0,
qi i H + + _ == s
sins+ —sin g ) ®, (s) + cosscos P (s) =0, s_fj , 1=1,2,3,4. (2.16)
un

Since the determinant of this system Féd: (;1/171 , q:nz) is equal to O, the above conditions are
equivalent to the following four equatlons

(—sin&" &y sin f)®T (&) — cos & cos pdy (&) =0, j =1,2,3,4. (2.17)

Let IT* be the infinite strip 1™ = {se C|—7 <Res <3z}, and I~ ={se C|—37 < Res <
7 }. Denote the boundaries of the strips by Q* = {Re¢ = 27 +7} and Qfl ={Reo = -2z £x}.
From the integral representation (2.4) and the boundary conditions (2.3) it may be deduced that the
vectors ®*(s) = (07(s), @57 (s)) " solve the following problem.

PROBLEM 2.2 Find the vectors ®*(s) analytic in the strips I apart from simple poles at the
pointss = 6 and s = +2z — 6, continuous up to the boundaries Q* U Qfl and satisfying the
boundary conditions

®* (o) = GE(0)®F (6 — 47), o € QF, (2.18)
and the conditions of symmetry
®F(s) = O (+27 —s), sellF, (2.19)
where the components Git, () of the matrices G* (o) are given by
Lo (1/ng, =n3)To(L/ni, =n7) + nan ' 005 o sin® 25
D(s) ’

To (=1/n7, 09T (=1/nf, n3) + nony * cos? o sin? 28
D(0) ’
”i
Gzil(tf) = ”%ﬂlflzGlig(U),
0

Gfl(a) = Gp(0) =

G (0) = Gylo) =

ng singsin2fsin 20
mD(o) '
Lo (=1/n{, —n7)

Gho) =F

D(o) = L 2Ty (—1/ny . n3)Te (1/nf . —n3) + nany - cos? o sin? 28]
Lo (L/n1,n3)
Lo (1/m, = + ~1 002 - cin?
= [ (=1/n{, n)Te (1/ny, —nF) + nani ™~ cos” o sin“ 2],
o (1/ng, 772) o Lo L
1 _ _ 1
= - = Mg =M — (2.20)
m nq

At the ends of the strip, that is, ass — oo (Res is finite), cDi(s) = 0E®h (j = 1,2). The
components cDi(s) of the vectors ®* (s) satisfy the additional condltlons (2.17).
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REMARK 2.1 Because the entries of the matrices G*(s) are meromorphic functions, by analytical
continuation the boundary conditions (2.18) are valid not only on the contours Q* but everywhere
in the complex plane apart from the poles of the solution and the functions Gﬁ(s).

REMARK 2.2 In the case of normal incidence (f = 27r) Gt(o) = dlag{G 1(0), G 5(0)}. This
case is considered in section 7.

3. Vector Riemann—Hilbert problem on a plane
3.1 Riemann—Hilbert problem for two even functions on a system of contours

Let p # %n. In this section Problem 2.2 will be converted into two vector Riemann-Hilbert prob-
lems on the segment (—1, 1) and a system of branch cuts. In what follows the general method (6)
for vector difference equations with periodic meromorphic coefficients will be adjusted to Problem
2.2. The first step of the procedure is decoupling of the vector equations (2.18). It may be achieved
by splitting the matrices G*(o):

Gt(o) = TH(0)AT(0)[TT (6 —4m)]™L, o € QF, (3.1)

where A* (o) = diag{/lf(a), /Izi(a)}, and /lli(a) and /lzi(a) are the eigenvalues of the matrices
G*(0),

i) = ay(e) + 85 (0) FL(0), iE(e) = au(0) — at (o) T2 (o). (3.2)

The matrices T*(s) meet the condition T*(s) = T*(s — 4x) (their elements are 2z -periodic
functions), and they are given by

1 1
TH(s) = 1 [ 33
) (— fio(s) + f2(s) —f7(s)— f2 (s)) &2
Here
a1(0) = 1[Gu(0) + G22(0)], a5 (0) = GF(0),
+ -
fE(s) = Cu() — G2(s) _ mln + 1) (cos? scos? § + sin’s — go sin? B),

2G5,(s) 2nfsin2pcoss

+ G (S) 77 + +
21 "o fi(s f S 2 f
2 G:I: (S) F 117 1

_ 2

mng +ng)tanp |,

f*(s),
4ng coss

1 2
f*(s) = (cos2 S+0—— ) + 16g; cos® scot? B,
sinc g

1 A n ) nang g
o= —"— (77+ +ng=), 1=—7F—"7—. (3.4)
ng +ng \ont 0 nm(ng + ny)?

From the above formulae it follows that the matrices G* (¢ ) and G~ (¢) have the same eigenvalues:
/1+(a) = /1 () = 2j(0) and therefore A*(s) = A7 (o) = A(0). Clearly, the elements of the
matrlces Ti(s) are two-valued functions. They have branch points at the zeros of odd order of the
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function f*(s) which are defined by the roots of the equations cos2s = N,, s € IIT (v = 1, 2),
where

N, =

2 . , ;
73 [1 — gosin? B — 8¢y cos? B + 4i (—1) cosﬂ\/do} ,

do = g1(1 — Gosin® # — 4gy cos ). (3.5)
Here /dp is one of the branches of the square root. In general, dg is complex. If dy = 0 then the
functions fi/z(s) are single-valued. This case for the strip II™ is analysed in (6). Attention will now
be directed towards describing the details of the solution of Problem 2.2 in the case of the complex

impedance parameters (in particular, they might be real) when dy # 0.
Among the roots

Tj+3ilog(N,£4/N2—1) (=12 j=0,£1,%2,...), (3.6)

only those roots sji should be taken which lie in the strip 1T = {—27 7 < Res < 2z £x}. The
branch of the logarithmic functions is fixed by the condition —z < arg(N, £ /N2 — 1) < z, and
V/NZ =1 (v = 1,2) is a fixed branch. There are 16 roots in the strip IT*, s, sT", ..., sf5. Single
branches of the functions fi/ 2 are fixed by

1
f2(s) = %JT*(S JT*(S) ~cos?s, s— x+ioo,
—2r +7m < X< 21 7. (3.7

Then, clearly, Tfl/z(s) 1/2(5) The branches are single-valued functions in the strips IT* cut

along a system of cuts CJi (j =0,1,...,7) which join pairs of the branch points. The cuts are
smooth curves and they do not intersect each other.
According to the splitting (3.1) of the matrices G* (o) the new vector-functions

¢E(s) = [TE(] 0% (s), sel, (3.8)

are introduced. Their components are given by

+ :I:

2f1%(s) 2 2( s)
ffs) 1 ®i< s)
o= <_2f11/2() 2) MO e ST &9

Analysis of these formulae shows that the functions fi(s) fo L2 (s) and f; 12 (s) are free of poles

in the strips I, respectlvely, and they have 16 branch points s0 sl Y 515 Because of the poles
of the functions d)l (s) and <D2 (s) at the points s = 0y and s = +27 — 0y, the functions ¢1 (s) and
¢2 (s) may have two simple poles at these points.

Clearly, the branch cuts CjE (j =0,1,...,7) are lines of discontinuity for the functions ¢1 (S)
and ¢2 (s). However, the vectors cDi(s) = T*(s)¢™(s) have to be continuous through these
lines. Therefore the functions ¢1 (s) and ¢2 (s) solve the following system of two scalar difference
equations:

¢ (0) = du(0)y (0 —4m), u=12, oeQF, (3.10)
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subject to the Riemann-Hilbert boundary conditions on the cuts CJ-jE

¢ @)L=y (@)Ir, ¢ ©@)IR=¢; (), oeC (j=0,1,...7), (3.11)

where gbf(a)h_ and ¢;—L(o)|R are the limiting values of the functions qb;f(s) on the contours C3
from the left- and from the right-hand sides with respect to the positive directions of the contours
CJ-i (v« =1,2;) = 1,2,...,7). It becomes evident from (3.9) that at the ends of the strip the
functions ¢1i (s) grow, and the functions ¢2i (s) are bounded:

$(s) = O, ¢5(s)=0(1), s— oo, sellt. (3.12)
By the mappings
-2 1
w = —i tansﬂ, s=2r + 7 + 2i log +w, (3.13)
4 )

the contours QT are mapped onto the upper side of the cut [—1, 1] (the left bank with respect to

the positive direction), and the left boundaries of the strips, Qfl, are mapped onto the lower side

of the cut. The images of the upper and the lower infinite points of the strips T+, x — ico and
X+4ioco (=27 £ 7 < x < 27 £ «), are the points w = —1 and w = 1, respectively. The function
log[(1 + w)(1 — w)~1] is real on the upper side of the cut. The systems of equations (3.10) and
(3.11) reduce to the following vector Riemann-Hilbert problem.

ProBLEM 3.1 Find thefunctions F - (s) analytic in the w-planes defined by (3.13), apart fromthe
segment [—1, 1] and the poles w = w4 and w = —w+, where wy = —i tan %(00 =+ ), continuous
up to the segment (—1, 1) and the contoursC7, (j = 0,1,...,7). Thefunctions F,(s) are even:
Fut(w) = Fya(—w), w € C\ [-1, 1], and satisfy the boundary conditions

Fr®) =1,0F .0, «=12 te(-11),

FL) =Fn®), FLO=FL0b, teC, [j=01,..7 (3.14)

Herethe curvest‘i (j =0,1,...,7) aretheimages of the branch cuts C, and

Fit(w)=¢,(s), weC, sell,

Fr® = Fue@)lL,  Frp®) = Fux()lr, te[-1,1],
() =2,(0), te[-1,1], oeQF (3.15)

where w and s are linked by (3.13) and t = —i tan %(0' — 27 F r). At theends,
Fie(w) ~ Diclw £ 172, Foe(w) ~ Dox, w — FL, (3.16)

where D14+ and D2, are constants.

The functions F1+(w) and F,4 (w) are even, because of the relations
D(s) = D (£27 —5), u=1,2,
f5(s) = ff (2 —s), f/%s) = f/%(x2r —s), sell™. (3.17)

The class of solutions (3.16) for Problem 3.1 follows from the conditions (3.12).
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It was proved in (6) that the even Riemann—Hilbert problem (3.14) has a solution if the coeffi-
cients|, (t) (u = 1, 2) satisfy the condition |, (t)I , (—t) = 1. The functions| , (t) meet the following
conditions:

(=) =1,0=1,1)=1 A, =-2=, (3.18)

where A, are the increments of the argument of the functions I, (t) as the point t traverses the
segment [0, 1] in the positive direction. The quantities A , are evaluated numerically. The argument
of the functions I, (t) (« = 1, 2) is fixed by the condition argl, (0) = 0.

3.2 Branch points and the function p% (9]

Analysis of the branch points

n . SJ-jE =2 )
wj = —itan YR j=0,1,...,15, (3.19)
shows that half of them are located in the upper half-plane. Moreover, for each branch point u)Ji
(j =0.1,...,7) there is one branch point, say w, g (M =0,1,....7), such that w}" = —wp, 4.

Denote ¢ = w? = —tan® 7(s+ ) and ¢° = (w])? (j = 0,1, ..., 15). Among the 16 numbers
gji there are eight distinct ones. Let they be reordered in the following manner:
Imgg™ < Imgs <--- < Im, (3.20)
and
Re¢" <Re¢iyy if Img" =1Img,. (3.21)
Then, clearly, §j+ = =¢j (j=0,1,...,7). For example, if
B=in, nf=1-i, nf=01-i, 5y =2-i, n; =1+i, (3.22)
then the branch points ¢ are
{o = —2-3406 — 1.9658i, (3 = —0-16520 — 1.5996i,
(o = 0.12473 — 0-10242i, (3 = —0-051898 — 0-091307i,
4 = —0-25053 4 0-21041i, (5 = —0-063887 + 0-61857i,
(6 = 4-7887 + 3.9321i, (7 = —4-7050 + 8-2778i.

Notice that the branch points are invariant with respect to the transformation 7: 7¢j = ¢j, | =
0,1,...,7. Since the shape of the branch cuts Cj-i and the starting and the ending points of the
cuts were not chosen it may be assumed that the branch cuts are the straight lines in the ¢-plane
which join the branch points ¢2j with (211, ] = 0,1, 2, 3. These branch cuts are denoted by y;.
The convention (3.20), (3.21) guarantees that the branch cuts will not cross each other (Fig. 2).
Notice that regardless of the values of the impedance parameters the first four branch points ¢
(j =0,1,2,3) are located below the real axis, and the other four branch points are in the upper
half-plane. If all the impedance parameters nji are real, then ¢j = ¢7—j, ] =0,1,2,3.
Let p'/2(¢) be the branch of the function

U =p@), PO = -0 —a)... ¢ =), (3.23)
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%
Fig. 2 Branch cuts yg, y1, y2 and y3

chosen such that 531/2(4“) ~ %, ¢ — oco. In what follows a relation between the single branches of
the functions fi/ (s) and the branch of the function p'/2(;) will be established. Since

. +1
5 ,STT (SII’I%S—I—l)
¢ = w? = —cot = ,

4 sinis—1

¢+ 1) 2 22460 +1
coss=1-2(*—) =—>———"——, 3.24
(C -1 (¢ —1)? (324
formula (3.7) implies
1 T+ ) tan p(c —1)2
t1(5) = + 100 F 100 f(s). 3.25
i) 6+ D VARO! (3.25)
Use of the directly verified relations
320 (¢ +1)?
cos2s=1 =+ W (326)
and
(1= Np)(L = Np) 22p(o)
f*(s) = 2(cos2s — N1)(cos2s — Np) = = = 3.27

makes it possible to show that

64
V F*(s) = m pY2(0). (3.28)



222 Y. A. ANTIPOV AND V. V. SILVESTROV

Indeed, since cos?s ~ 64(c —1)™*as¢ — 1 (s — X % o0), the function /T*(S) meets the
condition (3.7). Therefore,

1671 (ng + ng ) tan pp*/2(¢)
ng PY2(1)(2 +6¢ + 1) (¢ — 1)

Analysis of the branches fi/ 2(s) and pY/2(¢) shows that the functions fi/ 2(s) p'/2(¢) do not have
branch points and also that at infinity

2m(nd +ny)tan g
ng (¢ —1)2

f12(s) = =

(3.29)

f1/%(s) ~ + . so x+ico (¢ - 1) (3.30)

4. Scalar Riemann-Hilbert problem on a surface of genus 3

In this section the vector problem (3.14) is formulated as a scalar Riemann—Hilbert problem on a
hyperelliptic surface, say R, of the algebraic function (3.23).

4.1 Formulation of the problem

The surface R is formed by gluing two copies C; and C; of the extended complex ¢-plane C U oo
cut along the system of the cuts yj (j = 0,1, 2, 3). The positive (left) sides of the cuts y; on Cy
are glued with the negative (right) sides of the curves y;j on Cy, and vice versa. The genus of the
surface is 3. The function u, defined by (3.23), becomes single-valued on the surface R:

[ P, ceCy,

_pl/z(é)a C € (CZ)

where a point of the surface R with affix ¢ on C,, is denoted by the pair (¢, (—=1)*~1pl/2(¢)),
w =1, 2. 1t follows from (3.14) that the functions

Fale ) = Fii(w), (¢, u) € Cy, ‘= w? = —tan? s+ ™ (42)
For(w), ((,u) € Cy, 4
are single-valued on the Riemann surface R. They are meromorphic everywhere on R apart from
the contour £L = L1 U Ly, where L1 = (0,1) c Cy and L, = (0, 1) c Cy. Therefore, Problem 3.1
is equivalent to the following scalar Riemann—Hilbert problem on the surface R.

(4.1)

PROBLEM 4.1 Find the functions F..(¢, u) piecewise analytic on the surface R apart from the
geometrical optics poles at the points (a1+, pY/2(a1+)) and (a1+, —pY?(a1+)) and simple poles
at the branch points ¢o, ¢1, . . ., ¢7 of the surface R, continuous up to the boundary £ and satisfying
the boundary condition

FfG, n =1, nFi (. n), (r.n) €L, 4.3)
where

|(‘L’, 7]) _ {Il(\/?)a (Tn 7/) € Ll) (44)

l2(J/7), (z,n) € Lo,

7 = u(r),and a1+ = — tan? %(n =+ 6p). The functions F (¢, u) are bounded at the infinite points
oo, (4 = 1,2) of the surface. As ¢ — 1, the functions F.. (¢, u) are singular on the first sheet:
Fi(c,u) ~ Be(¢ — 1)~2, and they are bounded on the second sheet. As; — Oand (¢,u) € R,
the functions F (¢, u) are bounded.
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Notice that a branch point ¢j of a two-sheeted Riemann surface is called (18) a pole of order 4
for a function F(¢, u) if F(¢,u) ~ Az7#i,z — 0, A = const, and z = (¢ — ¢j)*/? is a local
uniformizer of the point ¢j.

4.2 Factorization of the coefficient | (t, #)

The first step of the procedure for the problem (4.3) is to factorize the function I (z, 7). This means
finding a meromorphic solution to the following problem:

X*(z, )
X=(z,n)’
Its solution is given in terms of the singular integrals with the Weierstrass kernel on the Riemann
surface

l(z,n) = (z,n) € L. (4.5)

dU=u+17 dz
2n t—¢

, (@mel, (U eR, (4.6)

as follows (6):
X(¢,u) = ereY,

x (& W) =11(Cu) + T2(C, u) + Z3(¢, W),

1 P11 P21
Zi(g,u) = —/ logl(z, n)dU, Zx(¢,u) =/ du — du,
2zl J P10 P20
3
I3(C,U)=Z< : du+mj7§du+n1fb dU). (4.7)
j=1 \’Ei a i

The function exp{Z1 (¢, u)} satisfies the boundary condition (4.3). However, its asymptotics at the
ends +1 of the contours L; and L differs from the one required in Problem 4.1. Also, in general,
it has an essential singularity at the infinite points co,, (¢ = 1, 2) of the Riemann surface that is
not acceptable. The functions exp{Z(¢, u)} and exp{Z3(¢, u)} are continuous through the contour
L and the contours of integration for the integrals Z, and Z3. The function Z; is added to correct
the asymptotics of the solution at the ends of the contour £. The presence of the functions Z3 is
explained by the necessity to illuminate the essential singularity of the functions exp{Z; (¢, u) +
Z>(¢, u)} at the infinite points.

The contours aj and bj (j = 1, 2, 3) are the canonical cross-sections of the surface R shown in
Fig. 3. The loops a;j are closed contours formed by the branch cuts y1, y, and ys:

a1 = [¢2, i3]t U s, 2],
a2 = [ca, 5]t U Igs, cal ™,

a3 = [¢6, (717 U ¢z, ¢6]. (4.8)

The positive direction is chosen such that the first sheet C; is on the left. The cross-sections bj are
closed contours consisting of two parts:

b1 = [¢1, &2lc, U [¢2, &leys
bz = b1 U[¢2, (3]¢, U [¢as calc, U lcas Gsley U e 2l »
bg = ba U [¢1, s1¢, U [¢s, Cele, U [¢6s Csley U g5, calg, - (4.9)
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5

a3

Fig. 3 Canonical cross-sections aj and bj (j = 1,2, 3)

The first part (the solid line in Fig. 3) lies on the sheet C;. The starting point of the cross-section
bj is ¢2j (j = 1,2,3), and the terminal point is ¢1. The second part (the dashed line in Fig. 3)
lies on the second sheet C,. The contour bj crosses the loop aj from right to left and does not
cross the other loops ax and by (k # ) or the contour £. Notice that for all tested values of the
impedance parameters and the angle #, the segment ¢3¢4 does not cross the segment (0, 1), and the
point ¢ = 0 always lies to right of the segment ¢3¢4. Because of the conditions (3.18) and the choice
of the argument of the functions |, (t), the single branch of the logarithmic function in (4.7) has the
following properties:

Iogl(‘[sr])zlogl,u(\/;)zlogll,u(\/?)l-i_le,u(‘[)’ (T,?’])G L,u CC/U #:1,2’
€.(t) = argl, (V7), €u(r) € [-27,0], €,(0)=0, e,(1)=—2x. (4.10)

The contours Zj = rjq; (j = 1,2, 3) are continuous curves with starting points rj = (dj, vj) €
C1,vj = pY2(5j). These points are distinct and fixed arbitrarily. The ending points gj = (¢}, Uj) €
R.,uj = u(oj), are to be determined (they may lie on either sheet). The contours Z; cannot cross the
a- and b-loops or the contour L. It is convenient to take the contour Z; as a line that passes through
the branch point ¢o (Fig. 4). If the terminal point ¢j € Cy, then the whole contour Z; c C;. If this
point lies on the second sheet C,, then the contour Z;j consists of two parts: the segment 6j o C Cy,
and the line {ooj C C,. Depending on whether the point (g, uj) is to the left or to the right of the
broken line {p¢1 - . . ¢7, the part (oo j of the contour Zj lies in the domain that is either to the left, or
to the right of the contour ¢p¢1 . . . ¢7. In Fig. 4, as an example, the following case is illustrated. The
point q; € C1, and the points g and qg lie on the sheet C,.



THE EXACT SOLUTION FOR ELECTROMAGNETIC SCATTERING 225

[1]

Fig. 4 Contours £1, E and E3

The points p,1 (« = 1, 2) are arbitrary, distinct and fixed

Pt = (o, (1" 2,) € Cpuy pr#p2, pu#L, 2= pY%(p), w=12. (411)

The point p,o coincides with the right end ¢ = 1 of the contour L, ¢ C,: puo = (1, (=11
pl/2(1)). The integers mj and nj (j = 1,2, 3) and the points qg; are to be determined. Formulae
(4.7) can be represented in another form more convenient for analysis

2(&U) = x1() +u(Q) x2(0),

©) = /[Iogl 1/“ [ ~ [
& - 2 t=¢ 21 ¢ 24 gt —¢’

b 1 /’”d—f
pl2(x)(r —¢)  2J1 pY2(x)(z —¢)

1 [r2 dr 13
+§/1 OG-0 22_;(/5-“"’7{ +”‘fi),>n(r)<r—c) (442

By the Sokhotski—Plemelj formulae for integrals with the Weierstrass kernel the first integrals in
the above formulae for the functions y1(¢) and y2(¢) are discontinuous through the contour [0, 1],

22(0) = / [logl1(v/7) — logl2(+/)]
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and the limiting values of the function X (¢, u) meet the condition (4.5). The other integrals are
continuous through the contour £. They are discontinuous through their lines of integration with
the jump multiple to 2zi. The continuity of the function X (¢, u) = exp y (¢, u), however, is not
affected by these jumps. Analysis of the first, second, and third integrals in the representations
(4.12) of the functions y1(¢) and y2(¢) at the points ¢ = 0 and ¢ = 1 yields

2@, u) ~const, (7,u) — (0, £p'?(0)) e R,
2@ u)~=2log(c = 1), (¢, u)— (L, p3(1) € Cy,
2@, u) ~const, (7, u) — (1, —p'/2(1)) e Cy. (4.13)

Thus, the function X (¢, u) is bounded at the points (0, +p'/2(0)) € R, and its asymptotics at the
ends (1, =p*/2(1)) is the same as for the functions F(¢, u) given by (3.16), (4.2).

4.3 Elimination of the essential singularity

The Weierstrass kernel (4.6) has a pole of order 3 at infinity. Therefore, in general, the function
X(¢, u) has an essential singularity at infinity that is not acceptable. Use of the identity

1 1 T 2 3

— et (4.14)
t=¢ ¢ 8 Be-0
gives the following asymptotic expansion of the function y (¢, w) at infinity:

1) 1t '~ ldr Pu ' ~tde
X({,w)z—zg{zni/o [IOgll(«/?)_mng(«/_)] pl2(7) 2/ pl2(7)

: '~ ldz | u(Q) -
-I-Z(/E_-Hnjj{—l-n]]il) ) } o +01), ¢—>o0, v=123.

j

(4.15)
Therefore the function y (¢, w) is bounded at infinity if and only if the points q; = (¢}, uj) and the
integers m; and nj solve the following system of nonlinear equations:

3

> Ton(@) +mjAj +nBjl=d,, v=123, (4.16)
j=1

where

w

v— 1d‘L’

1 1 Pu T
=Zwv<5,-,v,-)—ﬁ/o[logu(ﬁ)—loglz(f)] T Z/ e @)

j=1
The differentials
v—1
doy = = 9% 123 (4.18)
n(z)
form a basis of abelian differentials of the first kind on the surface R. The integrals

v~ ldr v~ ldr
A = , By,i= 4.19
= e @ 7{bj @ @19

J
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are the A- and B-periods of the abelian integrals

W 7v=1dg
Wy ZwU(Ca u):/ N
0,00 ()

The contour of integration does not intersect the canonical cross-sections. The nonlinear system
(4.16) with respect to the points q; = (g, uj) € R and the integers mj and nj (j = 1,2,3) is
the Jacobi inversion problem for the surface R of genus 3. Clearly, the solution to this problem is
invariant with respect to the transformation 7. To reduce the system (4.16) to standard form, the
basis of abelian integrals needs to be normalized. The A-periods of the normalized (canonical) basis
form the unit matrix. The canonical basis ® = {®,} (v = 1, 2, 3) can be expressed through the basis
o = {w,} (v =1, 2, 3) of abelian integrals (4.20) as follows:

& = Mo, (4.21)

where M = A~1 A = {Avj} (v, ] =1,2,3),and A,j are given by (4.19). The A- and B-periods
of the canonical basis @ are

v=1,23. (4.20)

Ay :% do, = dyj,
a;

3
B,j :fb dé, = > My Byj. (4.22)
i r=1

Here 6, is the Kronecker symbol. The matrix B = {B,j} (v, j = 1, 2, 3) is symmetric, and Im B is
a positive definite matrix. The Jacobi problem (4.16) can now be formulated for the canonical basis
3

Z [é\)v(q]) + n]BU]] +m, = av, v=123, (4.23)
j=1
where
3
d,=> Mjdj, v=1,23, (4.24)
j=1
and M, are the elements of the matrix M.

5. Solution of the Jacobi inversion problem

Consider the Jacobi inversion problem for a Riemann surface of genus h.

PrROBLEM 5.1 Given h constants d,, find h points g, € R and 2h integersn, and m, (v =
1,2,...,h)suchthat

h h
Z&)v(qj) —e —k, — anij —m,=¢e, —k, (modulothe periods), v=1,2,...,h,
j=1 j=1

. 5.1
wheree, =d, + k,,andk, (v =1, 2, ..., h) are the Riemann constants. 6.1)
The unknown points gj (j = 1,2, ..., h) coincide with h zeros of the Riemann §-function (see,
for example, (19, 5))
o0
F() =0(@1(0) —en. d2(0) — €, ....on@ —e) = > Gu(Q). (5.2)

t1.t2,....th=—00
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where

h h h
Ge(q) = exp {ni >3 Bututy +27i > t,[du (@) — e,,]} , t=(,t,...,th).  (5.3)

n=1lv=1 v=1

Since the matrix Im 5 is positive definite the series (5.2) converges exponentially. The integers n,
solve the system of linear algebraic equations

h
> njim@B,j) = Im(w@,), v=12,....h, (5.4)
j=1

and the integers m, are defined explicitly through the integers n, by

h
m, = Re(w,) — Y _njRe(B,)). (5.5)
j=1
Here
h
@ =6 —k — Y @ (a)). (56)
j=1

5.1 Riemann’sconstants

The Riemann constants k, = kﬁz) were defined in (19, p. 144) as follows:

k@ =—-1+ 18, Z 7{@ (r)dadj (r). (5.7)

j=1j#v

Here @, (r) is the limiting value of the function &, (q) on the cross-section a; from the side of the
second sheet C,. It turns out that the use of these formulae gives non-integer values for the numbers
m, and n,. In what follows a correct formula for the constants k, will be derived. It will also be
shown that the zeros of the function (5.2) are the points ;. Following (19) consider the integral

1
Ty = wv (r)dlog§(r), (5.8)
2ri
where R is the surface R cut along all the loops a, and b, (v =1, 2, ..., h). Because the winding

number of the Riemann #-function (5.2) for each contour a, equals 2z, by the argument principle,
the @-function has h zeros, say g/, (v =1, 2...., h). The residue theorem yields

h
Jo =) au(d)). (5.9)
j=1
On the other hand, the same integral may be represented as

h
Ty =Y (T + T, (5.10)
j=1
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where

Ty = 5 § 0 OAI0GF O = 5§ 67 0)dlog (),
Tl Ja 27l aj

Ty = iy{ o) (Ndlog F(r) - i]{ &y (Hdlog g (r). (5.11)
2ri bj 2z Jp.

bj
Because of the properties of the abelian integrals and the 0-function, on the loops a;

f () =ay () — By,

FH(r) =3~ () expixiBjj + 2zi[o] (r) — €]}, (5.12)
and on the loops bj
@j(r):wu‘(r)+5vj, Ftr)y=3"(), (5.13)
the integrals (5.11) reduce to
/ _i A— 3”'(!’) _ BV] + _ ~— A Y .
Jj = o i; @, (r)dlog ) 2xi 72 dlogF™(r) = /a,- @, (Ndaoj(r) —njByj,
gy =2 f dlog g™ (r) = 2 [IogS(r*)—logS(r-**)}
YT 2ri b; 2ri ! !
i 5\)] S(rj_-‘r) .y
=5 llo S‘(YJH) + 2zim; |, (5.14)

where n’; and m/j are some integers. The points rj++ and rj‘+ are shown in Fig. 5. Since the points
ri " andr* are located on the different sides of the cross-section a;, from (5.12),

o0 Jr)

S{(!

where m’j/ are some integers. Therefore

= —7iBjj —Zni[cz)j(r?_"')—ej]—l—Znim’j/, (5.15)

h

T = Z (7( @, (Ndaj(r) — n’jBUj> — %Bw — oy +e +m +ml. (5.16)
=1 \"&

Performing the integration and using @, (r;, ™) = @, (r, ") — 1 yield
a R 1 - 2
@, (Nda,(r) = 5 ¢ d[@, ()]
a, 2 Jay
= 31y () = @ (I (1) + @y I = @u () — 3
=N + By — 3 (5.17)
Notice that this formula is not reducible to the expression

3+ @, (r,7)  (modulo the periods) (5.18)
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++ -

Fig. 5 Points ™, 1] ,r-_+andr]-__

j j
derived in (19, formula (5.15)). By substituting (5.17) into (5.16) and denoting m, = —(m,,+m/)+
1,n, =n/, and

h

kn=—3—3Bw— >, 7{ &y (rda; (), (5.19)
=1 j#v "8

the integral 7, is converted into

h
Jy=6 —k = > njB,—m,. (5.20)
j=1

Comparing with (5.9) and putting q; = qj give the Jacobi inversion problem (5.1). Clearly, the
Riemann constants (5.19) and the constants (5.7) defined in (19) are not the same. Indeed, the
Jacobi problem in terms of the constants k, = ng> can be written as follows:

h

> a@)=e —ki?+B,, (modulothe periods), v =1,2,....h. (5.21)
j=1
Equivalently,
h j
Y ov@) =6 —k?—m,=> (nj —4)B,. v=12...h (5.22)
i=1 j=1

Obviously, it is impossible to find integers m,, and n, such that systems (5.1) and (5.22) are equiv-
alent. This is the reason why use of the constants (5.7) for numerical computations gives fractional
values for the constants m,, and n,,.

To simplify the expressions for the Riemann constants, evaluate the integral in (5.19). Rewrite it
first as

Kyj = }é &7 (Ndad; (r) = f; o (1da; (r) + Buj. (5.23)

] J
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Letr*, ¢+ andr—, ¢~ be points on the left and the right sides of the cut [¢2j, ¢2j+1] € Cq, respec-
tively. Then

are = | o) + | don () = 6 (o) F G50, (5.24)
[¢0.¢2j+1]1cCy [¢2j41.r]cCy

where

& (1) = / dén(z ). (5.25)
[r.2j+1]cCy
It follows from (5.24) and
1
/ day, (r 1) = 77{ dé,(r)=0, v#]j, (5.26)
[¢2j.¢2j+1] 2 EY
that
OFf(rH + & (7)) = 20 (2)+1) = 207 (&2))- (5.27)
Hence
Koj = Byj + &) (¢2)) (5.28)

For a hyperelliptic surface R of genus h with the system of cross-sections as in Fig. 3, the integrals
@;f (¢2j) can be calculated. By the Cauchy theorem,

h
do,(r) = — dao,(r) = -1. 5.29
7{[@,@] a0 =3 f;}_ 6,(0) (5.29)

Therefore
o) ((2) = (/ +/ ) da, (1) = —3 — 1Bu1. (5.30)
[o.altcCi J[1.]cCy
Similarly, for j =2
(e = B (&) + Yo + / o) = 1= 1Bo+ 101 (53D
[¢3.¢41cCy

Forany j > 1, it may be deduced that
O (2j) =3 =3By + 3G + 2+ 46, j-1). (5.32)
By substituting (5.32) into (5.28) and (5.19), the Riemann constants k,, become

h
1
kv=—l+%v—§Zij. (5.33)
j=1

Notice that the use of another set of the Riemann constants linked to the constants (5.33) by the
relation

h
ko =k, + 1, +0,) By (5.34)
j=1
(for example, k, = —%v + %(Bul + --- 4 Byn)) gives also a solution to the Jacobi problem. Here

rh, and A, are integers. In this case the Riemann #-function should be taken in the form
F(@) =0(@1(q) — &1, d2(Q) — &, ..., on(A) — &), & =d +k. (5.35)
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This result follows from the periodicity properties of the Riemann d-function
O(@1 + j1, @y + j2, ..., Oh + Jn) = 0(@1, @2, ..., &n), j»=0,1,
O(é1 + By1, @2 + Buo, ..., on + Bon) = e T B 2T000(@00 Gy, én), v=1,2,...,h.
(5.36)
5.2 Affixes of the points gy, g2 and g3
The problem of finding the three zeros of the #-function

F@) =01(0) —en, d2(Q) —e. 6@ —&) = Y, Gi(Q) (5.37)

ty,tp,l3=—00
for h = 3 can be reduced to a cubic equation. Here

3 3 3
gt(q) = EXp {ﬂ:l Z ZBﬂvtﬂtU + 27[' Ztv[&’v(q) - el)]} > t= (tla t23 t3)5
u=lv=1 v=1

& =0 +ko, ko=-2v+3IBi+Bo+Ba3), v=123, (5.38)

and the coefficients d, are given by (4.24).
Consider the integral

! _t "dlog F(r) (5.39)

MNo=5 s

over the boundary a7 of the surface R cut along the cross-sections az, a; and az. By the logarithmic
residue theorem,

3 2 _
_ (@)
No=>» 67"+ < res + res ) —— 5.40
2+ L5 4%,) e (40)
j=1 n=1

where 0, = (0, (=1)*~1p¥2(0)) € C,, and 00, € C, (u = 1,2) are the two infinite points of
the surface. Without loss of generality, §(0,) # 0, and §(co,) # 0, © = 1, 2. Because of the
asymptotics

{3 @ 2
T O( 2 - oo, V= l: 27 39 541
5@ < (5.41)
the residues at the infinite points co,, vanish. The same integral \V,, may be represented as
8 i 3.3 ‘[I_U_ld‘[
/\/u:Z?{‘t do; (r)=ZZZMj|/_. v (5.42)
j=1"2i i=11=1 [©2jc25+1]
where ¢ € [¢2j, (2j+1] . Comparing the two expressions for A, yields
1 1 1
S+t 5+t 5=a, v=123, (5.43)
0y 0O O3
where
3.3 |—v—1 2 v~
v e (S @
&y =2 'V"I/ T res . (5.44)
' ZZ J [02j2j+1] p/2(zh) ﬂzzzlqﬂ)ﬂe@ﬂ S(a)
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Note that the integral (5.39) is different from the one used in (19, 5). The function z" is replaced
by the function . This change simplifies the task of elevating the coefficients ¢,,. Instead of the
residues at the infinite points co,, (u = 1, 2), it is required to find the residues at the two zeros of
the surface R.

The systems of algebraic equations (5.43) is converted into the cubic equation

(63 — 3160 + 263)0° + 3(e2 — £2)02 + 6610 —6 =0 (5.45)
with complex coefficients. The three roots of this equation define the affixes of the zeros of the
6-function F(q).

5.3 Numerical procedure

The first step of the procedure is to evaluate the matrix of B-periods of the canonical basis & by
formulae (4.21) and (4.22). This requires the A- and B-periods of the basis w:

rv~ldzg
Aj:2/ TS =123,
’ [02j 2j+1] pt/2(zt)

'~lde '~ 1d¢
Bv1=—2/ rdr sz=Bv1—2/ rar
e PY2(2) [cscal PY2(2)

v~ 1dr
Bg:Bz—Z/ ——, v=1223 (5.46)
' ' [c5e] pl/2(r)

These integrals are computed by the Gauss—Chebyshev quadrature formulae. The branch of the
function pY/2(¢) in the cut ¢-plane (Fig. 2) has been fixed by the condition p/2(r) ~ ¢4, ¢ — oo.
For numerical purposes, this branch can algorithmically be described as follows. Define

tan=1(Im ym/Re ym), Reym # 0,

_ _ —0,1,2,3 =
ym sz"rl CZm (m 5 s & )’ ﬁm {7[/2, Re ym :O’

tan~t(Imuj/Reuj), Repuj#0,

ui=¢—=¢ (=0,1,...,7), t17=47/2, Reuj =0, Imuj > 0,
-7 /2, Reuj =0, Imuj <O0.
(5.47)

Then the branch p/2(¢) behaves at infinity as ¢# if

7 .7
125y — Jexpd S0 Y 6 —argui 5.48
pt/2(0) Aj]:[Olml p{z,;oj j=arguj (5.48)

In the case fm < 0 and ¢ ¢ ym the arguments &; are chosen to be —7 + fm < 0] < 7@ + fm
(m=0,1, 2, 3). This means that
7j, Reuj >0,
Oy =qtj+m, Reuj<0,7y<pm m=[j/2], (5.49)
t1j—m, Reuj <0, 7> fm,
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where [j/2] is the integer part of j /2. If fy > 0 and as before ¢ ¢ ym, then fm < 0 < 27 + fm.
Therefore,
1j+m, Reuj <0,
Oj=qtj+2r, Reuj>0,7) <pm m=][j/2]. (5.50)
Tj, Reuj >0, tj > fm,

The evaluation of the A-periods by formulae (5.46) requires defining p'/2(z*), where z+ € y. In
this case for fm < O,

- j=0,2,4,6 .
HJ — ﬁm T, ] 9 &9 Ty Uy m = [1/2]’ (551)
ﬁm» ] = 19 33 5’ 73
and if fy > 0, then
j=0,2,4 .
o= {fm  1=02408 0 1 (552)
ﬁm+7f, J:17355a7’

To compute the coefficients of the cubic equation (5.45) by formulae (5.44) one needs to evaluate
the residues of the function ¢ 3 (q)/3(q) (v = 1,2, 3) at the pointsq = 0, € C,, u = 1, 2.
They are given by

A C))
q=0u E(Cu %(Q)

)
q=5sz(cﬂ S(Q)

_ @
v=1 3(Q) q:Oue(Cu '

_ s"<q>_<5’<q)>2
8@ \3@

b

q:0,u EC,u

C¥@| L [§@ %@y @ 2(5’(«1))3 (553)
=1 X , .
9=0,¢C, F@ [, S(a) §2(a) S(a@) _
q=0,€C,
where
FOo=2zi Y 0G0,
t1,t,13=—00
ad 2
FO)=2zi Y {2ni (o) +aﬁ)} Gr(0,),
t1,tp,t3=—00
/0y =2xi S [—4:;2(oﬁ))3+6nia/§?a/§?+aﬁ] Gi(0,),
t1,tr,t3=—0

3
o = 1,680, (5.54)
v=1
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The derivatives 6)59 (0,) of the abelian integrals @, at the two zeros of the surface R are defined as
follows:

. (=D* 1My
@O0 =)
e ) M,1p’(0)
400 = Gy [Me~ 0y -
R Mp2p'(0) My [p’(0) 3 /p(0))°
0= p1/2<0){ i (@)H’ (559)
where
2
1
p(O) = _Z CJ p(O) (]ZO (J) ;2 (5.56)

To find a root o1 = X1 + i X of equatlon (5.45) the following procedure is applied. Equation (5.45)
is written as Hy +i Hy = 0, where

Hi = x1 3x1x2 + al(xl — xz) — 2axX1X2 + bixg — boxo + €1,
Hy = —x2 + 3xlxz + az(x1 - x2) + 2a1x1%2 + bixa + box1 + o,
a1 +iap =3(e2 — 6%)8*_1, b1 +iby = 68]_8*_1,
£y = 8% — 3182 + 2¢3. (5.57)
The Newton—Raphson iteration for evaluation of x; and x
WM _ (=1 _ Hi1Hj + (—1)) Hy2Hs—j

cL+ic = —6e1

*® 9

J A ?
oH .
A=HZ +HE, Hyj= —8)(_1, =12, (5.58)
i
is employed. The standard iteration formula becomes simpler because of the relations Hp » = Hy 1
and Hy 1 = —Hj 2. The other two roots of equation (5.45) are found from the associated quadratic

equation.
The numerical algorithm proposed can be tested by checking numerically the following
properties.

(i) The matrix B of B-periods is symmetric and Im B is a positive definite matrix.

(if) The Riemann #-function meets the conditions (5.36) (h = 3).

(iif) Among each pair of points (¢}, p¥/?(sj) € C1 and (¢j, —p*/?(sj) € C2 (j = 1,2, 3) there is
one and only one point gj such that §(q;) = 0.

(iv) The solution n, (v = 1, 2, 3) of the algebraic system (5.4) and the numbers m,, defined by
(5.5) are integers.

(v) The points g; and the integers mj and nj satisfy the conditions (4.16), and therefore the solu-
tion X(¢, u) is bounded at infinity.

(vi) The solution of the Jacobi problem is independent of the paths =;, j = 1, 2, 3. It depends on
the location of the free pointsry, ro, r3, p11 and p21. However, the solution of Problem 2.2 is
independent of the choice of these points provided the paths Zj (j = 1, 2, 3) do not intersect
the a- and b-loops and the contour L.
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All these properties of the solution have been successfully verified.
For the parameters p,, and d; chosen to be

pu=p+1 (u=12), d=0-ij (j=123), (5.59)
and for the set of parameters (3.22) it turns out thatn, =m, =0,v =1, 2, 3,
o1 = 0-3104 — 0-4492i, o9 = —2-5062 — 1.2753i, o3 = —4-6000 + 2-0691i.

The points g; and gz lie on the first sheet Cq, and gz € Ca. If § = %7[ and the other parameters are
the same, thenn, =m, =0,v =1,2,3,q; € C1, 02 € C», g3 € Cy, and their affixes are

o1 = 0-5112 — 0-2745i, o2 = 6-5251 — 3.8299i, o3 = —15-8337 4 10-4951,i.

Itis clear that if || is large, then even a small error of computation in the affixes of the points g
may produce a big error for the values of the function X (¢, u). To overcome this difficulty, in the
case || > 1, formula (4.12) for the function y2(¢) is replaced by

pY2(1)(z p2(2)(r = ¢)

1 [r2 r3dr 13
), pl/Z(r)<r—4)+zz</= “"17{*”‘ ﬁ,)n(r)(r—o}' (580

J

1 1 1 ‘L'3d‘L' 1 ot ‘L'SdT
£O =2 {47“/0 logh () ~log 2 (Vo) o= T+ [

Notice the above formula is not an asymptotic relation but an exact equality. The right-hand side of
the second formula in (4.12) coincides with (5.60) provided the integers nj and m; and the points
gj (j = 1,2,3) solve the Jacobi problem (4.23). Formula (5.60) guarantees the stability of the
numerical values of the function exp{u(¢) x2(¢)} for large |¢| and makes the numerical algorithm
efficient for numerical purposes.

6. Solution to the physical problem and definition of the constants

To proceed now with the general solution of Problem 4.1, notice that the function X (¢, u) defined
by (4.7) has simple zeros at the points pi1 = (p1,z1) and dj = (gj,uj) (j = 1,2,3), where
uj = (=1)*1pY2(ej), u = 1ifqgj € C1and u = 2 if qj € C,. Therefore, the general solution
may have removable singularities at these points. Due to the presence of the prescribed poles of
the functions ¢f(s) (u=1,2)ats = g and s = +27 — 0, the functions F,+ (w) have simple
poles at the points w = itan(@y + 7)/4 and w = —i tan(fy + = )/4. Thus, the general solution
of the problem (4.3) on the surface R has simple poles at the points of the surface with affixes
a1+ = —tan? i(n =+ 6p). Next, the functions ¢1 (s) and ¢2 (s) are analytic at s = 27r an inner
point of the strips TT*. This point is the image of the infinite points 0o, (1 =1, 2) of the Riemann
surface R. Therefore, the functions F (¢, u) are bounded at the infinite points. By the generalized
Liouville theorem applied to the analytic continuations of the functions [X*(z, )]~Fi (z, ) and
[X~(z, »)]~1FZ (z, ) from the contour £ to the surface R,

FL(¢,w) = X(¢, WR(, ), (6.1)
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where

Ri(£,U) = Ri£(¢) + Uu(Q) R+ (),

3 S +

Ciuj C Cizn
R _ i 12 14 c
14(¢) ;(—01+5—a1i+4—p1+ 15>

3 + 7 +
C; Ciy ct ct
Rox(0) = — + 2oy =8 (6.2)
2 ia TRy

=0 {—oux (—p

and CJ-i (j =1,2,...,15)arearbitrary constants to be defined. From (6.2) it is seen that the rational
functions Ry (¢, u) have simple poles at the points g; = (¢, uj), and they are bounded at the points
(gj, —uj). Because of the factor u(¢) in the first formula (6.2), the points ¢ (j =0,1,...,7) are
simple poles of the functions Fi (¢, u) on the Riemann surface R. The solution has prescribed
poles at the points (a1+, p/2(a1+)) and (a1+, —pY/2(a1+)). The point (p1, pt/2(p1)) € Cyis a
removable singular point for the functions F.. (¢, u). This is because z; = p'/?(p1), and the function
X(¢, u) has a simple zero at the point (p1, p*/?(p1)). The point (p1, —pY/2(p1)) € Cy is a regular
point.
The functions F..(¢, u) have to be bounded at the infinite points oo, (x = 1, 2). Therefore

lim ("Rox(¢) =0, v=1,2,3. (6.3)
{—00

Equivalently, these three conditions may be written as

3 7
Y Clo) T ) Gl T+ Chay + Gl T =0, v=1,2,3. (6.4)
j=1 j=0

It will be convenient to use the following representations for the rational functions Ry4(¢) and
Ro+(0):

15 15
Rit(0) =Y Cipj+(0), Rex(@) =) Ciyj+(), (6.5)
j=1 j=1
where
_ Y _ B 1 -
¢]:|:(C)_C_O_j9 WJi(C)_C—O'j’ ]_19293’
(=0, wis()=——"\ j=4,5...,11,
9j+() yi+(0) =i ]
1
912+(0) = w13+£() = » o w12+(0) = 013+(0) =0,
¢ —o1+
z 1
pus() = —2—, yur@)=——, p15:() =1, y15:() =0. (6.6)
{—p —p

Here z; = p*/?(py).
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Because of the poles of the function X(¢, u) at the points r, = (d,,v,) € C1 (v = 1,2,3)
and p21 = (p2, —22) € Cy, the general solution (6.1) has inadmissible poles at these points. The
following conditions remove the singularities:

15
> Tpj+@) +vopjs(@)IC =0, v=1,2,3,
j=1

15
> [pi=(p2) — 229+ (p2)IC} =0. 6.7)
j=1

To derive the other conditions for the constants Ci (j =1,2,...,15), expressions for the functions

d)i(s) and (Di(s) are needed. Inverting the relatlons (3.9 and using (3.15), (4.2), (4.7), (4.12), and
(6.1) yield

DI () = Fo(Z, u) + Fe(Z, —u),

05(9) = — 1EO[FL (W) + Fe (@, —w] + 12 ©Fe(C w) — Fe((. —w],  (68)
where
Fi (¢, u) = et OHORORL () + U@ R+ (O)]- (6.9)
The above formulae may be rewritten in the form

DF(s) = 271(0)[Rex () cosh 72(0) + pY2() R () sinh 72(0)],

DF(s) = — 15 (9)DT(S) + 2 11/2() 71(O)[Ru () sinh 72(¢) + pH2(0) Ro () cosh 72(0)],
(6.10)

where

@) =19, 7)) = PO x2(0). (6.11)

By substituting (6.5) into (6.10), expressions with explicit dependence on the constants CjjE are

obtained:
15

DY (S) = 271(0) Y CfIpj+(0) cosh 22(0) + P2 yj+(©) sinh Z2(0)],
i=1

15
05(©) = 210 Y Cf {[- 150+ () + 12 P 2Oy ()] cosh 72(0)
j=1

+ - O PO YO + 2 ©pia(Olsinh 220) ) (6.12)

The functions d)i(s) and <I>§—L(s) have to meet the four conditions (2.17) which give the next four
equations for the constants C (j=1,2,...,15):

15

> {e0i= @) - &2 ED Y= ED)

j=1

+1E P A E @) — o= EDNanh 2D CF =0, v=1,234, (613)
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where
EF=—cot? 3(x F&F), &y = —sin&" L5 sin 4+ cos & cos B (ED),
&l =coséFoos pri2Er), v =1,2.3,4. (6.14)

The function (Dzi(s) defined by (6.12) has two simple poles at the points —%n and %n’. To remove
these singularities the following conditions have to be imposed:

res ®7(s) =0, res ®y(s)=0. (6.15)

S=5m S=—357

Because of the symmetry property @5 (s) = @5 (£2z — s), the function @5 (s) is regular at the
points s = i%n and s = i%n provided it meets the conditions (6.15). Equations (6.15) can be
rewritten in the form

15

S {Boie@) + 8 sinppt G wix )

j=1
+ 802G wis @) + B sin o) tanh 22G) f CF =0, v=1.2, (6.16)
where

O =-cot? in, (=—tan’ iz,
1—gosin? g \/ 1 \/ 1 64pY/2((1)
r_ me (=i = (L)) = —E Y (617
p sing ( Zﬂ) (Zn) pY2(1)(c — D* 647
The last two conditions for the constants can be obtained by fixing the residues of the functions
@ (s) and @3 (s) at the geometric optics pole s = 6:

. sin
res d)li(s) =e | —sinfy + —i’b) + & c0Sbp cos f,
S=bp m

res D5 (S) = & (—sinfp =+ 75 sin f) — ey cos o Cos . (6.18)
S=0p

Evaluating the residue of the function (¢ — a1+) ™! at the point s = 6 yields

0. = res = 2sin° 3z F to) (6.19)
T = ¢ —ars cos 7 (z F 6o)

The conditions (6.18) become therefore

CH + pY2(0s) tanh 72(a14)CH

1 1
= - = — €| sinfy = — sin )—ezcose oS }
20} y1(a1+) cosh z2(a1+) { ( ° " g bcos

[££/%(60) tanh 72(c1x) — F500)IC, + [F1/%(00) — f5(60) tanh F2(a14)]pY2(012)CH

1 . +
=— = ~ e (sin b, sin B) + e cos b cos S]. 6.20
20 71 (o1s) 009 7a(ang) 12 (SN0 F 72 5in ) ocosf] (6.20)
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The solution of the problem is defined by quadratures (2. 4) in terms of the spectral functions S1(S)
and Sy (s) expressed through the functions (I)i(s) and d)z (s) and the integrals (4.12) by formulae
(2.9), (2.10), (6.12) (6.11) and (6.5). The constants Ci" F (j =0,1,...,15) solve the two separate
systems of linear algebraic equations (6.4), (6.7), (6.13), (6.16) and (6 20) which can be written in
the form

Zauijcjizhf, v=1,2...,15. (6.21)

It turns out, for some physical parameters, the coefficients aﬁj might be badly scaled. For numerics,
the system (6.21) is rescaled

15
Y &;Ci=hy, v=12,...,15 (6.22)
j=1
where
ab =10%at, R, =10%hF, sf=[-lga’], v=1.2...,15 (6.23)

For the parameters (3.22) and (5.59), =4 < sf <0, -5< s, <0.
Because of the relations ¢ = 7¢, (v = 1,2,3,4), a14 = Tai—, and 0}, = —T0., the
transformation 7~ maps the constants CJ-+ into the constants Ci: TCJ-+ =Cy (j=1,...,15).

7. Normal incidence
In the case # = 37, the representations (2.10) become
i
Si(s) = Smsgﬂ u=172. (7.1)
The matrices G* (o) are diagonal, and Problem 2.2 is uncoupled
(I)f(a) = GW(U)CDf(J —4r), o Q¥

() =y (27 —5), sell™, u=12 (7.2)
where
(sino + 7, ) (sino + M)
(sing —if)(sinog — nﬂ)

As's — oo (Res s finite), @ (s) = O(el®l). The functions ®=(s) have to satisfy the conditions
(2.17) which read

G (o) = (7.3)

Tty —
chu (é]a\)) - 09 /u9 V= 17 29 (74)

where sin g”i = :|: . and Reg € (—x, ). If the impedances ’71 and ;72 are real and positive,
then 5 = ism ;7/1 , sz = :|:7r - g“ . Otherwise fi are those numbers

&k = —ilog(HiiF — (1" /1- (9)?) +27m, m=0,+1,.., (75)

which lie in the strip —z < Res < «.
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By the mapping (3.13), the difference equations (7.2) reduce to the scalar Riemann—Hilbert prob-
lems on the segment (—1, 1)

Fr.=1LOF L1, te(-11),
Fit(w)=F+(-w), w=wy=eC\[-1,1], px=12 (7.6)
where
() =Gpu(@), @5(5)=F,x(w), w=-itang(s£nr). (7.7)
The functions F,+(w) grow at the ends
Fur(w) = O(lw F117%), w — +1. (7.8)
The coefficients |, (t) have the following properties:
L@l (=) =1, 1,0)=1,(1) =1,

largl, (D)](-1,00 = [argl, (D)][o,1] = —27. (7.9)

Here [g(t)][a,b] is the increment of a function g(t) as t traverses the contour [a, b] in the positive
direction. Choose argl, (0) = 0. Then argl, (£1) = F2x. Factorize next the coefficients |, (t):

Xt ()

X (1)

1, (t) = te(-1,1), (7.10)

where XE(t) = X, (t £i0), and

1
X, (w) = (w? — 1)_1exp{271ﬂ/ Mdt}

-1 t—w
1 [Ylogl,(t
= w?—=1)"texp f,/ g /()tdt ) (7.12)
mi Jo t2—w?
Analysis of the Cauchy integrals (7.11) shows that
Xu(w)~ Af(wF 172 w— £l Af =const. (7.12)

Thus, the functions X, (w) are even and have the asymptotics at the ends w = +1 required by the
class of solutions. The generalized Liouville theorem yields the solution

1
Fut(w) = C/jfxy (w) <w2_12)i + djl + dj2w2> , weC, u=1,2, (7.13)
where Cff and dffv (u=1,2,v=0,1,2) are arbitrary constants. The functions F,.(w) are even,
bounded at infinity, have the asymptotics (7.8) at the ends w = +1 and possess the geometrical op-
tics poles at the points w = +w+, v+ = —i tan %(90:&7[). The conditions (7.4) give the expressions
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+ +
for the constants d ; and d ,

= J+ z+ i+ A+ A+
+ (g/zl)zdyZ - (5/12)2(’1#1 + d/tl - d/tZ (7.14)
1= = = s 2= Ar 5 ar 5o .
! (Ei)? = ()2 G- Eh)?
where
. = . 1
f;tv = —i tan M, ;tv = i 2" (715)
4 (é:;tv) —wx

The physical conditions (2.5) and the invariance of the solution with respect to the transformation
0 — —0,00 — —0o, and 7i- — 7F (1 = 1, 2) define the constants C;-

C:Jrz_e,,(sineo—fy;r __e,,(sin00+f7;)
" X, (oo, = " X, ()6,

u=12, (7.16)
where ', are given by (6.19). Formula (7.16) indicates that 7‘C;r =C,,u=12

8. High frequency asymptotics. Numerical results

High frequency asymptotics of the electrical and magnetic field can be represented in the form
E,~ E,+ El + ES + EY,
Hy~ Hy + HY + HS + HY,  kp — oo, ©.1)

where E} and H. are the incident waves, E5 and H. are the reflected waves, ES and HS are the
surface waves, and ES and Hf are the diffracted waves. These waves may be recovered by applying
the steepest descent method to the Sommerfeld integrals (2.4). Analysis of the spectral functions
S1(s) and S»(s) shows that the geometrical optics poles should be found among the roots of the
equation

28ET _ g ET

4

which lie in the strip —z + 6 < Res < & + 6. The pole s = 0y gives rise to the incident waves
(2.1). The next two poles s = —2x — 6p and s = 2z — 6y reproduce the reflected waves provided
that the angle of incidence gy and the angle of observation @ satisfy the conditions —z < 6y < 0
and —7r <0 < —7 —Oyinthecases = —27r —0p,and 0 < Oy < wand 7 — 6Oy < 6 < m inthe
case s = 2x — 6. By the Cauchy theorem the reflected waves become

E’ . i - &
( Hi > — e—|kzcosﬁ+|kpsm/)’cos(9+€o) {( :zhe_ ) a)g(—n, -z _90) + ( EE) a)g(n — 6o, ”)} ,

z

tan (8.2)

(8.3)

where

or(a.b) — 1, 6ela, bl (6.4)
' 0, 6¢][a,b].
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The reflection coefficients Re and Ry are defined by

< RE > B 1 sinfp + 5 sinp —cosfpcos p e o ()
RE) — 2T (Uni . nf cosbpcosf sinfo+ 1/nf sinp | s=—tox2x \ @F(s)

n 1 sinf — n, sin 8 —C0SHpcos S
2Tpy(=1/n1, —n3) cos @ cos f sinfo — 1/ny sinp

X res q)l_ (8) . (8.5)
S=—0y+2n (I)Z (S)
To evaluate the residues
o o
res i(s) and res t ) , (8.6)
s=—fp—2r \ D7 (S) s=—tp+2r \ D, (S)

the vector functions ®*(s) and ®~(s) should be continued analytically into the strips —5z <
Res < —7 and # < Res < 5, respectively. This can be done by the relations

ot (s) =[G (s)| ld* (s+4r), —57 <Res < —n.
O () =G ()@ (s—4r), m <Res < br. (8.7)

Clearly, the residues in (8.5) can be expressed explicitly through the angles 6y and 8 and the param-
eters ;ﬁ, e1, and e. To find them, there is no need to solve Problem 2.2 since the residues (2.5) are
prescribed.

Because of the conditions (2.17) the points s = —6 + fji (] =1,2,3,4) are removable points of
the functions S1(s+ 0) and Sz(s+ @). However, outside the strip —z < Re(s+60) < =, the points
S= —9+§j:t+2n m(m = =£1, £2, ...) are simple poles of the functions S (s) and S(s). The poles
S=—0+EF+2rand -0 +&F — 27 e 11 may give rise to the surface waves. The domain IT is a
curved strip. The right-hand boundary is described by the equation Res = 7 + gd(Ims) sgn(Ims),
where gd x is the Gudermann function gdx = cos~1(1/coshx). This curve is symmetric with
respect to the point s = =. Its starting and ending points are s = %n —iocoands = %n + o0,
respectively. The lines Res = %7{ and Res = %7[ are the asymptotes of the lower and upper parts
of the path. The left-hand boundary of the domain IT is symmetric to the the right-hand side with
respect to the point s = 0. Since 0 € (—=x, =) and Reéji e (0,7)(j =1,2,3,4) for Re ;ﬁf > 0,
the surface waves are given by

) [ Y g
<HZS> _Z[<Whj_ 609(_759_71""9])"‘ Wﬁj_+ C()f)(ﬂ"‘gj,ﬂ:)

j=1
W~ B
W | @ =T+ 9p)

j=1 hj

WwWot . o L
+ (Wei+> wg(n + gj_’ n)] e—|kzcosﬁ+|kpsmﬁcos(¢j —6)’ (8.8)
hj

4
—i ikp si +_
% e |kzcosﬁ+|kpsmﬁcos(fJ 0) +Z




244 Y. A. ANTIPOV AND V. V. SILVESTROV

where

1 . .
ngri = 35T [(—sin gfj+ + 53 sin ﬂ)tbf(ﬁj* +27) — cosg*fr cosﬁcbj(cffr +271)],
j

+ _
L
]

K— sinéfr + ;71+ sinﬁ) (I)j(éfr +27) + cos@‘j+ cosﬁ’tl)f(éfr + 2n)} ,
1

1 . .
W " = o= [(=sin& — 5 sin )7 (& + 2m) — cos&; cos fD; (& + 27)],

i
Wh—ji _ 21% [(_ sinéj_ - ’71_ Sil’]ﬂ) d)z_(zfj_ +27) + coséj_ cos,b’d)l_(éj_ + 271')} )
j 1
gji = Regji —gd(Im fji)sgn(lm éji),

. d 1
[ = —Ts <¢,¢,72i)
! ds r]it

(8.9)

s=§ji

The steepest descent method applied to (2.4) for kp — oo yields the diffracted field

Ed e—ik(zeosp+psinf) [ Dg(8)
s ZT o®) | (8.10)

where the diffraction coefficients De(0) and Dn(0) are expressed through the spectral functions
S1(s) and Sa(s) as follows:

e—im/4
m[sﬂ(e—n)—sﬂ(9+n)], u=1,2, (8.11)
and D} = e *De and Dj = Zoe] ' Dp. Since the functions Si(s) and S (s) have a simple pole at
the point s = 6y, the diffraction coefficients are infinite at the points @ = = —|0g| and @ = —x +6p|.
To evaluate the diffraction coefficients by formulae (8.11), one needs to use formulae (2.9), (2.10),
and the analytical continuation (8.7). If s = fji (j = 1,2,3,4) is a real zero of the function
Ts(FL/ny, F13), and —z +&F € (=7, 0) (r + & € (0, 7)), then the diffraction coefficients are
infinite at the point 0 = —z + fji @ =+ fji). Since 7'CJ-Jr =Cy (j =1,...,15), analysis
of formulae (2.9), (2.10), (2.12) and (8.11) shows that the diffraction coefficients are invariant with
respect to the transformation 7 defined by (2.8).

When the upper and lower sides of the screen have the same impedances ;ﬁf = and f = %n,
formula (8.11) becomes simpler:

D:(0) =

e 74 L OFO—7) O O0-7) @fO+7m) O (0O+7)

D} ) = - = - = - = : ~
) 22w e —S|n0—;7ﬂ+—5|n0+;7ﬂ sind + 7, sind — 7,

, u=12
(8.12)

Here @ (9+1) = G, (0+7) D, (0—37)if0 < 0 < z,and &F (O —7) = O} (0+37)/G 1 (O —
) if =z <6 < 0. Since C;f (6p) = C,, (=) and

OFO —7) =0T (=0 +7), OFO+71)=D7(—0—7), (8.13)
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Fig. 6 Normal incidence. The real and imaginary parts of the diffraction coefficient D (@) for 6y = %7[
ni =1—i,nf =01—i,ny =2—i,andn; =1+i
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Fig. 7 Normal incidence. The real and imaginary parts of the diffraction coefficient D3 (¢) for 6y = %n’
nf=1—i,nf =01—i, gy =2—i,andry; =1+i

the diffraction coefficients are invariant with respect to the transformation & — —6 and 6y — —6p:
D,(9,00) = D, (=0, —0p). For the case of normal incidence (f = %7[) numerical calculations
for the diffraction coefficients Dy (¢) and D3 (#) are illustrated in Figs 6 and 7 for the impedance
parameters (3.22), 6y = %7{, and e, = e;/e; = 1. Numerical values are the same if 4, 6y, and ;ﬁ
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(j =1, 2) are replaced by —0, —6p, and n}F. As 0 = +x, the diffraction coefficients Dy (k=12
vanish. As 0 approaches the angles —%71 and %n , that is, the angles ==z +6y, the real and imaginary
parts of the diffraction coefficients grow to infinity.

The skew incidence case is presented in Figs 8 to 10 for the same impedance parameters when
by = %n, e = 1 and g = %n. The numerical values are symmetric with respect to the
transformation 7. The surface waves poles are not close to the real axis, and the graphs are smooth
curves. However, for some sets of parameters these poles could be real or close to the real axis. For

example, for the impedance parameters (3.22) and g = %7[, the zeros éji of the of the functions
Ts(F1/ny, Fr1y) are

& =2.7363 — 0-6508i, & = 0-1342, —1.0348i,

& = 0.4053 +0-6508i, & = 3.007 + 1.0348i,

& = —25114 + 1.3157i, ¢ = —0-4547 4 0-0129i,

¢y =—0-6302 — 1.3157i, &, = —2-6869 — 0-0129i.

Because the imaginary part of the zeros &, and &, is small, the graphs of the real and imaginary
parts of the diffraction coefficients change sharply (Fig. 11) in small neighbourhoods of the points
m —Reé&; and r — Re&, , namely as @ = 154° and @ = 26°. It is known (21) that (8.10) is valid
for large kp and in those regions where the reflected and surface waves are not present. For angles ¢
close to these critical values, the total field should be evaluated separately by using methods of the
uniform geometrical theory of diffraction (20, 21).

InFig. 12, the real and imaginary parts of the diffraction coefficient D7 are given for f = 0-497.
It is seen that as f — %n, the skew incidence coefficient DI approaches the values of the normal
incidence diffraction coefficient Dj. The same tendency is observed for the second coefficient D;.

Re D#, Im Dﬂ, u=1,2

"~180 -170 -160 -150 -140 -130 -120
1800/n

Fig. 8 Skew incidence. The real and imaginary parts of the diffraction coefficients D (¢) and D3 (¢) for
—m <0 <—m+0,00=3n.f=3x.qf =1—i,nf =01—i,y] =2—i,andy; =1+i
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-6 I 1 i i I
-150 -100 -50 0 50 100 150
1806/m

Fig. 9 Skew incidence. The real and imaginary parts of the diffraction coefficients D (¢) and D3 (¢) for
—m+0) <0 <m—0p,00=3n, =%, 0] =1—i,nf =01—i, gy =2—i,andn; =1+i.

/.£=1 ,2
o

*
w

-2

Re D;j, Im

-6

" : ; : : ;
120 130 140 150 160 170 180
1800/%

Fig. 10 Skew incidence. The real and imaginary parts of the diffraction coefficients DJ (¢) and D (@) for
T—0<0<mbg=3n,f=%m. 0 =1—i,4f =01—i,ny =2—i,andy; =1+]
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Fig. 11 Skew incidence. The real and imaginary parts of the diffraction coefficients D3 (9) and D (6) for
—m 40y <0 <m Og=3n,f=%n,qf =1—i,nf =01—i, g =2—i,andn; =1+i

*,‘ Im D2*

Re D1

-6 i i i i i
-200 -150 -100 -50 0 50 100 150 200

1806/m

Fig. 12 Skew incidence. The real and imaginary parts of the diffraction coefficient D} (¢) for
0o =37.p=0497, nf =1—i,nf =01—i, 4y =2—i,andp; =1+i
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1 ! !

20 40 60 80 100 120 140 160

180p/n

Fig. 13 Skew incidence. The real and imaginary parts of the diffraction coefficient D] (¢) and D3 (¢) for
0 =3m.0=—3n,nf =1—i,9pf =01—i, 4] =2—i,andp; =1+i

For f — %n, the branch points ¢j approach the images of the second-order zeros of the function
f*(s) = (cos? s+ go — 1)? (8 = 37). For example, for § = 0-499x, the branch points are

o = —1.1414 — 2.0527i, (1 = —1.0124, —2-0090i,
= 0-0166 — 0-1168i, (3 =0-0271 — 0-1167i, *
¢4 = —0-2069 4 0-3721i, (5 = —0-2000 + 0-3970i,
6 = 1.8877 4+ 8-1293i, (7 = 1.1927 + 8-3925i.

Notice that the point ¢ = 0 is to the right of the segment (3¢4. As f — %n’, the accuracy of the
numerical solution to the Jacobi problem increases. For f — 0 or f — =, the distance between
the branch points ¢p and ¢7 grows. For = 1—107r and the impedance parameters (3.22), for example,
|c7 — ¢ol = 39-654. The values of the function p/2(¢) become large even for small values of ¢.
Therefore, the solution of the problem requires higher accuracy for small or close to z incidence
angles. The dependence of the coefficients D; and D3 on the angle of incidence $ is shown in
Fig. 13.

9. Conclusion

Scattering of a plane wave at skew incidence from an anisotropic impedance half-plane for two
different matrix impedances Z* and Z~ is a long-standing problem of diffraction theory (13). Only
some particular cases were studied in the literature. It turns out, using a new technique by Antipov
and Silvestrov (6), the problem in its general formulation with arbitrary complex entries of the
impedance matrices is exactly solvable. The key step of the method is to formulate the govern-
ing system of difference equations as a scalar Riemann-Hilbert problem on two unit segments of
a hyperelliptic surface of genus 3. Its solution has been found in terms of singular integrals with
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the Weierstrass kernel on a Riemann surface. Initially, the solution had an essential singularity at
infinity and possessed some free parameters. The singularity has been removed by fixing these pa-
rameters which solve the associated Jacobi inversion problem for the surface. Regardless of which
analogue of the Cauchy kernel on the Riemann surface is chosen, in general, the solution of the Ja-
cobi problem cannot be bypassed. In this paper, a constructive numerical procedure for the inversion
problem for a surface of any finite genus has been proposed and described in detail. This technique
made it possible to recover the total electric and magnetic fields and compute the edge diffraction
coefficients. The solution has been found in closed form in terms of a finite number of quadratures.
It possesses three transcendents which are the roots of a certain cubic equation with known complex
coefficients and also 15 constants which solve a non-homogeneous system of 15 linear equations.
It has been proved that the solution is invariant with respect to the symmetric transformation of
the angles 0, 6y and p and the impedance parameters nJ?—L (j = 1,2). As the angle of incidence
/S approaches %n, the diffraction coefficients approach the limiting values for the case of normal
incidence.

The technique employed here can be applied for more complicated boundary-value problems for-
mulated either as a system of the Maliuzhinets difference equations, or a system of the Wiener—Hopf
functional equations. If, ultimately, the problem reduces to a scalar Riemann—Hilbert problem on a
hyperelliptic surface of high genera, then the procedure proposed should be modified accordingly.
The method of the paper has the potential to be extended to those systems of the Maliuzhinets and
the Wiener—Hopf equations which are equivalent to a scalar Riemann-Hilbert problem on n-sheeted
(n > 3) Riemann surfaces.
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