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Let 3 3
A:={l;}iz1,..n

be an arrangement of affine lines in C?

and let

A= {li}iz1,.. 0 Ul

be the so called conified arrangement in C? (so
dim(c Ez = 1, d’im(c & == 2)
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Let also

M(A) := C*\ Uiz, s

and

M(A) = C*\ Ujmo,..n bi

be the complements to the arrangements.
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It is easy to pass from one to the other since it holds:

M(A) = M(A) x C*
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If T' is connected then A is a-monodromic.
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Let Q:C? — C be a polynomial (of degree n + 1) which defines
the arrangement (so @ is a product of linear factors)

Then @ gives a fibration

with Milnor fibre
F=0Q7'(1)

and geometric monodromy

m1(C*, 1) — Aut(F)

27

induced by = — et - &
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Let A be any unitary commutative ring and

R = A[q,q_l]

Consider the abelian representation

T (M(A)) = Hi(M(A);Z) = Aut(R) : B; — ¢

taking an elementary generator [3; into g-multiplication.
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Let R, be the ring R endowed with this 7 (M (.A))—module
structure. Then it is well-known:

|
One has an R-module isomorphism

H.(M(A),R,) = H.(F, A)

where q—multiplication on the left corresponds to the monodromy
action on the right.
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In particular for R = Q[q, ¢~!], which is a PID, one has

H,(M(A),Qlg*"]) = H.(F,Q).

Since the monodromy operator has order dividing n + 1 then in
this case H,(M(A); R;) decomposes into cyclic modules either
free, isomorphic to R, or torsion, isomorphic to %, where @4 is a

cyclotomic polynomial, with d|n + 1 .
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One can express by (F') in terms of a certain abelian group
([Sal.-Serventi, to appear])

bi1(F)=n+rk([G,G]/IK, K])

where G = m1(M(A)) and K is the “0-length” subgroup.
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Here we consider only the first Betti number b (F).

One can express by (F') in terms of a certain abelian group
([Sal.-Serventi, to appear])

bi1(F)=n+rk([G,G]/IK, K])

where G = m1(M(A)) and K is the “0-length” subgroup.
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Therefore there is a bound

Corollary
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From the associated spectral sequence one has

H1(F;Q)

no+ 1= dim(Hi (M(A); Q) = 1+ dim=—3

on the right one has the coinvariants w.r.t. the monodromy action.
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Therefore

<
5
I
S
i3
=
I

Definition
An arrangement with trivial monodromy will be called
a-monodromic.
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Define the (first) characteristic varieties as

V(A) = {f € (C*)"™! . dime Hy (M(A));C;) > 1}

Remark: If some t € C* gives non-trivial monodromy then the
point (t,...,t) (n+ 1 times) is in the characteristic variety of A
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components of the Resonance Variety
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Moreover R!(A) is combinatorially determined:

with
local components: contained into a coordinate hyperplane

and

global components: not contained into a coordinate hyperplane.

global components of dim k — 1 «— (k, d)-multinets.
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Definition. A multi-arrangement is a pair (A, m) where A is a
projective line arrangement and m is a function m : A — Z~g
assigning a positive integer to each line in A.
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Definition. A multi-arrangement is a pair (A, m) where A is a
projective line arrangement and m is a function m : A — Z~g
assigning a positive integer to each line in A.

Definition. A (k,d)-multinet on a multi-arrangement (A, m) is a
pair (N, X) where N\ is a partition of A into k > 3 classes
Ai,..., A, and X is a set of multiple points with multiplicity
greater than or equal to 3 such that
- > _1ex; m(l) = d and is independent of 4;
- forevery l € A; and I’ € A; with i # j, the point INI' € X;
- foreachp € X, 371, m(1) is constant and independent
of ;
- for 1 <i <k, forany [,I' € A;, there is a sequence
l=1lo,l1,..., 5, =0Usuchthat [;_1Nl; ¢ X for 1 < j <r.
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Remark. Let (N, X) be a multinet on a line arrangement A, then
X determines \: construct a graph I” = I(X) with A as vertex
set and an edge from [ to I’ if IN{" ¢ X. Then, by definition, the
connected components of I are the blocks of the partition V.
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Proposition

Let A be a projective line arrangement and suppose that there
exists an affine part A = dA of A such that the graph I'(A) is
connected. Then A does not support any multinet structure.
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Proposition

Let A be a projective line arrangement and suppose that there
exists an affine part A = dA of A such that the graph I'(A) is
connected. Then A does not support any multinet structure.

Choose a set X' of points of multiplicity greater than or equal to 3
and build TV(X) as in the above remark. This graph has

A= AU {ly} as set of vertices and the set of edges of I'(A) is
contained in the set of edges of I(X'). Since I'(A) is connected by
hypothesis we have that IV(X') has at most two connected
components and so X cannot give a multinet structure an A.
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Therefore: the resonance variety has no global components, so the
monodromy can come only from points of the kind (t,...,t)
belonging to some (if any) translated component of the
characteristic variety.
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Therefore a natural stronger conjecture is:

Conjecture

Assume that I' is connected: then there are no
translated components in the (first) characteristic
variety of the arrangement.
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Computations (with [M. Serventi, S-]) support both these
conjectures:
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Computations (with [M. Serventi, S-]) support both these
conjectures:

we use an algebraic complex which is the discrete Morse complex
for a minimal cell structure of the complement M(A).

[S. Settepanella, "Combinatorial Morse Theory and minimality of
hyperplane arrangements”, Geometry & Topology, 2007];

[Gaiffi, S., " The Morse complex of a line arrangement”, Journal of
Algebra, 2009]
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in A are the mirror reflections of a reflection group W.
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Now take a reflection arrangement A € R™, where the hyperplanes
in A are the mirror reflections of a reflection group W.

Then one has an orbit space

and a covering
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For finite groups one still has a Milnor fibration with Milnor fiber
Fyw and again

H.(Yw; Alg™"]) = H.(Fw; A)

as A[g™']—modules.
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Complete computations were done in this case for A = Q for W a
Coxeter group of finite type

over Q see for ex.:

- Frenkel, Func. Anal. Appl. (1988) ; De Concini, Procesi, Sal.,
Topology (2000) (case A,,)

- De Concini, Procesi, Sal., and Stumbo, Ann. Scuola Norm. Sup.
Pisa Cl. Sci. (1999) (all other cases);

over 7Z see for ex:

- Callegaro and Sal., C. R. Acad. Sci. Paris, Ser. | (2004) (for all
exceptional cases see);
- Callegaro, Alg. Geom. Top. (2006) (for case A,);
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Computations are essentially based on a construction given in [S.
94] " The homotopy type of Artin groups,” M.R.L. which holds also
for all infinite type Artin groups.
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so we computed some affine cases

- Callegaro, Moroni, and Sal., Trans. Amer. Math. Soc. (2008);
(cohomology in case A,,, including the cohomology with
coefficients in some geometric higher rank representations),

- Callegaro, Moroni and Sal., Jour. of the European Math. Soc.
(2010). (k(m,1) problem and cohomology for By,).
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An alternative combinatorial method based on computations for
case A, [Sal, Proceedings CoMeTa 2013]

[Sal.- Villa, " Combinatorial methods for the twisted cohomology of
Artin groups,” Math. Res. Lett. 18 (2013)]

[Moroni, Sal., Villa, "Some topological problems on the
configuration spaces of Artin and Coxeter groups”, in Proceedings
Configuration Spaces (Geometry, Combinatorics and Topology),
Vol. 14 of CRM series, Edizioni della Scuola Normale Superiore
(2012)]
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We get the following " unespected” relation

Theorem [S]

~ R

Hu(Brosi By = Heray(Undia(An-i)i )

(R = Q[g*!], trivial coefficients in the right side)
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Here
Indi(Ay) = {full-subgraphs T" C A,, s.t. [I'| <k

for each connected component I of I".}
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This result is obtained by applying a variation of discrete Morse
theory to the algebraic complex (resulting from [S. 94]) which
computes the local homology of any Artin group Gw associated to
the reflection group W.
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Let
gs — [multiplication by —¢q] ,Vse€ S

be the representation of G onto R = Q[g™1].
Then H,(Xw; Rq) = H.(Yw; Ry) is computed by the algebraic

complex
J| =k
W finite
with W (q)
d(ey) = I:J i e
( J) Z [ ] W[(q) 1
I1cJ

I =k—1
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To this situation one associates a triple (K, R, 14) called a
weighted sheaf and which is a very special kind of diagram over a
poset:

K = {T C S which generate a finite parabolic subgroup of W}

g : weight function with values {7 : n € Z} where ¢q is the
dth-cyclotomic polynomial: it measure the ¢4 factor of the
associated Poincaré polynomial.
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The homology of this sheaf is computed by a weighted complex
L, = LK)

R _
L= @ oy ©

lo|=k

and boundary 9 : L, — Lj_1 induced by 8° :

dag &5) = Y _ [T:0]irglas) &

T<0

with map i, induced by inclusion.



On local systems cohomology of arrangements and of Artin groups.

Then one makes a variation of discrete Morse theory and apply it
to this complex:
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Then one makes a variation of discrete Morse theory and apply it
to this complex: one can produce a Morse complex computing the
homology by acyclic matchings, where one can only match
elements of the same weight.
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with components of cardinalities n1, ..., nx is given by
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In case of classical braid group (case A,,) the weight of a subgraph
with components of cardinalities n1, ..., nx is given by

ko nitl
o) = o U

so one can find special matchings such that the critical cells reduce
to
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Crit := {Fl U---ul'y U Ag_q, |Fz| < d—2}
where Ag_1 ={n—-d+2,...,n}. So

Crit = Indd,Q(An,d) U Ag_q.
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In all cases this method is very effective when considered over a
PID, giving some nice combinatorics-arithmetic:

almost finished the (1-parameter) affine cases, including some not
known cases like C), [G. Paolini, S.]
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Casesjl}, B,, were computed in general (2-parameters for the
case By) in

[Callegaro, Moroni, Sal., Trans. Amer. Math. Soc., '08] and
[Callegaro, Moroni, Sal., JEMS, '10] respectively.
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Casesjl}, B,, were computed in general (2-parameters for the
case By) in

[Callegaro, Moroni, Sal., Trans. Amer. Math. Soc., '08] and
[Callegaro, Moroni, Sal., JEMS, '10] respectively.
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For ex.:

ﬁz(gna R)) =

R fori=mn
R4 , ,
@d|n+1, a< 2l (@) fori=n—25—1

R . .
®dvn+1, a<ztl (W) fori=n—2j—2
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This was obtained indirectly by first computing

H.(Gp,; Qg™ +*))

and then using the inclusion
ng — GBnJrl

of the Artin group of type an into the "annular braid group” in
n + 1 strands.
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By discrete Morse theory one can directly perform computations
and find a relation with independent graphs of the kind

Indg py p(Ar)

where the cardinality of the component containing 1 is bounded by
L.
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Theorem
Let K := Indy jy,q-2(An), | <d—2. Letn=gqd+r,r <d—1,
be the euclidean division of n by d. Then

1 if I > r then K = Indy_o(Ay);

2 if Il <r—1 then K is contractible;
3 ifl=7r—1then K = (Sd_g)*q i
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Thank you

and

Happy Birthday,
Mike !



	

