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• Partial flag incidence algebras
• Multi-indexed Whitney numbers
• Kazhdan-Lusztig polynomials for matroids
• Characteristic polynomials
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Incidence algebras

P=locally finite poset

Fl2(P) = {(X ,Y ) ∈ P2|X ≤ Y}

R a unital ring

Incidence algebra: I2(P,R) =functions from Fl2(P) to R

Addition: (f + g)(X ,Y ) = f (X ,Y ) + g(X ,Y )

Multiplication (Convolution):

(f ∗ g)(X ,Y ) =
∑

X≤Z≤Y

f (X ,Z )g(Z ,Y )
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example

P =

I2(P,R) = upper triangular 2× 2 R-matrices
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Important elements in I2(P ,Z)

δ(X ,Y ) =

{
1 if X = Y
0 else

µ(X ,X ) = 1 and

µ(X ,Y ) = −
∑

X<Z≤Y

µ(Z ,Y ) = −
∑

X≤Z<Y

µ(X ,Z )

ζ(X ,Y ) = 1

P is a finite ranked poset of rank r

χ1(X ,Y ) =
∑

Z∈[X ,Y ]

µ(X ,Z )t r−rk(Z ) ∈ I2(P,Z[t ])
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Partial flags

Fln(P) = {(X1, . . . ,Xn) ∈ Pn|X1 ≤ X2 ≤ · · · ≤ Xn}.

In(P,R) = functions from Fln(P) to R

(f + g)(X1, . . . ,Xn) = f (X1, . . . ,Xn) + g(X1, . . . ,Xn)

(f ∗ g)(X1, . . . ,Xn) =∑
Xi≤Yi≤Xi+1

f (X1,Y1,Y2, . . . ,Yn−1)g(Y1,Y2, . . . ,Yn−1,Xn)



Wakefield

Outline

Incidence
algebras

Whitney
numbers

KL
Polynomials

Characteristic
polys

Partial flags

Fln(P) = {(X1, . . . ,Xn) ∈ Pn|X1 ≤ X2 ≤ · · · ≤ Xn}.

In(P,R) = functions from Fln(P) to R

(f + g)(X1, . . . ,Xn) = f (X1, . . . ,Xn) + g(X1, . . . ,Xn)

(f ∗ g)(X1, . . . ,Xn) =∑
Xi≤Yi≤Xi+1

f (X1,Y1,Y2, . . . ,Yn−1)g(Y1,Y2, . . . ,Yn−1,Xn)



Wakefield

Outline

Incidence
algebras

Whitney
numbers

KL
Polynomials

Characteristic
polys

Partial flags

Fln(P) = {(X1, . . . ,Xn) ∈ Pn|X1 ≤ X2 ≤ · · · ≤ Xn}.

In(P,R) = functions from Fln(P) to R

(f + g)(X1, . . . ,Xn) = f (X1, . . . ,Xn) + g(X1, . . . ,Xn)

(f ∗ g)(X1, . . . ,Xn) =∑
Xi≤Yi≤Xi+1

f (X1,Y1,Y2, . . . ,Yn−1)g(Y1,Y2, . . . ,Yn−1,Xn)



Wakefield

Outline

Incidence
algebras

Whitney
numbers

KL
Polynomials

Characteristic
polys

Partial flags

Fln(P) = {(X1, . . . ,Xn) ∈ Pn|X1 ≤ X2 ≤ · · · ≤ Xn}.

In(P,R) = functions from Fln(P) to R

(f + g)(X1, . . . ,Xn) = f (X1, . . . ,Xn) + g(X1, . . . ,Xn)

(f ∗ g)(X1, . . . ,Xn) =∑
Xi≤Yi≤Xi+1

f (X1,Y1,Y2, . . . ,Yn−1)g(Y1,Y2, . . . ,Yn−1,Xn)



Wakefield

Outline

Incidence
algebras

Whitney
numbers

KL
Polynomials

Characteristic
polys

This is ridiculous!

Facts for n > 2:

• In(P,R) is not commutative.
• In(P,R) is not unital.
• In(P,R) is not associative.

Little bit of good news:

Proposition: If P and Q are finite posets then

In(P ×Q,R) ∼= In(P,R)⊗R In(Q,R).
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ζk and µk

The k th-zeta function ζk on P is the constant function 1 on
Fln(P), so for all (X1, . . . ,Xk ) ∈ Fln(P)

ζk (X1, . . . ,Xk ) = 1.

The left k th-Möbius function on P is µk : Flk (P)→ Z
recursively defined by µk (X1, . . . ,Xk ) = 1 if X1 = · · · = Xk
and ∑

µk (X1,Y1, . . . ,Yk−1) = 0

where the sum is over all k -tuples where
X1 ≤ Y1 ≤ X2 ≤ Y2 ≤ X3 ≤ · · · ≤ Yk−1 ≤ Xk .
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Multi-indexed Whitney numbers

Let I = {i1, . . . , ik}≤ with ij ∈ {0,1,2, . . . , rkP}.

1 The multi-indexed Whitney numbers of the first kind are

wI(P) =
∑

rkXj=ij

µk (X1,X2, . . . ,Xk )

2 The multi-indexed Whitney numbers of the second kind
are

WI(P) =
∑

rkXj=ij

ζk (X1,X2, . . . ,Xk )
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example

P =

rank 0

rank 1

a

b

µ3(a,a,a) = 1 = w0,0,0

µ3(b,b,b) = 1 = w1,1,1

µ3(a,a,b) = −µ3(a,a,a) = −1 = w0,0,1

µ3(a,b,b) = −µ3(a,a,b) = 1 = w0,1,1

W0,0 = 1, W0,1 = 1, and W1,1 = 1
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Formulas
Pk := {X ∈ P|rkX = k}

For I = {i1, . . . , is} set

P(I) = {~X = (X1, . . . ,Xs)| ∀1 ≤ i ≤ s, Xi ∈ P(i)}

localization: PX = {Y ∈ P|Y ≤ X}
restriction: PX = {Y ∈ P|Y ≥ X}
Set J[k ] = {j + k |j ∈ J}.∑

X∈Pn

WI(PX ) = WI∪{n}(P).

∑
X∈Pt

WI(PX ) = W{t}∪I[t](P).

∑
F∈Lk

WI(PF )WJ(PF ) = WI∪{k}∪J[k ](P).
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Formulas
Pk := {X ∈ P|rkX = k}
For I = {i1, . . . , is} set

P(I) = {~X = (X1, . . . ,Xs)| ∀1 ≤ i ≤ s, Xi ∈ P(i)}

localization: PX = {Y ∈ P|Y ≤ X}
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Set J[k ] = {j + k |j ∈ J}.∑

X∈Pn

WI(PX ) = WI∪{n}(P).

∑
X∈Pt

WI(PX ) = W{t}∪I[t](P).

∑
F∈Lk

WI(PF )WJ(PF ) = WI∪{k}∪J[k ](P).



Wakefield

Outline

Incidence
algebras

Whitney
numbers

KL
Polynomials

Characteristic
polys

Formulas
Pk := {X ∈ P|rkX = k}
For I = {i1, . . . , is} set

P(I) = {~X = (X1, . . . ,Xs)| ∀1 ≤ i ≤ s, Xi ∈ P(i)}

localization: PX = {Y ∈ P|Y ≤ X}
restriction: PX = {Y ∈ P|Y ≥ X}
Set J[k ] = {j + k |j ∈ J}.∑

X∈Pn

WI(PX ) = WI∪{n}(P).

∑
X∈Pt

WI(PX ) = W{t}∪I[t](P).

∑
F∈Lk

WI(PF )WJ(PF ) = WI∪{k}∪J[k ](P).



Wakefield

Outline

Incidence
algebras

Whitney
numbers

KL
Polynomials

Characteristic
polys

must have existed before?

Theorem
If P is a locally finite, ranked poset and 1 ≤ n ≤ rkP then

w0,n =
∑

I⊆{1,...,n−1}

(−1)|I|+1WI∪{n}.

examples:
w0,1 = −W1
w0,2 = −W2 + W1,2
w0,3 = −W3 + W1,3 + W2,3 −W1,2,3



Wakefield

Outline

Incidence
algebras

Whitney
numbers

KL
Polynomials

Characteristic
polys

must have existed before?

Theorem
If P is a locally finite, ranked poset and 1 ≤ n ≤ rkP then

w0,n =
∑

I⊆{1,...,n−1}

(−1)|I|+1WI∪{n}.

examples:
w0,1 = −W1

w0,2 = −W2 + W1,2
w0,3 = −W3 + W1,3 + W2,3 −W1,2,3



Wakefield

Outline

Incidence
algebras

Whitney
numbers

KL
Polynomials

Characteristic
polys

must have existed before?

Theorem
If P is a locally finite, ranked poset and 1 ≤ n ≤ rkP then

w0,n =
∑

I⊆{1,...,n−1}

(−1)|I|+1WI∪{n}.

examples:
w0,1 = −W1
w0,2 = −W2 + W1,2

w0,3 = −W3 + W1,3 + W2,3 −W1,2,3



Wakefield

Outline

Incidence
algebras

Whitney
numbers

KL
Polynomials

Characteristic
polys

must have existed before?

Theorem
If P is a locally finite, ranked poset and 1 ≤ n ≤ rkP then

w0,n =
∑

I⊆{1,...,n−1}

(−1)|I|+1WI∪{n}.

examples:
w0,1 = −W1
w0,2 = −W2 + W1,2
w0,3 = −W3 + W1,3 + W2,3 −W1,2,3



Wakefield

Outline

Incidence
algebras

Whitney
numbers

KL
Polynomials

Characteristic
polys

KL Poly definition

Theorem (Elias, Proudfoot, W)
Let P be a finite ranked lattice. The Kazhdan-Lusztig
polynomial of P, P(P, t) is the polynomial recursively
defined which satisfies

1 If rk(P) = 0 then P(P, t) = 0.
2 If rk(P) > 0 then deg(P(P, t)) < .5rk(P).
3 For all P,

trk(P)P(P, t−1) =
∑
F∈P

χ1(PF , t)P(PF , t)

where χ1(P, t) is the usual characteristic polynomial.



Wakefield

Outline

Incidence
algebras

Whitney
numbers

KL
Polynomials

Characteristic
polys

KL Poly definition

Theorem (Elias, Proudfoot, W)
Let P be a finite ranked lattice. The Kazhdan-Lusztig
polynomial of P, P(P, t) is the polynomial recursively
defined which satisfies

1 If rk(P) = 0 then P(P, t) = 0.

2 If rk(P) > 0 then deg(P(P, t)) < .5rk(P).
3 For all P,

trk(P)P(P, t−1) =
∑
F∈P

χ1(PF , t)P(PF , t)

where χ1(P, t) is the usual characteristic polynomial.



Wakefield

Outline

Incidence
algebras

Whitney
numbers

KL
Polynomials

Characteristic
polys

KL Poly definition

Theorem (Elias, Proudfoot, W)
Let P be a finite ranked lattice. The Kazhdan-Lusztig
polynomial of P, P(P, t) is the polynomial recursively
defined which satisfies

1 If rk(P) = 0 then P(P, t) = 0.
2 If rk(P) > 0 then deg(P(P, t)) < .5rk(P).

3 For all P,

trk(P)P(P, t−1) =
∑
F∈P

χ1(PF , t)P(PF , t)

where χ1(P, t) is the usual characteristic polynomial.



Wakefield

Outline

Incidence
algebras

Whitney
numbers

KL
Polynomials

Characteristic
polys

KL Poly definition

Theorem (Elias, Proudfoot, W)
Let P be a finite ranked lattice. The Kazhdan-Lusztig
polynomial of P, P(P, t) is the polynomial recursively
defined which satisfies

1 If rk(P) = 0 then P(P, t) = 0.
2 If rk(P) > 0 then deg(P(P, t)) < .5rk(P).
3 For all P,

trk(P)P(P, t−1) =
∑
F∈P

χ1(PF , t)P(PF , t)

where χ1(P, t) is the usual characteristic polynomial.



Wakefield

Outline

Incidence
algebras

Whitney
numbers

KL
Polynomials

Characteristic
polys

KL Poly definition

Theorem (Elias, Proudfoot, W)
Let P be a finite ranked lattice. The Kazhdan-Lusztig
polynomial of P, P(P, t) is the polynomial recursively
defined which satisfies

1 If rk(P) = 0 then P(P, t) = 0.
2 If rk(P) > 0 then deg(P(P, t)) < .5rk(P).
3 For all P,

trk(P)P(P, t−1) =
∑
F∈P

χ1(PF , t)P(PF , t)

where χ1(P, t) is the usual characteristic polynomial.



Wakefield

Outline

Incidence
algebras

Whitney
numbers

KL
Polynomials

Characteristic
polys

Why matroid KL polynomials?

Because they mimic the classical KL polynomials in
representation theory.

Theorem (Elias, Proudfoot, W)
If the matroid is realizable with arrangement A then

P(L(A), t) =
∑
i≥0

dim IH2i(Spec(OT (A));Q`) t i .

They are some special basis for the Möbius algebra of L(A).
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KL poly Formulas

Set
P(M, t) =

∑
0≤i<.5rkM

ci t i

Proposition [Elias, Proudfoot, W]:

• c0 = 1
• c1 = Wr−1 −W1

• c2 =
−(W1,r−1−W1,2)+(Wr−3,r−1−Wr−3,r−2)+(Wr−2−W2)
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Main formula

Theorem (W)
For any finite, ranked lattice P with rank r the degree k
coefficient of the Kazhdan-Lusztig polynomial of P for
1 ≤ k < r/2 is

ck =
∑
I∈Sk

(−1)sk (I)
(

Wt(I)(P)−WI(P)
)

where Sk and sk are recursively defined and I and t(I) make
a ”top heavy pair”.
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Multivariable characteristic
polynomials

χk (P, t) =
∑
|I|=k

w{0}∪ItI

where tI = t i1
1 t i2

2 . . . t
ik
k

example:

P =

w0,0,0 = 1
w0,0,1 = −1
w0,1,1 = 1

χ2(P; t1, t2) = t1t2 − t1 + 1 = t1(t2 − 1)− 1
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Boolean lattice
Bn = Boolean lattice.

µk (X1, . . . ,Xk ) = (−1)rk(X1)+···+rk(Xk )

wI(Bn) = (−1)i1+···+ik WI(Bn)

= (−1)i1+···+ik

(
n

i1, i2 − i1, i3 − i2, . . . , ik − ik−1,n − ik

)

χk (Bn; t1, . . . , tk ) =

(
k∑

i=0

(−1)i
k−i∏
j=1

tj

)n

=
(

t1(t2(· · · (tk−1(tk − 1) + 1) · · ·+ (−1)k−1) + (−1)k
)n
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Happy Birthday Mike Falk!!!!
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