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Associated graded Lie algebras

G : a finitely generated group.

The lower central series of G : Γ1G = G , Γ2G = [G ,G ],
Γk+1G = [ΓkG ,G ], k ≥ 1.

The associated graded Lie algebra of G is defined to be

gr(G ;C) :=
⊕
k≥1

(Γk(G )/Γk+1(G ))⊗Z C.

The LCS ranks of G are defined as φk(G ) := dim(grk(G ;C)).

Example (Free group Fn with n generators)

gr(Fn;C) is isomorphic to the free Lie algebra.

φk(Fn) =
1

k

∑
d |k

µ(k/d)nd ,

where µ is the Möbius function.
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Pure braid groups

Let Pn be the pure braid group on n strings.

A classifying space for Pn is the configuration space

Confn(C) = {(z1, . . . , zn) ∈ Cn | zi 6= zj for i 6= j}.

Moreover,

Pn = Fn−1 oαn−1 Pn−1 = Fn−1 o Fn−2 o · · ·o F1,

where αn : Pn ⊂ Bn ↪→ Aut(Fn). In fact,

Bn = {β ∈ Aut(Fn) | β(xi ) = wxτ(i)w
−1, β(x1 · · · xn) = x1 · · · xn}.

0 // IA(n) // Aut(Fn) // GLn(Z) // 0

0 // P(n)
?�

OO

// B(n)
?�

OO

// Sn
?�

OO

// 0

.
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Theorem (Falk–Randell 85)

Let G = H o Q be a semi-direct product of groups, and suppose Q acts
trivially on Hab. Then there is a split exact sequence of graded Lie
algebras,

0 // gr(H) // gr(G ) // gr(Q) // 0 .

Theorem (Falk–Randell 85, Kohno85)

The graded Lie algebra gr(Pn;C) is generated by degree 1 elements sij for
1 ≤ i 6= j ≤ n, subjects to the relations

sij = sji , [sjk , sik + sij ] = 0, [sij , skl ] = 0 for i 6= j 6= l .

In particular, the LCS ranks of Pn are given by

φk(Pn) =
n−1∑
s=1

φk(Fs).

3 / 16



Chen Lie algebras

The Chen Lie algebra of a finitely generated group G is defined to
be the graded Lie algebra, gr(G/G ′′;C), of the maximal metabelian
quotient of G .

The quotient map h : G � G/G ′′ induces gr(G ;C) � gr(G/G ′′;C).

The Chen ranks of G are defined as θk(G ) := dim(grk(G/G ′′;C)).

φk(G ) ≥ θk(G ). Equality holds for k ≤ 3.

θk(Fn) = (k − 1)
(n+k−2

k

)
, k ≥ 2. [Chen (51)]

Proposition (Cohen–Suciu 95)

The Chen ranks of the pure braid groups Pn are given by

θ1(Pn) =

(
n

2

)
, θ2(Pn) =

(
n

3

)
, and θk(Pn) = (k − 1)

(
n + 1

4

)
for k ≥ 3.

Notice that θk(Pn) 6=
∑n−1

s=1 θk(Fs). =⇒ Pn 6∼= Fn−1 × · · · × F1.
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Resonance varieties

Suppose A∗ := H∗(G ,C) has finite dimension in each degree.

For each a ∈ A1, define a cochain complex of finite-dimensional C-
vector spaces,

(A, a) : A0 a∪−−−→ A1 a∪−−−→ A2 a∪−−−→ · · · ,

with differentials given by left-multiplication by a.

The resonance varieties of G are the homogeneous subvarieties of A1

Ri (G ,C) = {a ∈ A1 | dimCH
1(A∗; a) ≥ i}.

The resonance varieties were introduced by Michael Falk in the context
of hyperplane arrangements (97).

R1(Zn,C) = {0}; R1(π1(Σg ),C) = C2g , g ≥ 2.

5 / 16



Pure braid groups Pn

Based on Falk’s work (97), Cohen and Suciu (99) computed the first
resonance variety of the pure braid group Pn, which has decomposition
into irreducible components given by

R1(Pn) =
⋃

1≤i<j<k≤n
Lijk ∪

⋃
1≤i<j<k<l≤n

Lijkl ,

where
Lijk =

{
xij + xik + xjk = 0 and xst = 0 if {s, t} 6⊂ {i , j , k}

}
,

Lijkl =

{ ∑
{p,q}⊂{i,j,k,l} xpq = 0, xij = xkl , xjk = xil , xik = xjl ,

xst = 0 if {s, t} 6⊂ {i , j , k , l}

}
.

In particular, dim(Lijk) = dim(Lijkl) = 2.
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Conjecture (Chen ranks conjecture, Suciu 01)

Let G be an arrangement group.
Let hn be the number of n-dimensional irreducible components of R1(G ).

θk(G ) =
∑
n≥2

hn · θk(Fn), for k � 1. (1)

Theorem (Cohen-Schenck 15)

Formula (1) holds if G is a 1-formal, commutator-relators group, such
that the resonance variety R1(G ) is 0-isotropic, projectively disjoint,
and reduced as a scheme.

The hyperplane arrangement groups PAn = Pn+1, PBn and PDn associ-
ated to the Coxeter groups An, Bn and Dn satisfy the above conditions.
Furthermore, for k � 1,
θk(PBn) = (k − 1)[16

(n
3

)
+ 9
(n
4

)
] + (k2 − 1)

(n
2

)
and

θk(PDn) = (k − 1)[5
(n
3

)
+ 9
(n
4

)
].
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Pure welded braid groups wPn (McCool groups)

0 // IA(n) // Aut(Fn) // GLn(Z) // 0

0 // wPn
?�

OO

// wBn
?�

OO

// Sn
?�

OO

// 0

wP+
n

) 	
77

0 // Pn
?�

OO

// Bn
?�

OO

// Sn // 0

.

wBn = {β ∈ Aut(Fn) | β(xi ) = wxτ(i)w
−1} and wPn = wBn ∩ IAn.

The pure welded braid group wPn has presentation [McCool 86]〈
xij , (1 ≤ i 6= j ≤ n)

∣∣∣∣∣∣
xijxikxjk = xjkxikxij ,
[xij , xkl ] = 1,
[xij , xkj ] = 1, for i , j , k , l distinct

〉
.

wP+
n is the subgroup of wPn generated by {xij | 1 ≤ i < j ≤ n}.
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McCool groups

wPn and wP+
n are 1-formal.[Berceanu-Papadima 09]

H∗(wPn,C) was computed by Jensen, McCammond, and Meier (06),
proving a conjecture of Brownstein and Lee (93).

D. Cohen (09) computed the first resonance variety of the group wPn:

R1(wPn,C) =
⋃

1≤i<j≤n
Cij ∪

⋃
1≤i<j<k≤n

Cijk ,

where Cij = C2 and Cijk = C3.

D. Cohen and Schenck (15) showed that the Chen ranks of wPn are
given by the ‘Chen ranks formula’

θk(wPn) = (k − 1)

(
n

2

)
+ (k2 − 1)

(
n

3

)
for k � 1.
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Upper upper McCool groups

F. Cohen, Pakhianathan, Vershinin, and Wu (07) computed the following:

The cohomology algebra H∗(wP+
n ;C) and

the Betti numbers bk(wP+
n ) = bk(Pn).

wP+
n
∼= Fn−1oFn−2o · · ·oF1 satisfies the assumptions of the theorem

of Falk–Randell.

The graded Lie algebra gr(wP+
n ;C) and

the LCS ranks φk(wP+
n ) = φk(Pn) =

∑n−1
s=1 φk(Fs).

Both wP+
n and Pn are subgroups of wPn.

Question: are wP+
n and Pn isomorphic for n ≥ 4?

For n = 4, an incomplete argument was given by Bardakov and Mikhailov
(08) using single-variable Alexander polynomials.
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Theorem (Suciu–W. 15)

The Chen ranks θk of wP+
n are given by θ1 =

(n
2

)
, θ2 =

(n
3

)
, θ3 = 2

(n+1
4

)
,

θk =

(
n + k − 2

k + 1

)
+ θk−1 =

k∑
i=3

(
n + i − 2

i + 1

)
+

(
n + 1

4

)
, k ≥ 4.

Corollary

The pure braid group Pn, the upper McCool groups wP+
n , and the product

group Πn :=
∏n−1

i=1 Fi are not isomorphic for n ≥ 4.

Proof: θ4(PΣ+
n ) = 2

(n+1
4

)
+
(n+2

5

)
, θ4(Pn) = 3

(n+1
4

)
, θ4(Πn) = 3

(n+2
5

)
.
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Theorem (Suciu–W. 15)

The first resonance variety of the upper McCool groups wP+
n is

R1(wP+
n ,C) =

⋃
n≥i>j≥2

Li ,j ,

where Li ,j = Cj the linear subspace defined by the equations
xi,l + xj,l = 0 for 1 ≤ l ≤ j − 1,

xi,l = 0 for j + 1 ≤ l ≤ i − 1,

xs,t = 0 for s 6= i , s 6= j , and 1 ≤ t < s.
In particular, Lij is not 0-isotropic if j ≥ 3.

Corollary

There is no epimorphism from wPn to wP+
n for n ≥ 4. In particular,

the inclusion ι : wP+
n → wPn admits no splitting for n ≥ 4.

The Chen ranks formula does not hold for wP+
n for n ≥ 4, i.e.,

θk(wP+
n ) 6=

∑n−1
j=2 (n − j)θk(Fj).
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Pure virtual braid groups

The presentations of vPn and vP+
n were given by Bardakov (04).

vP+
n

����

� � // vPn

����

Pn

+ �
99

� s

%%
wP+

n
� � // wPn

The cohomology algebras H∗(vPn;C) and H∗(vP+
n ;C) were computed

by Bartholdi, Enriquez, Etingof, and Rains 06, and Lee 13.

Theorem (Suciu, W. 16)

The pure virtual braid groups vPn and vP+
n are 1-formal if and only if

n ≤ 3.
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Proposition (Suciu, W. 16)

If both G1 and G2 satisfy the Chen ranks formula, then G1 × G2 also
satisfies the Chen ranks formula, but G1 ∗ G2 may not.

Examples of free products do not satisfy the Chen ranks formula include
free product Z ∗ Zn and the groups vP3 = Z ∗ P4.

The groups vP+
4 and vP+

5 do not satisfy the Chen ranks formula.
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The pure braid groups on Riemann surfaces

Pg ,n = π1(Conf(Σg , n)), where Σg is a compact Riemann surface of
genus g (g ≥ 1).

Dimca–Papadima–Suciu (09) computed the (first) resonance variety of
P1,n, which is not linear. Consequently, P1,n is not 1-formal for n ≥ 3.

The Chen ranks formula is not satisfied. However, P1,n is “filtered-formal”.
A generalized Chen ranks formula is satisfied by replacing the resonance
varieties by the tangent cone of the “characteristic varieties”.
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Thank You! Happy Birthday Mike Falk!
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