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Eulerian Polynomials .

Few := Eheixkfddzf,!*= Ik
k=i ( 1 -xjetl

First some Aek ) : From Euler 's book ( 1755 )

A,b⇐Adx )=x+x2

A }k)=x+4x2+X3

AGK ) = Xt 11×2+11×3 -1×4

Ask )=X+ 26×2+66×3 -126×4-1×5

Aotx )= X +57×2+302×3

+302×4+57×5 -1×6
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Eulerian Polynomials .

Few :-[he .xh=(xddzf ,!,x= Ik
h=i ( 1 -xjet '

Euler 's motivation : Special values of 56 ) = €
,

his
.

One of  the properties that Euler used is :

Fepc ) = le .x +2 .si +39×3+49×4 + . . .

Fe ( XY= x2 +29×4+ . . .

;
. Felix) - It !Felx ' ) = Il . X - 29×2+31×3 . 49×4-1 . . .

= - Fetx )
.
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Eulerian Polynomials .

Few := Eheixkfddzf,=l= Ik
k=i ( 1-xjet '

Fepc ) - I "
. Few ) = - Fefx )

,

Using these formulae
,
Euler obtained fundamental results

° "

Fe ( 1 ) = Il +2^+3^-1 . . .  = fee )

e.g. . 51-1 )= - it , 51-21=0 . sfs )=fo ,

. .
.

• f( s )=o for s : negative even number

. functional eq . 54454 - D for Sez
.
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Linial arrangements
Let E be a root system of rank l ( ie

. F- E Be finite

Set ; . . )
Fix a Posti 've system Etc E

.

For dEIo+ and he 2
,
define

Has :={x£Rl / K .x)=h } .

Det ( n - th Linial arr . of E)

Len :={ Ha .ee/dtEt
,
hee

,
le ken }

.
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Linial arrangements
For deE+ and k£2

,
define Han :={ XEBL / K ,x)=h } .

Det ( n - th Linial arr . of E)

Len :={ Ha .ee/dtEt
,
htz

,
le ken }

r ^ 7

E E=Bz :<. > > Et :

-

??
L ii

3
Llpsz LBZ £132
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Linial arrangements
Recall the characteristic polynomial of A -fHb " .

. Hn }
,

LIA ) :={ nsl SCA } intersection poset .

in V
.

µ :L (A ) → 2 : the Mibius function defined by

MC

Vail× )=g§,umH )
,
it Yelled Yv !

Oe±( characteristic poly .
)

Xl A ,t ) :=[ µ(× ) . tdimx
.

XEUA )



2
,

Linial arrangements

Conjecture ( "

Riemann hypothesis
"

for LIE by Postnikov

The root Zee of  the equation
- Stanley )

XIII ,
tko

satisfies Re z = nzh ,
where h is

the Coxeter # of E
.

Partialresults " RH
"

is true for

• E= Ae 1 Postnikov - Stanley 1996 )

• E= ABCD ( Athanasiadis 1999 )

• Et Eon
, 8 , F4 with h " 0 ( Y .

in preparation )



2
,

Linial arrangements
Close looking at F- = Ae

.

X Kai ,t ) can be expressed by using
•  the Eulerian poly . Ae ( X )

,
and

- the shift operator S : th t - I



2
,

Linial arrangements
Close looking at F- = Ae

.

X Kai ,t ) can be expressed by using
•  the Eulerian poly . Ae ( X )

,
and

- the shift operator S : th t - I



2
.

Linial arrangements
Close looking at F- = Ae

.

XILAI ,t ) can be expressed by using
•  the Eulerian poly . Ae ( X )

,
and

- the shift operator S

:
th t - I

That (Y .

2015 ) ,+he
Eulerian polynomial .

Xl Lane .tk Aelsnty . ( ttee )
,

where ( tete

)=HtHt⇒l
.



2
.

Linial arrangements
Close looking at F- = Ae

.

XILAI ,t ) can be expressed by using
•  the Eulerian poly . Ae ( X )

,
and

- the shift operator S

:
th t - I

Thy (Y
.

2015 ) ,+he
Eulerian polynomial .

Xl Lane .tk Aelsnty . ( ttee )
,

where (

t.tl/=ltthl#l
.

If Aek ) = { aixi ,
then

l !

Xltiae .tk#ai5nt'"

they -€a if t.net' it ) .
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Linial arrangements

That (Y .

2015 ) ,+he
Eulerian polynomial .

Xl Lane ,t)=

Aelsntyofttee
)

.

Another formula :

Thin ( Postnikou - Stanley ,
Athanasiadis )

Xl Lane .tk ( Hst
"

)
't ! ye

ht I

@ . Why does there exist different expressions ?
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Linial arrangements
That (Y .

2015 ) ,+he
Eulerian polynomial .

Xl Lane ,t ) -

Aelsntyofttee
)

.

Thin ( Postnikou - Stanley ,
Athanasiadis )

XILAI .tk ( Hstyet ! ye
ht I

C±( 4.2015 ) l >0
, mzl

The Eulerian polynomial Aek ) satisfies

Aelxm )±(H×tj"t×mnf" Aek ) mod ( i . xD
.

"



3
.

Euler Ian polynomial and congruence s .



3
,

Euler Ian polynomial and congruence s .

Aelxm ) ± (H×t"'t×m'n Tthdx ) mud ( i . xD
.

"

m

Joint work by K . Iijima ,
K

. Sasaki ,
and Y

.
Takahashi (Hokkaido . )

We work around the above congruence .

M¥3A bit stronger congruence .
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Euler Ian polynomial and congruence s .

Aelxm ) ± (H×t"'t×mnT" Adx ) mud ( i . xD
.

"

m

Joint work by K . Iijima ,
K

. Sasaki ,
and Y

.
Takahashi (Hokkaido . )

We work around the above congruence .

M¥3A bit stronger congruence .

(which has an important meaning .
)

This lzl
,

MZZ
.
Then

Aelxm )±(H×tm÷n '

yet 'aµc ,
modlhxt "

,
l : odd

{modlhxtt? e : even
.
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Euler Ian polynomial and congruence s .

Joint work by K . Iijima ,
K

. Sasaki ,
and Y

.
Takahashi (Hokkaido . )

Thin
lxm )±("×tj÷n '

jet 'aµc ,
wdlhxt "

,
l : odd

{
moda .xtt? e : even

.

Ret ( New ) proof does not use X( Lane ,
t ) , but

uses
"

Euler 's way .

"
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Euler Ian polynomial and congruence s .

my ,
claim : Ae 1×2 )= ⇐ )

" '

Aek )
.

Recall
, Felx ) = ⇐ he .xh=(P5d,¥ satisfies

It'
. few ) - Fepc ) = Fefx )

.

Just rewrite using Aek ) :

Aelx4 - theft !AeH= #
"
!AeH) ±o mod ( I - H ?"

,,
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Thin
lxm )±(H×tj"tx÷ jet 'aµ ,

wdlhxt "

,
l : odd

{modlhxtt? e : even
.
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Euler Ian polynomial and congruence s .

Thin
lxm )±(H×tj÷n '

jet 'aµc ,
modlhxt "

,
l : odd

{
modli .xtt? e : even

.

them This theorem generalizes Euler 'S computation .

Moreover
,
the extra ( I - x ) for M=2 and l : even

is related to slsto for s : negative even .

Conte The extra ( 1 - x ) for m > 2 and l : even

may be related to zeros of Certain Dirichlet L - fen .
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Summary
• Two expressions ( P . S - A

,
4

.
) of Xl Lnae ,t ) lead to

Congruence s of  the Eulerian polynomial Aek ) .

. Special cases of  the congruence implicitly appeared

in Euler 's computations for 54 )
.

. The congruence s characterizes the Eulerian polynomial .
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