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1. Eulertan folynomials.
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= Pt [l ) oAb
Flb()'— g?:?,ﬁ Bt :(xdx) T-x — ([ DC)“"

Euler's anotivation i Special values of €(8) =%7 ne.
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1. Eulertan folynomials.

! Ag b0
Fo(2):= Z_‘ﬁ ok = ( d:c) F'\x:(h;}“"

RE)=2"FE) = - Fp (=)

Using these formulee, Euler obtathed fundamental results

R Mt e =y

e3. - g, S2)=0, 3=, .
¢« €(s)=0 for S: hegative even nuwber
« functional e T(HT(-9 fov S Z.
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2. Lintal arrangements

Let € be o root system of rank { (ie. TSR finte
set e )

Fix a postive system B'CE
For A€®" and |eZ , define
Hag = {2 e | (o0=2%.
Def: (n-th Lintal arv. of &)
L7 ={Hyg | LeT" Rez, 1c2<m}
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For A€®" and %eZ | define Hd,ﬁ 1= {'Jceﬂzl {(d,x):g_%.
Def. (n-th Linial arr. of &)
L7 ={Hqp | LT ReT, 1£2$M]
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2. Lintal arrangements

Rocall the chavacteristic Q’o]yho\mtxl of 74={H;_,"‘, H-.\.I;‘
ih l/.

L(4) ‘-1‘-{ (\Sl ScA ‘) intersection poset.

MiL(A)— 7. - the MBbiug function defined by

4%
K== rlx), tf Yelld\3vi

XYV
Def. (chayucteristic poly.)

NA L) = 2. Px)- X
XeL(A)



2. Lintal arrangements

Conjecture <“ Riemann kypaﬁesuu fov i":i by Postnt leov
The veet 2€C 0§ the egua’tton —§+”""‘l€Y>

ALy t)=0

Satisfies Re 2= % , where R ois
the Coxeter O'IC [
Partia| results "RH "is true for

¢ &= Ay (Pogfnikov-g‘{:mley 1996 )
¢+ T=ABCD (Ahanastadts 1732)
’ §=Eg,q,8 , Fq withh h»o0 (‘(. n Przpara‘btov\)
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Close Qookl‘hﬁ, at ®=Ag.
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Close Qookl‘hﬁ, at ®=A~Aqg.

/X{i,(:; ,t> con be Q)CP\’QSS'QO[ by bL&l‘V\%\
- the Eulerion PO\Y‘ Ag (‘DQ , omnd
- the shuft apera‘l:Or St -l



2. Lintal arrangements

Close looking ot %= Ag .
/X{i,:, ,t> con be oxpressed by using_
- the Eulerion poly. Ag (20, and
- the shuft apera‘l:Or St -l
Thm (Y 201'5> +he Eulerlan polyromlal.

Ly, 0= Als™) (),

where ( t;'QJ: H“)(t;? ). (‘HI).




2. Lintal arrangements
Close Qookl‘hﬁ, at ®=Ag.

/X{i,(:; ,t> Cawn bﬂ_ Q)CP\’QSS'QOl by (A,&l‘lf\%\
- the Eulerien Po\y. Ajz (‘DCB 5 ound
— the shitft apera‘l:or S it t-l

T['lw\ (Y 20['5) +he Eulerian Folynow\tal.

Ly, 0= Als™) (),

2 .
where (t;'QJ:H“)(t;?)“'(t*ﬂ). T£ A= %&zx‘)'l’ko.vx
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2. Lintal arrangements

Tl'lw\ (Y 20l§> +he Eulerian Folynomtal.
( " ‘ Sl\-(-l . 't“",Q

X i’AL :t>: AR( > ( ) )

Another formula :

Tl ( Postnikev= Stumley , A‘l‘b\av\asiaolts)
.. w2+
Q((i;\u,_t):(ﬂ-g‘l-g-" +S) 'tl

n+ |

@ Why does there exist different expressions?



2. Lintal arrangements

T[t\w\ (Y 20['5) +he Eulerian Folymmtal.
( " ¢ h+ L t+2
XLay )= AlS >( 2 )

Thw (Posfm'[co*/‘ g’mmley , A‘l‘b\av\asfm(ts)

2 ny A+
ALy, t)= (B 5 )

n+ |

Cor. (. 2015) 250, m31
The Eulerian ple/nam?a] Ag V) Satisfies

Ag(xm)i("f'X‘l'w‘\“-f)C"" )“’Agw wod

l\xyl:l-l
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m=1 \4
Aloc™) = (HEE XN A o (1)

Joint work by K. Tijima, K.Sasaki, and Y. Takahashi (Hokkardo)

We work around the above Congrrence.
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s M=) \L+]
Agbem) = (Pt YA b0 mod (1-2)

Joint work by K. Tijima, K.Sasaki, and Y. Takahashi (Hoktatdo.)

We work around the above Congrrence.

Main st A bit S‘h’ohger Congruence.

(which has an tmportant Mtahl\vx;)



3. Eulerian polynomial and, congruences.

‘i M=l \L+]
Aa(xm) = ( H‘I"‘M + X > Al{x) 'YV\OOQ (l‘x)»("l'l

Joint work by K. Tijima, K.Sasaki, and Y. Takahashi (Hokkardo)

We work around the above Congrrence.

Main st A bit S‘f‘rohger Congruence.
(which has an tmportant Mtahl\n;)
Thw, 221, m=22. Then

L+
PRV L L RV LY wmod (1~2) L:o0dd.

2
'\M"OQ("X)H, Q:even.



3. Eulerian polynomial and, congruences.

Joint work by K. Lijima, K. Sasaki, and Y. Takahashi (Hokkardo)

The, A+l ,
T m=) \L+) ’\MW)Q(FI_) K-O"lo!'

m

Amod] (1~ x) Sl even.

Rem. (Mew) pvroof does nO't use K(Lp, . t) but
USe s Eulf\rs wa/
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Joint work by K.Tijima, K.Sasaki, and Y. Takahashi (Hokkardo)

Thw,
N m\ — vy m- 'YV\O& =~ At .0

2
"mod) ("x)H, Q:even.
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Joint work by K.Tijima, K.Sasaki, and Y. Takahashi (Hokkardo)

Thw,
MM — iy M~ MO& b B 0
A (X ):(me = ,yﬂAl{X)% el

2
/\mo&(hx)“, Q:even.

=2, clajm: A,(x?)= (J’“Tx)m Ag 0.



3. Eulerian polynomial and, congruences.

Joint work by K.Tijima, K.Sasaki, and Y. Takahashi (Hokkardo)

The, %wa (1~ - 0dd

M=) \L+])
Ag(x'“)_:_(”z* X > AL

" %o&(l~x)+, Q:even.

m=2, claim: Ag(x? )= (LX) 4,00

Recoll , F(x) = Z?z ok = = satisfies

2MRe) — RE)= Rl-x)



3. Eulerian polynomial and, congruences.

m=2, clafm: A, (x* )= (ﬁ—x—)“' Ag 130,
ed)
Recall , Fp () = Z_fr’z ok = (‘A'Q.I)nu satisfies

MR- R(x) = Fp-x)
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m=2, clotm: Ay(x? )= (HEY 4,00,
Ay Y

(‘ I)RH
M Rld)— Ry(x) = Fp (=20
Just trewrite uslhé_ Ag ()

Recall , Fp () = Z_fr’z ot = Satisfies



3. Eulerian polynomial and, congruences.

m=2, clotm: Ay(x? )= (HEY 4,00,
Ay Y

(‘ I)RH
2™ R - R = Ry (=)
Just trewrite UStng Ag ()

Recall , Fp () = Z_fr’z ot = Satisfies

A, (>3)- ';_LXM-A )= (52 ) M—X) =0 mod (1-0)"
00)-(5%) A P
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w\— (13 XF ™!
A lx)=( VAo
" wod (l~x)l+7: Q:even.

Lhe “1 \L+] %"”‘"d("x)“l, L odd.



3. Eulerian polynomial and, congruences.

w\— (13 XF ™!
Ay (X )—“—( } AgPO
" wod ("x)lﬂ: Q:even.

Lhe “1 \L+] %"M"d("x)“l, L odd.

Rem This theorem genem(i?eg Euler's computation.
Moveover, the extva (1=X) for M=2 ond Q:even

'S related to <(s)=0 for < he%af(‘(/e even.



3. Eulerian polynomial and, congruences.

Thw, A+l
- . ™~ Amod, (|~X) {:odd
Ag(xuu\)_:i( H'X')'M T Sl >1+IA£{X> % /

2
"mod ("I)H , Q:even.

Rem This theorem 3enem(izes Euler's computation.
Moveover, the extva (1=X) for M=2 ond Q:even

'S related to <(s)=0 for < he%af(‘(/e even.
Covx;'. The extra (I=%) for M>2 and [:elVen
may be related to zeros ot Gertain Dirichlet L-fen,
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Main e S‘M.H'@
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Main result@ The congruence chavactertzes

the Eulerian po l\/homfa.(.
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Main result@ The congruence chavactertzes

the Eulerian po l\/homfa.(.

Il’l_v:\_. Let 121, f(x) € C[x] a wmonic of o(ag_'(:=ﬁ-
Then TFEAE.

(i)
Gi)
(iit)
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3. Eulerian polynomial and, congruences.

Main result@ The congruence chavactertzes

the Eulerian po l\/homfa.(.

Il’l_v:\_. Let 121, f(x) € C[x] a wmonic of o(ag_'(:=ﬁ-
Then TFEAE.

(i) f(x)= A,
Gi)
(iit)

(fv)



3. Eulerian polynomial and, congruences.

Main result@ The congruence chavactertzes

the Eulerian pol\/homfa.(.
Thin . Let 221, $(x) € C[x] & montc of dog f=2.
Then TFEAE.
(U 'F()Q:’— Ag(x)
Wy \ A+ 241
G Yme{r3,e~ fi ('*"*M ST 00 mod (10)

(iit)
(i)



3. Eulerian polynomial and, congruences.

Main result@ The congruence chavactertzes

the Eulerian pol\/homfa.(.
Thin . Let 221, $(x) € C[x] & montc of dog f=2.
Then TFEAE.
(U 'F()Q:’— Ag(x) 0
wmoy \ R+ +
G Yme{r3,e~ fi ('*"*M ST 00 mod (10)

2+

(i Fme{r3 e, Foo)=s (L *X"‘“)“ £150) modk (1) .

(i)



3. Eulerian polynomial and, congruences.

Main result@ The Congruence chavactertzes

the Eulerian po l\/homfa.(.

Ill\_":‘.. [—-€t ﬂZI /'F(X) € Q[X—J a montc O{' dqg_-[::ﬁ,
Then TFAE.
(1) f(x)= A V. .
woy \ A+ +
G Yme{r3,4, “1 ('*"*M X ) 4050 mod (1) .

2+

(i Fme{r3 e, Foo)=s (L *X"‘“)“ £150) modk (1) .

(tv) fx» = (1%1 a FOO  wod ((—)()“f
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Main result@ The Congruence chavactertzes
the Eulerian pol\/homfa.(.
The Let 221, #6) € CIxT a monic of dog f=4.
Then TEAE.
(i) f(x)= A . o
() VIMG{’>_3 G, 73 £ (Hx";“ X ) () mod (1-X) .

2+

way \ A+ g
Gin Ime{r3,6,7 £ ('*’HM +X ) A50) modk (1)) .

) F6= XY 160 wed (120

Rem. (iv)=>1i)" indicates "Euler’s choice was canonical” (?)



Summa vy
» Two expressions (P-s-A, \.) of YLy, 1) Lead to

Cahj ruentes of the Bulerian palyhow‘&( A;( )

+ Spacial cases of the congruehces (mplicitly appeared
in Eulerie omputations for ().
* The wngruences characterizes the Eulerion polynomial.
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