Math 7311 Additional problems , Dec 2, 2003

Problem 1. Limit of Convex functions

1. Let {¢o} be a family of convex functions on (a,b) and
¢ = sup{¢a}

Prove that ¢ is convex on (a, b) if it is finite.

2. Let 9, be a sequence of convex functions on (a,b) and

Y(z) = lim ¥,(x) Va € (a,b).

n—oo

Prove that 1 is convex on (a,b).

3. Let f, be a sequence of convex functions on (a,b). Prove that lim f, is convex
on (a,b).

4. Find a counterexample to show that minimum of two convex functions may
not convex.

Problem 2. Logarithm Function If ¢ is convex on (a,b) and if ¢ is convex and
nondecreasing on the range of ¢.

1. Prove that 1 o ¢ is convex on (a,b).

2. For ¢ > 0, show that the convexity of log ¢ implies the convexity of ¢, but not
vice versa.

Problem 3. Mid-point Convex Assume that ¢ is a continuous real function on
(a,b) such that

:v—l—y)<

1
¢>(2 =2

o(r) + %qb(y), Vr € (a,b), Yy € (a,b).

Prove that ¢ is convex.

Problem 4. Discrete Jensen’s Inequality Define {z;}} is a finite set of points and
a;>0i=1,---n,is > a; =1

1. Let ¢ be a convex function. Show that

O onmi) <D end(x).
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2. Show that if x; > 0,2=1,--- ,n, then
n
I xf < Z ;.
i=1

Problem 5. An application of Jensen’s Inequality Let f be a positive measurable
function on [0, 1]. Show that

/01 fls)ds /O1 log f{1) dt < /O () log £ (a) d

Problem 6. Application of Hé6lders inequality

1. Show that if k1, ke, -+ ,k, > 1 and >, k% =1, then if f; € L* for each i,
1 a1
[15igeegilde < ([ 151 a0 ([ 1l o),

2. Show that if o, 3,7 > 0 and p < L then

1
(a+B+y

2
1
dx < o00.
/o (el — 1PJe —2py =

3. Show that if f € LP and g € L? where p > 1 and ¢ > 1, then fg € L" for r
such that % + é =1

T

Problem 7. Application of two inequalities Let f,, € L*(a,b),n = 1,2,---, let
f € L*(a,b) and let lim, . ||f — f|]2 = 0. Show that

1. f: f?dxr = lim,,_ fab f2dx.
2. If a and b are finite, then f(f fdxr =lim, fj fndr, a <t <b.

Problem 8. Essentially bounded function Let f : X — [0,00) be a measurable,
essentially bounded function and m(X) < oco.

1. Show that

n—oo

lim (/ fm dx)% = esssup f.
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2. Show that

= esssup f.

Problem 9. Application Suppose m(f2) = 1 and suppose f and g are positive
measurable functions on €2 such that fg > 1. Show that

/fdx/gdel.
Q Q

Problem 10. Application Suppose f, € LP, forn =1,2,3,---, and ||f, — f||, = 0
and f, — g a.e. as n — oo. What relation exists between f and g if p > 17
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