Test 1 — Solutions.

MATH 2057-03 Fall 2009

1. Sketch the domain of f(z,y) = In(2? — y). Indicate if the boundary is part of the domain.

. . . . . the boundary:
The domain of the function g(u) =Inw is w > 0. So the domain of the function

flx,y) =In(a? —y) is 2® —y >0, which is y < 2.
The graph y = 22 is a parabola. So the region described by y < 22 is the part below

fe | y-x?

is not part of the domain

this parabola. The boundary y = 2 is not part of the domain y < x2.
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2. Find lim ( — ) if it exists, or show that the limit does not exist.
(@y)—00) \zy zy(T+1)

1 1 1 1 1
First, lim < — ) = lim — ( — ) = lim —- T lim @ ——.
(z.9)—(0,0) \zy  zy(z+1) (2,y)—(0,0) TY rz+1 (zy)—00) zy T+1 (2)—(00) y(z+1)
Let us consider the line L given by y = x. Along this line the function becomes 1/z(z 4+ 1). Now,

1
Limit along line L from the positive side = mli%l+ 2t 1) = 400
1
Limit along line L from the negative side = lim —— = —
o—0- z(z + 1)
1 1
These two limits are different and hence  lim ( — ) does not exist.
(2y)— 0.0 \zy  xy(z+1)

3. Find fyuy for f(z,y) =z + ze "y + e "y

First, fy, = ze™" + 2e™"y.
Then, fy, =2e~".

S0, fyazy = fyye = —2e77.

4. Estimate the value of (1.02)5(1.99)3 by using linear approximation.

Let f(z,y) = 2°y3. Then f, =5z'y® and f, = 3z°y®. Therefore f,(1,2) =40 and f,(1,2) =12. It follows that
flz,y) = f(1,2) + fo(1,2)(z — 1) + fy(1,2)(y — 2) =8+ 40(x — 1) + 12(y — 2).
Now f(1.02) ~ 8 + 40 x 0.02 + 12 x (—0.01) = 8 + 0.8 — 0.12 = 8.68.

5. Find an equation of the plane tangent to the surface 2 + 22e¥~% =13 at point P = (2,2,3).

In general, the tangent plane for f(z,y,z) =0 at (a,b,¢) is given by Vf(a,b,¢) - (x —a,y — b,z — ¢) = 0.

In this case, f, =2z — 22e¥~% implying f.(2,2,3) =4 —9= —5;
fy = 2%e¥™" implying f,(2,2,3) =9;
f: = 2ze¥~% implying f,(2,2,3) = 6.

Therefore, the tangent plane is —5(x —2) +9(y —2) +6(2 —3) =0 or 5z — 9y — 62+ 26 =0.



6. Find the directional derivative of f(x,y,z) = ./zyz at (2,4,2) in the direction v =<4, 2, —4 >.

First, f172f\/y7 fy = f\/ﬁ and fzf2f\ﬁ,son(242)—<1 1/2, 1>.

Next, |[v]|=+16+4+ 16 =36 =6, so v/||[v|]| = <2/3, 1/3, —2/3 >.
Finally, directional derivative = Vf(2,4,2) - v/||v||=<1, 1/2, 1 >-<2/3, 1/3, —=2/3 > = 1/6.
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7. Find a—{ if f(x,y)=2x+y—ay+a2?>—y? and x =2s—3t, y=4s+t. Express your answer in terms of s,t and also simplify it.
af af Ox Jy
=1 2 — =1 —2,—:—3, d —=1.
o y+ar 5, T B and 5

of ofox  Of oy

SO 5t “arar T oy ot

=(1—y+20)(-3)+(1—2—2y)(1)=—2-Te+y=—2—14s+ 21t + 45+t = —2 — 10s + 22¢.

8. Find all critical points of f(z,y) = x —y* — In(x + y). Then determine if they are local maxima, local minima, or saddle points.

First, fxflfm_y andfy:nyfﬁ. Fromfmffyf()wegetlfr_s_y

Then we deduce from 1 = 3= that z =1 —y =3/2. So (3/2,~1/2) is the only critical point.

NeXta fmc = (Z +y)727 fyy = -2+ (ery)’Q, and fscy = (Z +y)72~
It follows that D(3/2,—1/2) = fuufyy — (fay)?> =1 x (=2 + 1) — 12 = —2 < 0, which implies that (3/2,—1/2) is a saddle point.

—2y, which implies y = —1/2.

9. Find the maximum and minimum values of f(z,y) = 2z + 3y subject to g(z,y) = 2% +y?> — 13 =0.

Using Lagrange condition Vf = AVg we get 2 =2 z and 3=2)\y. So z =1/ and y=3/(2)).
From z?+y>—13=0 we get 5 + 13 — 13 =0, which leads to A? =1/4 and thus X = +1/2.
Critical points are given by (z,y) = (1/X, 3/(2))), so there are two critical points (2,3) and (-2, —3).

Since the domain g(z,y) = 2% + y? — 13 = 0 is closed and bounded, f achieve its global max at (2,3) with f(2,3) = 13
and achieve its global min at (—2,—3) with f(—2,—-3) = —13.
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10. Evaluate / / sz dzdy.
o J1 (z+2y)

2 1 2 , 1 , r=2
First, ——dx = r+2y) der=—=(x+2y)~
| amte= [ S +29)

1 1
75(2 +2y)72 + 5(1 +2y)~2.  Then we have

=1
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