6a. To use KKT condition we express the problem as a convex
program. In particular, f = t;ltgl, g1 = %t1 + %tg — 1, and
C = {(t1,t2) : t1 > 0,t2 > 0}. It is clear that C is convex. It
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is also easy to check that Hf = L {%2 tltﬂ, Hg, =0, and
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they are both positive semidefinite on C', which imply that both
f and g7 are convex on C. Therefore, the program is convex.

Observe that f and g; have continuous first partial derivatives
on C. The program is also superconsistent since (3,1) € C and
g1(3, 1) < 0. Therefore, all requirements in (5.2.14) are satisfied,
so we may apply KKT condition.

(1) A1 > 07

(2) /\1(?1 +1%t2 -1)=0

(3) _ﬁ’TQ + 5/\1 =0

4) gz +3M=0
Form (3-4) it is clear that A; # 0 and ¢; = t3. Thus we deduce
from (2) that t; = t3 = 1 is the optimal solution.

6b. To solve the problem as a geometric program we write it in
the standard form. In particular, gg = tl_lt2_1 and g1 = %tl + %tg.

We write the dual program:
Lis, o 1 is 1 s, 82+6
- R R ) §2)02103
mae (5)7 (5)% (35)% (62 + 63)
st. 01 =1, -1+ =0, =61 +93 =0, >0, 60 >0, 3 > 0.

Solving the equations we get §; = §, = d3 = 1.

To get a solution to the original problem, we solve

w1 (t us(t
f(t) =v(d) and %: 3(2), (or g1(t) =1)
that is,
1, ty 1o
t74:1 =1 and = = 2
Lt wmey Ty

which yields the optimal solution t; = to = 1.

8b. Let u; = x1/2, Uy = y’27 uz = x’lz, Uy = mflw, Uus = yz’l,

and ug = wz"'. Let g9 = 22 +y 2, g1 = 27 2+ 2z w, and
g2 = yz~ ' + wz!. Then the dual program is

[N RS SN Y S B
max v(8) = (a) (g) (g) (a) (E) (%)
(03 + 04)25704 (85 + )00

s.t. 51 + 52 =1

%(51 —03—0,=0

—200+ 05 =0

63— 05 — 06 =0

04 +06=0

01 > 0,02 > 0,

either 03 = 4 = 0 or both d3 and §, are positive

either 05 = dg = 0 or both d5 and Jg are positive

It follows from &4 + d¢ = 0 that 4 = dg = 0. Then the last two
conditions imply d3 = 5 = 0. Now from —2J5 + d5 = 0 we get
02 = 0, contradicting the requirement do > 0. Therefore, the dual
program has no feasible solution and thus, by Theorem 5.3.5, the
original problem has no optimal solution. (When we apply 5.3.5
we need to verify that the original program is superconsistent.
But this is clear since by taking t = (x,y,z,w) = (5,1,3,1) we
get g1(t) < 1 and go(t) < 1.)

There is a more direct way to see that the given program does
not have an optimal solution. Let t = (z,y, z,w) be any feasible
solution. From g¢1(t) < 1 we get > z+w > z; from go(¢) < 1 we
get z > y + w > y. Combining these two we get > y. Now it is
straightforward to verify that

20 +y r+2y -y
5 Y 3 3 )
is a feasible solution with go(t) < go(t). What this says is that,
for any feasible solution t there is always a better feasible solution
t. Thus the program cannot have an optimal solution.

t= (jf,g,é,ﬂ)) :(

2a. Let g(x1,22) = 2% — 22 — 2. Then
gt = 0 if 22 <x9+2
22 —x9—2 if 23> 29+ 2

and P, = f + k- (¢g7)% To minimize P, we compute

0

0] if 23 <a9+2
V(gh)? =2¢tVgt =

(23 — 22— 2)

2
[?] if 23 >a20+2,

then
1 .
) if o7 <x2+42
VP, =
1 2
+2k(x%—x2—2)lx11] if 23 > 29 +2
and
|ﬁ 8 if 22 <ay+2
Hf = )
6xf — 210 — 4 —2
lexl 2;2 1351] if 2% > x9 4+ 2.
—2z

First we find critical points by solving VP, = 0. Equivalently, we
solve B] +2k(23 — 12 —2) [2_3311] = {8} with 23 > x5+ 2. In other
words, we need to solve
(1) 1+4k(z? — 29 —2)21 =0
(2) 1—-2k(z3—22-2)=0
(3) 23 > xy+ 2.
From (2) we get 2k(x? — 2 — 2) = 1. By substituting this in (1)
we get 1+ 2x; = 0, which gives us ;1 = —1/2. Now from (2) we
have x5 = =2 — . Since x* = (—3, — I — L) satisfies (3), it is
the only critical point.
To confirm that * is a minimizer, we consider H f. By Theorem
1.2.9a, we only need to prove that H f(x) is positive semidefinate,
for all . This is obvious if 2 < x5 + 2. In the case 23 > x5 + 2,
we can check that all its principal minors are nonnegative:
627 — 2w9 — 4 = 422 + 2(2? — 29 — 2) > 0;
1>0; and
(623 — 2w —4) - 1 — (—221)% = 2(23 — 12— 2) > 0.
By Theorem 1.3.4.d in the supplement, H f is positive semidefinate
and thus x* is a global minimizer.
Finally, since limg_, o, * = (f%, fg), we conclude that it is the
optimal solution to the given problem.
Remark. Notice that f is not coercive and it does not satisfy the
lower bound condition in 6.2.3. However, the penalty method still
produces the optimal solution.



