
LECTURE 10: INTEGRAL EXTENSIONS

GIRJA SHANKER TRIPATHI

In all the discussions that follow A is a commutative ring with identity.

1. Definitions

Definition 1.1. An A−module M is said to be finitely generated, if there exist
elements m1, ..., mn ∈ M such that every element of M is an A−linear combination
of m1, ..., mn.

In other words, for a given m ∈ M , there are ring elements a1, ..., an such that
m = a1m1 + ...+anmn. This is equivalent to the fact that the ring homomorphism
ϕ : ⊕n

i=1Aei −→ M defined by Σaiei 7→ Σaimi is surjective.

Definition 1.2. An A−algebra B is said to be finitely generated if there exist ele-
ments b1, ..., bn in B such that the evaluation homomorphism φ : A[x1, ..., xn] −→ B
defined by f(x1, ..., xn) 7→ f(b1, ..., bn) is surjective, where P [x1, ..., xn] is the poly-
nomial ring in n−variables over A and f(x1, ..., xn) is a polynomial in P [x1, ..., xn].

This means that, for a given b ∈ B, there exists a polynomial f(x1, ..., xn) ∈

P [x1, ..., xn] such that b = f(b1, ..., bn).

Definition 1.3. A field K is said to be finitely generated over it’s subfield k, if
there exist elements c1, ..., cn in K such that every element of K is a rational
function of c1, ..., cn.

That is, for a given α in K, there exist polynomials f(x1, ..., xn), g(x1, ..., xn) ∈
k[x1, ..., xn] such that α = f(c1, ..., cn)/g(c1, ..., cn), where g(c1, ..., cn) 6= 0. In this
case, we write that K = k(c1, ..., cn).

Definition 1.4. If an A−algebra B is finitely generated as an A−module, we say
that B is finite over A.

Clearly, if B is finite over A, then B is finitely generated over A. But the converse
need not be true. For example, consider the polynomial ring A[x] = A⊕Ax⊕Ax2...,
in one variable x over A. This is clearly a finiteley generated A−algebra, but it is
not finitely generated A−module.

Definition 1.5. Let B be an A−algebra. An element b of B is said to be integral
over A, if there exists a monic polynomial f(x) = xn + an−1x

n−1 + ... + a1x + a0

in A[x] such that f(b) = bn + an−1b
n−1 + ... + a1b + a0 = 0.

Proposition 1.6. Let A be a subring of B and b ∈ B. Then the following are
equivalent:

1. b is integral over A;
2. A[b] is finite A−algebra; and
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3. There exists a finite A−algebra C, such that A ⊂ C ⊂ B and b ∈ C

Proof. We first prove that (1) implies (2). Since b is integral over A, we have
bn + a1b

n−1 + ... + an−1b + an = 0, where a1, ...an are elements of A. This equation
gives us that bn = −(a1b

n−1+...+an−1b+an). We assert that every nonnegative in-
tegral power of b can be expressed as an A−linear combination of 1, b, ..., bn−1. This
is true for bn in view of above. Suppose bm can be expressed as an A−linear combi-
nation of 1, b, ..., bn−1. Let bm = cn−1b

n−1+...+c1b+c0, where c0, ...cn−1 ∈ A. Then
we have, bm+1 = b(−(cn−1b

n−1 + ...+ c1b+ c0)) = −(cn−1b
n + cn−2b

n−1 + ...+ c0b).
Expressing bn as an A−linear combination of 1, b, ..., bn−1, we see that assertion fol-
lows from induction. But this means that any f ∈ A[b] is an A−linear combination
of 1, b, ..., bn−1. Therefore, A[b] is finite A−algebra.

Clearly (2) implies (3) is trivial (take C = A[b]).

We finally prove that (3) implies (1). Suppose C = A + Ac1 + ... + Acn, where
ci’s are elements of C. Consider bci = Σn

j=1aijcj , where aij ∈ A; i, j = 1, ..., n. This

gives Σn
j=1(δijb−aij)cj = 0, where δij is the Kronecker delta symbol. Consider the

matrix M = (δijb − aij). For c = (c1, ..., cn)t, we have Mc = 0. Then by Cramer’s
rule we have det(M)ci = 0, for all i. This gives that det(M) = 0. But det(M) is a
monic polynomial of degree n in b. This proves that b is integral over A.

Corollary 1.7. Suppose A be a subring of B.

1. If b1 and b2 are integral over A, then so are b1 + b2 and b1b2;
2. The set of elements Ã which are integral over A, is a ring (called the integral

closure of A); and
3. Integrability is transitive; that is, if A ∈ B ∈ C is a tower of rings such that

C is integral over B and B is integral over A, then C is integral over A.

Proof. 1. Since b1, b2 are integral over A, we have , for some natural numbers
m, n

A[b1] = A + Ab1 + ... + Abn
1

A[b2] = A + Ab2 + ... + Am
2

Now consider the algebra A[b1, b2]. We have A ⊂ A[b1, b2] ⊂ B; and A[b1, b2]

is finitely generated as an A−module, for the elements 1, bi
1b

j
2, i = 1, ..., n; j =

1, ..., m generate A[b1, b2] over A. Since b1 + b2 and b1b2 are in the algebra
A[b1, b2], result follows from above proposition.

2. Follows from part (1) of this corollary.

3. Suppose c ∈ C. Since C is integral over B, we have for some ring elements
s1, ..., sn ∈ B; cn+s1c

n−1+...+sn−1c+sn = 0. Consider the ring A[s1, ..., sn].
c is integral over A[s1, ..., sn], hence A[s1, ..., sn][c] is finite A[s1, ..., sn]− mod-
ule. But A[s1, ..., sn] is finite A−module, since s1, ..., sn are finitely many
integral elements over A. This gives that A[s1, ..., sn][c] is finite A−module.
Then the result follows from above proposition.
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Definition 1.8. 1. Suppose A ⊂ B be a subring of B. If the ring Ã of elements
of B, which are integral over A, equals A, we say that A is integrally closed
over B.

2. If an integral domain A is integrally closed over its field of fractions, we say
that A is integrally closed.

Example 1.9. An unique factorization domain (UFD) is integrally closed: Sup-
pose that A be an UFD and Q be it’s field of fractions. Let c ∈ Q be integral
over A. Then we have cn + a1c

n−1 + ... + an−1c + an = 0, for some a1, ...an ∈ A.
Writing c = p/q, where (p, q) = 1, and mulitlying above equation by qn, we see that
pn = −(a1p

n−1.q+...+an−1pqn−1+anqn) = −(a1p
n−1+...+an−1pqn−2+anqn−1)q.

Since (p, q) = 1, and A is UFD, this is not possible unless q is unit in A, but then

c ∈ A. Therefore, Ã = A. This proves that A is integrally closed.

Example 1.10. Suppose that K ⊂ Q be a finite algebraic extension of the filed Q

of rational numbers. The subring of algebraic elements of K over Q, is denoted by
OK , and is called the ring of algebraic integers in K.
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