
29. Morphisms II

Theorem 29.1. Let ϕ : A→ B be a ring homomorphism. This defines a morphism
of schemes

(ψ,ψ#) : (X,OX) → (Y,OY ),

where X = Spec B, and Y = Spec A.

Proof. Define ψ : Spec B → Spec A to be the map aϕ from Proposition 9.6. That
is, if [p ] ∈ Spec B, then ϕ−1p ⊂ A is a prime ideal and so naturally we defined

aϕ[p ] := [ϕ−1p ].

We need to see that ψ is continuous. It suffices to show that for any ideal J ⊂ A,
the inverse image of V (J) under ψ is closed. So consider the following:

[p ] ∈ ψ−1(V (J)) ⇐⇒ ψ([p ]) ∈ V (J)

⇐⇒ [ϕ−1p ] ∈ V (J)

⇐⇒ ϕ−1p ⊃ J

⇐⇒ p ⊂ ϕ(J)

⇐⇒ p ⊇ ϕ(J)B

⇐⇒ p ∈ V (ϕ(J)B).

Now it remains to show that ψ# : OY → ψ∗OX and that the axiom holds. To do
this, we need the following lemma.

Lemma 29.2. Let φ : A → B be a ring homomorphism and M a B-module. Let
M[φ ] be the A-module defined by M via φ and ψ =a φ. Then as sheaves on Spec A
we have

ψ∗(M̃) = M̃[φ ].

Proof. Let Y = Spec A and X = Spec B. It is enough to construct isomorphisms
(canonical) of sections over Yf for each f ∈ A, Y = Spec A since the Yf cover all
of Y . We need to see that ψ−1(Yf ) = Xφ(f). To do this, recall that Yf = Y −V (f)
and so

ψ−1(Yf ) = ψ−1(Y − V (f)) = ψ−1(Y )− ψ−1(V (f)),

but this is just
X − V (ψ−1(f)) = X − V (φ(f)) = Xφ(f).

Then we can calculate that

ψ∗(M̃)(Yf ) = M̃(ψ−1Yf ) = M̃(Xφ(f)) = Mφ(f) =
{

m

φ(f)ν

}
,

and this is the same as

M̃[φ](Yf ) =
(
M[φ]

)
f

=
{

m

φ(f)ν

}
.

�

Now we need to define ψ# : OY → ψ∗OX . Again, since the Yf cover all of Y , it
is enough to define this on the Yf . Recall that OY (Yf ) = Af . Then we see that

ψ∗OX = ψ∗B̃ = (B̃[φ]),
1
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where the last equality is from the lemma above. Notice also that we have

ψ∗OX(Yf ) = OX(ψ−1Yf ) = OX(Xφ(f)) = Bφ(f).

Then define ψ# : OY → ψ∗OX , by sending an element

a

fν
7→ φ(a)

φ(f)ν
.

This is a homomorphism of sheaves since maximal ideals are sent to maximal ideals.
�

Scholium 29.3. A scheme is a space with a sheaf that locally looks like (Spec A,
OSpec A). A morphism of schemes f : X → Y is a continuous map that is locally
of the form aφ : Spec B → Spec A for a ring homomorphism φ : A→ B.

Theorem 29.4. For any scheme X and any ring A, there is a one-to-one corre-
spondence between

(1) Morphisms of schemes X → Spec A

and

(2) Ring homomorphisms A→ OX(X).

In other words, Homsch(X,Spec A) ' Homrings(A,OX(X)) as functors.

Proof. (1) −→ (2)

Suppose we have a morphism of schemes

(ψ,ψ#) : (X,OX) → (Spec A,OSpec A),

where ψ# : OSpec A −→ ψ∗OX . Taking global sections we see that we get a ring
homomorphism

ψ#(Spec A) : OSpec A(Spec A) → ψ∗OX(Spec A).

But OSpec A(Spec A) = A and ψ∗OX(Spec A) = O(ψ−1Spec A) = OX(X), and
we get the desired ring homomorphism.

(2) −→ (1)

Suppose now that we have a ring homomorphism φ : A → OX(X). We want
to construct a morphism of schemes, and to do so we want to construct a map
ψ : X → Spec A = Y , and a map ψ# : OY → ψ∗OX . So to construct ψ, we just
need to give a value in Spec A for each x ∈ X. Since Spec A is just the prime ideals
in A, we need to find a px ∈ A so that ψ(x) = [px]. Consider the map defined by
the composition:

φx : A
φ−−→ OX(X) λx−−−→ OX,x.

Then define [px] := φ−1(MX,x). This is a prime ideal since it is the pullback of
a maximal ideal, and then of a prime ideal. We still need to show that this is
continuous and then construct the sheaf map.
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For continuity, it is enough to check that ψ|U is continuous for all affine open
U ⊆ X, since X is covered by these. So we have

U = Spec B X

V (J) ⊂ Spec A

-i

?
ψ◦i

�
�

�
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ψ

where i is the inclusion map and V (J) is a closed subset of Spec A. So we see that
U ∩ ψ−1(V (J)) ⊂ U is closed. Consider the map

φ0 : A
φ−−→ OX(X) restriction−−−−−−→ OX(U) = B.

We need to check that ψ◦i = aφ0. To do this, take x ∈ U . Then OX,x = OU,x = Bq

if x = [q], where q ⊂ B. Then MX,x = q · Bq. Recall that px = φ−1
x (MX,x). We

claim that [px] = [φ−1
0 q] = aφ0[q]. We have the following diagram:

A OX(X)

OX(U) = B

OX,x = Bq

-φ
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@@R

φx

?
restr.

?
loc.

Recall this fact about localizations: if B loc.−−→ Bq ⊃ q ·Bq, then q = loc−1qB. Now
we have

(ψ ◦ i)[q] = [(loc ◦ φ0)−1(qBq)] = [φ−1
0 (loc−1)(qBq)] = [φ−1

0 q] = aφ0[q].

We still need to construct ψ#, and this will be continued next class. �


