SYMMETRIC SUBGROUP ACTIONS ON ISOTROPIC
GRASSMANNIANS
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ABSTRACT. Let GG be a classical group preserving a sesquilinear form on a vector
space V over R or C. Let Grg(r) be the Grassmannian of isotropic r-dimensional
subspaces. Let H = (G, G2) be a symmetric subgroup of G. In this paper, we give a
parametrization of H-orbits on Grg(r) in terms of dimensions of various subspaces.
The main result of this paper is the determination of the H homogeneous structure
and the dimension of each orbit. Consequently, we find all the open orbits. We also
treat H-orbits of Grg(r) for symplectic and orthogonal groups over an algebraic
closed field with characteristic not equal to 2.

1. INTRODUCTION

The symmetric subgroup orbits in flag manifolds have been intensively studied
in the past. Their parametrization, in the most general form, is due to Matsuki
[10, 11, 12, 13] and Springer [16]. There are finitely many such orbits. In addition,
there is also a natural topological ordering among the symmetric subgroup orbits,
namely, if an orbit O’ is contained in the Zariski closure of another orbit O, O’ is
said to be smaller than . This ordering defines a partial ordering, often called the
Bruhat ordering. The Bruhat ordering can be described purely algebraically in terms
of the Matsuki-Springer parameter [11, 14, 15, 6].

In this paper, we are interested in symmetric subgroup action on the Grassmannian
of isotropic subspaces. Consider the following symmetric pairs.

TABLE 1. Symmetric Pairs (G, H) and Representation Spaces V'

G H VvV Conditions
O(p,q) | O1,q1) X O(p —p1,q —q1) | RPATH @RPPITIN | 0 < p; <p, 0<q1 < g
U(p,q) | Ulp1,q1) xU(p—p1,g—q1) |[CATRQCPPITI8 10 <p; <p, 0<q1 <¢q
On (k) O (K) % O (k) K7 ok O<m<n
Sp?n(k) Sp2m<k) X Sp2n—2m(k) K> b K> 0 <2m <2n

Note: k is an algebraic closed field and char(k) # 2.

!This paper is partially supported by an NSF grant.
ZKeywords: Isotropic Grassmannian, symmetric subgroup
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In Table 1, GG is a classical group that preserves a standard sesquilinear form on the
standard representation space V', and H is a symmetric subgroup of G that stabilizes
two subspaces U and W such that V = U & W. Let Grg(r) be the Grassmannian
of isotropic subspaces of dimension 7. Let P be a maximal parabolic subgroup such
that quotient G/P = Grg(r).

The first result of this paper is a parametrization of the cosets H\Grg(r) by a finite
convex subset of a lattice.

Theorem 1.1. Let k be an algebraically closed field with char(k) # 2. Let (G, H,V)
be given as in Table 1. If G is O, (k) or Sps,(k), then H-orbits on Grg(r) can be
parametrized by an integral 4-tuple (ry,rw,a,b); If G = O(p,q) or G = U(p,q), then
H-orbits on Grg(r) can be parametrized by an integral 5-tuple (ry,rw,a, ay, aw).

See Theorems 2.1, 5.1, 6.1 and 7.1 for the definitions of parameters ¢, ryw, a, b, ay, aw
and the precise statements. The results for (H N Gp)-orbit for O(p,q) are given in
Section 4.

Our view point is purely algebraic. We derive our theorem by analyzing the simulta-
neous isometry of a set of subspaces as presented in [7, Theorem 5.3]. It is unclear
how our parametrization should be identified with the Matsuki-Springer parametriza-
tion [1, 10, 11, 16]. We shall point out that the symmetric subgroup orbits we treat
in this paper are quite special. All the parameters can be directly determined by any
isotropic subspace in the orbit. They sit in a positive lattice. We expect that the
Bruhat ordering coincides with a natual ordering on the lattice.

Another focus of this paper is to study how the group H acts on each orbit. Clearly
each orbit can be written as H/Hg where Hg is the stabilizer of an isotropic sub-
space S. The second result of this paper, is a determination of the stabilizer Hg.
In the most general form, Hg is contained in a product of two parabolic subgroups
Py(ry,ruy + a) of H|y and Py (rw,rw + a) of H|y respectively.

Theorem 1.2. Let G, H be as in Table 1. Let S be an isotropic subspace in the
H-orbit Og.u(ru,rw,a,*). Then Hg C Py(ry,ry +a) X Py (rw,rw + a). Moreover,
(91,92) € Hg if and only if g1 and go satisfy certain matching conditions. The dimen-
sion of Og.u(ru,rw,a,*) is a quadratic function on the 4-tuple or 5-tuple. The open
orbits are determined in Theorems 3.3, 5.4, 6.3, 7.5.

See Theorems 3.1, 5.2, 6.2, 7.2 for the precise description of the stabilizer Hg.

Let F¢ be the complete flag variety of G, and F(, any partial flag variety of G.
In [11], Matsuki defined the canonical surjection

[ H\Fc — H\F¢,
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then determined the inverse image f~*(O) for any H-orbit O in F/,. For (G, H) given
in Table 1, there exists a similar canonical surjection from H\F{, to H\Grg(r) for
every r € DIM(F,), where DIM(F/,) is the dimension set of an isotropic flag in F,.
Clearly, the following canonical map 7 is injective:

(1) T F— H Grg(r).

reDIM(F,)

We define a canonical map

(2) foH\Fo— [ H\Gre().

reDIM(FL,)

We show in Example 6.6 that fis not necessarily injective. So the H-orbit of a flag
in ¢, may not be uniquely determined by the H-orbits of subspaces in this flag.

Example 6.6 also indicates that f is not necessarily surjective.

We shall elaborate a little bit on the motivation of this paper. Recall that func-
tions on isotropic Grassmannian Grg(r) can be used to define certain degenerate
principal series Ip(v). The representation Ip(v) is one of the most intensively studied
series of representations. In case G/P is the Lagrangian Grassmannian and G the
symplectic group, a preliminary investigation by the first author, gives a branching
law for the unitary Ip(v)|g ([4, 5]). This branching law is multiplicity free and yields
a Howe type L?-correspondence ( [8], [9]) between unitary representations of G; and
unitary representations of GGy . So the remaining question is to see if the degenerate
principal series in other cases will decompose in a similar fashion when restricted to
H. A first step is to understand how H acts on Grg(r), in particular how H acts on
the open orbits in Grg(r). This is what is done in this paper. We hope to discuss the
branching law of the degenerate principal series with respect to H in a future paper.

2. REAL ORTHOGONAL CASE: ORBITS ON ISOTROPIC GRASSMANNIANS

In this section, suppose that
(3) G = 0O(p,q), H :=O(pr,q1) X O(p = p1,q4 — @1)-

Here G is the isometry group of V := RP*? with respect to a nonsingular symmetric
bilinear form (, ), and H C G is the stabilizer of two subspaces U and W of V| where

4) V=UeW, ULW, Hlpg=O(@p,q), Hw=0@p-p,q¢—q)

We parametrize the H-orbits in the isotropic Grassmannian Grg(r) of r-dimensional
isotropic subspaces of V.

Given any subspace S C V, let PyS (resp. Pw.S) be the projection of S onto the
U-component (resp. the W-component) with respect to V. =U & W. So
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The radical of S with respect to the bilinear form (, ) is

(6)

Rad(S) :=SnS*.

S is said to be positive definite if (v,v) > 0 (resp. negative definite if (v,v) < 0) for

every nonzero vector v € S.

Recall that the G-orbit of S can be parametrized by a 3-tuple (s, s, s_), where

(7a) s
(7b) S+
(7c) S

dim Rad (),

dimension of a maximal positive definite subspace of S,

dimension of a maximal negative definite subspace of S.

Moreover s + s, + s_ = dim .S. We say that S is of isometry type (s,s;,s_).
Now suppose that S is an r-dimensional isotropic subspace of V. Let

No := {0,1,2,3, -

).

The following theorem parametrizes the H-orbit of S.

Theorem 2.1. Let S be an isotropic subspace of V = RPT1 =

(8a) ry
(8b) Tw
(8¢)

(Sd) ay
(8e)  aw

dim(SNU),

dim(Rad (PUS)) —Tu
dim(Rad(PwS5)) — rw,

dimension of a mazimal positive definite subspace of Py S

U@ W. Define

dimension of a maximal negative definite subspace of Py S,
dimension of a maximal negative definite subspace of Py S

dimension of a mazimal positive definite subspace of Py S.

Then the 5-tuple (ry,rw,a,ay, aw) € Ny’ is H-invariant, and it uniquely determines
the H-orbit of S. The 5-tuple (ry,rw,a,ay, aw) satisfies the following conditions:

(9a
(9b
(9¢
(
(

~— T ~—

9d
9e

—

Theorem 2.1 shows that (ry,rw,a,ay,aw)

(rUa rw,a,ay, CLW)

ryg+a+ay

ry + a+ aw

rw + a+ aw

rw +a—+ay

No’,
P1,

qi,

P — D1,
q—dq1-

IANIAIAIA M

is an integer point in a convex set of

R®. We denote the H-orbit of S by O u(rv, rw, a, ay, aw).
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Remark 2.2. Obviously,

(10a) r=dmS = ry+rw+a-+ay+ aw,
(10b> dll’IlPUS = ry+a+ay + aw,
(10c) dimPwS = rw +a+ay + aw.

Proof of Theorem 2.1. First we prove that (ry,rw,a,ay, aw) is well-defined by (8).
The subspace S can be expressed as
k
(11) S=(SNU) @ (SNW) e PR +w,),
i=1
where w; € U and w; € W fori=1,2,--- , k, and
k:=dimS —dim(SNU) —dim(SNW) =a+ ay + aw.
Then

k k
PyS=(SNU)ePRu, PwS=(SnW)aPRw,
i=1 i=1

Since S is isotropic and U 1L W, we have
SNU CRad(Py9), SNW C Rad(PwS).

Select the vectors u; + w; appropriately so that the Gram matrix of {uy,--- ,u;} is
(12) [(ui, uj)}kxk = Ouxa @ Loy ® (—1Lay)-

Then (u; + w;, u; + w;) = (w;,u;) + (w;, w;) = 0 implies that the Gram matrix
(13) [(wo,w) ], == [(w,u)], = 0axa ® (—Iay) & Loy, -

In particular, the dimension of a maximal positive definite subspace (resp. maxi-

mal negative definite subspace) of PyS equals the dimension of a maximal negative

definite subspace (resp. maximal positive definite subspace) of Py, S, and
dim(Rad(PyS)) — dim(S NU) = dim(Rad(Pw S)) — dim(S N W).

So (ru,rw,a,ay, aw) is well-defined by (8).

Second, we show that (ry,rw,a,ay,aw) defined by (8) meets conditions (9). It
is obviously H-invariant and in Ny®. By (12), the subspace S; of U:
atay
S1:=(SNU) & P Ru
i=1
satisfies that (v,v) > 0 for every nonzero v € S;. Let U; be a maximal negative
definite subspace of U. Then dimU; = ¢;, S; NU; = {0} and S; +U; CU. So

dim(S; + Uy) =dim Sy +dimU; =rp +a+ay + ¢ < dimU = p; + ¢4.
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Thus (9b) holds. Similarly, (9¢), (9d), and (9e) hold.

Next we show that every isotropic subspace S’ corresponding to (ry, rw, a, ay, aw) is
in the H-orbit of S. Parallel to (11), (12), (13), S’ has a decomposition:

k
S =(SnU)o (S NW) o PR, +w)),

i=1
where
[(u u; )}k k OQXGEBIGU@(_ICLW)a [(ngwg‘)]kxk:OaXa@(_IaU>EBIaW.
Let ¢ : PyS — Py S’ be a linear bijection such that
o(SNU)=8nNU, d(w)) =u; for i=1,2,--- k.

Then ¢ is an isometry. By Witt’s Theorem [17], ¢ can be extended to an isometry
g1 € O(U), the orthogonal group of U. Likewise, there is an isometry g, € O(W)
such that

B(SNW)=5"nNwW, go(w;)=w, for i=1,2--- k.
Then g; X go € H and it sends S to S’. Hence S and S’ are in the same H-orbit.

Finally, given any 5-tuple (ry,rw,a,ay,aw) that satisfies conditions (9), we show
that there exists an H-orbit corresponding to (ry, rw, a,ay, aw ). In this situation S
is not given. Let {uf,--- u;;l,ul_, e ,u;l} and {w7,--- ,W;plawfy W ql} be

fixed orthogonal bases of U and W respectively such that for all applicable indices,

(wfuf) =1 (uu)=-1 (W, w)=1  (w,,w,)=-1

Let S be the subspace spanned by the basis
(14) {uf +u; }%, U {vvJr +w }] . U {urU+c + Wy ietoly U {urUer +WTW+d}d L
U {u’I’U-‘rCLU-i-Z + TU-‘raw-‘ré + Tw-i-aw-i-f +w Tw+aU+£}£ 1-

Then S is a canonical isotropic subspace of V' and the H-orbit of S is parametrized
by (ru,rw,a,ay,aw). We complete the proof. O

3. REAL ORTHOGONAL CASE: HOMOGENEOUS STRUCTURES OF ORBITS

We continue the discussion on (G, H) = (O(p,q), O(p1,q1) X O(p — p1,9 — q1))-
First we parametrize the stabilizer Hg of any isotropic subspace S of V. Then we de-
termine the open H-orbits in Grg(r). From (9) there are only finitely many H-orbits
in Grg(r), and there exists at least one open H-orbit in Grg(r).
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Let us parametrize Hg for S € Og u(ry,w,a,ay,aw). Let Py(ry,ry + a) be the
parabolic subgroup of H|y = O(p1, q1) preserving the partial flag
UNS C Rad(PyS) C [Rad(PyS)|F € (UNS):  (all are restricted in U).

Let Py (rw,rw + a) be the parabolic subgroup of H|y preserving the partial flag:
W NS CRad(PwS) C [Rad(PwS)|t € (WNS):  (all are restricted in W).
Then Hs C Py(ry,rv + a) X Py (rw,rw + a). The Levi factor of Py(ry,ry + a) is
GL(ry)GL(a)O(p1 — rv — a,q1 — v — a) and the Levi factor of Py (rw,rw + a) is

GL(rw)GL(a)O(p —p1 —rw — a,q — 1 —Tw — a).

The group Hs must preserve Pyr.S and (Py.S)t (restricted in U). So it preserves
PUS (PUS)J‘
_— and _
Rad(PUS) Rad(PUS)
which are of isometry types (defined by (7)) (0, ay, aw) and (0,p; —ry —a—ay, ¢1 —

ry — a — ay ) respectively with respect to the induced bilinear form. Moreover, there
is an orthogonal direct sum

(15) PyS . (PyS)t  [Rad(Py9)]*t
Rad(PyS) = Rad(PyS) Rad(PyS)
Choose a basis By := {uy, -+ ,Qp, 44 } of U such that each subspace in

UNS CRad(PyS) C PyS C [Rad(PyS)]* C (UNS)*

is spanned by the first few vectors in By. Then with respect to By, the elements in
Py(ry,ry + a) are of the form

(A A Az A Ay A
0 Asp Asg Aoy Az Ags
. 0 0 A33 * A35 A36
(16) I = 0 0 Ay Ay Asg |’
0 0 0 0 As As

0 0 0 0 0 Ags |

where Aj1, Ags € GL(ry) uniquely determine each other, Ao, Ass € GL(a) uniquely

determine each other, and {Ajg’ A* } €O(p1—rv—a,q—ry—a). If (hy,hy) € Hg
14

with hy € Py(ry,ru + a) and hy € Py (rw,rw + a), then hy must preserve (15). So
% in (16) must all vanish, and As3 x A4y is in the subgroup O(ay, aw) X O(p; — ry —
a—ay,q —ry —a—ay) of the O(py —ry — a,q1 — ry — a) factor.

Similarly, choose a basis By = {W1, -+, Wp_p,14—q } Of W such that each subspace
of Win
W NS CRad(PwS) C PwS C [Rad(PwS)]" € (WnNS)*+
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is spanned by the first few vectors in By, and furthermore u,,+; + Wy, +; € S for
1 = 1,2,...,a 4+ ay + aw. Then with respect to the basis By, the elements in
Py (rw,rw + a) are of the form

[Bi1 Bz Biz By Bis Big
0 By Bjz By By B

0 Bss * Bss Bsg

0 % By Bys Ba |’

0 0 0 B55 B56

0 0 0 0 B

o O OO

where Bjq, Bgs € GL(rw) uniquely determine each other, Bgy, Bss € GL(a) uniquely
determine each other, and Bj?’ B* eEOp—p—rw—a,q—q —rTw — a).
44

Suppose that (hi,hy) € Hg. Then * in (17) must all vanish, and Bssz X By is
in the subgroup O(aw,ay) x O(p —p1 —rw —a — aw,q — ¢ — rw — a — ay) of the
A Ass| _ | Bn By
0 As 0 Bss
U7 and Pw5
uns wns

O(p—p1—rw —a,q—q —rw —a) factor. Moreover, [ } since

(h1, ho) must preserve the canonical bijection between

S.

induced by

Theorem 3.1. Suppose that (G, H) = (O(p,q), O(p1,q1) X O(p — p1,q — q1)). Let
S € O¢u(ru,rw,a,ay,aw). Let hy € Py(ry,ry+a) and hy € Py (rw,rw+a). Then
(h1,he) € Hg if and only if

(1) the O(p1 —ru —a, 1 —ry —a) factor of hy in the Levi decomposition of hy is
contained in a certain O(ay, aw) X O(py —ry —a —ay, ¢ — 1y —a — awy);
(2) the O(p—p1 —rw —a, q—q —rw —a) factor of hy in the Levi decomposition
of hy is contained in a certain O(aw, ay) X O(p—p1 —rw —a—aw, ¢—q1 —

rw—a—ay);
(3) the submatrices Az Az of hy in (16) and B2y Bay of he in (17) are
0 A33 0 BBS

identical.

In particular, dim Hg can be computed by (18) below, and

dim O¢ uy(rv, rw, a, ay, aw) = dim H — dim Hg.

Proof. When (hy, he) € Hg, we have verified Theorem 3.1 (1)(2)(3). Conversely, if
Theorem 3.1 (1)(2)(3) hold, then it is easy to see that (hy, hs) € Hg.
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It remains to compute dim Hg. By the Levi decompositions, we have

1
dim Py (ry,ry +a) = §[dim O(p1, 1) + dim GL(ry) + dim GL(a)
+d1m0(p1 — Ty —a,q1 — Ty — a)]7
1
dim Py (rw,rw +a) = §[dim O(p — p1,9 — q1) + dim GL(rw) + dim GL(a)

+dimO(p —p1 —rw —a,q— ¢ — rw — a)l.
By Theorem 3.1 (1)(2)(3) and r = ry + rw + a + ay + aw, we have
dimHg = dim Py(ry,rv + a) + dim Py (rw,rw + a)
—dimO(p1 —rv —a,q —ry —a) —dimO(p —p1 —rw —a,¢ —q1 —rw — a)
+dim O(ay, aw) + dimO(py —ry —a — ay,q1 —ry — a — aw)
+dimO(aW,aU) —l—dimO(p—pl —Trw —a—aw,q — q1 —rw—a—aU)
—dim GL(a) — dim O(ay, aw) — a(ay + aw)

1 + 1/p+qg—p — rZrd ay + a
_ <p1 q1>+<p q—p1 q1>+U+W+<U W)—a(aU+aw)

2 2 2 2 2 2 2
Iip+a—2ry—2a\ 1(p+tqg—p1—q—2rw—2a
2 2 2 2
(18) +<p1+(hQTUQGGUGW>+<ID+QP1Q12TW26LGU@W>
2 2 '

O

The following corollary is a direct consequence of (18).

Corollary 3.2. If both Og u(rv, rw,a,ay,aw) and Oc.u(ry, rw,a, ay, ayy,) exist and
ay + aw = ay; + ayy,, then they have the same dimension.

Now we describe the open H-orbits in Grg(r). An H-orbit is open, if and only if it
has the maximum dimension among all H-orbits in Grg(r), if and only if dim Hg is
minimal for any subspace S in the G-orbit. The next theorem shows that to find the
open H-orbit(s) Og.u(rv,rw,a,ay,aw) in Grg(r), we should maximize ay and aw
subject to the constraints ay+aw < r, ay < min{p;,¢—q¢ } and ay < min{q, p—p1}.
In particular, a = 0 for all open orbits.

Theorem 3.3. The open H-orbits in Grg(r) are determined as follow:

(1) When r < min{p1,q — ¢1} + min{q,p — p1}, there are several open H-orbits
and they are parametrized by

OG,H(07 07 07 ay, aW)

with ay +aw =71, 0 < ay <min{p;,q — ¢} and 0 < aw < min{q,p — p1};
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(2) When min{p1,q — ¢1} + min{q1,p — p1} < r < min{p,q}, there is a unique
open H-orbit and it is parametrized by
O¢u(r—ay —aw, 0, 0, ay, aw) if dimU > dim W,
Ocu(0, r—ay —aw, 0, ay, aw) if dimU <dimW,

with ay = min{py,q — 1} and ayw = min{q,p — p1 }.

Proof. Let O¢ u(ru,mw, a,ay, aw) be an open orbit and S € Og gy (rv, rw, a, ay, aw).
Then the stabilizer Hg must be of minimal dimension among all Hg for S” € Grg(r).

First, we prove that a = 0. If on the contrary a > 0, then (ry,rw,0,ay + a,aw)
meets conditions (9) and there exists S' € Og y(rv,rw,0,ay + a,aw). By (18), we
compute in MAPLE that

1
dim Hg — dim Hg = 5@(& + 1) > 0.

Therefore dim Hg > dim Hg. It contradicts the assumption that S is in an open
orbit. Thus a = 0.

Second, we show that ry = 0 or ry = 0. If this is not true, then ry > 0, ryy > 0,
a=0,and r = ry +rw + ay + aw. The 5-tuple (ry — 1,1y — 1,0,ap + 1,aw + 1)
meets conditions (9) and thus there exists S" € Og y(rv —1,rw —1,0,ay + 1, aw +1).
By (18),

dimHg —dimHgy =p+q—7r—ay —aw —1>p+q—2r > 0.
It contradicts the assumption that Hg is of minimal dimension. Therefore ri; = 0 or
Tw = 0.
Third, suppose that » < min{py,q — ¢:} + min{q:,p — p1}. We claim ry = ry = 0.
If not, without loss of generality, assume ry > 0. Obviously, ry = 0 and a = 0. By
ay +aw <1 =ry+ay +aw <min{pi,¢ — qi} + min{q,p — p1}

we get ay < min{p;,¢ — ¢:} or aw < min{gi,p — pi}. If ay < min{p1,q — @:},
then (ry —1,0,0,ay + 1, aw ) meets conditions (9) and there exists S € Og p(rv —
1,0,0,a + 1, aw). By (18),

dimHg—dimHS/:(p—p1+q—q1—aU—aW)+(rU—1)>O.

If aw < min{q;,p—p1}, the same argument works for S € Og y(rv —1,0,0, ay, aw +
1). So Hg is not of the minimal dimension for S € Grg(r). We reach a contradiction.

Therefore, when r < min{py,q¢ — ¢:} + min{q;,p — p1}, we have ry = ry =a =0
and ay + aw = r. Moreover ay < min{p;,q — ¢} and ay < min{q,p — p1} by
(9). This proves the necessary part of Theorem 3.3 (1). Conversely, all orbits with
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rg = ry = a = 0 and ay + ay = r have the same dimension by Corollary 3.2. So
they are open orbits. This proves the sufficient part of Theorem 3.3 (1).

Finally, suppose min{p, ¢} > 7 > min{p:,q — ¢} + min{q1,p — p1 }.

(A)

Claim: ry = 0 when dim U < dim W, and ry = 0 when dim W < dim U.

Suppose that dimU < dimW. If on the contrary ry > 0, then ry = 0
and a = 0 by the preceding arguments. From (9b) and (9c¢),

2ry +ay +aw <p1+q =dimU <dimW = (¢ —q1) + (p — p1).

So ay < q—q; or ay < p—p1. Without loss of generality, suppose ay < q—q;.
Then (ry — 1,0,0,ay + 1,aw) meets conditions (9) and thus there exists
S" € Ogu(ry —1,0,0,ay + 1,aw). By (18), we have

dimHs —dimHg = (p—p1+q¢— ¢ —ay —aw) + (ry — 1) > 0.

This contradicts the assumption that Hg is of minimal dimension. Therefore,
ry = 0 when dim U < dim W. Similarly, 7y = 0 when dim W < dim U.

Claim: ay = min{py,q — ¢} and ay = min{q;,p — p1}.

Without loss of generality, we assume that dimU < dimW. Then ry = 0
and a = 0. Hence r = ryy +ay + aw > min{p;,¢— ¢ } + min{q;,p—p1 }. Con-
ditions (9) show that ay < min{p;,¢— ¢} and ay < min{qg;, p—p1}. Suppose
on the contrary ay < min{p;,q— ¢} (similar for ay < min{q;,p —p1}), then
rw > 0 and the 5-tuple (0,7 — 1,0, ay + 1, aw ) meets conditions (9). There
exists 8" € Og u(0,rw — 1,0,ay + 1,aw ). By (18),

dim Hg — dim Hg = (p1 +q1 —aU—aW) + (T’W_ 1) > 0.

This contradicts the assumption that Hg is of minimal dimension. Therefore,
ay = min{py, ¢ — ¢} and ay = min{q;, p—p1}. Moreover, ry = r —ay — aw .

The preceding argument proves the necessary part of Theorem 3.3 (2). Conversely,
Theorem 3.3 (2) uniquely determines one H-orbit, which must be the open H-orbit
of Grg(r). This proves the sufficient part. O

Example 3.4. Suppose that

O<pi,a <r<p—pi,q—q.

We describe the open H-orbits in Grg(r) by Theorem 3.3.

(1)

When p1,q1 <1 < p1+ q(=dimU), the open orbits in Grg(r) are
Oc,u(0,0,0,ap,r —ay)  for  r—q <ay <pr
Totally, there are (p1 + q1 + 1 — r) many open orbits in Grg(r).
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(2) Whenpi+q <r <p—p1,q—qi, the open orbit in Grg(r) is unique and it is
OG,H(Oa r—p1—q, Oapla QI)
4. REAL ORTHOGONAL CASE: DECOMPOSE AN H-ORBIT INTO (H N G()-ORBITS

Throughout this section, let pi,q1,p — p1,¢ — ¢ > 0 and 0 < r < min{p,q}. The
orthogonal group G = O(p, q) and its subgroup H = O(p1,¢1) X O(p—p1, ¢ — q1) have
4 and 16 connected components respectively. Let GGy denote the identity component
of G. We are interesting in the decomposition of an H-orbit in Grg(r) into (H N Go)-
orbits. This gives the parametrization of

(H N Go)\Grg(T) ~ (H N Go)\Go/P

where P is a maximal parabolic subgroup of Gj.

It turns out that every H-orbit in Grg(r) may decompose into 1, 2, or 4 (H N Gy)-
orbits. Moreover, an open H-orbit in Grg(r) is also an open (H N Gy)-orbit except
for the case p = ¢ = r, in which the unique open H-orbit in Grg(r) decomposes into
2 open (H N Gy)-orbits.

For the pair (G,H) acting on V = U @& W, we fix certain orthogonal bases

+

{uf,--,uf,uy,---u;} of U and {wf, - ,wi_ wi,--- ,w__, } of W respec-
P1 q1 p—p q9—q

tively, such that for all applicable indices,
W) =1, (@Lu)=-1,  (wwi) =1 (w.w)=—L.
These vectors in the same order form a basis By of V. Denote the matrices
(19) I =1, and I =1, @ (-1).
Then with respect to the basis By, the 4 connected components of G are represented

by elements [,S?) &) I,(,?) oI o [éf,)h for ¢t1,t € {+,—} . and the 16 connected

p—p1
components of H can be denoted by Hfalttj where ¢y, t9,t3,t4 € {4+, —} and

HiE 5 IWeIeI®) o)

p—p1 q—q1°
Moreover, H N G consists of 4 components:
(20) HNGy=H{fUH;"UH-]UH_",
and H/(H N Gy) consists of 4 cosets:
(21) H/(HNGo) = {HIFH(HNGo), Hf L (HNGo), H I (HNGo),H 7 (HNGp)} .

Let S spanned by (14) be the canonical subspace of an H-orbit O¢ g (rv, rw, a, ay, aw)
in Grg(r). The (HNGp)-orbit and the H-orbit of S are related by the canonical maps:

(22) (HNGo)-S =~ (HNGy)/(HNGyh)s
(HNGy)/[Hs N (HNGo)]
~ [HS(HQG())]/HS

- H/HS ~ H-S.
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So the number of (H N Gy)-orbits in the H-orbit of S is equal to [H : Hg(H N Gy)],
which by (21) is equal to 4/m, and m is the number of cosets of H/(HNG() — namely
HIF(HNGy), H L (HNGy), HZf (HNGy), and H (HNGp) — that intersect Hg.
In particular, the H-orbit of S decomposes into only 1, 2, or 4 (H N Gy)-orbits.
The 5-tuple (ry, rw,a, ay, ay) satisfies conditions (9). The number of cosets of
H/(H N Gy) that intersect S can be determined by (ry, rw, a, ay, aw) as follow:
(1) Claim: If ry +a+ay < p; or rww + a + ayw < p — pp, then Hg intersects
H I (HNGy).
If rw +a+aw < p—py in (9d), then w;~, does not appear in the basis
(14) of S (i.e. wj_, € S*). Let L € GL(V) have -1 eigenvector w,”, and
+1 eigenvectors in By\{w, , }. Then L € HsNH*{ C HyN[H{{(HNGy)]
since HYf = H;TH- .
Similar for ry +a + ay < p; in (9b).
(2) Claim: If ry +a+aw < ¢ or rw +a+ ay < ¢ — q1, then Hg intersects
HI (HNGy).
The argument is similar to the preceding one.
(3) Claim: If ry > 0 or ryy > 0 or ay > 0 or ay > 0, then Hg intersects
H7(HNGy).
If ay > 0, then S has a basis vector u;” +w; in (14) for some i,j. Let L €
GL(V') have -1 eigenvectors in {u;", w; } and +1 eigenvectors in By \{u;", w} }.
Then L € HsN H* C HsN[H{ (H NGy)] since H, T = H TH~.
Similar for the other cases.
Obviously, Hg always intersects HI{(H N Gy) = H N Gy. These imply the following
theorem.

Theorem 4.1. The number N of (H N Gg)-orbits in an H-orbit is given below:

N G H H-orbit conditions
4 | O(2a,2a) O(a,a) x O(a,a) O¢,1(0,0,a,0,0)
O(p, 2a) O(p1,a) X O(p — p1,a) 0g,u(0,0,a,0,0) p1>a,p—p1>a,p>2a
0O(2a,q) O(a,q1) X O(a,q — q1) O¢,H(0,0,a,0,0) QL >a,q—q >a, q>2a
2 ru +a+ay = pi,

rw +a+aw =p—pi1,
O(p,q) | O(p1,q1) xO(p—p1,9—q1) | Og,u(ru,rw,a,av,aw) | rv +a+aw = q1,
p=q rw +a+ay =q—qi,
ry+rw +ay +aw >0

1 all the other situations.

Theorem 4.1 together with Theorem 3.3 provides the following decomposition of
an open H-orbit into open (H N Gy)-orbits.

Corollary 4.2. An open H-orbit in Grg(r) always decomposes into 1 open (HNG)-
orbit except for the case p = q = r, in which the unique open H-orbit decomposes into
2 open (H N Gy)-orbits.

Proof. Let O u(ru, rw, a, ay, aw) be an open H-orbit in Grg(r). By Theorem 3.3, we
have a = 0 and ay +ay > 0. So by Theorem 4.1, O¢ u(ry, rw, a, ay, aw) decomposes
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into 1 or 2 open (H NGy)-orbits, and it decomposes into 2 (H N Gy)-orbits only when

rvt+ay=p, ™wtaw=p—p1, Tvtaw=q, Tw+ay=q—q.

This together with » = ry + rw + ay + aw implies that p = ¢ = r. In such case,
Theorem 3.3 shows that the open H-orbit is unique. 0

Example 4.3. We describe the open H-orbits that each decomposes into 2 open
(H N Gy)-orbits for dimU < dimW. In such case, G = O(r,r), H = O(p1,q1) X
O(r —p1, 7 —qu), and p1 + q1 < r. The open H-orbit is Og (0,7 — p1 — q1,0,p1, ¢1)
in Grg(r). The canonical subspace S of the H-orbit is spanned by (14):

U {u; +wr n

r—p1—q1+dJ g—=1"

+ —\"P1—q1 + - b1
{Wj W }jzl J {uc T W p—aiteS oo

We change the sign of one of the vectors ut and wi= in the above basis vectors, and
let S’ be the subspace spanned by the new set of vectors. Then S and S are in the
same open H-orbit but in the two different open (H N Gy)-orbits.

5. UNITARY CASE

In this section, let

G = U(p7 Q) and H := U(phCII) X U(p — P1,q — QI)7

where G is the isometry group of
V=U@®W ~CP" g CPP" 9 (orthogonal direct sum),

and H the subgroup of GG that stabilizes U and W. We explore the H-action on the
Grassmannian Grg(r) of r-dimensional isotropic subspaces of V' for » < min{p, ¢}.
Most results are completely parallel to those in real orthogonal cases (see Sections
2, 3, and 4). We sketch some proofs and omit other proofs that are routine. A
distinction between unitary and real orthogonal cases is that the unitary groups here
are connected and reductive, while their real orthogonal counterparts are disconnected
and semisimple. However, the difference makes no impact in our analysis.

Theorem 5.1. The H-orbit of an isotropic subspace S € Grg(r) can be completely
parametrized by the H-invariant 5-tuple (ry,rw,a,ay, aw) defined as in (8).  The
5-tuple (ry,rw,a, ay, ay) satisfies the same constraints as in (9).

Denote the H-orbit of S by O¢ u(rv, rw,a, ay, aw).
The stabilizer Hg has similar structure as in Section 3. An element of Hg can

be written as (hy, he) with hy € Py(ry,ry + a) and he € Py(rw,rw + a), where
Py(ry,ry + a) is the parabolic subgroup of H|y preserving the partial flag

UNS C Rad(PyS) C [Rad(PyS)|- € (UNS)*  (all are restricted in U),
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and Py (rw,rw + a) is the parabolic subgroup of H|y preserving the partial flag
W NS CRad(PwS) C [Rad(PwS)|t € (WNS): (all are restricted in W).

Moreover, hy preserves PyS, hy preserves Py S, and (hy, he) € Hg preserves the

. N PyS Py
1 biject duced by 5) bet d .
canonical bijection (induced by S) between oo and
Let By := {1, -+ , Uy, 44 } be a basis of U such that the subspaces in

UNS CRad(PyS) C PyS C [Rad(PyS)]- C (UNS)*+

are spanned by the first few vectors in By. Let By = {W1, -+, Wp_p, 19— } be @
basis of W such that the subspaces in

W NS C Rad(PwS) C PyS C [Rad(PwS)]" € (WnNS)*+

are spanned by the first few vectors in By, and furthermore a,,4; + Wy, +; € S for

1=1,2,--- Ja+ay + aw. Then hy and hy have the following matrix representations
with respect to By and By respectively:
(23)
(A A Az A Ais A [Bi1 B2 Biz By Bis Big
0 Ay Asz Ay Az Ag 0 By Bz Bay By Bag
By — 0 0 Az 0 Az Asg B — 0 0 Bszs 0 DBz Bsg
Lo 0 0 Aw Ap Ag|” 2| 0 0 0 By Bis B
0 0 0 0 Ass Asg 0 0 0 0 Bss Bss
| O 0 0 0 0 Ags | O 0 0 0 0 Begs

Here A1, Ags € GL,,, (C) uniquely determine each other; Ay, As5 € GL,(C) uniquely
determine each other; Ass X Ayy is in a subgroup U(ay,aw) x U(py —ry —a—ay, q1 —
ry —a — ay) of the U(py — ry — a,q1 — ry — a) factor in the Levi decomposition
of Py(ru,ruv + a); Bi1, Bes € GL;,, (C) uniquely determine each other; Bay, Bss €
GL,(C) uniquely determine each other; Bss X By, is in a subgroup U(aw, ay) x U(p—
p1—rw—a—aw,q—q —rw—a—ay) of the U(p—p; —rw —a,¢g—q —rw — a) factor
Ag A23} _ {322 323}

in the Levi decomposition of Py (rw, rw + a). Moreover
0 A33 0 B33

Theorem 5.2. Let S € Oc¢u(ru,rw,a,ay,aw). Then (hy,hy) € Hg for hy €
Py(ry,ru 4+ a) and hy € Py (rw,rw + a) if and only if
(1) the U(p1—ruv—a,q—ry—a) factor in the Levi decomposition of hy is contained
in a certain U(ay,aw) X U(py —ry —a —ay,q1 —rv — a — aw);
(2) the U(p—p1—rw —a,q—q —rw —a) factor in the Levi decomposition of hy is
contained in a certain U(aw,ay) X U(p—p1—rw —a—aw,q—q—rw —a—ay);

(3) the submatrices {Aom 323} of hy and [Bom g%} of hy in (23) are equal.
33 33
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In particular, dim Og gy (rv, rw, a, ay, aw) = dim H — dim Hg and

dmHs = (pm+a)+@-—m+a—a) =2 +a)rv—20—p1+q—a)rw
) 5)
(24) +§r,2] + Er?y + (a+ay + aw)(—2p — 2¢ + 4r — ay — aw).

The above dimension of Hg is computed similarly as in real orthogonal case.
Corollary 5.3. If both Og (v, rw,a,ay,aw) and Oc.u(ry, rw, a, ay, ayy,) exist and
ay + aw = ay + ay,, then they have the same dimension.

Theorem 5.4. The open H-orbits in Grg(r) are:
(1) When r < min{py,q — q1} + min{q,p — p1}, there are several open H-orbits
and they are parametrized by
OG,H(07 07 07 ay, CLW)

with ay +aw =71, 0 < ay <min{p;, ¢ — ¢} and 0 < aw < min{qy,p —p1};
(2) When min{p1,q — ¢1} + min{q1,p — p1} < r < min{p, q}, there is a unique
open H-orbit and it is parametrized by

O¢u(r—ay —aw, 0, 0, ay, aw) if dimU > dim W,
Ocu(0, r—ay —aw, 0, ay, aw) if dimU <dimW,

with ay = min{py,q — 1} and aw = min{q,p — p1 }.

6. ORTHOGONAL CASE OVER k
Let G := O,(C)and H := O,,,(C) x Oy, (C), where G is the isometry group of
V=UasW~C"qC"™ (orthogonal direct sum),

and H the subgroup stabilizing U and W. We study the H-action on Grg(r) (r <
n/2), the Grassmannian of r-dimensional isotropic subspaces of V. All results in this
section may be extended to the orthogonal pairs (G, H) = (O,(k), O (k) x Oy m(k))
over an algebraic closed field k of characteristic not 2.

Theorem 6.1. The H-orbit of an isotropic subspace S € Grg(r) can be completely
parametrized by the H-invariant 4-tuple (ry,rw,a,b) defined by

(25a) rg = dim(SNU),
(25b) rw = dim(SNW),
(25¢) a = dim(Rad(PyS)) —ry

= dim(Rad(PwS)) — rw,
(25d) b = dimPyS — dim(Rad(PyS))
= dim Py S — dim(Rad(PwS)).
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The 4-tuple (ry,mw,a,b) satisfies ry + rw + a + b =1 and the constraints:

(26&) (TUa Tw, &, b) € N047
(26b) 2rpy +2a+b < m,
(26¢) 2ry +2a+b < n—m.

We denote the H-orbit of S by Og (v, rw,a,b).

Proof. The well-definedness of (ry,rw,a,b) by (25) is done similarly as in Theorem
2.1. Obviously (ry,rw,a,b) is H-invariant. We have SN U C Rad(PyS) C PyS C
[Rad(PyS)|* in U. So
m—ry—a = dimU — dimRad(PyS) = dim{[Rad(PyS)|*- N U}
> dimPyS = ry+a+0>.
So (26b) holds. Likewise (26¢) holds.

Let S” be another isotropic subspace corresponding to the same 4-tuple (ry, rw, a, b).
There exist orthonormal bases for %}%S) and #‘ZS,) since C is algebraic closed
with characteristic not 2. So S and S’ have decompositions

t t
S=En)e@Cu+w), 5 =(NnU)sEC;+w),

i=1 i=1

where the Gram matrices
[(ui’ uj) th = [(ug’ ug) th = Oaxa @ [b’
[(Wi’wj)}txt - [(WQ’W;)th = Oaxa ® (—1)-

Define an isometry ¢ : S — S’ that sends SNU to S'NU and u; tou, fori =1,--- ,¢.
Then extend ¢ to an isometry ¢; of U by Witt’s Theorem [17]. Similarly, there is
an isometry g of W that sends SNW to S"NW and w; to w, for i = 1,--- ¢.

Then ¢g; X g2 € H sends S to S’. This shows that the 4-tuple (ry, rw,a,b) uniquely
determines one H-orbit.

Finally, given a 4-tuple (ry,rw,a,b) satisfying conditions (26), we shall prove that
there exists an H-orbit corresponding to (ry,rw,a,b). Let By = {uy,--- ,u,} be
an orthonormal basis of U, and By := {wy,--+ ,W,_n,} an orthonormal basis of .
Let S be the subspace spanned by the basis

(27) {w + i1 UA{W; + iWa s 15 U {0 age + iW0y parediog
U{urU+k + iuerlfTUfk + Worw+k + iwn7m+17rwfk}2:1

in which i := y/—1. Then S is a canonical isotropic subspace of V' representing the
H-orbit that corresponds to the 4-tuple (ry, rw,a,b). O



18 HONGYU HE AND HUAJUN HUANG

Now consider the stabilizer Hg. An element of Hg can be written as (hy, hy) with
hy € Py(ry,ry + a) and hy € Py (rw,rw + a), where Py(ry,ry +a) C H|y is the
parabolic subgroup preserving the (partial) flag

UNS C Rad(PyS) C [Rad(PyS)|t € (UNS):  (all are restricted in U),
and Py (rw,rw + a) C H|w is the parabolic subgroup preserving the (partial) flag
W NS CRad(PwS) C [Rad(PwS)|t € (WNS): (all are restricted in W).

Moreover, hy preserves Py S, hy preserves Py S, and hy x hy preserves the canonical
PyS d Py S

vns M wns
Let By :={uy,- -+ , 0,44 } be a basis of U such that each subspace in
UNS CRad(PyS) C PyS C [Rad(PyS)]* C (UNS)*

is spanned by the first few vectors of By. Let By 1= {W1, -+, Wy_p,+4—q } e a basis
of W such that each subspace in

W NS C Rad(PwS) C PyS C [Rad(PwS)]" € (WnNS)*+

is spanned by the first few vectors of By, and in addition 4,,4+; + Wy, +; € S for

bijection (induced by S) between

1 =1,2,--- ;a+b. Then hy; and hy have the following matrix representations with
respect to By and By, respectively:
(28)
(A A Az A Ay Agg [Bi1 Bz Biz By Bis Big
0 Ay Asz Ay Az Asg 0 By Bz Bay By Bag
By — 0 0 Az 0 Az Asg By — 0 0 Bszs 0 DBss Bsg
Lo 0 0 Ay A Ag|> 2| 0 0 0 Bu Bis B
0 0 0 0 Az Ase 0 0 0 0 Bss Bss
| 0 0 0 0 0 Ags ] | O 0 0 0 0 Begs

Here A1y, Ags € GL,,, (C) uniquely determine each other; Asy, As5 € GL,(C) uniquely

determine each other; As; x Ay is in a subgroup Oy(C) X Oyp—2r,—20—5(C) of the
Om—2r,—24(C) factor in the Levi decomposition of Py (ry, ry+a); By, Begs € GL;, (C)
uniquely determine each other; By, Bss € GL,(C) uniquely determine each other;

Bss x By, is in a subgroup Op(C) X Op—im—2r —24-6(C) of the Oyp—py—9y,—24(C) factor
A A%] _ le B23]

0 As3| | 0 Bss|

Theorem 6.2. Let S € Og u(rv,rw,a,b). Then (hy, hy) € Hg if and only if
(1) hy € Py(ry,rv + a) and hy € Py (rw,rw + a).
(2) the Op—2r,—24(C) factor of hy in the Levi decomposition of hy is contained in
a certain Op(C) X Op—ory—20—5(C);
(3) the Op—m—2ry—24(C) factor of hy in the Levi decomposition of hy is contained
in a certain Op(C) X Op—m—2ry—24-5(C);

in the Levi decomposition of Py (rw,rw + a). Moreover [
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(4) the submatrices {AOQZ 323} of hy and [3022 223} of hy in (28) are equal.
33 33

In particular, dim O¢ g (rv, rw, a,b) = dim H — dim Hg and

1/m 1/n—m ry rl b
2 imHe = = - v, w _
(29) dim Hg 2(2)+2< 5 >—|—2—|—2+<2) ab
1/m—2ry —2a 1/n—m—2ry — 2a
2 2 2 2

+(m—2rU2—2a—b)+(n—m—22w—2a—b>‘

The expression of dim Hg is in the same form as in the real orthogonal case (18)
except that we use b in place of ay + ay here. We can similarly prove the following
theorem regarding the open H-orbits (c.f. Theorem 3.3).

Theorem 6.3. Ifr < min{m,n—m}, then the unique open H-orbit is Og (0, 0, 0, r);
if min{m,n —m} <r < %, the unique open H-orbit is

Ogu(r—m+m, 0, 0, n—m) if dimU > dim W,

Oc¢u(0, r—m, 0, m) if dimU < dim W.

Next we discuss how an H-orbit decomposes into (HNGy)-orbits. Let I = I,, and
57 =5, (=) as in (19). The group G = O,(C) has 2 connected components
Go = SO, (C) and I Go. When 0 < m < n, the subgroup H = O,,(C) X Op_(C)
has 4 connected components Hf; where t1,t; € {+,—} and

Hfl 5 I(t1) D [(tQ)
2 m n—m:-
The subgroup H N Gy has 2 components H and H_; the quotient
H/(HNGy) = {HI(HNGy), H (HNGy)}.

Let S be the isotropic subspace of Og u(ry, rw,a,b) spanned by (27). By the same
argument as in (22), the H-orbit of S decomposes into

(H: Hg(HNGy) € {1,2)

many (H NGy)-orbits. Moreover, the H-orbit of S decomposes into 2 (H N Gy)-orbits
if and only if Hg has no intersection with H (H N Gy). This could be determined by
the basis (27) of S.

Theorem 6.4. Every H-orbit of an isotropic subspace decomposes into 1 or 2 (H N
Gy)-orbits. Moreover, the H-orbit Og g (ru,rw,a,b) decomposes into 2 (H N Gy)-
orbits if and only if the equalities (26b) and (26¢) hold, that is, r + a = n/2 where
r=ry+rw+a+b.

The proof is similar to the discussion preceding Theorem 4.1 and is omitted.
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Corollary 6.5. An open H-orbit decomposes into 2 open (H N Gy)-orbits if and only
if r=n/2.

Finally, we show by one example in the orthogonal case that the canonical map f
defined in (2) is neither surjective nor injective.

Example 6.6. Let the symmetric pair (G, H) = (Og(C), O4(C) x O4(C)) act on
V=UaeW =C*"®C* Let {u;,uy,uz,uy} and {wy, wo, w3, wyu} be orthonormal
bases of U and W respectively. Let F{, denote the partial flag variety of isotropic
subspaces of dimensions 1 and 2. Define the canonical map

(1)

f ' H\F; — H\Grg(1) x H\Grg(2).
(f is not surjective) Let
T = Clw +iuy) and  Tp = C(wy + iws) + C(ws + iwy).

Then H - Ty consists of isotropic lines in U and H - Ty consists of isotropic
2-dimensional subspaces in W. So (H - Ty, H - Ty) is not in the image of f
since there is no flag {Cy C Ca} in F(, such that Cy € H-Ty and Cy € H - Ts.

Therefore [ is not surjective.
(f is not injective) Denote the isotropic subspaces

Sl = Si = (C(u1 + ill2 + iW1 — Wg),
SQ = Sl + C(ul - illg + in + WQ) + C(LI3 - iU4 -+ iW3 -+ W4)7
Sé = Si + (C(ll3 -+ iU4 + iW3 — W4> + (C(llg — iLI4 + iW3 + W4).

Then Sy and S} are in the same H-orbit, and Sy and Si are in the same
H-orbit by Theorem 6.1. Consider the following two flags in F(,:
F ={S5; C S.}, F'={5] C S5}

We see that f(F) = f(F").

If F and F' are in the same H-orbit, then there is h € H such that h-S; = 5]
fori=1,2. Then

h-[PyS, N (PySy)*t] =PyS, N (PySH*.

However, PyS1N(PySy)t = {0} but PyS;N(PySy)*t = PyS; = C(u; +iuy).
We reach a contradiction. Therefore, F' and F' are not in the same H-orbit.

This together with f(F') = f(F") shows that f is not injective.
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7. SYMPLECTIC CASE

Let V be a 2n-dimensional real vector space equipped with a symplectic form (, ).
Let G or sometimes G(2n) be the symplectic group preserving (, ). Let H be the
stabilizer of two subspaces U and W of V', where

(30) V=UsW, U_Lw, Hly = G(2m), H|w = G(2n — 2m).

Let S be a r-dimensional isotropic subspace of V. Obviously, » < n. Denote the
r-dimensional isotropic Grassmannian by Grg(r). Consider the H action in Grg(r).
By Matsuki’s theorem, there are only finite number of H-orbits in Grg(r). We would
like to give an elementary parametrization of these orbits, compute their dimensions

and describe the stabilizers. When » = n, H action on the Lagrangian Grassmannian
Grg(n) is described in [2].

The structure of S in reference to the decomposition U @& W can be described as

follows:
k

S=(nU)eSnW)e PR +w),
i=1
with u; € U and w; € W. In particular,

k
(31) PyS = (S+W)nU=(SNU)a @R,
(32) PyS = (S+U)NW =(SNW) & PHRw:.

i=1
Notice that these decompositions are NOT cannonical. The vectors u; and w; are by

no means unique. Observe that @le Ru; can be decomposed into two subspaces: a
radical and a nondegenerate subspace, with respect to (, ).

Theorem 7.1. Let S be an isotropic subspace of V.=U @& W . Let
rg = dim(SNU),
rw = dim(SNW),
a = dim(Rad(Py9)) — rv,
b = dim(PyS)—a—ry.
Then b must be even, a +b+ry +ryw =dimS =r and
a = dim(Rad(PwS)) — rw, b=dim(PwyS)—a—ry.

The 4-tuple (ry,mw,a,b) uniquely determines the H-orbit of S. In addition, an
isotropic S parametrized by the 4-tuple (ry,rw,a,b) € No* exists if and only if b



22 HONGYU HE AND HUAJUN HUANG

18 even and

b
(33a) rU+a—|—§ < m,
b
(33b) rwtatg < n—m.

Proof. Consider the restriction of the symplectic form on @le Ru;. In reference to
(31), we have

k
Rad(PyS) = Rad(@ Ru;) & (SN D).

So a := dim(Rad(PyS)) —ry = dim(Rad(€ Ru;)). Hence b := dim(PyS) —a—ry =
dim[(D Ru;)/Rad(EP Ru;)] must be even dimensional. In addition

r=dim(S) =dim(SNU)+dim(SNW)+k=ry +rw +a+b.

Define a linear isomorphism ® from @le Ru; to @le Rw; by letting ®(u;) = w; for
every 7. Since @le R(u; + w;) is isotropic, & must negate the symplectic form ()
restricted to the two linear subspaces. Hence

@(Rad(@ Ru;)) = Rad(@ Rw;).

So a = dim(Rad(PwS)) — rw and b = dim(PwS) — a — rw. In addition, a La-
grangian subspace of (0 Ru;)/Rad(@ Ru;) induces an isotropic subspace in U by
adding Rad(Py.S). We have ry +a + g < m. Similarly, we have ry +a + % <n-—m.

Now given (ry, rw, a,b) satisfying the conditions (33), we construct an r-dimensional
isotropic subspace as follows. Fix standard bases {ej,es,..., ey, f1,fs, ... £,} in U
and {€,11,€mn12, - €n, fm1, fnpo, ... £,} in W. Let S be the canonical isotropic
subspace spanned by

m n b/2 b/24a
(34) {ei}i:mfry+1 U {ej}j:n—rw—f—l U{er + frpe, fr + em+€}z/:1 U{er + em+k}k/:b/2+1 :

It is clear that S represents the H-orbit parametrized by (ry,rw,a,b).

It remains to show that (ry,rw,a,b) parametrizes a single H-orbit. This can be
done similarly as in the proof of Theorem 2.1. 0

Suppose that b is an even nonnegative integer. Suppose that ry + a + g <m
and ry + a + g <n—m. Let Ogu(ru,rw,a,b) or O(ry,rw,a,b) be the H-orbit
parametrized by (ry, rw,a,b). Let r = ry+rw+a+b. Then O(ry, rw, a,b) C Gra(r).
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Now fix S € O(ry,rw,a,b). We would like to compute its stabilizer Hg. Let
Py (ry,ru + a) be the parabolic subgroup of G(U) preserving the (partial) flag

UNS C Rad(PyS) € Rad(PyS): C (UNS)*:  (all are restricted in U),
and Py (rw,rw + a) the parabolic subgroup of G(W) preserving the (partial) flag

W NS CRad(PwS) C Rad(PwS):- € (WNS): (all are restricted in W).

The Levi factor of Py(ry,ry + a) is GL(ry)GL(a)G(2m — 2ry — 2a) and the Levi
factor of Py (rw,rw + a) is GL(rw)GL(a)G(2n — 2m — 2ry — 2a).

With the settings, an element of Hg can be written as (hy, he) for hy € Py(ry, v +a)

and hy € Py (rw,rw + a). Moreover, hy preserves PyS, hy preserves Py S, and
Py S d Py S

uns M wns
Let By :={uy,- -+ ,Up,+q } be a basis of U such that each subspace in

UNS CRad(PyS) C PyS C [Rad(PyS)]* C (UNS)*

is spanned by the first few vectors of By. Let By = {W1, -, Wp_p, 14— | b€ a basis
of W such that each subspace in

W NS CRad(PwS) C PywS C [Rad(PwS)]* € (WnNS)*+

is spanned by the first few vectors of By, and in addition u,,4; + Wy, +; € S for

hy X hy preserves the canonical bijection (induced by S) between

1 =1,2,--- ,a+b. Then h; and hy have the following matrix representations with
respect to By and By respectively:
(35)
(A Ay Az Ay Ais Asg [Bi1 Bz Biz By Bis B
0 Ay Asz Ay Az Agg 0 By Bz By Bas Bag
h— 0 0 Az 0 Az Asg b — 0 0 Bsz 0 Bss Bsg
L0 0 0 Aw A A|’ P | 0 0 0 By Bis B
0 0 0 0 Ass Asg 0 0 0 0 Bss; Bsg
| 0 0 0 0 0 Agg | 0 0 0 0 0 Bg

Here A1, Ags € GL,, (C) uniquely determine each other; Ag, As5 € GL,(C) uniquely
determine each other; Az3 x Ayy is in a subgroup G(b) x G(2m — 2ry — 2a — b) of
the G(2m — 2ry — 2a) factor in the Levi decomposition of Py (ry,ry + a); B, Bes €
GL,, (C) uniquely determine each other; Bay, Bss € GL,(C) uniquely determine each
other; Bss X By is in a subgroup G(b) x G(2n — 2m — 2ry — 2a — b) of the G(2n —
2m — 2ry — 2a) factor in the Levi decomposition of Py (rw,rw + a). Moreover
|:A22 A23} _ {322 323}
0  Ass 0 Bsg|’

Theorem 7.2. Let S € O(ry,rw,a,b). Let hy € Py(ry,ry+a) and hy € Py (rw, rw+
a). Then (hy, he) € Hg if and only if
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(1) the G(2m — 2ry — 2a) factor in the Levi decomposition of hy is contained in a
certain G(b) x G(2m — 2ry — 2a — b);

(2) the G(2n—2m —2ry — 2a) factor in the Levi decomposition of hy is contained
in a certain G(b) x G(2n — 2m — 2ry — 2a — b);

(3) the submatrices [A022 ﬁ%} of hy and [BOQZ g%} of hy in (35) are identical.
33 33

In particular, dim O(ry, rw, a,b) = dim H — dim Hg, and

1 1 2 2
dim Hy = - dim G(2m) + 3 dim G(2n — 2m) + w — ab
1 1
-3 dim G(2m — 2ry — 2a) — 5 dim G(2n — 2m — 2ry — 2a) + dim G(b)
(36) + dimG(2m — 2ry — 2a — b) + dim G(2n — 2m — 2ry — 2a — b).

Proof. The preceding discussion has shown that every (hi, hy) € Hg must satisfy
Theorem 7.2 (1)(2)(3). Conversely, if (hy,hs) € Py(ry,rv + a) X Pw(rw,rw + a)
satisfies Theorem 7.2 (1)(2)(3), then (hq, he) preserves S by a direct computation.

It remains to compute dim Hg. Notice that
dim Py (ry,rv +a) = % [dim G(2m) + r{y + a® + dim G(2m — 2ry — 2a)]
dim Py (rw,rw +a) = % [dim G(2n — 2m) + 1§y + a® + dim G(2n — 2m — 2ry — 2a)] .
Taking into the consideration of Theorem 7.2 (1)(2)(3), we have
dim Hg = dim Py(ry,ry + a) + dim Py (rw, rw + a)
—dim G(2m — 2ry — 2a) — dim G(2n — 2m — 2ry — 2a)
+dim G(2m — 2ry — 2a — b) + dim G(2n — 2m — 2ry — 2a — b)
+ dim G(b) — a* — ab.
(36) then follows. O

(37)

Lemma 7.3. Suppose that ry + rw + a + b = r and inequalities (33) hold. If
O(ry,rw, a,b) is open in Grg(r) then

ary =0, ary =0, ryrw = 0, a<l1
Proof. O(ry,rw,a,b) is open, if and only if O(ry, rw,a,b) is of maximal dimension,

if and only if Hg is of minimal dimension.

Suppose that ary # 0. Then a > 1 and ry > 1. Notice

b+ 2 b+2
a—l+rg—1+rwy+0+2=r, TU—H—a—l—i—%Sm, TW—I—a—l—I—%Sn—m.
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Let S’ € O(ry — 1,rw,a — 1,b+2). By (36), we compute by MAPLE that
b

dim(Hs) — dim(Hy) = rv +2(n —m —rw — 1= 5) > 0.

We see that Hg is not of minimal dimension.

Similarly if ary, # 0, then Hg is not of minimal dimension. Now suppose that
ryrw # 0. Then ry > 1 and ry > 1. Notice that

b+2 b+2
ry—1+rw—1+a+b+2=r, rU—1+a—|—%§m, rw—l+a+%§n—m.
Let 8" € O(ry — 1,rw — 1,a,b+ 2). By (36), we have
dim(Hg) —dim(Hg) = (rg +rw — 1) +2(n —ry —rw —a —b) > 0.

So Hg is not of minimal dimension.

Suppose that a > 2. Then

b+2 b+2
TU—i—a—Z—i—%Sm, 7“W+a—2+%§n—m, rv+rw+a—2+b+2=r.

Let S" € O(ry,rw,a —2,b+ 2). By (36), we have

dim(Hs) — dim(Hg/) = 2a — 3 > 0.
So Hg is not of minimal dimension. O
Lemma 7.4. If O(ry,rw,a,b) is an open orbit, then b must be even and mazimal.

Proof. We have shown in Theorem 7.1 that b is even. Lemma 7.3 indicates that at
most one of ry, w7, a is nonzero and a < 1. If on the contrary, b is not maximal, then
ry > 2orry > 2. Let ussay ry > 2. Thenry =a=0and S € O(ry,0,0,b). There
are 3 possibilities for b not maximal:
(1) There exists an H-orbit O(ry — 22,0,0,b + 2z) for some x € Z*. Let S’ €
O(ry — 22,0,0,b+ 2z). Then n —m > %(b +2x) = g and

b
dim Hg — dim Hgr = 4x(n — m — 5) +2z(ry — 2x) > 0.

It contradicts the assumption that S is in an open H-orbit.

(2) There exists an H-orbit O(0,ry — 2x,0,b + 2x) for some « € Z*. Then (33)
implies that O(ry — 22,0,0,b + 2z) is also an H-orbit. Again we reach a
contradiction.

(3) There exists an H-orbit O(0,0,1,ry + b — 1) (where ryy > 1 is odd). Let
S"€ 0(0,0,1,ry +b—1). Thenn—m > L(ry +b—1) > £ and

b
dim Hg — dim Hg = 2rg(n — m — 5) > 0.
This contradicts that S is in an open H-orbit.
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Therefore, b must be maximal in an open H-orbit. 0

Theorem 7.5. Let (G, H) = (G(2n),G(2m) x G(2n — 2m)).
(1) When r > min(2m, 2n — 2m), the unique open H-orbit in Grg(r) is

O(0,r —2m,0,2m) ifm<n-—m;
O(r —2n+2m,0,0,2n — 2m) if m >n —m.

(2) When r < min(2m, 2n — 2m), the unique open H-orbit in Grg(r) is

0(0,0,0,r) if v is even;
0(0,0,1,r —1) ifr is odd.

Proof. By Lemma 7.3 and Lemma 7.4, it remains to prove that if O(0,0,1,7—1) is an
H-orbit — in which r < min(2m, 2n—2m) by (33) and r is odd — then its dimension
is greater than those of O(1,0,0,r — 1) and O(0,1,0,r —1). Let S € O(1,0,0,r — 1)
and S’ € 0(0,0,1,r —1). Then by (33),

dim Hg —dim Hgr = (2n —2m —r) +1 > 0.

So dimO(0,0,1,7 — 1) > dimO(1,0,0,r — 1). Likewise, dimO(0,0,1,r — 1) >
dim O(0,1,0,r — 1). O

Example 7.6. Let G = G(4m+8) and H = G(2m) x G(2m+8). The open H-orbits
in Grg(r) for increasing r are:

0(0,0,1,0), 0(0,0,0,2), ©(0,0,1,2), O(0,0,0,4), ---, 0(0,0,1,2m — 2), ©(0,0,0,2m),
0(0,1,0,2m), 0(0,2,0,2m), 0(0,3,0,2m), O(0,4,0,2m).

Theorem 7.7. Theorems 7.1, 7.2 and 7.5 hold for all algebraically closed field of
characteristics not equal to 2.

Acknowledgement: The authors want to thank Professor Olafsson for pointing us
to T. Matsuki’s works.
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