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Abstract In Zhang et al. (accepted by SIAM J. Optim., 2010), we developed a class
of derivative-free algorithms, called DFLS, for least-squares minimization. Global
convergence of the algorithm as well as its excellent numerical performance within
a limited computational budget was established and discussed in the same paper.
Here we would like to establish the local quadratic convergence of the algorithm for
zero residual problems. Asymptotic convergence performance of the algorithm for
both zero and nonzero problems is tested. Our numerical experiments indicate that
the algorithm is also very promising for achieving high accuracy solutions compared
with software packages that do not exploit the special structure of the least-squares
problem or that use finite differences to approximate the gradients.
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1 Introduction

In [20], we have developed a class of derivative-free algorithms, called DFLS, for the
least-squares minimization problem:

min�(x) = 1

2

m∑

i=1

f 2
i (x) = 1

2
‖F(x)‖2, (1.1)

where the norm is the standard Euclidian norm, F(x) = (f1(x), f2(x), . . . , fm(x))
T

and fi : R
n → R, i = 1, . . . ,m, are general nonlinear twice continuously differen-

tiable functions, but none of their first order or second order derivatives are explicitly
available. These algorithms are based on modeling the objective function by multi-
variate interpolation in combination with trust region techniques. Unlike other model-
based methods in the literature, DFLS takes full advantages of the least-squares prob-
lem structure by building polynomial interpolation models for each function fi in the
least-squares. One important feature of DFLS is that it applies Powell’s minimum
Frobenius norm updating technique [15] and typically only uses 2n + 1 sampling
points (significantly less than the (n + 1)(n + 2)/2 required for building a fully
quadratic model, even for moderate n) to asymptotically build at least fully-linear
models for each of the nonlinear functions in the least-squares minimization. De-
tails for fully linear and fully quadratic models are given in [4], Sect. 6.1. Informally
speaking fully linear/quadratic models behave like first-order/second-order Taylor se-
ries from the point of view of the local truncation errors. Since the same 2n + 1 in-
terpolation points are used for each function, the computational cost for finding the
updates of the coefficients of all the models can be retained within O(mn). Hence,
the total cost of building these models at each iteration is only O(mn2), except for the
occasional iteration which requires a shift of the model origin, whereupon an extra
O(mn3) operations are needed.

It is well known that in order to achieve the goal of retaining global convergence
and fast local convergence, care needs to be taken in the trust region [1] management
and the choice of the sampling points for the model. DFLS combines a generalized
Levenberg-Marquardt approach with trust-region techniques to minimize the least-
squares residual of the problem. It can adaptively update a single trust-region radius
to serve both these purposes, i.e. retaining global convergence and fast local conver-
gence, simultaneously. Global convergence of DFLS have been established in [20]
under a trust-region framework. Numerical experiments carried out in the same pa-
per indicate excellent performance of DFLS within a limited computational budget. In
this paper, we would like to study its local convergence behavior from both a theoret-
ical and a numerical performance point of view. More specifically, we will establish
local quadratic convergence of the algorithm under some local error bound condi-
tions [9, 10, 17, 18]. These conditions are considerably weaker than a non-singularity
assumption on the Jacobian [6, 8, 17, 19].

The paper is organized as follows. In Sect. 2, we briefly review the DFLS al-
gorithm and some basic properties of the interpolation models associated with the
algorithm. We establish the local quadratic convergence of the algorithm for zero
residual problems in Sect. 3. The long-term numerical performances of the algorithm
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for achieving high accuracy solutions are given in Sect. 4. Finally, we make some
concluding remarks in Sect. 5.

Notation

Unless otherwise specified, the norm ‖·‖ is the 2-norm for a vector and the induced 2-
norm for a matrix. Given any set S, |S| denotes the cardinality of S. We let B denote a
closed ball in R

n and B(z,�) denote the closed ball centered at z, with radius � > 0.
P d

n means the space of all polynomials of degree ≤ d in R
n. We let C1

n+1 = n + 1
and C2

n+2 = (n + 1)(n + 2)/2 throughout the paper.
There are some constants used in this paper which are denoted by κ (sometimes

with acronyms for the subscripts that are meant to be helpful). We collected their
definitions here for convenience. The actual meaning of the constants will become
clear when each of them is introduced in the paper.

κ̂ef , κef error in the function value
κ̂eg , κeg error in the gradient
κeH error in the Hessian
κ1
H , κ2

H and κ3
H associated with the definition of the model Hessian

κm bound on all the separate models
κg bound on the gradients of all the separate models
κH bound on the Hessians of all the separate models
κ

φ
H bound on the (modified) Hessian of φ

2 The algorithm and model properties

For convenience, in this section we give a brief summary of the major results pre-
sented in [20]. For a more detailed explanation and motivation, see [20] and the ref-
erences therein. The following definition of a �-poised set Y ⊂ R

n is given in [4].

Definition 2.1 Let � > 0 and P be a space of polynomials on R
n with a basis ϕ =

{ϕ0(x), ϕ1(x), . . . , ϕp(x)}. Then, a set Y = {y0,y1, . . . ,yp} is said to be �-poised in
B for P (in the interpolation sense) if and only if for any x ∈ B ⊂ R

n there exists
λ(x) ∈ R

p+1 such that:

p∑

i=0

λi(x)ϕ(yi ) = ϕ(x) with ‖λ(x)‖∞ ≤ �.

Another, in some sense equivalent, definition of a �-poised set Y ⊂ R
n for mini-

mum Frobenius norm interpolation is given as the following:

Definition 2.2 Let � > 0 and a set B ∈ R
n be given. Let ϕ = {ϕ0(x), ϕ1(x), . . . ,

ϕC2
n+2−1(x)} be the natural basis of monomials of P 2

n (ordered by degree). A poised

set Y = {y0,y1, . . . ,yp}, with C1
n+1 ≤ p + 1 ≤ C2

n+2, is said to be �-poised in B
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(in the minimum Frobenius norm sense) if and only if for any x ∈ B there exists a
solution λ(x) ∈ R

p+1 of

min

C2
n+2−1∑

j=C1
n+1

( p∑

i=0

λi(x)ϕj (yi ) − ϕj (x)

)2

(2.1)

such that
p∑

i=0

λi(x)ϕj (yi ) = ϕj (x), 0 ≤ j ≤ n

and ‖λ(x)‖∞ ≤ �.

(2.2)

In this paper, we call a given set Y ⊂ B(z,�), with C1
n+1 ≤ |Y| ≤ C2

n+2, �-poised
whenever it is �-poised in B(z,�) for some polynomial space P with P 1

n ⊆ P ⊆ P 2
n

in the sense of Definition 2.1. On the other hand, it can also be shown that this just de-
scribed �-poisedness is equivalent to �-poisedness in the minimum Frobenius norm
sense given by Definition 2.2 using the natural monomial basis, just with a possibly
different but related constant �̄ (see Theorem 5.8 in [5]). Hence, when stating that a
set Y ⊂ B(z,�), with C1

n+1 ≤ |Y| ≤ C2
n+2, is �-poised, one can actually understand

it in the sense of either of the two definitions and choose whichever is convenient.
More details on the connections and motivations between these two definitions of a
�-poised set can be found in [4, 5, 20].

Now suppose we have a �-poised set Y ⊂ B(z,�), with C1
n+1 ≤ |Y| ≤ C2

n+2.
Then for any y ∈ B(z,�), in [20] we give the local quadratic model φ(y, s) of �(·)
around y as

φ(y, s) = cφ(y) + gφ(y)
T
s + 1

2
s

T
Hφ(y)s, (2.3)

where

cφ(y) = 1

2
m(y)

T
m(y), gφ(y) = J (y)

T
m(y),

Hφ(y) =

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

J (y)
T
J (y) if ‖gφ(y)‖ ≥ κ1

H ,

J (y)
T
J (y) + κ3

H ‖m(y)‖I if ‖gφ(y)‖ < κ1
H and

cφ(y) < κ2
H ‖gφ(y)‖,

J (y)
T
J (y) + ∑m

i=1 mi(y)∇2mi otherwise,

m(y) = (m1(y),m2(y), . . . ,mm(y))
T

and J (y) = (∇m1(y),∇m2(y), . . . ,∇mm(y))
T
.

Here, I denotes the identity matrix, κ1
H , κ2

H and κ3
H are positive constants, and mi(·) ∈

P 2
n , i = 1, . . . ,m, are the polynomial interpolating models of fi(·) on Y.

For completeness and easier later reference, we repeat the description of the al-
gorithm DFLS for least-squares minimization given in [20]. As explained there, this
algorithm takes into account the problem structure, but otherwise it is close in spirit
to the framework presented in [3], for global convergence, and the detailed algorithm
applied in Powell’s NEWUOA software [14], for practical efficiency. The details on
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how to ensure the interpolating set Y remains �-poised are purposely omitted, since
they are readily available from [3] and [4]. Throughout the algorithm stated below,
we fix the number of points in the sampling set i.e. |Yk| = NP , for all k ≥ 0, where
NP ∈ [C1

n+1,C
2
n+2] is an integer constant. We denote the resulting iterates by xk

where k is the iteration number.

A Derivative-Free algorithm for Least-Squares minimization (DFLS)

Step 0 (Initialization) Choose the starting guess x0, 0 < ρ0 ≤ �̄0 ≤ �0 ≤ �max

and NP , the number of sampling points, with NP ≥ C1
n+1 = n + 1. Choose

an initial set of interpolation points, Y0, with x0 ∈ Y0 ⊂ B(x0, �̄0). Choose
εβ ∈ (0,1) and β > 0. Set k = 0.

Step 1 (Criticality step) Choose a base point yk ∈ Yk and calculate

gφk
= J (yk)

T
m(yk) + Hφ(yk)(xk − yk), (2.4)

where yk ∈ Yk . If ‖gφk
‖ ≤ εβ , let �̄

(0)
k = �̄k ; possibly modifying Yk as

needed to make sure Yk is �-poised in B(xk, �̄k), where �̄k = min{�̄(0)
k ,

β‖gφk
‖}, and gφk

is recalculated using (2.4) with the new Yk if Yk has
changed. We will have the determined interpolation model m(yk). It is
shown in [2], Lemma 7.3, that unless yk is a first-order stationary point, �-
poisedness can be achieved in a finite number of steps.

Step 2 (Step calculation) Solve the following trust region subproblem:

min φk(d)

s.t. ‖d‖ ≤ �k, (2.5)

where φk(d) = φ(yk, (xk − yk) + d) with φ(·, ·) defined by (2.3), to obtain
the step1 dk .

Step 3 (Safety step) This step applies only when ‖dk‖ < 1
2ρk and ‖gφk

‖ > εβ .

3.1 Let i = 0, �
(0)
k = �k .

3.2 Choose �̄
(i)
k ∈ [ρk,�

(i)
k ].

3.3 If �̄
(i)
k > ρk , then

If Yk is �-poised in B(xk, �̄
(i)
k ), then

Let �
(i+1)
k = max{�(i)

k /10, ρk}. i = i + 1, go to 3.2.
Else

Let �k+1 = �̄
(i)
k , ρk+1 = ρk .

Endif

Else (i.e. �̄
(i)
k = ρk)

If Yk is �-poised in B(xk, �̄
(i)
k ), then

1In other words we build the model at yk but shift our center to xk .
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Let �k+1 = ρk/2, ρk+1 = ρk/10.
Else

Let �k+1 = �̄
(i)
k , ρk+1 = ρk .

Endif

Endif
Let xk+1 = xk and choose �̄k+1 ∈ [ρk+1,�k+1].
Modify Yk to form Yk+1 such that Yk+1 is �-poised in B(xk+1, �̄k+1).
Set k = k + 1, go to Step 1.

Step 4 (Acceptance of the trial step) This step applies only when ‖dk‖ ≥ 1
2ρk or

‖gφk
‖ ≤ εβ (so that Step 3 is not invoked).

Compute �(xk + dk) and rk := Aredk/Predk , where the actual reduction is
defined by

Aredk = �(xk) − �(xk + dk), (2.6)

while the predicted reduction is defined by

Predk = φk(0) − φk(dk). (2.7)

If rk > 0, then xk+1 = xk + dk ; otherwise, xk+1 = xk .
Step 5 (Trust region radius update) Set2

�̃k+1 =

⎧
⎪⎪⎨

⎪⎪⎩

1
2‖dk‖ if rk < 0.1,

max{ 1
2�k,‖dk‖} if 0.1 ≤ rk < 0.7,

max{�k,2‖dk‖} if rk ≥ 0.7,

(2.8)

and

�k+1 = min{max{�̃k+1, ρk},�max}. (2.9)

If rk ≥ 0.1, then

Let ρk+1 = ρk and choose �̄k+1 ∈ [ρk,�k+1].
The interpolating points set Yk is updated to take into consideration the
new point xk+1 to form Yk+1 ∈ B(xk+1, �̄k+1).
Set k = k + 1, go to Step 1.

Endif
Step 6 (Model improvement) This step applies only when rk < 0.1.

If Yk is �-poised in B(xk,�k) and �k = ρk , then

Let �k+1 = ρk/2 and ρk+1 = ρk/10. Choose �̄k+1 ∈ [ρk+1,�k+1].
The interpolating points set Yk is updated to take into consideration the
new point xk+1 to form Yk+1 ∈ B(xk+1, �̄k+1).

Else

2Note that the values 0.1 and 0.7 are somewhat arbitrary, except that the first must be less than the second
and usually the first is much smaller than the second.
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Let ρk+1 = ρk . Choose �̄k+1 ∈ [ρk+1,�k+1]. Possibly modification of Yk

is needed to form Yk+1 such that Yk+1 is �-poised in B(xk+1, �̄k+1).
�k+1 = �k

Endif
Set k = k + 1, go to Step 1.

To show local quadratic convergence, we need the following lemmas and assump-
tions, which were given in [20]. We restate them for convenience. The following
lemma shows that when the sampling set Y is �-poised (by either definition), an in-
terpolating polynomial on Y would be at least a local fully linear model. This lemma
follows directly from Theorem 5.4 in [4].

Lemma 2.3 Given any � > 0, z ∈ R
n and Y = {y0,y1, . . . ,yp} ⊂ B(z,�) �-poised

in B(z,�) with C1
n+1 ≤ |Y| ≤ C2

n+2, let m(·) ∈ P 2
n be an interpolating polynomial of

f on Y, i.e.

m(yi ) = f (yi ), i = 1, . . . , |Y|.
If f : R

n → R is continuously differentiable and ∇f is Lipschitz continuous, with
Lipschitz constant L, in an open set containing B(z,�), then for any s ∈ B(0,�) we
have

‖∇f (z + s) − ∇m(z + s)‖ ≤ κ̂eg(n,�)(‖∇2m‖ + L)�,

|f (z + s) − m(z + s)| ≤ κ̂ef (n,�)(‖∇2m‖ + L)�2,

where κ̂eg and κ̂ef are positive constants depending only on n and �.

Given a �-poised set Y ⊂ B(z,�) with C1
n+1 ≤ |Y| ≤ C2

n+2, for each i =
1, . . . ,m, suppose mi(x) ∈ P 2

n is a polynomial interpolating model of fi(x) on Y.
Then, based on the above lemma, there exist positive constants κeg and κef such that
for any s ∈ B(0,�),

‖∇fi(z + s) − ∇mi(z + s)‖ ≤ κeg�, (2.10)

|fi(z + s) − mi(z + s)| ≤ κef �2, (2.11)

for all i = 1, . . . ,m, where κeg and κef are positive constants depending only on n,
�, F and max{‖∇2mi‖, i = 1, . . . ,m}. In particular, κeg and κef depend neither on z
nor �.

Now, define conv(Lenl(x0)) to be the convex hull of Lenl(x0) with

Lenl(x0) =
⋃

x∈L(x0)

B(x,�max) and L(x0) = {x ∈ R
n : �(x) ≤ �(x0)},

where � is defined in (1.1). Throughout this paper we also need the following two
assumptions.

Assumption 2.1 The level set L(x0) = {x ∈ R
n : �(x) ≤ �(x0)} is bounded.
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Assumption 2.2 There exists a constant κH , independent of the iteration number k

in the DFLS algorithm, such that if mi , i = 1, . . . ,m, is the polynomial interpolating
model of fi on a �-poised sampling set Yk constructed as in the DFLS algorithm,
then

‖∇2mi‖ ≤ κH , (2.12)

for all i = 1, . . . ,m.

Based on Assumption 2.1 and the fact that F is assumed twice continuously dif-
ferentiable, although none of their first order or second order derivatives are explicitly
available, we have the following lemmas.

Lemma 2.4 Under Assumption 2.1, there exist positive constants L0,L1 and L2,
such that

‖F(x)‖ ≤ L0, ‖F(x) − F(y)‖ ≤ L1‖x − y‖ and ‖∇F(x)‖ ≤ L1,

‖∇F(x) − ∇F(y)‖ ≤ L2‖x − y‖ and ‖∇2fi(x)‖ ≤ L2, i = 1, . . . ,m,

for any x,y ∈ conv(Lenl(x0)).

With Assumptions 2.1 and 2.2, by (2.10) and (2.11) the following bounds can be
established for the models used in the DFLS algorithm.

Lemma 2.5 Under Assumptions 2.1 and 2.2, there exist constants κm and κg , inde-
pendent of k, such that if mi , i = 1, . . . ,m, is the polynomial interpolating model of
fi on a �-posed sampling set Yk constructed as in the DFLS algorithm, then for any
y ∈ Yk ,

|mi(y)| ≤ κm and ‖∇mi(y)‖ ≤ κg, (2.13)

for all i = 1, . . . ,m. Hence, there exists a constant κ
φ
H such that

‖Hφ(y)‖ ≤ κ
φ
H , (2.14)

for any y ∈ Yk .

3 Local convergence

In this section, we discuss the local convergence properties of the DFLS algorithm
for zero residual problems under a certain type of nonsingularity condition. Conse-
quently, in this section we have the following additional assumptions on the objective
function (1.1).

Assumption 3.1 (I) We assume (1.1) is a zero residual problem, i.e.

�(x∗) = 0, for any x∗ ∈ X∗,
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where X∗ ∈ R
n is the solution set of (1.1).

(II) ‖F(x)‖ provides a local error bound on X∗, i.e. there exist positive constants
α and ρ such that

‖F(x)‖ ≥ α dist(x,X∗), whenever dist(x,X∗) ≤ ρ, (3.1)

where dist(x,X∗) = infy∈X∗ ‖x − y‖.

Since �(x) is continuous, we know X∗ is closed. Hence, it follows from X∗ being
nonempty that for any x ∈ R

n, there exists a x̄ ∈ X∗ such that

dist(x,X∗) = min
y∈X∗ ‖x − y‖ = ‖x̄ − x‖. (3.2)

In Assumption 3.1, the local error bound condition (II), first proposed in [17, 18],
is a particular generalization of the nonsingularity assumption of the Jacobian at the
solution, as is readily seen by linearising F about x∗. Similar conditions have subse-
quently been widely used and studied in [7–10, 19]. When ∇F(x∗) is nonsingular at a
solution x∗, x∗ is an isolated solution. Hence, ‖F(x)‖ provides a local error bound at
x∗. However, ∇F(x∗) might be singular but nevertheless ‖F(x)‖ may provide a local
error bound at x∗. One can refer to the examples provided in [6] and [19]. It is well
known that the Levenberg-Marquardt method has local quadratic convergence when
the Jacobian at x∗ is nonsingular. In the following we will first show, under proper
conditions and assumptions, that a certain class of DFLS algorithms will eventually
reduce to a “regularized Levenberg-Marquardt-type” algorithm and then we can show
the local convergence rate is quadratic, even without the nonsingularity assumption
of the Jacobian at the solution.

For different choices of the base point yk in the DFLS algorithm, we have different
algorithms. In this section, with respect to local convergence properties, we consider
a subclass of DFLS algorithms which makes a specific choice for the base points.
Hence, in this section we make the following assumption on the choice of base points.

Assumption 3.2 For sufficiently large k, we choose the base point yk ∈ Yk to be xk ,
the current iterate (which corresponds to the lowest objective function value seen to
date), i.e. for k sufficiently large, we choose

yk = xk.

To discuss the local convergence properties of the DFLS algorithm, we first as-
sume that the sequence {xk} generated by the algorithm converges to the solution set
X∗. Then, we show it converges to a solution x∗ ∈ X∗ quadratically. Thus, we have
the following assumption.

Assumption 3.3 Assume the sequence of {xk} generated by the DFLS algorithm
converges to the solution set X∗, i.e.

lim
k→∞ dist(xk,X∗) = 0.
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We begin the discussion with the following lemma.

Lemma 3.1 Under Assumptions 2.1, 2.2, 3.1, 3.2, and 3.3, we have that

lim
k→∞‖gφk

‖ = 0, (3.3)

and there exists a constant L3 > 0 such that

‖J (xk) − ∇F(xk)‖ = ‖∇m(xk) − ∇F(xk)‖
≤ M̄‖gφ(xk)‖ ≤ L3‖xk − x̄k‖, (3.4)

for all large k, where M̄ := mβκeg , with κeg and β defined in (2.10) and Step 0 of the
algorithm, respectively. Here and in what follows x̄k is defined as in (3.2).

Proof By Assumptions 3.1 and 3.3, we have

lim
k→∞‖F(xk)‖ = 0. (3.5)

Since yk = xk for all sufficiently large k, by Assumption 3.2, it follows from
Lemma 2.5 that

‖gφk
‖ = ‖gφ(xk)‖ = ‖J (xk)

Tm(xk)‖ ≤ mκg‖F(xk)‖. (3.6)

Hence, by (3.5), we have (3.3) holds.
Now, by Assumption 3.3, it follows from Step 1 (Criticality step) of the DFLS

algorithm that Yk is �-poised in B(xk, β‖gφk
‖). Since gφk

= gφ(xk) = J (xk)
Tm(xk),

by (2.10), (3.6) and Lemma 2.4, we have

‖J (xk) − ∇F(xk)‖ = ‖∇m(xk) − ∇F(xk)‖

≤
m∑

i=1

‖∇mi(xk) − ∇fi(xk)‖

≤ mκegβ‖gφk
‖ ≤ m2κegβκg‖F(xk)‖

≤ m2κegβκgL1‖xk − x̄k‖ := L3‖xk − x̄k‖,
where L3 = m2κegβκgL1 and β is defined in Step 0 of the algorithm. �

The following lemma shows that, in the zero residual case, the regularized Hessian
(i.e. the middle term in the definition of Hφ) will eventually be chosen by the DFLS
algorithm for building the trust region subproblem (2.5).

Lemma 3.2 Under Assumptions 2.1, 2.2, 3.1, 3.2, and 3.3, for any κ2
H > 0, if k is

sufficiently large, then

cφ(xk) ≤ κ2
H ‖gφ(xk)‖, (3.7)
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and for φk(·) defined by (2.5) and φ(·, ·) defined by (2.3), we have

φk(d) = φ(xk,d) = 1

2
‖m(xk) + J (xk)d‖2 + λk‖d‖2

= 1

2
‖m(xk) + ∇m(xk)d‖2 + λk‖d‖2, (3.8)

where λk = 1
2κ3

H ‖m(xk)‖, with κ2
H and κ3

H given as in the definition of Hφ .

Proof First, we assume k is large enough that Lemma 3.1 holds and ‖xk − x̄k‖ = δ is
sufficiently small.

Since ‖F(x)‖ provides a local error bound on X∗, it follows from (3.1) that for
sufficiently large k, or equivalently δ sufficiently small, ‖F(xk)‖ ≥ α‖xk − x̄k‖ for
some α > 0. Therefore, noticing �(x̄k) = 0 and ∇�(x̄k) = 0, we have

1

2
α2‖xk − x̄k‖2 ≤ 1

2
‖F(xk)‖2 = �(xk)

= 1

2
(xk − x̄k)

TH̄ (xk − x̄k) + R2(xk, x̄k), (3.9)

where H̄ = ∇2�(x̄k) is the Hessian at x̄k and R2 is the remainder term. By choosing
δ smaller if necessary, we know

|R2(xk, x̄k)| ≤ α2

3
‖xk − x̄k‖2.

So, in this case, (3.9) gives

α2

3
‖xk − x̄k‖2 ≤ (xk − x̄k)

TH̄ (xk − x̄k) ≤ ‖xk − x̄k‖‖H̄ (xk − x̄k)‖.

Hence, we have

α2

3
‖xk − x̄k‖ ≤ ‖H̄ (xk − x̄k)‖. (3.10)

On the other hand,

∇�(xk) = ∇�(xk) − ∇�(x̄k) = H̄ (xk − x̄k) + R1(xk, x̄k), (3.11)

where R1 is the remainder term. Choose k sufficiently large so that

|R1(xk, x̄k)| ≤ α2

6
‖xk − x̄k‖. (3.12)

Combining (3.10)–(3.12), we have

‖∇F(xk)
TF(xk)‖ = ‖∇�(xk)‖ ≥ α2

6
‖xk − x̄k‖. (3.13)
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Thus, by Assumption 2.2, Lemma 2.4 and (3.13), for δ small,

cφ(xk)

‖∇F(xk)TF(xk)‖ = 1

2

m(xk)
Tm(xk)

‖∇F(xk)TF(xk)‖

= 1

2

F(xk)
TF(xk)

‖∇F(xk)TF(xk)‖

≤ L2
1‖xk − x̄k‖2

2‖∇F(xk)TF(xk)‖

≤ 3L2
1

α2
‖xk − x̄k‖. (3.14)

Now, by (3.4), we have

‖∇F(xk)
TF(xk) − J (xk)Tm(xk)‖
‖J (xk)Tm(xk)‖ = ‖(∇F(xk) − J (xk))TF(xk)‖

‖J (xk)Tm(xk)‖

≤ M̄‖gφ(xk)‖‖F(xk)‖
‖gφ(xk)‖

= M̄‖F(xk)‖ ≤ M̄L1‖xk − x̄k‖,
where M̄ is the constant defined in (3.4). Hence,

1 − M̄L1‖xk − x̄k‖ ≤ ‖∇F(xk)
TF(xk)‖

‖J (xk)Tm(xk)‖ ≤ 1 + M̄L1‖xk − x̄k‖. (3.15)

Therefore, by (3.14) and (3.15), for δ small, we have

cφ(xk) ≤ cδ‖gφ(xk)‖, (3.16)

where c > 0 is some constant. Hence, for any κ2
H > 0, if k is sufficiently large, δ will

be sufficiently small, and therefore (3.7) holds. Noticing, gφk
= gφ(xk) and ‖gφk

‖ ≤
κ1
H for all large k, by (3.7) and the definition of φ(·, ·), (3.8) follows immediately. �

Now, for the trust region step size, we have the following lemma.

Lemma 3.3 Under Assumptions 2.1, 2.2, 3.1, 3.2, and 3.3, we have

‖dk‖ ≤ 2 dist(xk,X∗) = 2‖x̄k − xk‖, (3.17)

for k sufficiently large.

Proof First, we assume k is large enough that Lemma 3.1 and Lemma 3.2 hold, and
‖xk − x̄k‖ is sufficiently small.

We only need to consider the case ‖x̄k − xk‖ ≤ ‖dk‖. In this case, x̄k − xk is a
feasible point of the trust region subproblem (2.5). Hence, denoting sk = x̄k − xk , by
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Lemma 2.4, (3.1), (3.4) and (3.8), choosing δ small if necessary, we have

‖dk‖2 ≤ 2

κ3
H ‖m(xk)‖

φk(x̄k − xk)

= 1

κ3
H ‖F(xk)‖

‖F(xk) + ∇m(xk)sk‖2 + ‖sk‖2

≤ 1

κ3
H ‖F(xk)‖

(‖F(xk) + ∇F(xk)sk‖ + ‖(∇m(xk) − ∇F(xk))sk‖)2 + ‖sk‖2

≤ 1

κ3
H ‖F(xk)‖

(
m

2
L2‖sk‖2 + L3‖sk‖2

)2

+ ‖sk‖2

≤ 1

κ3
H α‖sk‖

(
m

2
L2‖sk‖2 + L3‖sk‖2

)2

+ ‖sk‖2

= (m
2 L2 + L3)

2

κ3
H α

‖sk‖3 + ‖sk‖2

≤ 2‖sk‖2 = 2‖x̄k − xk‖2.

[Note that for the third inequality, we have used 0 = fi(x̄k) = fi(xk)+∇fi(xk)
�sk +

1
2 s�

k ∇2fi(ξk)sk and thus ‖fi(xk) + ∇fi(xk)
�sk‖ ≤ 1

2L2‖sk‖2.] �

Lemma 3.4 Under Assumptions 2.1, 2.2, 3.1, 3.2, and 3.3, for any ε > 0, if k is
sufficiently large, then

|rk − 1| ≤ ε. (3.18)

In addition, there exists a constant �̄ > 0 such that

�k ≥ �̄, for all k ≥ 0. (3.19)

Proof First, we assume k is large enough that Lemma 3.1, Lemma 3.2 and
Lemma 3.3 hold, and ‖xk − x̄k‖ is sufficiently small. Let sk = x̄k − xk .

Now, we first prove

‖m(xk)‖ − ‖m(xk) + ∇m(xk)dk‖ ≥ c3‖dk‖, (3.20)

when k is sufficiently large, where c3 > 0 is a constant.
Case I, ‖sk‖ ≤ ‖dk‖. In this case, sk is a feasible point of (2.5) since ‖sk‖ ≤ ‖dk‖.

Because the trust region subproblem has the form (2.5), dk is a solution of this sub-
problem, (3.8) holds for k sufficiently large, and sk is feasible, we have

1

2
‖m(xk) + ∇m(xk)dk‖2 + λk‖dk‖2 ≤ 1

2
‖m(xk) + ∇m(xk)sk‖2 + λk‖sk‖2.

So, it follows from ‖sk‖ ≤ ‖dk‖ that ‖m(xk) + ∇m(xk)dk‖ ≤ ‖m(xk) + ∇m(xk)sk‖.
Now, it follows from the above inequality, (3.1), (3.4) and (3.17) and ‖sk‖ sufficiently
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small that

‖m(xk)‖ − ‖m(xk) + ∇m(xk)dk‖ ≥ ‖m(xk)‖ − ‖m(xk) + ∇m(xk)sk‖
≥ ‖m(xk)‖ − ‖m(xk) + ∇F(xk)sk‖

− ‖(∇m(xk) − ∇F(xk))sk‖
≥ ‖m(xk)‖ − m

2
L2‖sk‖2 − L3‖sk‖2

≥ α‖sk‖ −
(

m

2
L2 + L3

)
‖sk‖2

≥ α

2
‖sk‖ ≥ α

4
‖dk‖,

where the third inequality again used the note in the proof of Lemma 3.3 and the last
inequality used (3.17).

Case II, ‖sk‖ > ‖dk‖. In this case, tk := (‖dk‖/‖sk‖)sk is a feasible point of (2.5)
and then by (3.1) and (3.4), we have that

‖m(xk)‖ − ‖m(xk) + ∇m(xk)dk‖ ≥ ‖m(xk)‖ − ‖m(xk) + ∇m(xk)tk‖

≥ ‖dk‖
‖sk‖ (‖F(xk)‖ − ‖m(xk) + ∇m(xk)sk‖)

≥ ‖dk‖
‖sk‖

(
α‖sk‖ −

(
m

2
L2 + L3

)
‖sk‖2

)

≥ α

2
‖dk‖,

for k sufficiently large, where we used the same argument as in Case I to establish
the penultimate inequality.

From Case I and II, we know (3.20) holds with c3 = α/4. Now, by (2.7), (3.8),
(3.17) and (3.20), we have

Predk = φk(0) − φk(dk)

= 1

2
(‖m(xk)‖2 − ‖m(xk) + ∇m(xk)dk‖2 − κ3

H ‖m(xk)‖‖dk‖2)

≥ 1

2
‖F(xk)‖(‖F(xk)‖ − ‖F(xk) + ∇m(xk)dk‖ − κ3

H ‖dk‖2)

≥ 1

2
‖F(xk)‖

(
α

4
‖dk‖ − κ3

H ‖dk‖2
)

≥ α

16
‖F(xk)‖‖dk‖, (3.21)
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for k sufficiently large, where we used ‖F(xk)‖ ≥ ‖m(xk) + ∇m(xk)dk‖ (using
(3.20)) for the first inequality. Now, by (3.4), we have

‖(m(xk) + ∇m(xk)dk) − (F (xk) + ∇F(xk)dk)‖
≤ ‖∇m(xk) − ∇F(xk)‖‖dk‖ ≤ L3‖sk‖‖dk‖.

By Lemma 2.4, we have that

‖F(xk + dk) − (F (xk) + ∇F(xk)dk)‖ ≤ L2
√

m

2
‖dk‖2. (3.22)

Hence, we obtain

‖(m(xk) + ∇m(xk)dk) + (F (xk) + ∇F(xk)dk)‖
≤ 2‖m(xk) + ∇m(xk)dk‖ + L3‖sk‖‖dk‖,

and

‖F(xk + dk) + (F (xk) + ∇F(xk)dk)‖
≤ 2‖F(xk) + ∇F(xk)dk‖ + L2

√
m

2
‖dk‖2

≤ 2‖m(xk) + ∇m(xk)dk‖ + 2L3‖sk‖‖dk‖ + L2
√

m

2
‖dk‖2.

Therefore using ‖dk‖ ≤ 2‖sk‖,
∣∣∣‖m(xk) + ∇m(xk)dk‖2 − ‖F(xk + dk)‖2

∣∣∣

≤
∣∣∣‖m(xk) + ∇m(xk)dk‖2 − ‖F(xk) + ∇F(xk)dk‖2

∣∣∣

+
∣∣∣‖F(xk) + ∇F(xk)dk‖2 − ‖F(xk + dk)‖2

∣∣∣

≤ (2‖m(xk) + ∇m(xk)dk‖ + L3‖sk‖‖dk‖)(L3‖sk‖‖dk‖)
+

(
2‖m(xk) + ∇m(xk)dk‖ + 2L3‖sk‖‖dk‖ + L2

√
m

2
‖dk‖2

)

×
(

L2
√

m

2
‖dk‖2

)

= (2L3‖sk‖ + L2
√

m‖dk‖)‖dk‖‖m(xk) + ∇m(xk)dk‖
+ (L2

3‖sk‖‖dk‖ + L2L3
√

m‖dk‖2)‖sk‖‖dk‖ + L2
2m

4
‖dk‖4.

By the above inequality and using ‖F(xk)‖ ≥ ‖m(xk) + ∇m(xk)dk‖ again, we have

|Aredk − Predk| = 1

2

∣∣‖m(xk) + ∇m(xk)dk‖2 − ‖F(xk + dk)‖2

+ κ3
H ‖m(xk)‖‖dk‖2

∣∣
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≤ (2L3‖sk‖ + (L2
√

m + κ3
H )‖dk‖)‖F(xk)‖‖dk‖

+ (L2
3‖sk‖‖dk‖ + L2L3

√
m‖dk‖2)‖sk‖‖dk‖ + L2

2m

4
‖dk‖4,

(3.23)

for k sufficiently large. Hence, by (3.21) and (3.23), we have

|rk − 1| ≤
∣∣∣∣
Aredk − Predk

Predk

∣∣∣∣ ≤ 32L3

α
‖sk‖ + 16(L2

√
m + κ3

H )

α
‖dk‖

+ 16(L2
3‖sk‖‖dk‖ + L2L3

√
m‖dk‖2)

α

‖sk‖
‖F(xk)‖ + 4L2

2m

α

‖dk‖3

‖F(xk)‖ .

The above inequality together with Assumption 3.3, (3.1) and (3.17), implies (3.18)
holds when k is sufficiently large. Hence, if we choose ε = 0.3 in (3.18), by (3.3)
and (3.18), Step 3 and Step 6 in the DFLS algorithm will not be invoked for large k.
Therefore, from the DFLS algorithm and rk ≥ 0.7 for all large k, (3.19) holds. �

The lemma we just proved states that asymptotically the trust region radius will
be bounded away from zero and the model will be a very good one. We can see this
implies that the trust region constraint in the DFLS algorithm is eventually inactive.
Hence, the algorithm will ultimately reduce to a “regularized Levenberg-Marquardt-
type” method. Using a similar approach to that proposed in [8] we are able to show
that the iterates generated by our algorithm converge to a local solution quadratically.
We start with showing that the iterates converge to a solution superlinearly.

Theorem 3.5 Under Assumptions 2.1, 2.2, 3.1, 3.2, and 3.3, the sequence {xk} gen-
erated by the DFLS algorithm converges to a point x∗ ∈ X∗ superlinearly.

Proof First, we choose k̄ sufficiently large that Lemma 3.1, Lemma 3.3, Lemma 3.4
and the local error bound condition (3.1) hold for all k ≥ k̄.

Since ‖xk − x̄k‖ → 0 as k → ∞, by Assumption 3.3, it follows from (3.19) that
there exists an integer, denoted as k̄, such that

‖xk − x̄k‖ ≤ �k, for all k ≥ k̄.

Hence, denoting sk = x̄k − xk , for all k ≥ k̄ large enough, we have

φk(dk) ≤ φk(sk) ≤ ‖m(xk) + ∇m(xk)sk‖2 + κ3
H

2
‖m(xk)‖‖sk‖2

≤ (‖F(xk) + ∇F(xk)sk‖ + L3‖sk‖2)2 + κ3
H

2
‖F(xk)‖‖sk‖2 (using (3.4))

≤
(

m

2
L2‖sk‖2 + L3‖sk‖2

)2

+ κ3
H

2
‖F(xk)‖‖sk‖2

(using the fifth inequality in Lemma 2.4)

≤ κ3
H L1‖sk‖3 (using the second inequality in Lemma 2.4).
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From the above inequality, Lemma 2.4 and (3.17), for k ≥ k̄ large,

‖F(xk+1)‖ = ‖F(xk + dk)‖ ≤ ‖F(xk) + ∇F(xk)dk‖ +
√

m

2
L2‖dk‖2

≤ √
2φk(dk) +

√
m

2
L2‖dk‖2

≤ 2
√

κ3
H L1‖sk‖3/2.

Hence, by the above inequality and (3.1), we have

α‖xk+1 − x̄k+1‖ ≤ ‖F(xk+1)‖ ≤ 2
√

κ3
H L1‖xk − x̄k‖3/2 (3.24)

for all large k. Consequently,

∞∑

k=0

‖xk − x̄k‖ ≤ ∞.

Since (3.17) holds for all sufficiently large k, it follows from the above inequality that

∞∑

k=0

‖dk‖ ≤ ∞.

So, xk converges to some point x∗ ∈ X∗. In addition, it follows from (3.24), the defi-
nition of x̄k and

‖xk − x̄k‖ ≤ ‖xk − x̄k+1‖ ≤ ‖xk+1 − x̄k+1‖ + ‖dk‖
that ‖xk − x̄k‖ ≤ 2‖dk‖ for large k. This together with (3.17) and (3.24) imply

‖dk+1‖ ≤
16

√
κ3
H L1

α
(‖dk‖)3/2.

This implies xk converges to the point x∗ superlinearly. �

In the following we can apply the same singular value decomposition (SVD) tech-
nique as is used in [8] to show that xk converges to the point x∗ ∈ X∗ quadratically.
Suppose that the rank(∇F(x∗)) = r ≥ 0. Using the singular value decomposition, we
can write ∇F(x∗) in the following form with the appropriate dimensions:

∇F(x∗) = U∗�∗(V ∗)T,

where �∗ = diag(σ ∗
1 , σ ∗

2 , . . . , σ ∗
r ), (U∗)TU∗ = Ir×r , (V ∗)TV ∗ = Ir×r and σ ∗

1 ≥
σ ∗

2 ≥ · · · ≥ σ ∗
r > 0. Since xk → x∗, it follows from (3.4) and the continuity prop-

erties of the SVD that, for k sufficiently large, we can also write ∇m(xk) as:

∇m(xk) = Uk�kV
T
k (3.25)
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where Uk = (Uk,1,Uk,2,Uk,3), UT
k Uk = Im×m, Vk = (Vk,1,Vk,2,Vk,3), V T

k Vk =
In×n, �k = diag(�k,1,�k,2,�k,3), rank(�k,1) = r , rank(�k,2) = rank(�k) − r and
�k,3 = 0, with

lim
k→∞�k,1 = �∗ and lim

k→∞�k,2 = 0. (3.26)

(Note that we allow the possibility that �k,2 and �k,3 are empty.)
Because of (3.4), Lemma 2.4, ‖xk − x̄k‖ ≤ ‖xk − x∗‖ and the perturbation proper-

ties of the SVD, we have that

‖diag(�k,1 − �∗
1 ,�k,2,0‖ ≤ ‖∇m(xk) − ∇F(x∗)‖

≤ ‖∇m(xk) − ∇F(xk)‖ + ‖∇F(xk) − ∇F(x∗)‖
≤ L3‖xk − x̄k‖ + L2‖xk − x∗‖ ≤ (L3 + L2)‖xk − x∗‖,

for all large k. Then, the following lemma can be obtained directly by applying the
technique used in Lemma 2.3 in [8]. We omit restating its proof here.

Lemma 3.6 Under Assumptions 2.1, 2.2, 3.1, 3.2, and 3.3, for k sufficiently large,
we have

(a) ‖Uk,1U
T
k,1F(xk)‖ ≤ L1‖xk − x̄k‖

(b) ‖Uk,2U
T
k,2F(xk)‖ ≤ 2(L2 + L3)‖xk − x∗‖2

(c) ‖Uk,3U
T
k,3F(xk)‖ ≤ (L2 + L3)‖xk − x̄k‖2.

Now, we have the local quadratic convergence theorem.

Theorem 3.7 Under Assumptions 2.1, 2.2, 3.1, 3.2, and 3.3, the sequence {xk} gen-
erated by the DFLS algorithm converges to a point x∗ ∈ X∗ quadratically.

Proof By Theorem 3.5, we know the sequence {xk} converges to a point x∗ ∈ X∗
superlinearly. Hence,

lim
k→∞‖dk‖ = 0.

This together with (3.19) implies that

‖dk‖ < �k,

for all sufficiently large k. Hence, the trust region constraint in the DFLS algorithm
is ultimately inactive. Therefore, from the SVD of ∇m(xk), we have that

dk = −Vk,1(�
2
k,1 + κ3

H ‖m(xk)‖I )−1�k,1U
T
k,1F(xk)

− Vk,2(�
2
k,2 + κ3

H ‖m(xk)‖I )−1�k,2U
T
k,2F(xk)

= −Vk,1(�
2
k,1 + κ3

H ‖F(xk)‖I )−1�k,1U
T
k,1F(xk)

− Vk,2(�
2
k,2 + κ3

H ‖F(xk)‖I )−1�k,2U
T
k,2F(xk), (3.27)
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for sufficiently large k. Then, the result that the sequence {xk} converges to x∗
quadratically follows directly from the above equality, Lemma 3.6 and the same ap-
proach used for Theorem 2.2 in [8]. But for completeness and convenience of the
reader, we still provide the proof as follows.

First, by (3.25) and (3.27), we have

F(xk) + ∇m(xk)dk = F(xk) − Uk,1�k,1(�
2
k,1 + κ3

H ‖F(xk)‖I )−1�k,1U
T
k,1F(xk)

− Uk,2�k,2(�
2
k,2 + κ3

H ‖F(xk)‖I )−1�k,2U
T
k,2F(xk)

= κ3
H ‖F(xk)‖Uk,1(�

2
k,1 + κ3

H ‖F(xk)‖I )−1UT
k,1F(xk)

+ κ3
H ‖F(xk)‖Uk,2(�

2
k,2 + κ3

H ‖F(xk)‖I )−1UT
k,2F(xk)

+ Uk,3U
T
k,3F(xk). (3.28)

By Theorem 3.5, F(x∗) = 0 and (3.26) implies that, for k sufficiently large, we have

‖(�2
k,1 + κ3

H ‖F(xk)‖I )−1‖ ≤ ‖�−2
k,1‖ ≤ 2

(σ ∗
r )2

and

‖(�2
k,2 + κ3

H ‖F(xk)‖I )−1‖ ≤ 1

‖F(xk)‖ κ3
H

.

Hence, it follows from the above two inequalities, the proof of (3.4), (3.28),
Lemma 2.4 and Lemma 3.6 that

‖F(xk) + ∇m(xk)dk‖

≤ κ3
H ‖F(xk)‖

(
2L1

(σ ∗
r )2

‖xk − x̄k‖ + 2(L2 + L3)

κ3
H ‖F(xk)‖

‖xk − x∗‖2

)

+ (L2 + L3)‖xk − x̄k‖2

≤
(

2L2
1κ

3
H

(σ ∗
r )2

+ 3(L2 + L3)

)
‖xk − x∗‖2 = O(‖xk − x∗‖2). (3.29)

From Lemma 3.5, we know xk converges to x∗ superlinearly, which implies

lim
k→∞

‖xk+1 − xk‖
‖xk − x∗‖ = lim

k→∞
‖dk‖

‖xk − x∗‖ = 1. (3.30)

Then, it follows, using the above equality, Assumption 3.1, Lemma 3.3, Lemma 3.1,
(3.22) and (3.29) that

‖dk+1‖ ≤ 2 dist(xk+1,X∗) ≤ 2

α
F(xk+1) = 2

α
F(xk + dk)

≤ ‖F(xk) + ∇F(xk)dk‖ + L2
√

m

2
‖dk‖2
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≤ ‖F(xk) + ∇m(xk)dk‖ + L3‖xk − x̄k‖‖dk‖ + L2
√

m

2
‖dk‖2

≤ ‖F(xk) + ∇m(xk)dk‖ + L3‖xk − x∗‖‖dk‖ + L2
√

m

2
‖dk‖2

= O(‖dk‖2),

which by (3.30) implies xk converges to x∗ quadratically. �

4 Numerical experiments

In this section, we give numerical comparisons of the long-term performances of
DFLS for achieving high accuracy solutions relative to the performances of the fol-
lowing codes:

• LMDIF [12]: A version, developed in 1980 by Garbow, Hillstrom and Moré of the
Levenberg-Marquardt algorithm that uses finite (forward) differences for approxi-
mating the gradients of the sum of the squares objective function.3

• NEWUOA [14]: Software for unconstrained optimization without derivatives de-
veloped by Powell in 2004.

LMDIF and NEWUOA belong to two fundamentally different classes of algo-
rithms that do not use explicit derivatives. One class of methods use finite difference
to approximate the derivative whereas the other uses polynomial interpolations to
build approximate models of the problem. NEWUOA is derivative-free software that
was initially developed for general unconstrained optimization. Hence, NEWUOA
does not make use of the least-squares problem structure. An extension to accom-
modate simple bounds, BOBYQA, has been development by Powell [13]. In [20]
we demonstrated the generally best performance of DFLS compared with LMDIF
and NEWUOA within a limited computational budget. Here, our purpose of using
LMDIF and NEWUOA again as comparison codes is to indicate the superior long-
term asymptotic performances of DFLS by taking advantage of the problem’s struc-
ture as well as by taking the model based approach developed in [14].

Our implementation of the DFLS algorithm is based on the same framework as
that provided by NEWUOA. This is partly because the details in NEWUOA are
carefully and intelligently chosen and partly because it makes the comparison be-
tween it and DFLS more meaningful. In our runs of DFLS, we chose NP = 2n + 1
sampling points and applied the same polynomial interpolation techniques as those
implemented in NEWUOA, on each of the nonlinear functions fi , i = 1, . . . ,m.
Since the sampling points for all the functions fi , i = 1, . . . ,m, are the same, the
amount of work for calculating the updates of the coefficients of all the models can

3The Levenberg-Marquardt algorithm is essentially a modified Gauss-Newton algorithm where the mod-

ification can be thought of as a regularization of J�J with a parameter scaled identity matrix. Although
the motivation is rather different, if one associates the parameter with a trust region radius it is essentially
a trust-region Gauss-Newton method.
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be kept within O((m(NP + n)) ≈ O(mn) [16] and therefore, discounting the occa-
sional origin shifts, the work of building the models per iteration can be kept within
O(mn2) (see [15] for details). However, DFLS requires more memory to store indi-
vidual models mi(x), for i = 1, . . . ,m, rather than one single model. This leads to
(m − 1)(1 + n + n(n + 1)/2) ≈ O(mn2) more storage compared with NEWUOA,
which is the cost of exploiting the structure. NEWUOA includes excellent software
for selecting the sampling points and for updating the models accurately and effi-
ciently. Many elegant and useful techniques for controlling the numerical rounding
errors and stability issues are addressed in [14, 15] and the references therein, and the
reader is encouraged to obtain more details there.

All three codes were written in Fortran and compiled with F77 on an IBM
ThinkPad T40 laptop computer. In LMDIF, it is admissible for the variables to be
scaled internally. All the other parameters are set to the default values except for the
difference step values for LMDIF in the case of noisy functions. In NEWUOA, we
set the number of interpolating points to the default number recommended by the
code, namely 2n + 1. In both NEWUOA and DFLS, the initial trust region radius is
set to 1.0. All algorithms stop when the required stopping condition are satisfied or
the algorithms stop internally for numerical reasons. All the solvers are tested using
four different sets of test problems, including both zero and nonzero residual prob-
lems, both problems with and without noise. Since in this paper we are interested in
investigating the long-term asymptotic behavior of different solvers, we assume there
are effectively no constraints on the computational budget and allow the solvers to
explore the test problems as much as they reasonably can. Hence, in all three codes,
we set the maximum number of function evaluations to be 105, which is rather large
for derivative-free optimization. Our numerical results are listed from Tables 1 to 4.
In these tables, “n” means the number of variables, i.e. the dimension of the primal
variable, “m” means the number of nonlinear functions in (1.1). “NF” stands for the
number of function evaluations performed by each code. We put “∗” in the table, if
the code converged to a different local optimum from the global optimum.

Our first set of test problems consist of 25 zero residual problems. The first 15
problems are the problems with equality constraints in the Hock and Schittkowski
[11] test problem library. They are reformulated as least-squares problems by taking
the objective function minus its optimum value as the first nonlinear function and
taking all the equality constraints as the other nonlinear functions in (1.1). The re-
maining problems were collected from a variety of places during the development of
the DFLS code. The stopping condition for all the codes was

�(xk) ≤ max{10−12,10−20�(x0)}, (4.1)

where x0 is the initial point, which is rather stringent. The numerical results are listed
in Table 1. All the codes stop either because the stopping condition (4.1) was satis-
fied or the internal conditions in the code determined that no further improvement
could be made, perhaps due to the numerical rounding errors, or the number of func-
tion evaluations reached its maximum allowable value 105. For these tests, the finite
difference parameter in LMDIF was set to be 10−7. If the optimal stopping condi-
tion was not met, we list in the column F_Error the best cost function value finally
returned by the code, along with the number of function evaluations. From Table 1,
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Table 1 Numerical comparisons (zero residuals)

Problem name n m LMDIF NEWUOA DFLS

NF/F_Error NF/F_Error NF/F_Error

HS26 3 2 3631/1.25e−11 3706 378

HS27 3 2 313 405 338

HS28 3 2 104 247 48

HS39 4 3 81 585 53

HS40 4 4 36 344 30

HS42 4 3 93 655 48

HS46 5 3 502/8.76e−9 7060 1076

HS47 5 4 5328 2151 263

HS49 5 3 105/4.06e−7 2546 2395

HS56 7 5 228 1851 168

HS60 3 2 57 415 65

HS77 5 3 86/3.06e−3 1439 145

HS78 5 4 79 727 48

HS81 5 4 202 2262 107

HS111 10 4 63477/6.35e−7 105/2.32e−8 2193/7.85e−12

CONN 20 20 880 639 113

CHROSEN 20 38 148 635 96

CHROSEN 80 158 568 3094 346

TRIGSSQS 10 10 56 490 81

TRIGSSQS 10 20 45 236 49

TRIGSSQS 20 20 149 2267 145

BUCKLEY21 6 13 204 2076 171

HEART 6 6 * 105/1.21e−2 863

MORE25 20 22 232 10359 198

MORE20 31 31 296 105/1.23e−8 431/8.00e−12

we can see that for the zero residual case DFLS is very stable and normally uses be-
tween 1/5 to 1/10 of the number of function evaluations of NEWUOA. Generally
the LMDIF code performs reasonably well too, although not as good as DFLS on
average. In some cases, LMDIF could not reach the stopping condition (4.1). Based
on these small number of numerical experiments, we believe the approach taken by
DFLS is both promising and robust as concerns its long-term behavior for zero resid-
ual least-squares problems, although a more challenging set of test problems should
be tested to confirm the promise.

Our second test set consists of 22 nonzero residual problems. The “HS” problems
in the second test set are reformulated as least-squares problems by simply taking the
objective function as the first nonlinear function and taking the equality constraints
for the remaining nonlinear functions in (1.1). To ensure that the least-squares resid-
ual is nonzero, if the original objective optimum value is zero, the first nonlinear
function is taken as the objective function plus ten. The “TRIGSSQS” problems are
extracted from [14] and the remaining problems are intrinsically nonzero residual
problems. Again, we ran all the codes until either the internal conditions in the code
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Table 2 Numerical comparisons (nonzero residuals)

Problem name n m LMDIF NEWUOA DFLS

NF/F_ReErr NF/F_ReErr NF/F_ReErr

HS26 3 2 106/1.12e−8 189 155

HS27 3 2 322/3.43e−6 248 108

HS28 3 2 1626 107 143

HS39 4 3 114/2.33e−8 245 100

HS40 4 4 64/7.18e−9 125 76

HS42 4 3 166/4.20e−8 84 59

HS46 5 3 15990/5.11e−7 600/1.99e−12 586

HS47 5 4 * 92 92

HS49 5 3 105/1.10e−4 832/3.51e−12 516

HS56 7 5 165/4.11e−7 234 160

HS60 3 2 132/3.58e−7 217 81

HS77 5 3 2551/2.31e−5 655 162

HS78 5 4 93/6.69e−9 158 105

HS81 5 4 115/1.68e−4 949 214

HS111 10 4 3807/1.13e−8 10562 673

DENNIS 4 20 1759/5.82e−7 254 130

SPHRPTS 20 45 * 2263 1406

TRIGSSQS 10 10 309/7.10e−9 241 227

TRIGSSQS 10 20 286/6.73e−8 217 241

TRIGSSQS 20 20 426/7.41e−7 580 576

PENALTY1 20 21 183 9855 433

PENALTY2 20 40 482/1.87e−11 1982 336

determined that no further improvement could be made, or the number of function
evaluations reached its maximum allowable value of 105. The finite difference para-
meter in LMDIF was again set to 10−7. For each method we calculate

F_ReErr = �end − �∗

�∗ ,

where �end is the final cost function value returned by the particular code and �∗
is the lowest one among all the final (nonzero) cost function values. We list F_ReErr
and the number of function evaluations whenever F_ReErr ≥ 10−12. The numerical
results are shown in Table 2. We can again see that for the nonzero residual case,
DFLS still performs significantly better than NEWUOA when comparing their long-
term behavior. The difference is not as large as in the zero residual case, which is
what one might expect since the structure to be exploited is less apparent. On the
other hand, with the nonzero residual results, as expected, we can see that LMDIF
was unable to reach very high accuracy for most of the test problems.

In many real problems, the situation is exacerbated by the presence of noise. For
this reason, we wanted to test how noise affects the long-term performance of each
method. We first tested a perturbed version of the zero residual problem set by adding
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Table 3 Numerical comparisons (zero residuals, random noise level 1.e−2)

Problem name n m LMDIF NEWUOA DFLS

NF/F_Error NF/F_Error NF/F_Error

HS26 3 2 69.1/8.53e−5 87.4/1.80e−5 39.7/9.19e−5

HS27 3 2 F 94.3/2.49e−5 43.0/2.71e−5

HS28 3 2 66.0/1.43e−4 85.1/1.29e−5 38.8/6.09e−6

HS39 4 3 72.5/1.47e−4 99.4/1.28e−6 40.7/7.19e−6

HS40 4 4 54.2/6.11e−6 95.4/2.32e−5 30.5/3.14e−5

HS42 4 3 57.0/6.47e−6 93.8/3.55e−3 31.7/3.95e−5

HS46 5 3 89.7/8.03e−5 133.8/5.65e−5 55.6/1.09e−4

HS47 5 4 94.9/2.05e−3 136.3/6.69e−5 57.6/6.53e−5

HS49 5 3 101.5/1.47e−3 192.0/6.05e−4 112.0/1.47e−4

HS56 7 5 93.2/3.82e−4 168.0/2.64e−4 63.0/5.04e−5

HS60 3 2 66.8/2.64e−5 85.7/1.91e−5 37.0/2.09e−6

HS77 5 3 78.0/1.21e−2 149.4/1.95e−3 70.4/1.45e−3

HS78 5 4 75.5/1.36e−5 116.7/2.14e−5 43.8/6.78e−5

HS81 5 4 87.4/3.52e−4 115.4/1.34e−4 37.9/7.44e−5

HS111 10 4 201.5/4.11e−2 235.3/1.32e−4 97.7/2.10e−4

CONN 20 20 F 415.5/7.96e−5 150.5/1.20e−4

CHROSEN 20 38 F 385.4/1.14e−4 144.7/2.08e−4

CHROSEN 80 158 F 2227.3/4.22e−1 599.6/4.26e−4

TRIGSSQS 10 10 139.7/1.47e−4 205.0/1.02e−4 62.8/1.57e−4

TRIGSSQS 10 20 96.9/5.82e−5 158.0/3.65e−5 39.5/9.39e−5

TRIGSSQS 20 20 315.0/2.44e−4 375.7/1.61e−4 112.1/5.27e−4

BUCKLEY21 6 13 138.4/2.10e−4 168.7/3.94e−5 82.8/1.16e−4

HEART 6 6 198.4/3.71e−1 196.6/4.20e−1 129.3/2.00e−1

MORE25 20 22 F 450.2/2.28e−4 201.9/3.90e−4

MORE20 31 31 378.3/4.32e−3 588.1/1.78e−4 200.8/3.87e−5

some random noise to the nonlinear functions in (1.1). More specifically, we let

F(x) = Ftrue(x) + 10−2E,

where E ∈ R
m is a random vector with a normal distribution in [−0.5,0.5]. For each

problem, we ran the code until the internal conditions terminated the iterations. The
ending trust region radius of NEWUOA and DFLS, and the finite difference parame-
ter of LIMDIF are all set to 10−2 to be comparable to the noise level. The numerical
results are shown in Table 3, where “NF” means the average number of function eval-
uations during ten runs. Here, we let F_Error be the best true cost function value, i.e.
the lowest cost function value without noise, returned by the code during the 10 runs.
Since the original problems without noise are zero residual problems, we list F_Error
in its column if F_Error ≤ 1.0; otherwise, we list “F” in its column to indicate that
the code failed on this problem. We can see DFLS again performs best among these
three codes. We remark that both NEWUOA and DFLS are relatively insensitive to
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Table 4 Numerical comparisons (nonzero residuals, relative random noise level 1.e−2 )

Problem name n m LMDIF NEWUOA DFLS

NF/F_Error NF/F_Error NF/F_Error

HS26 3 2 51.7/7.38e−3 26.8/1.12e−2 28.5/9.93e−4

HS27 3 2 F F 68.6/4.95e−3

HS28 3 2 40.8/1.05e−2 24.7/4.86e−2 29.3/1.98e−3

HS39 4 3 91.1/4.69e−3 62.3/3.17e−2 49.5/1.85e−3

HS40 4 4 53.4/3.73e−4 57.9/3.20e−3 47.7/1.12e−3

HS42 4 3 63.7/1.58e−2 23.7/1.61e−3 28.7/2.14e−3

HS46 5 3 62.6/5.73e−3 35.0/2.96e−2 36.3/1.27e−2

HS47 5 4 * 22.0/1.67e−1 22.0/3.92e−2

HS49 5 3 75.3/2.91e−2 101.6/3.70e−1 65.7/5.12e−1

HS56 7 5 86.6/7.55e−3 76.8/1.91e−2 69.4/3.57e−3

HS60 3 2 79.9/2.92e−4 71.8/2.51e−2 63.6/8.43e−4

HS77 5 3 96.1/1.17e−2 F 99.2/3.11e−2

HS78 5 4 56.3/1.07e−3 69.1/9.17e−3 39.7/8.64e−3

HS81 5 4 97.5/3.91e−1 F 75.9/6.34e−3

HS111 10 4 182.2/1.99e−1 95.1/2.63e−1 104.6/4.01e−3

DENNIS 4 20 F 56.4/3.17e−3 40.1/1.03e−3

SPHRPTS 20 45 92.9/7.14e−1 290.7/8.18e−3 249.4/8.66e−3

TRIGSSQS 10 10 108.2/2.31e−2 76.7/5.38e−3 88.0/2.97e−3

TRIGSSQS 10 20 93.8/7.69e−2 90.8/3.05e−3 94.4/2.19e−3

TRIGSSQS 20 20 171.8/1.23e−1 175.6/7.28e−3 181.6/5.68e−3

PENALTY1 20 21 F 446.9/1.51e−1 297.1/8.60e−3

PENALTY2 20 40 248.2/7.71e−3 110.7/4.87e−3 115.1/2.72e−3

the noise in their long-term behavior. LMDIF is more affected by the noise because
of using difference approximations for the derivatives.

Secondly, we tested the effect of noise for each method in the case of the nonzero
residual problems. In this instance we let

F(x) = Ftrue(x) + 10−2E ◦ |F(x)|.
E ∈ R

m is again a random vector with normal distribution in [−0.5,0.5] and |F(x)|
is the vector in R

m with its components the absolute value of the corresponding com-
ponents of F(x). Here “◦” means componentwise product. For each problem, we
again ran each code 10 times until the internal conditions terminated the iterations.
The final trust region radius of NEWUOA and DFLS, and the finite difference para-
meter of LIMDIF are all set to 10−2

√
�∗, where �∗ is the optimal function value of

the problem without noise. Then, for each method we calculated

F_ReErr = �best − �∗

�∗ ,

where �best is the best true (i.e. the lowest without the added noise) cost function
value returned by the codes. The numerical results are shown in Table 4. Here, “NF”



506 H. Zhang, A.R. Conn

again means the average number of function evaluations during the ten runs. We list
F_ReErr, along with the number of function evaluations if F_ReErr ≤ 1.0; otherwise,
we list “F” in its column to indicate that the code failed on this problem. From Ta-
ble 4, DFLS again generally uses the smallest number of function evaluations and
returns the best cost function values comparable to the noise level. NEWUOA and
LMDIF can give reasonable solutions for some of the problems. Compared with
DFLS, LMDIF is again more sensitive to the noise. In addition, we observe that
because of not exploiting the problem structure, NEWUOA also starts to be affected
by the noise for these nonzero residual problems.

5 Conclusion

In this paper, we have studied the long-term asymptotic convergence behavior of
the DFLS algorithm, which is a derivative-free algorithm first presented in [20] for
minimizing least-squares problem. More specifically, we have established the local
quadratic convergence of the DFLS algorithm for zero residual problems under a
certain type of non-singularity assumption, which is considerably weaker than a
non-singularity assumption on the Jacobian. Preliminary numerical experiments have
been carried out to compare the long-term behavior of DFLS with the other two
benchmark algorithms, NEWUOA and LMDIF, on four set of test problems includ-
ing both zero and nonzero residual problems and both problems with and without
noises. We have observed that in all cases DFLS performs significantly better in both
efficiency and reliability than the other two comparison codes. In general the poly-
nomial interpolation based methods, NEWUOA and DFLS, are more reliable (for
both problems with and without noise) when high accurate solutions are required.
Consequently, for long-term, robust and accurate solutions, compared with finite dif-
ference based methods, polynomial interpolation based methods are recommended.
This is somewhat different from what we have observed in [20] in the numerical
performances of the same software within a limited computational budget. There,
LMDIF was not as much affected by numerical instabilities and noise. This may be
because LMDIF has made full use of the least-squares problem structure, while the
polynomial interpolation based method NEWUOA may not build accurate models
given a small computing budget. DFLS is not only based on models built by polyno-
mial interpolations, but also takes full advantages of the least-square problem struc-
ture. Hence, it is reasonable to believe DFLS will perform more efficiently and will
be more robust in both the short-term and the long-term compared with methods that
only implement one of the two features in the above discussion. Our numerical results
in [20] and [21] support this conclusion. Finally, very recently the bound constrained
version of DFLS, called DFBOLS, has been developed in [21]. We will continue to
study the global and local convergence behavior of DFBOLS, which again is able to
exploit the special structure of the least-squares problem with, in this case, additional
bound constraints.
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