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Abstract A new nonmonotone algorithm is proposed and analyzed for unconstrained
nonlinear optimization. The nonmonotone techniques applied in this algorithm are
based on the estimate sequence proposed by Nesterov (Introductory Lectures on Con-
vex Optimization: A Basic Course, 2004) for convex optimization. Under proper as-
sumptions, global convergence of this algorithm is established for minimizing general
nonlinear objective function with Lipschitz continuous derivatives. For convex objec-
tive function, this algorithm maintains the optimal convergence rate of convex opti-
mization. In numerical experiments, this algorithm is specified by employing safe-
guarded nonlinear conjugate gradient search directions. Numerical results show the
nonmonotone algorithm performs significantly better than the corresponding mono-
tone algorithm for solving the unconstrained optimization problems in the CUTEr
(Bongartz et al. in ACM Trans. Math. Softw. 21:123–160, 1995) library.

Keywords Gradient methods · Nonmonotone algorithm · Unconstrained
optimization · Convex estimate sequence · Optimal convergence rate · Nonlinear
conjugate gradient methods

1 Introduction

We consider the unconstrained optimization problem

min
x∈Rn

f (x), (1.1)
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where f : Rn → R is continuously differentiable. Many iterative methods for (1.1)
are line search methods, which generate a sequence x0,x1,x2, . . . , where xk+1 is
generated from xk and the current direction dk by

xk+1 = xk + hkdk,

and hk > 0 is a stepsize satisfying certain line search rules. The monotone algorithm
requires the objective function value decreases monotonically, that is f (xk+1) <

f (xk) for all k ≥ 0, while for nonmonotone algorithms the objective function value
may increase at some iterations. The monotone reduction of the objective function
value is often ensured by some local information of the objective function and is
usually a key property to guarantee the global convergence of an algorithm to a local
minimum for general nonlinear objective function. However, it is pointed by Nesterov
[13] that in convex optimization the optimal methods never rely on this “local” mono-
tonically function value reducing property and the efficiency of optimal methods are
derived from some global topological properties of convex functions. In the litera-
ture, there are three major types of nonmonotone line search algorithms, which are
based on the maximum of recent objective function values [6], based on the weighted
average of obtained objective function values [14], or based on the objective function
values in a heuristic way [2, 8]. Although these nonmonotone techniques could signif-
icantly improve the algorithms’ practical performance for general nonlinear objective
function, none of these algorithms have theoretically guaranteed optimal convergence
rate when they are applied for minimizing convex objective functions.

In recent years, Nesterov’s optimal gradient methods [12], which have a prov-
able optimal convergence rate for minimizing Lipschitz continuously differentiable
convex objective functions, attracted renewed interests by some researchers. One im-
portant feature of this algorithm is that the algorithm is a nonmonotone algorithm
and the iterates are constructed from a global estimate sequence of the convex objec-
tive function. However, this optimal gradient method needs to know or have a good
global estimate of the Lipschitz constant of the gradients of the objective function
as a prior knowledge, which in general is not known. And a poor estimate of this
Lipschitz constant could severely deteriorate the performance of this algorithm [11].
On the other hand, it is often not easy to theoretically check if the objective func-
tion is globally convex or not. And in some cases when we do not have an analytical
representation of the objective function, it is not easy to theoretically check if the
objective function is convex or not. In addition, the objective function may be only
convex on a certain region of its domain and is often convex near a local or global
minimum. Hence, when the iterates are close to a local or global minimum, this ob-
jective function can be locally treated as a convex function while globally it is not.
These observations motivate us to generalize those ideas on optimal gradient methods
for convex optimization to general nonlinear optimization. In our new algorithm, the
Lipschitz constant of the gradients will be implicitly estimated by the local Wolfe line
search. Under proper assumptions on the search directions, our new algorithm will
have global convergence to a stationary point for general nonlinear objective func-
tion, while automatically maintains the optimal convergence rate when the objective
function is convex. Very recently we have noticed the manuscript [5], in which the au-
thors also studied an algorithm for solving nonconvex nonlinear optimization based
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on Nesterov’s method. They established the rate of convergence of their algorithm
without restarting, along with extensions to a stochastic setting. This algorithm in [5]
gives explicit step size rules without using line search and the search directions are
always negative gradient directions at certain particularly constructed“intermediate”
points. The algorithm proposed in this paper uses line search to estimate the local
Lipschitz constant of the gradient and the search directions dk could be any direction
satisfying the Direction Assumption given in Sect. 2. This allows the safe-guarded
nonlinear conjugate gradient search directions to be used in the practical algorithms
tested in the numerical experiment section.

Our paper is organized as follows: In Sect. 2, we give the nonmonotone approxi-
mate sequence algorithm with some observations. Section 3 proves the global conver-
gence of the new algorithm under appropriate assumptions and conditions, and estab-
lishes its global optimal convergence rate for convex objective functions. In Sect. 4,
we implement our algorithm with safe-guarded nonlinear conjugate gradient search
directions, and compare the algorithm with its corresponding monotone algorithm for
solving the unconstrained problems in the CUTEr test problem library [1]. Finally,
we give some concluding remarks in Sect. 5.

We use the following notations in this paper. ∇f (x) denotes the gradient of f ,
a row vector. The gradient of f (x), arranged as a column vector, is denoted by g(x).
The subscript k represents the iteration number in an algorithm; for example, xk is the
k-th x iterate, while fk and gk stands for f (xk) and g(xk) respectively. ‖ · ‖ denotes
the Euclidean norm.

2 Algorithm description

The optimal gradient methods proposed by Nesterov for unconstrained convex opti-
mization highly depends on the following notion of estimate sequence [13]:

Definition 2.1 A pair of sequences {ξk(x)}∞0 and {λk}∞0 , λk ≥ 0 is called an estimate
sequence of function f (x) if

λk → 0

and for any x ∈ R
n and all k ≥ 0 we have

ξk(x) ≤ (1 − λk)f (x) + λkξ0(x). (2.1)

Given a pair of estimate sequence {ξk(x)}∞0 and {λk}∞0 , if the algorithm can gen-
erate a sequence {xk}, k = 0,1,2, . . . such that

f (xk) ≤ ξ∗
k = Arg min

x∈Rn

ξk(x), (2.2)

it is easy to see f (xk) − f ∗ ≤ λk(ξ0(x∗) − f ∗) → 0, where x∗ ∈ Arg minx∈Rn f (x)

and f ∗ = f (x∗). When f is convex, a series of innovative techniques have been
proposed in [13] to ensure a pair of estimate sequence can be constructed, and condi-
tion (2.2) will be satisfied for the iterates generated by the optimal algorithm. Hence,
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the convergence rate of this optimal algorithm depends on the rate of λk converg-
ing to zero. However, when f is not convex, the iterates satisfying (2.2) may not
exist. Hence, following with Nesterov’s idea on constructing estimate sequence, our
algorithm would restart the estimate sequence built process whenever necessary, and
generate the iterates xk , k = 0,1, . . . , and a pair of approximate sequence {φk(x)}∞0
and {γk}∞0 , which has the following property:

f (xk) ≤ φ∗
k ≤ (1 − γk)fmin + γkφr(xmin)

= (1 − γk)f (xmin) + γkφr(xmin), (2.3)

where φ∗
k = minx∈Rn φk(x), γk ∈ (0,1] and will converge to zero if the approximate

sequence only restarted finite number times, φr(x) is the latest restarted approximate
function, and fmin = f (xmin) is the best (lowest) function value obtained until the
current iteration. We can see (2.3) is a relaxation of (2.1). Instead of requiring (2.1)
holds for all x ∈ R

n, (2.3) is only required to hold at xmin, which achieves the mini-
mum obtained objective function value until the current iteration. In addition, in our
algorithm, to ensure global convergence for nonconvex objective functions and at the
same time estimate the Lipschitz constant of the gradients, we would first compute
a trial step at each iteration by a Wolfe line search. Then, a series of conditions will
be tested to enforce the new iteration satisfying the property (2.3). We also make the
following assumptions on all the search directions dk , k ≥ 0, used in the Wolfe line
search of our algorithm.

Direction Assumption There exist positive constants c1 and c2 such that for all
k ≥ 0

dT
kgk ≤ −c1‖gk‖2, (2.4)

and

‖dk‖ ≤ c2‖gk‖. (2.5)

Note that the above Direction Assumption with 0 < c1 < 1 < c2 could be easily
satisfied in a line search algorithm by resetting the search direction to be the negative
gradient direction, whenever one of the two conditions in the Direction Assumption
is not satisfied. We now summarize the above discussions and give the algorithm.

Algorithm 2.1. NONMONOTONE APPROXIMATE SEQUENCE ALGORITHM

(NASA)

Step 0: Initialization. Choose starting guess x0 and parameters 0 < δ < σ < 1,
ρ > 1. Set γ0 = 1, φ∗

0 = f (x0), v0 = x0, fmin = f (x0), xmin = x0, fr = f (x0),
xr = x0, φr(x) ≡ f (x0) + 1/2‖x − x0‖2 and k = 0.

Step 1: Termination test. If ‖gk‖ is sufficiently small, then stop.
Step 2: Computing trial step. Given search direction dk satisfying the Direction

Assumption, set x̄k+1 = xk + hkdk , where hk satisfies the Wolfe conditions:

f (x̄k+1) ≤ fk + δhkgT
kdk, (2.6)

∇f (x̄k+1)dk ≥ σgT
kdk. (2.7)
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Let

ηk = fk − f (x̄k+1)

‖gk‖2
(2.8)

and γk+1 = (1 − αk)γk , where

αk =
√

(γkηk)2 + 4γkηk − γkηk

2
. (2.9)

Let

φ∗
k+1 = (1 − αk)φ

∗
k + αkf (xk) − ηk

2
‖gk‖2 + αkgT

k (vk − xk). (2.10)

If f (x̄k+1) < fmin, then xmin = x̄k+1, fmin = f (x̄k+1).
Step 3: Line search update.

If

φ∗
k+1 > (1 − γk+1) fmin + γk+1 φr(xmin), (2.11)

then go to Step 4;
Else if f (x̄k+1) ≤ φ∗

k+1, then xk+1 = x̄k+1,

vk+1 = vk − αk

γk+1
gk, k = k + 1 (2.12)

and go to Step 1;
Else let h̄ = ηk .

While f (x̄k+1) > φ∗
k+1,

Let yk = αkvk + (1 − αk)xk = xk + αk(vk − xk).
If f (yk) < fmin, then xmin = yk , fmin = f (yk).
If f (xk) < f (yk) + (∇f (yk),xk − yk), go to Step 4;
Else set x̄k+1 = yk − h̄∇f (yk).
Let φ∗

k+1 = (1 − αk)φ
∗
k + αkψk , where

ψk = f (yk) − αk

2γk+1

∥∥∇f (yk)
∥∥2 + (∇f (yk),vk − yk

)
. (2.13)

If f (x̄k+1) > φ∗
k+1, let h̄ = h̄/ρ and γk+1 = (1 − αk)γk , where

αk =
√

(γkh̄)2 + 4γkh̄ − γkh̄

2
. (2.14)

End while
If f (x̄k+1) < fmin, then xmin = x̄k+1, fmin = f (x̄k+1).
If φ∗

k+1 > (1 − γk+1)fmin + γk+1φr(xmin), go to Step 4;
Else let xk+1 = x̄k+1,

vk+1 = vk − αk

γk+1
∇f (yk), k = k + 1 (2.15)

and go to Step 1.
End If
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Step 4: Restart approximate sequence.
Let xk+1 = xmin, γk+1 = 1, φ∗

k+1 = fmin, vk+1 = xmin, fr = fmin, xr = xmin and
φr(x) ≡ fr + 1/2‖x − xr‖2. Set k = k + 1 and go to Step 1.

For the above algorithm NASA, we have the following observations:

(I) For all k ≥ 0, we have

f (xk) ≤ φ∗
k . (2.16)

When k = 0, we have φ∗
0 = f (x0). When k ≥ 0, by NASA, the k-th iteration

finishes either after (2.12) or (2.15) or Step 4. If the k-th iteration finishes
after (2.12) or (2.15), then we have by the construction of the algorithm that
f (xk+1) ≤ φ∗

k+1. Otherwise, if the k-th iteration finishes after Step 4, we have
f (xk+1) = φ∗

k+1 = fmin = f (xmin). Hence, (2.16) holds for all k ≥ 0. Since
the function value f (xk) may not be monotonically decreasing as k increases,
NASA is a nonmonotone algorithm.

(II) The αk given by (2.9) satisfies α2
k = (1 − αk)γkηk , and αk ∈ (0,1) as long as

γkηk > 0. Similarly, the αk given by (2.14) satisfies α2
k = (1 − αk)γkh̄, and

αk ∈ (0,1) as long as γkh̄ > 0.
(III) For all k ≥ 0, after the k-th iteration, we have γk+1 ∈ (0,1] and

φ∗
k+1 ≤ (1 − γk+1)fmin + γk+1φr(xmin). (2.17)

3 Global convergence

In this section, we discuss the global convergence properties of NASA for general
nonlinear objective function as well as for convex objective function. We need to
make the following assumptions on the objective function f .

Assumption 1 f is Lipschitz continuously differentiable, i.e., given any x, y ∈ R
n,

there exists a constant L such that
∥∥∇f (x) − ∇f (y)

∥∥ ≤ L‖x − y‖. (3.1)

Assumption 2 The level set L = {x ∈ R
n : f (x) ≤ f (x0)} is uniformly bounded, i.e.,

there exists a constant B such that

‖x‖ ≤ B, for any x ∈ L. (3.2)

First, we have the following function value reduction on the trial point x̄k+1 com-
pared with fk .

Lemma 3.1 Suppose Assumption 1 and Direction Assumption hold. Then, there ex-
ists a step size hk > 0 satisfying the Wolfe conditions (2.6)–(2.7) and

f (x̄k+1) ≤ fk − δ(1 − σ)

L

(
c1

c2

)2

‖gk‖2 = fk − τ

L
‖gk‖2, (3.3)
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where x̄k+1 = xk +hkdk , L is the Lipschitz constant of the gradients in Assumption 1,
τ = δ(1 − σ)(c1/c2)

2, and hence the ηk given by (2.8) satisfies

ηk ≥ τ/L. (3.4)

Proof If the Lipschitz condition in Assumption 1 and dT
kgk ≤ −c1‖gk‖2 in Direction

Assumption hold, it follows from 0 < σ < 1 that there exists a hk > 0 satisfying the
Wolfe conditions (2.6)–(2.7) and

hk ≥ (1 − σ)

L

|dT
kgk|

‖d‖2
k

,

where L is the Lipschitz constant in Assumption 1. (For details, one may see [14].)
Then, from the Direction Assumption and (2.6), we have (3.3) holds. Finally, (3.4)
follows directly from (3.3) and (2.8). �

The following lemma shows NASA will exit the “While Loop” in Step 3 after a
finite number of inner iterations.

Lemma 3.2 Suppose Assumption 1 and Direction Assumption hold. The “While
Loop” in Step 3 will finish in finite number of inner iterations.

Proof In the “While Loop” of Step 3, if f (xk) < f (yk)+ (∇f (yk),xk − yk), we can
see that the algorithm will go to Step 4 and exit the “While Loop”. Hence, we only
need to investigate the case f (xk) ≥ f (yk) + (∇f (yk),xk − yk). So, we have from
(2.16) that

φ∗
k ≥ f (yk) + (∇f (yk),xk − yk

)
. (3.5)

Now, we have from (2.13) that

φ∗
k+1 = (1 − αk)φ

∗
k + αk

[
f (yk) − αk

2γk+1

∥∥∇f (yk)
∥∥2 + (∇f (yk),vk − yk

)]
,

which together with (3.5) implies

φ∗
k+1 ≥ f (yk) − α2

k

2γk+1

∥∥∇f (yk)
∥∥2

+ (∇f (yk), (1 − αk)(xk − yk) + αk(vk − yk)
)
. (3.6)

It follows from the choice of yk = αkvk + (1 − αk)xk that

(1 − αk)(xk − yk) + αk(vk − yk) = 0.

Hence, from (3.6) we have

φ∗
k+1 ≥ f (yk) − α2

k

2γk+1

∥∥∇f (yk)
∥∥2

. (3.7)
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In the “While Loop”, by γk+1 = (1 − αk)γk and the definition of αk in either (2.9) or
(2.14) and observation (II) after NASA, we have

α2
k

2γk+1
= α2

k

2(1 − αk)γk

= h̄

2
.

Therefore, we have by (3.7) that

φ∗
k+1 ≥ f (yk) − h̄

2

∥∥∇f (yk)
∥∥2

. (3.8)

By Assumption 1, if h̄ ≤ 1/L and x̄k+1 = yk − h̄∇f (yk), we have

f (x̄k+1) ≤ f (yk) − h̄

2

∥∥∇f (yk)
∥∥2

, (3.9)

where L is the Lipschitz constant of the gradients in Assumption 1. Since in the
“While Loop”, h̄ starts with value ηk > 0 and is reduced by a factor of ρ > 1 after
each loop iteration, we have h̄ < 1/L after at most

lmax := max
{⌈

logρ(ηkL)
⌉
,0

} + 1 (3.10)

loop iterations. Then, it follows from (3.8) and (3.9) that after at most lmax inner
iterations, f (x̄k+1) ≤ φ∗

k+1 and therefore the “While Loop” will be exited. �

The following theorem gives the speed of γk converging to zero as k → ∞, if the
Approximate Sequence in NASA never restarted.

Lemma 3.3 Suppose Assumption 1 and Direction Assumption hold. If the Approxi-
mate Sequence in NASA never restarted, i.e., Step 4 of NASA never get reached, then
for any k ≥ 0 we have

0 < γk ≤ 4L

(2
√

L + k
√

θ)2
, (3.11)

where θ > 0 is a constant and L is the Lipschitz constant in Assumption 1.

Proof Since the Approximate Sequence in NASA never restarted, i.e., Step 4 of
NASA never get reached, the final αk at the k-th iteration is computed by either
(2.9) or (2.14). If αk is given by (2.9), we have

αk =
√

(γkηk)2 + 4γkηk − γkηk

2
= 2

1 + √
1 + 4/(γkηk)

,

and it follows from (2.8) and (3.4) that ηk ≥ τ/L with τ = δ(1 − σ)(c1/c2)
2 > 0. If

αk is given by (2.14), we have

αk =
√

(γkh̄)2 + 4γkh̄ − γkh̄

2
= 2

1 +
√

1 + 4/(γkh̄)
,
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and it follows from (3.10) that the final h̄ exited from the “While Loop” satisfies
ηk ≥ h̄ ≥ min{ηk,1/(ρL)}. Hence, denoting θ = min{τ,1/ρ} > 0, we have

ηk ≥ h̄ ≥ θ/L. (3.12)

Then, it follows from γ0 = 1 and γk+1 = (1 − αk)γk and induction that after the k-th
iteration

γk+1 =
k∏

i=0

(1 − αi) and
2

1 + √
1 + (4L)/(θγk)

≤ αk < 1.

Hence, γk is monotonically decreasing and 0 < γk ≤ 1 for all k ≥ 0. So

1√
γk+1

− 1√
γk

= γk − γk+1√
γkγk+1(

√
γk + √

γk+1)

≥ γk − γk+1

2γk
√

γk+1
= γk − (1 − αk)γk

2γk
√

γk+1
= αk

2
√

γk+1
. (3.13)

If αk is given by (2.9) or (2.14), from the observation (II) after NASA, we have

α2
k = (1 − αk)γkηk = γk+1ηk or α2

k = (1 − αk)γkh̄ = γk+1h̄,

respectively. Hence, from (3.12), (3.13) and the above two equalities we have

1√
γk+1

− 1√
γk

≥ 1

2
min

{√
ηk,

√
h̄

}
= 1

2

√
h̄ ≥ 1

2

√
θ

L
.

So, we have from γ0 = 1 and the above inequality that

1√
γk

≥ 1√
γ0

+ k

2

√
θ

L
= 1 + k

2

√
θ

L
,

which gives (3.11). �

We now give the following global convergence theorem for minimizing a general
nonlinear objective function.

Theorem 3.4 Suppose Assumptions 1–2 and Direction Assumption hold. If the Non-
monotone Approximate Sequence Algorithm (NASA) does not stop in finite number of
iterations, then the iterates xk generated by NASA have the property that

lim inf
k→∞

∥∥∇f (xk)
∥∥ = 0. (3.14)

Proof Let f k+1
min and xk+1

min , k = 0, . . . ,∞, denote the fmin and xmin in NASA after
the completion of the k-th iteration, and φk

r denote the function φr during the k-th
iteration.
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We first consider the case that the Approximate Sequence in NASA restarted in-
finite number of times, i.e., Step 4 has been reached infinite number of times. Let
xk0 = x0 and xki

, i = 1, . . . ,∞, be the iterates which are set by the Step 4 of NASA,
that is in Step 4 of the (ki − 1)-th iteration

xki
= xki

min and φ∗
ki

= f
ki

min = f (xki
). (3.15)

Hence, from Lemma 3.1 we know

f (x̄ki+1) ≤ f (xki
) − τ

L
‖gki

‖2 = f
ki

min − τ

L
‖gki

‖2. (3.16)

So, from NASA, we have f
ki+1
min ≤ f (x̄ki+1). Then, it follows from the monotonically

nonincreasing of f k
min, (3.15) and (3.16) that

f (xki+1) = f
ki+1
min ≤ f

ki+1
min ≤ f (x̄ki+1) ≤ f (xki

) − τ

L
‖gki

‖2. (3.17)

By Assumption 2, the level set L is bounded and therefore f is bounded from below.
Then, (3.17) implies limi→∞ ‖g(xki

)‖ = 0. So (3.14) holds.
Now, we consider the case that the Approximate Sequence in NASA restarted

only for finite number of times, i.e., Step 4 has been reached only for finite number of
times. Then, without loss of generality, we can assume the Approximate Sequence in
NASA never restarted, i.e., Step 4 of NASA never get reached. Again by the bound-
edness of level set L, f is bounded from below, and so minx∈Rn f (x) = f ∗ > −∞.
In this case, from (2.16) and (2.17) we have

f ∗ ≤ f (xk+1) ≤ φ∗
k+1 ≤ (1 − γk+1)f

k+1
min + γk+1φr

(
xk+1

min

)
, (3.18)

for all k ≥ 0. By lemma 3.3, 0 < γk+1 < 1. Then, it follows from f k+1
min ≤ f (x̄k+1),

(3.18) and Lemma 3.1 that

φ∗
k+1 − f ∗ ≤ (1 − γk+1)f (x̄k+1) + γk+1φ

k
r

(
xk+1

min

) − f ∗

≤ (1 − γk+1)

(
φ∗

k − f ∗ − τ

L
‖gk‖2

)
+ γk+1

(
φk

r

(
xk+1

min

) − f ∗)

= (1 − γk+1)
(
φ∗

k − f ∗) − (1 − γk+1)
τ

L
‖gk‖2 + γk+1

(
φk

r

(
xk+1

min

) − f ∗)

≤ (
φ∗

k − f ∗) − (1 − γk+1)
τ

L
‖gk‖2 + γk+1

(
φk

r

(
xk+1

min

) − f ∗). (3.19)

Since the Approximate Sequence in NASA never restarted, we have φk
r (x) = f (x0)+

1/2‖x − x0‖2 for all k ≥ 0. We have from f (xk
min) ≤ f (x0) and Assumption 2 that

xk
min is bounded for all k ≥ 0. Hence, φk

r (xk
min) is bounded for all k ≥ 0. So, there is

a constant M > 0 such that |φk
r (xk

min) − f ∗| ≤ M for all k ≥ 0. Then, it follows from
(3.19) that

φ∗
k+1 − f ∗ ≤ (

φ∗
k − f ∗) − (1 − γk+1)

τ

L
‖gk‖2 + γk+1M.
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Hence, we have from φ∗
k − f ∗ ≥ 0 for all k by (3.18) and φ∗

0 = f (x0) that

f (x0) − f ∗ + M

∞∑

k=0

γk+1 ≥ τ

L

∞∑

k=0

(1 − γk+1)‖gk‖2. (3.20)

By Lemma 3.3, we have
∑∞

k=0 γk < ∞. Hence, by (3.20) we have

∞∑

k=0

(1 − γk+1)‖gk‖2 < ∞,

which together with limk→∞ γk = 0 implies limk→∞ ‖gk‖ = 0. In general, combin-
ing the above two discussion cases, we have (3.14) holds. �

Note that from the proof of the above Theorem 3.4, if the approximate sequence
in NASA restarted only for finite number of times, i.e., Step 4 has been reached only
for finite number of times, we actually have

lim
k→∞

∥∥∇f (xk)
∥∥ = 0.

When f is a convex function, we show in the following theorem that the approx-
imate sequence generated by NASA will be exactly a particular estimate sequence
proposed in [13] and the objective function value converges with an optimal conver-
gence rate.

Theorem 3.5 Suppose Assumptions 1–2 and Direction Assumption hold. If f is a
convex function on R

n, then the Approximate Sequence in NASA will not restart, i.e.,
Step 4 will not be reached, and

f (xk) − f ∗ ≤ γk

(
f (x0) − f ∗ + 1

2

∥∥x0 − x∗∥∥2
)

, (3.21)

where x∗ ∈ Arg minx∈Rn f (x) and f ∗ = f (x∗).

Proof For all k ≥ 0, lets define the Approximate Sequence ϕk :Rn → R by

ϕ0(x) = φ∗
0 + γ0

2
‖x − v0‖2 = f (x0) + 1

2
‖x − x0‖2,

and for k ≥ 1

ϕk(x) = φ∗
k + γk

2
‖x − vk‖2, (3.22)

where φ∗
k and vk are given by NASA after the completion of the (k − 1)-th iteration.

Then, in the following we show by induction that for any x ∈ R
n and all k ≥ 0 we

have

ϕk(x) ≤ (1 − γk)f (x) + γkϕ0(x), (3.23)
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and the Approximate Sequence in NASA will never restart, i.e., Step 4 never got
reached.

For k = 0, since γ0 = 1, (3.23) obviously holds. Now lets assume (3.23) holds after
the completion of the (k − 1)-th iteration, we show (3.23) holds after the completion
of the k-th iteration, that is (3.23) holds when k is replaced by k + 1. Now, let

ϕ̄k+1(x) = (1 − αk)ϕk(x) + αk

[
f (xk) + (gk,x − xk)

]
, (3.24)

where αk is given by (2.9), which gives α2
k/((1 − αk)γk) = ηk . Then, we have from

(3.22) and direct calculation that

ϕ̄k+1(x) = (1 − αk)

(
φ∗

k + γk

2
‖x − vk‖2

)
+ αk

[
f (xk) + (gk,x − xk)

]

= φ∗
k+1 + γk+1

2
‖x − vk+1‖2, (3.25)

where φ∗
k+1 is given by (2.10), vk+1 is given by (2.12) and γk+1 = (1 − αk)γk . Fur-

thermore, it follows from the convexity of f that f (x) ≥ f (xk) + (gk,x − xk) for all
x ∈ R

n. Then, by (3.23) and (3.24) we have for all x ∈ R
n

ϕ̄k+1(x) ≤ (1 − αk)
[
(1 − γk)f (x) + γkϕ0(x)

] + αkf (x)

= (
1 − (1 − αk)γk

)
f (x) + (1 − αk)γkϕ0(x)

= (1 − γk+1)f (x) + γk+1ϕ0(x). (3.26)

Now suppose the approximate sequence never restarted, i.e., Step 4 never got reached
until the completion of the (k − 1)-th iteration. Then at the k-th iteration we have

φr(x) ≡ ϕ0(x) ≡ f (x0) + 1

2
‖x − x0‖2.

Then, letting x = xmin in (3.25) and(3.26), we can derive

φ∗
k+1 ≤ ϕ̄k+1(xmin)

≤ (1 − γk+1)f (xmin) + γk+1ϕ0(xmin)

= (1 − γk+1)fmin + γk+1ϕr(xmin). (3.27)

Hence, NASA will not go to Step 4 in the line of (2.11). If f (x̄k+1) ≤ φ∗
k+1, then

by (2.12), (3.22), (3.25) and (3.26), we have from the “Else if” case in Step 3 of
NASA that ϕk+1(x) ≡ ϕ̄k+1(x) and (3.23) holds with k being replaced by k + 1 after
the completion of the k-th iteration and Step 4 is not reached. Otherwise, the iterate
of NASA enters the last “Else” case in Step 3 of NASA. Then, since f is convex,
f (xk) ≥ f (yk) + (∇f (yk),xk − yk) for any yk ∈ R

n. So, the iterate will not branch
into Step 4 during the “While Loop”. Now, almost identical to the previous analysis,
we can also show (3.27) holds with φ∗

k+1 = (1 − αk)φ
∗
k + αkψk , where ψk is given in

(2.13). Hence, the iterate will not branch into Step 4 after the “While Loop” and the
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iterate will go to Step 1 from (2.15). Then, if we define ϕ̄k+1 as that in (3.25) but with
αk as its value after the “While Loop” and φ∗

k+1 as that given right before (2.13), we
will have from (3.22) that ϕk+1(x) ≡ ϕ̄k+1(x). Hence, under the last “Else” case in
Step 3 of NASA, we also have (3.23) hold with k being replaced by k + 1 after the
completion of the k-th iteration and Step 4 is not reached. Now, we completed the
proof of (3.23) and showed the Approximate Sequence will never restart, i.e., Step 4
never got reached.

Choosing x = x∗ in (3.23), where x∗ ∈ Arg minx∈Rn f (x), we have

ϕk

(
x∗) ≤ (1 − γk)f

(
x∗) + γkϕ0

(
x∗)

≤ (1 − γk)f
∗ + γk

(
f (x0) + 1

2

∥∥x0 − x∗∥∥2
)

. (3.28)

By (2.16) and (3.22), we have f (xk) ≤ φ∗
k ≤ ϕk(x∗), which with the rearrangement

of the terms in (3.28) gives (3.21). �

From the Theorem 3.5, we can see that when the objective function is convex, the
restarting approximate sequence Step 4 will never happen, and the convergence rate
of f (xk) to the optimal function value f ∗ depends on the rate of the convergence
of γk . Then, by Lemma 3.3, we know γk → 0 on the order of O(1/k2). Hence, for
convex objective function, f (xk) → f ∗ on the order of O(1/k2), which is the optimal
convergence rate for convex optimization [13].

4 Preliminary numerical experiments

In this section, we would implement NASA with dk using two types of safe-guarded
nonlinear conjugate gradient search directions, and compare them with their corre-
sponding monotone algorithms without using the approximate sequence techniques.
We would test all the algorithms by solving the unconstrained optimization problems
in the CUTEr [1] library.

The nonlinear conjugate gradient methods in general generate the search direc-
tions

d0 = −g0 and dk+1 = −gk+1 + βkdk, for all k ≥ 0. (4.1)

Difference choices of βk would give different nonlinear conjugate gradient methods.
Combined with standard Wolfe line search, the following two choices of βk , that
are

βDY
k = ‖gk+1‖2

dT
kyk

and

βHZ
k = max

{
yT
kgk+1

dT
kyk

− ‖yk‖2dT
kgk+1

(dT
kyk)2

, η
dT

kgk

‖dk‖2

}
, where η = 0.4,
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proposed in [3] and [7, 9, 10] respectively, would generate descent search directions
in dependent of the accuracy of line search. To ensure the Direction Assumption is
satisfied, we would restart the nonlinear conjugate gradient (NCG) direction when-
ever (2.4) or (2.5) are not satisfied, that is in NASA we use the safe-guarded NCG
directions: d0 = −g0 and for all k ≥ 0

dk+1 =
{−gk+1 + βkdk, if dT

k+1gk+1 ≤ −c1‖gk+1‖2 and ‖dk+1‖ ≤ c2‖gk+1‖;
−gk+1, otherwise.

In our numerical implementation, we set c1 = 10−4 and c2 = 104. Note that if
βk = βHZ

k in (4.1), then it can be shown [9] that dT
kgk ≤ −3/4‖gk‖2 under the

standard Wolfe line search. Hence, if βk = βHZ
k in (4.1), the condition (2.4) in

Direction Assumption with c1 = 10−4 will be automatically satisfied. By setting
βk = βDY

k or βk = βHZ
k in the safe-guarded NCG directions and use these direc-

tions as the search direction in Step 2 of NASA, we have two versions NASA al-
gorithms, namely NASA_DY and NASA_HZ. To see whether the nonmonotone
approximate sequence techniques can help or not, we compare NASA_DY and
NASA_HZ with their corresponding monotone algorithms, namely MONO_DY
and MONO_HZ, which apply the same safe-guarded NCG search directions and
the same line search routines to find iterates satisfying the standard Wolfe con-
ditions (2.6) and (2.7). That is in NASA_DY or NASA_HZ, the algorithm al-
ways take the x̄k+1 satisfying the Wolfe conditions (2.6) and (2.7) in Step 2 of
NASA as the next iterate without applying the extra procedures in Step 3 of
NASA. From nonlinear optimization theory, we know if the search directions sat-
isfy the Direction Assumption, the algorithm will have global convergence under
the standard Wolfe conditions. Hence, the monotone algorithms MONO_DY and
MONO_HZ theoretically guarantee their convergence. For all algorithms, we set
the stopping condition to be ‖gk‖∞ ≤ 10−5 so that the Wolfe conditions could be
numerically satisfied relatively easily. In all the algorithms, we set δ = 10−4 and
σ = 0.9 in the Wolfe conditions(2.6) and (2.7). For NASA, we set the parameter
ρ = 10.

There were totally 142 unconstrained optimization problems in our version of
CUTEr [1] problems set that could be solved by our codes with the above mentioned
convergence tolerance. Among all the unconstrained problems, there are 56 problems
for which NASA_DY and MONO_DY have different numerical performances, that is
for the rest 86 problems NASA_DY and MONO_DY have identical iterates and iden-
tical number of function and gradient iterations. And among all these unconstrained
problems, there are 42 problems for which NASA_HZ and MONO_HZ have differ-
ent numerical performances. In Figs. 1–4, we show performance profiles [4] based
on CPU time and the number of iterations, function and gradient evaluations. The
vertical axis gives the fraction P of problems for which any method is within a factor
τ of the best performance. In the CPU time performance profile plot, the top curve is
the method that solves the most problems in a time that was within a factor 2τ of the
best time. Roughly, the left side of the plot indicates how efficient the algorithm is,
while the right side measures the robustness of the algorithm.
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Fig. 1 Performance profiles for NASA_DY and MONO_DY based on time (left) and number of iterations
(right)

Fig. 2 Performance profiles for NASA_DY and MONO_DY based on number of function evaluations
(left) and number of gradient evaluations (right)

In Figs. 1 and 2 we give performance profiles comparing NASA_DY with
MONO_DY. We can see that with the nonmonotone approximate sequence tech-
niques, the performance of the nonmonotone algorithm NASA_DY performs signifi-
cantly better than the corresponding monotone algorithm MONO_DY on all the mea-
sures of CPU time, the number of iterations, and the number of function and gradient
evaluations. Figures 3 and 4 show the performance profiles comparing NASA_HZ
with MONO_HZ. On average, the CPU time, the number of iterations and the number
of function and gradient evaluations are also improved when comparing NASA_HZ
with MONO_HZ, but the improvement is not as much as the improvement in the
comparing profiles of NASA_DY and MONO_HZ methods.

5 Conclusion

In this paper we have proposed a Nonmonotone Approximate Sequence Algorithm
(NASA) for unconstrained nonlinear optimization. The nonmonotone approximate
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Fig. 3 Performance profiles for NASA_HZ and MONO_HZ based on time (left) and number of iterations
(right)

Fig. 4 Performance profiles for NASA_HZ and MONO_HZ based on number of function evaluations
(left) and number of gradient evaluations (right)

sequence techniques are motivated by the estimate sequence proposed by Nesterov
[13] for the optimal gradient methods for convex optimization. Under certain search
direction assumptions, NASA has global convergence for minimizing Lipschitz con-
tinuously differentiable general nonlinear objective functions with bounded level set
of the variable with respect to the starting point. When the objective function is con-
vex, the approximate sequence will be a particular estimate sequence proposed by
Nesterov [13] and therefore the algorithm in theory maintains the optimal conver-
gence rate for convex optimization. In numerical experiments, NASA is implemented
with safe-guarded nonlinear conjugate gradient search directions. The numerical re-
sults on the unconstrained optimization problems in CUTEr library show these non-
monotone approximate sequence techniques can be quite effective on improving the
algorithms’ performance by comparing them with their corresponding monotone al-
gorithms.
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