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1 Introdu
tionIn this paper, we develop a 
y
li
 version of the Barzilai-Borwein [2℄ gradient typemethod for solving an un
onstrained optimization problemmin f(x); x 2 <n; (1.1)where f is 
ontinuously di�erentiable. Gradient methods start from an initial pointx0 and generate new iterates by the rulexk+1 = xk � �kgk; (1.2)k � 0, where gk = rf(xk)T is the gradient, viewed as a 
olumn ve
tor, and �k is astepsize 
omputed by some line sear
h algorithm.In the steepest des
ent (SD) method, whi
h 
an be tra
ed ba
k to Cau
hy [7℄,the \exa
t steplength" is given by�k 2 argmin�2< f(xk � �gk): (1.3)It is well-known that steepest des
ent 
an be very slow when the Hessian of f isill-
onditioned at a lo
al minimum (see Akaike [1℄ and Forsythe [17℄). In this 
ase,the iterates slowly approa
h the minimum in a zigzag fashion. On the other hand, ithas been shown that if the exa
t steepest des
ent step is reused in a 
y
li
 fashion,then the 
onvergen
e is a

elerated. Given an integer m � 1, whi
h we 
all the 
y
lelength, 
y
li
 steepest des
ent 
an be expressed as:�m`+i = �SDm`+1 for i = 1; : : : ;m, (1.4)` = 0; 1; : : :, where �SDk is the exa
t steplength given by (1.3). Formula (1.4) is�rst proposed in [18℄, while the parti
ular 
hoi
e m = 2 is also investigated in [8℄and [29℄. The analysis in [9℄ shows that if m > n2 , 
y
li
 steepest des
ent is likelyR-superlinearly 
onvergent. Hen
e, steepest des
ent is a

elerated when the stepsizeis repeated.Let BB denote the original method of Barzilai and Borwein [2℄. In this paper,we develop a 
y
li
 BB method. The basi
 idea of Barzilai and Borwein is to regardthe matrix D(�k) = 1�k I as an approximation of the Hessian r2f(xk) and impose aquasi-Newton property on D(�k):�k = argmin�2< kD(�)sk�1 � yk�1k2; (1.5)where sk�1 = xk � xk�1, yk�1 = gk � gk�1, and k � 2. The proposed stepsize,obtained from (1.5), is �BBk = sTk�1sk�1sTk�1yk�1 : (1.6)Other possible 
hoi
es for the stepsize �k in
lude [8, 11, 13, 14, 18, 22, 29, 30℄. Inthis paper, we refer to (1.6) as the Barzilai-Borwein (BB) formula. The gradientmethod (1.2) 
orresponding to the BB stepsize (1.6) is 
alled the BB method.2



Due to their simpli
ity, eÆ
ien
y and low memory requirements, BB-like meth-ods have been used in many appli
ations. Glunt, Hayden, and Raydan [20℄ presenta dire
t appli
ation of the BB method in 
hemistry. Birgin et al. [3℄ use a globalizedBB method to estimate the opti
al 
onstants and the thi
kness of thin �lms, whilein Birgin et al. [4℄ further extensions are given, leading to more eÆ
ient proje
tedgradient methods. Liu and Dai [26℄ provide a powerful s
heme for solving noisy un-
onstrained optimization problems by 
ombining the BB method and a sto
hasti
approximation method. The proje
ted BB-like method turns out to be very usefulin ma
hine learning for training support ve
tor ma
hines (see Sera�ni et al [30℄ andDai and Flet
her [11℄). Empiri
ally, good performan
e is observed on a wide varietyof 
lassi�
ation problems.The superior performan
e of 
y
li
 steepest des
ent, 
ompared to the ordinarysteepest des
ent, as shown in [9℄, leads us to 
onsider the 
y
li
 BB method (CBB):�m`+i = �BBm`+1 for i = 1; : : : ;m, (1.7)where m � 1 is again the 
y
le length. An advantage of the CBB method is thatfor general nonlinear fun
tions, the stepsize is given by the simple formula (1.5) in
ontrast to the nontrivial optimization problem asso
iated with the steepest des
entstep (1.3).In [18℄ the authors obtain global 
onvergen
e of CBB when f is a strongly 
onvexquadrati
. In [8℄ Dai establishes the R-linear 
onvergen
e of CBB for a strongly
onvex quadrati
. In Se
tion 2 we prove the lo
al R-linear 
onvergen
e for the CBBmethod at a lo
al minimizer of a general nonlinear fun
tion. In Se
tion 3 numeri
aleviden
e for strongly 
onvex quadrati
 fun
tions indi
ates that the 
onvergen
e issuperlinear if m > n=2 � 3. In the spe
ial 
ase m = 3 and n = 2, we prove that the
onvergen
e is at best linear, in general.In Se
tion 4 we propose an adaptive method for 
omputing an appropriate 
y
lelength, and we obtain a globally 
onvergent nonmonotone s
heme by using a modi�edversion of the line sear
h developed in [15℄. This new line sear
h, an adaptiveanalogue of Toint's s
heme [31℄ for trust region methods, a

epts the original BBstepsize more often than does Raydan's [28℄ strategy for globalizing the BB method.We refer to Raydan's globalized BB implementation as the GBB method. Numeri
al
omparisons with the PRP+ algorithm and with the SPG2 algorithm [4℄ (one versionof the GBB method) are given in Se
tion 4 using the CUTEr test problem library[6℄. Throughout this paper, we use the following notation. k � k is the Eu
lideannorm of a ve
tor. The subs
ript k is often asso
iated with the iteration number inan algorithm. The letters i, j, k, `, m, and n, either lower or upper 
ase, designateintegers. The gradient rf(x) is a row ve
tor while g(x) = rf(x)T is a 
olumnve
tor; here T denotes transpose. The gradient at the iterate xk is gk = g(xk). Welet r2f(x) denote the Hessian of f at x. The ball with 
enter x and radius � isdenoted B�(x). 3



2 Lo
al linear 
onvergen
eIn this se
tion we prove R-linear 
onvergen
e for the CBB method. In [26℄, it isproposed that R-linear 
onvergen
e for the BB method applied to a general nonlinearfun
tion 
ould be obtained from the R-linear 
onvergen
e results for a quadrati
 by
omparing the iterates asso
iated with a quadrati
 approximation to the generalnonlinear iterates. In our R-linear 
onvergen
e result for the CBB method, we makesu
h a 
omparison.The CBB iteration 
an be expressed asxk+1 = xk � �kgk; (2.8)where �k = sTi sisTi yi ; i = �(k); and �(k) = mb(k � 1)=m
; (2.9)k � 1. For r 2 <, br
 denotes the largest integer j su
h that j � r. We assumethat f is two times Lips
hitz 
ontinuously di�erentiable in a neighborhood of a lo
alminimizer x� where the Hessian H = r2f(x�) is positive de�nite. The se
ond-orderTaylor approximation f̂ to f around x� is given byf̂(x) = f(x�) + 12(x� x�)TH(x� x�): (2.10)We will 
ompare an iterate xk+j generated by (2.8) to a CBB iterate x̂k;j asso-
iated with f̂ and the starting point x̂k;0 = xk. More pre
isely, we de�ne:x̂k;0 = xkx̂k;j+1 = x̂k;j � �̂k;jĝk;j; j � 0; (2.11)where �̂k;j = 8>><>>: �k if �(k + j) = �(k)ŝTi ŝiŝTi ŷi ; i = �(k + j); otherwise.Here ŝk+j = x̂k;j+1 � x̂k;j, ĝk;j = H(x̂k;j � x�), and ŷk+j = ĝk;j+1 � ĝk;j.We exploit the following result established in [8, Thm. 3.2℄:Lemma 1. Let fx̂k;j : j � 0g be the CBB iterates asso
iated with the startingpoint x̂k;0 = xk and the quadrati
 f̂ in (2:10), where H is positive de�nite. Giventwo arbitrary 
onstants C2 > C1 > 0, there exists a positive integer N with thefollowing property: For any k � 1 and�̂k;0 2 [C1; C2℄; (2.12)kx̂k;N � x�k � 12kx̂k;0 � x�k:4



In our next lemma, we estimate the distan
e between x̂k;j and xk+j. Let B�(x)denote the ball with 
enter x and radius �. Sin
e f is two times Lips
hitz 
ontinu-ously di�erentiable and r2f(x�) is positive de�nite, there exists positive 
onstants�, �, and �2 > �1 su
h thatkrf(x)�H(x� x�)k � �kx� x�k2 for all x 2 B�(x�) (2.13)and �1 � yTr2f(x)yyTy � �2 for all y 2 <n and x 2 B�(x�): (2.14)Noti
e that if xi and xi+1 2 B�(x�), then the fundamental theorem of 
al
ulusapplied to yi = gi+1 � gi yields 1�2 � sTi sisTi yi � 1�1 : (2.15)Hen
e, when the CBB iterates lie in B�(x�), the 
ondition (2.12) of Lemma 1 issatis�ed with C1 = 1=�2 and C2 = 1=�1. If we de�ne g(x) = rf(x)T, then thefundamental theorem of 
al
ulus 
an also be used to dedu
e thatkg(x)k = kg(x)� g(x�)k � �2kx� x�k (2.16)for all x 2 B�(x�).Lemma 2. Let fxj : j � kg be a sequen
e generated by the CBB method appliedto a fun
tion f with a lo
al minimizer x�, and assume that the Hessian H = r2f(x�)is positive de�nite with (2:14) satis�ed. Then for any �xed positive integer N , thereexist positive 
onstants Æ and 
 with the following property: For any xk 2 BÆ(x�),�k 2 [��12 ;��11 ℄, ` 2 [0; N ℄ withkx̂k;j � x�k � 12kx̂k;0 � x�k for all j 2 [0;maxf0; ` � 1g℄; (2.17)we have xk+j 2 B�(x�) and kxk+j � x̂k;jk � 
kxk � x�k2 (2.18)for all j 2 [0; `℄.Proof. Throughout the proof, we let 
 denote a generi
 positive 
onstant, whi
hdepends on �xed 
onstants su
h as N or �1 or �2 or �, but not on either k or the
hoi
e of xk 2 BÆ(x�) or the 
hoi
e of �k 2 [��12 ;��11 ℄. To fa
ilitate the proof, wealso show that kg(xk+j)� ĝ(x̂k;j)k � 
kxk � x�k2; (2.19)ksk+jk � 
kxk � x�k; (2.20)j�k+j � �̂k;jj � 
kxk � x�k; (2.21)5



for all j 2 [0; `℄, where ĝ(x) = rf̂(x)T = H(x� x�).The proof of (2.18){(2.21) is by indu
tion on `. For ` = 0, we take Æ = �. Therelation (2.18) is trivial sin
e x̂k;0 = xk. By (2.13), we havekg(xk)� ĝ(x̂k;0)k = kg(xk)� ĝ(xk)k � �kxk � x�k2;whi
h gives (2.19). Sin
e Æ = � and xk 2 BÆ(x�), it follows from (2.16) thatkskk = k�kgkk � �2�1 kxk � x�k;whi
h gives (2.20). The relation (2.21) is trivial sin
e �̂k;0 = �k.Now, pro
eeding by indu
tion, suppose that there exist L 2 [1; N) and Æ > 0with the property that if (2.17) holds for any ` 2 [0; L � 1℄, then (2.18){(2.21) aresatis�ed for all j 2 [0; `℄. We wish to show that for a smaller 
hoi
e of Æ > 0, we
an repla
e L by L+1. Hen
e, we suppose that (2.17) holds for all j 2 [0; L℄. Sin
e(2.17) holds for all j 2 [0; L� 1℄, it follows from the indu
tion hypothesis and (2.20)that kxk+L+1 � x�k � kxk � x�k+ LXi=0 ksk+ik� 
kxk � x�k: (2.22)Consequently, by 
hoosing Æ smaller if ne
essary, we have xk+L+1 2 B�(x�) whenxk 2 BÆ(x�).By the triangle inequality,kxk+L+1 � x̂k;L+1k= kxk+L � �k+Lg(xk+L)� [x̂k;L � �̂k;Lĝ(x̂k;L)℄k� kxk+L � x̂k;Lk+ j�̂k;Ljkg(xk+L)� ĝ(x̂k;L)k+j�k+L � �̂k;Ljkg(xk+L)k: (2.23)We now analyze ea
h of the terms in (2.23). By the indu
tion hypothesis, the bound(2.18) with j = L holds, whi
h giveskxk+L � x̂k;Lk � 
kxk � x�k2: (2.24)By the de�nition of �̂, either �̂k;L = �k 2 [��12 ;��11 ℄, or�̂k;L = ŝTi ŝiŝTi ŷi ; i = �(k + L):In this latter 
ase, 1�2 � ŝTi ŝiŝTi Hŝi = ŝTi ŝiŝTi ŷi � 1�1 :6



Hen
e, in either 
ase �̂k;L 2 [��12 ;��11 ℄. It follows from (2.19) with j = L thatj�̂k;Ljkg(xk+L)� ĝ(x̂k;L)k � 1�1 kg(xk+L)� ĝ(x̂k;L)k� 
kxk � x�k2: (2.25)Also, by (2.21) with j = L and (2.16), we havej�k+L � �̂k;Ljkg(xk+L)k � 
kxk � x�kkxk+L � x�k:Utilizing (2.22) (with L repla
ed by L� 1) givesj�k+L � �̂k;Ljkg(xk+L)k � 
kxk � x�k2: (2.26)We 
ombine (2.23){(2.26) to obtain (2.18) for j = L+1. Noti
e that in establishing(2.18), we exploited (2.19){(2.21). Consequently, to 
omplete the indu
tion step,ea
h of these estimates should be proved for j = L+ 1.Fo
using on (2.19) for j = L+ 1, we havekg(xk+L+1)� ĝ(x̂k;L+1)k� kg(xk+L+1)� ĝ(xk+L+1)k+ kĝ(xk+L+1)� ĝ(x̂k;L+1)k= kg(xk+L+1)� ĝ(xk+L+1)k+ kH(xk+L+1 � x̂k;L+1)k� kg(xk+L+1)�H(xk+L+1 � x�)k+�2kxk+L+1 � x̂k;L+1k� kg(xk+L+1)�H(xk+L+1 � x�)k+ 
kxk � x�k2;sin
e kHk � �2 by (2.14). The last inequality is due to (2.18) for j = L+ 1, whi
hwas just established. Sin
e we 
hose Æ small enough that xk+L+1 2 B�(x�) (see(2.22)), (2.13) implies thatkg(xk+L+1)�H(xk+L+1 � x�)k � �kxk+L+1 � x�k2 � 
kxk � x�k2:Hen
e, kg(xk+L+1)�ĝ(x̂k;L+1)k � 
kxk�x�k2, whi
h establishes (2.19) for j = L+1.Observe that �k+L+1 either equals �k 2 [��12 ;��11 ℄, or (sTi si)=(sTi yi), wherek + L � i = �(k + L + 1) > k. In this latter 
ase, sin
e xk+j 2 B�(x�) for0 � j � L+ 1, it follows from (2.15) that�k+L+1 � 1�1 :Combining this with (2.16), (2.22), and the bound (2.20) for j � L, we obtainksk+L+1k = k�k+L+1g(xk+L+1)k � �2�1 kxk+L+1 � x�k � 
kxk � x�k:Hen
e, (2.20) is established for j = L+ 1.7



Finally, we fo
us on (2.21) for j = L+ 1. If �(k + L+ 1) = �(k), then �̂k;L+1 =�k+L+1 = �k, so we are done. Otherwise, �(k + L+ 1) > �(k), and there exists anindex i 2 (0; L℄ su
h that�k+L+1 = sTk+isk+isTk+iyk+i and �̂k;L+1 = ŝTk+iŝk+iŝTk+iŷk+i :By (2.18) and the fa
t that i � L, we haveksk+i � ŝk+ik � 
kxk � x�k2:Combining this with (2.20), and 
hoosing Æ smaller if ne
essary, givesjsTk+isk+i� ŝTk+iŝk+ij = ���2sTk+i(sk+i � ŝk+i)� kŝk+i � sk+ik2��� � 
kxk�x�k3: (2.27)Sin
e �̂k;i 2 [��12 ;��11 ℄, we havekŝk+ik = k�̂k;iĝk;ik � 1�2 kH(x̂k;i � x�)k� �1�2 kx̂k;i � x�k:Furthermore, by (2.17) it follows thatkŝk+ik � �12�2 kx̂k;0 � x�k = �12�2 kxk � x�k: (2.28)Hen
e, 
ombining (2.27) and (2.28) gives�����1� sTk+isk+iŝTk+iŝk+i ����� = jsTk+isk+i � ŝTk+iŝk+ijŝTk+iŝk+i � 
kxk � x�k: (2.29)Now let us 
onsider the denominators of �k+i and �̂k;i. Observe thatsTk+iyk+i � ŝTk+iŷk+i = sTk+i(yk+i � ŷk+i) + (sk+i � ŝk+i)Tŷk+i= sTk+i(yk+i � ŷk+i) + (sk+i � ŝk+i)THŝk+i: (2.30)By (2.18) and (2.20), we havej(sk+i � ŝk+i)THŝk+ij = j(sk+i � ŝk+i)THsk+i � (sk+i � ŝk+i)TH(sk+i � ŝk+i)j� 
kxk � x�k3 (2.31)for Æ suÆ
iently small. Also, by (2.19) and (2.20), we havejsTk+i(yk+i� ŷk+i)j � ksk+ik(kgk+i+1� ĝk;i+1k+kgk+i� ĝk;ik) � 
kxk�x�k3: (2.32)Combining (2.30){(2.32) yields���sTk+iyk+i � ŝTk+iŷk+i��� � 
kxk � x�k3: (2.33)8



Sin
e xk+i and xk+i+1 2 B�(x�), it follows from (2.14) thatsTk+iyk+i = sTk+i(gk+i+1 � gk+i) � �1ksk+ik2 = �1j�k+ij2kgk+ik2: (2.34)By (2.15) and (2.14), we havej�k+ij2kgk+ik2 � 1�22 kgk+ik2 = 1�22 kg(xk+i)� g(x�)k2 � �21�22 kxk+i � x�k2: (2.35)Finally, (2.17) gives kxk+i � x�k2 � 14kxk � x�k2: (2.36)Combining (2.34){(2.36) yieldssTk+iyk+i � �314�22 kxk � x�k2: (2.37)Combining (2.33) and (2.37) gives�����1� ŝTk+iŷk+isTk+iyk+i ����� = jsTk+iyk+i � ŝTk+iŷk+ijsTk+iyk+i � 
kxk � x�k: (2.38)Observe thatj�k+L+1 � �̂k;L+1j = �����sTk+isk+isTk+iyk+i � ŝTk+iŝk+iŝTk+iŷk+i �����= �̂k;L+1 �����1�  sTk+isk+iŝTk+iŝk+i! ŝTk+iŷk+isTk+iyk+i!������ 1�1 �����1�  sTk+isk+iŝTk+iŝk+i! ŝTk+iŷk+isTk+iyk+i!�����= 1�1 ja(1� b) + bj � 1�1 (jaj + jbj+ jabj); (2.39)where a = 1� sTk+isk+iŝTk+iŝk+i and b = 1� ŝTk+iŷk+isTk+iyk+i :Together, (2.29), (2.38), and (2.39) yieldj�k+L+1 � �̂k;L+1j � 
kxk � x�kfor Æ suÆ
iently small. This 
ompletes the proof of (2.18){(2.21). 2Theorem 1. Let x� be a lo
al minimizer of f , and assume that the Hessianr2f(x�) is positive de�nite. Then there exist positive 
onstants Æ and 
, and apositive 
onstant 
 < 1 with the property that for all starting points x0; x1 2 BÆ(x�),x0 6= x1, the CBB iterates generated by (2:8){(2:9) satisfykxk � x�k � 

kkx1 � x�k:9



Proof. Let N > 0 be the integer given in Lemma 1, 
orresponding to C1 = ��11and C2 = ��12 , and let Æ1 and 
1 denote the 
onstants Æ and 
 given in Lemma 2.Let 
2 denote the 
onstant 
 in (2.20). In other words, these 
onstant Æ1, 
1, and 
2have the property that whenever kxk � x�k � Æ1, �k 2 [��12 ;��11 ℄, andkx̂k;j � x�k � 12kx̂k;0 � x�k for 0 � j � `� 1 < N;we have kxk+j � x̂k;jk � 
1kxk � x�k2; (2.40)ksk+jk � 
2kxk � x�k; (2.41)xk+j 2 B�(x�); (2.42)for all j 2 [0; `℄. Moreover, by the triangle inequality and (2.41), it follows thatkxk+j � x�k � (N
2 + 1)kxk � x�k= 
3kxk � x�k; 
3 = (N
2 + 1); (2.43)for all j 2 [0; `℄. We de�ne Æ = minfÆ1; �; (4
1)�1g: (2.44)For any x0 and x1 2 BÆ(x�), we de�ne a sequen
e 1 = k1 < k2 < : : : in thefollowing way: Starting with the index k1 = 1, let j1 > 0 be the smallest integerwith the property thatkx̂k1;j1 � x�k � 12kx̂k1;0 � x�k = 12kx1 � x�k:Sin
e x0 and x1 2 BÆ(x�) � B�(x�), it follows from (2.15) that�̂1;0 = �1 = sT0 s0sT0 y0 2 [��12 ;��11 ℄:By Lemma 1, j1 � N . De�ne k2 = k1 + j1 > k1. By (2.40) and (2.44), we havekxk2 � x�k = kxk1+j1 � x�k � kxk1+j1 � x̂k1;j1k+ kx̂k1;j1 � x�k� 
1kxk1 � x�k2 + 12kx̂k1;0 � x�k= 
1kxk1 � x�k2 + 12kxk1 � x�k� 34kxk1 � x�k: (2.45)Sin
e kx1 � x�k � Æ, it follows that xk2 2 BÆ(x�). By (2.42), xj 2 B�(x�) for1 � j � k1. 10



Now, pro
eed by indu
tion. Assume that ki has been determined with xki 2BÆ(x�) and xj 2 B�(x�) for 1 � j � ki. Let ji > 0 be the smallest integer with theproperty that kx̂ki;ji � x�k � 12kx̂ki;0 � x�k = 12kxki � x�k:Set ki+1 = ki + ji > ki. Exa
tly as in (2.45), we havekxki+1 � x�k � 34kxki � x�k:Again, xki+1 2 BÆ(x�) and xj 2 B�(x�) for j 2 [1; ki+1℄.For any k 2 [ki; ki+1), we have k � ki + N � 1 � Ni, sin
e ki � N(i � 1) + 1.Hen
e, i � k=N . Also, (2.43) giveskxk � x�k � 
3kxki � x�k� 
3 �34�i�1 kxk1 � x�k� 
3 �34�(k=N)�1 kx1 � x�k= 

kkx1 � x�k;where 
 = �43� 
3 and 
 = �34�1=N < 1:This 
ompletes the proof. 23 The CBB method for 
onvex quadrati
 programmingIn this se
tion, we give numeri
al eviden
e whi
h indi
ates that whenm is suÆ
ientlylarge, the CBB method is superlinearly 
onvergent for a quadrati
 fun
tionf(x) = 12xTAx� bTx; (3.46)where A 2 <n�n is symmetri
, positive de�nite and b 2 <n. Sin
e CBB is invariantunder an orthogonal transformation and sin
e gradient 
omponents 
orrespondingto identi
al eigenvalues 
an be 
ombined (see for example Dai and Flet
her [10℄), weassume without loss of generality that A is diagonal:A = diag(�1; �2; : : : ; �n) with 0 < �1 < �2 < � � � < �n: (3.47)In the following subse
tions, we give an overview of the experimental 
onvergen
eresults; we then show in the spe
ial 
ase m = 2 and n = 3 that the 
onvergen
e rateis no better than linear, in general. Finally, we show that the 
onvergen
e rate forCBB is stri
tly faster than that of steepest des
ent. We obtain some further sightsby applying our te
hniques to 
y
li
 steepest des
ent.11



n 2 3 4 5 6 8 10 12 14superlinear m 1 3 2 4 4 5 6 7 8linear m 2 1 3 3 4 5 6 7Table 1: Transition to superlinear 
onvergen
e3.1. Asymptoti
 behavior and 
y
le numberIn the quadrati
 
ase, it follows from (1.2) and (3.46) thatgk+1 = (I � �kA)gk: (3.48)If g(i)k denotes the i-th 
omponent of the gradient gk, then by (3.48) and (3.47), wehave g(i)k+1 = (1� �k�i)g(i)k i = 1; 2; : : : ; n: (3.49)We assume that g(i)k 6= 0 for all suÆ
iently large k. If g(i)k = 0, then by (3.49)
omponent i remains zero during all subsequent iterations; hen
e it 
an be dis
arded.In the BB method, starting values are needed for x0 and x1 in order to 
ompute �1.In our study of CBB, we treat �1 as a free parameter. In our numeri
al experiments,�1 is the exa
t stepsize (1.3).For di�erent 
hoi
es of the diagonal matrix (3.47) and the starting point x1,we have evaluated the 
onvergen
e rate of CBB. By the analysis given in [18℄ forpositive de�nite quadrati
s, or by the result given in Theorem 1 for general nonlinearfun
tions, the 
onvergen
e rate of the iterates is at least linear. On the other hand,for m suÆ
iently large, we observe experimentally, that the 
onvergen
e rate issuperlinear. For �xed dimension n, the value ofm where the 
onvergen
e rate makesa transition between linear and nonlinear is shown in Table 1. More pre
isely, forea
h value of n, the 
onvergen
e rate is superlinear when m is greater than or equalto the integer given in the se
ond row of the Table 1. The 
onvergen
e is linearwhen m is less than or equal to the integer given in the third row of Table 1.The limiting integers appearing in Table 1 are 
omputed in the following way:For ea
h dimension, we randomly generate 30 problems, with eigenvalues uniformlydistributed on (0; n℄, and 50 starting points { a total of 1500 problems. For ea
htest problem, we perform 1000n CBB iterations, and we plot log(log(kgkk1)) versusthe iteration number. We �t the data with a least squares line, and we 
omputethe 
orrelation 
oeÆ
ient to determine how well the linear regression model �tsthe data. If the 
orrelation 
oeÆ
ient is 1 (or �1), then the linear �t is perfe
t,while a 
orrelation 
oeÆ
ient of 0 means that the data is un
orrelated. A linear�t in a plot of log(log(kgkk1)) versus the iteration number indi
ates superlinear
onvergen
e. For m large enough, the 
orrelation 
oeÆ
ients are between �1:0and �0:98, indi
ating superlinear 
onvergen
e. As we de
rease m, the 
orrelation
oeÆ
ient abruptly jumps to the order of �0:8. The integers shown in Table 1 re
e
tthe values of m where the 
orrelation 
oeÆ
ient jumps.12
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(b)Figure 1: Graphs of log(log(kgkk1)) versus k, (a) 3 � n � 6 and m = 3, (b)6 � n � 9 and m = 4.Based on Table 1, the 
onvergen
e rate is 
onje
tured to be superlinear form > n=2 � 3. For n < 6, the relationship between m and n at the transitionbetween linear and superlinear 
onvergen
e is more 
ompli
ated, as seen in Table 1.Graphs illustrating the 
onvergen
e appear in Figure 1. The horizontal axis in these�gures is the iteration number, while the verti
al axis gives log(log(kgkk1)). Herek � k1 represents the sup-norm. In this 
ase, straight lines 
orrespond to superlinear
onvergen
e { the slope of the line re
e
ts the 
onvergen
e order. In Figure 1, thebottom two graphs 
orrespond to superlinear 
onvergen
e, while the top two graphs
orrespond to linear 
onvergen
e { for these top two examples, a plot of log(kgkk1)versus the iteration number is linear.3.2. Analysis for the 
ase m = 2 and n = 3The theoreti
al veri�
ation of the experimental results given in Table 1 is noteasy. We have the following partial result in 
onne
tion with the 
olumn m = 2.Theorem 2. For n = 3, there exists a 
hoi
e for the diagonal matrix (3:47) anda starting guess x1 with the property that �k+8 = �k for ea
h k, and the 
onvergen
erate of CBB with m = 2 is at most linear.Proof. To begin, we treat the initial stepsize �1 as a variable. For ea
h k, wede�ne the ve
tor uk by u(i)k = (g(i)k )2kgkk2 ; i = 1; : : : ; n: (3.50)The above de�nition is important and is used for some other gradient methods, see[17, 13℄. For the 
ase m = 2, we 
an obtain by (3.49), (2.8), (2.9) and the de�nition13



of uk that u(i)2k+1 = (1� �2k�1�i)4u(i)2k�1Pǹ=1(1� �2k�1�`)4u(`)2k�1 (3.51)for all k � 1 and i = 1; : : : ; n. In the same fashion, we have�2k+1 = Pni=1(1� �2k�1�i)2u(i)2k�1Pni=1 �i(1 � �2k�1�i)2u(i)2k�1 : (3.52)We want to for
e our examples to satisfyu9 = u1 and �9 = �1: (3.53)For k � 1, a subsequent iteration of the method is uniquely determined by u2k�1and �2k�1. It follows from (3.53) that u8k+1 = u1 and �8k+1 = �1 for all k � 1, andhen
e a 
y
le o

urs.For any i and j, let bij be de�ned bybij = 1� �2i�1�j: (3.54)Hen
eforth, we fo
us on the 
ase n = 3 spe
i�ed in the statement of the Theorem2. To satisfy the relation (3.53), we impose the following 
ondition on the stepsizesf�1; �3; �5; �7g, ����� 4Yi=1 bij����� = �; j = 1; 2; 3; (3.55)where � > 0 is a positive number. By (3.55) and (3.51), we know that the �rstequation of (3.53) is satis�ed. On the other hand, (3.51), (3.52), �9 = �1, and thede�nition of (3.54) imply the following system of linear equations for u1,T u1 = 26664 b211b21 b212b22 b213b23b411b221b31 b412b222b32 b413b223b33b411b421b231b41 b412b422b232b42 b413b423b233b43b511b421b431b241 b512b422b432b242 b513b423b433b243 377752664 u(1)1u(2)1u(3)1 3775 = 0: (3.56)The above system has 3 variables and 4 equations. Multiplying the j-th 
olumn byb�21j b�12j b4j for j = 1; 2; 3 and using the 
ondition (3.55), it follows that the rank ofthe 
oeÆ
ient matrix T is the same as the rank of the 4 by 3 matrix B with entriesbij. By the de�nition of bij , the rank of T is at most 2; hen
e, the linear system(3.56) has a nonzero solution u1.To 
omplete the 
onstru
tion, u1 should satisfy the 
onstraintsu(i)1 > 0 i = 1; 2; 3 (3.57)and u(1)1 + u(2)1 + u(3)1 = 1: (3.58)14



The above 
onditions are ful�lled if we look for a solution f�1; �3; �5; �7g of (3.55)su
h that ��11 ; ��13 2 (�1; �2) and ��15 ; ��17 2 (�2; �3): (3.59)In this 
ase, we may 
hooseu1 = t �b�211 b�121 �b13b43 � b12b42� ; b�212 b�122 �b11b41 � b13b43� ; b�213 b�123 �b12b42 � b11b41��T ; (3.60)where t > 0 is a s
aling fa
tor su
h that (3.58) holds. Therefore, if we 
hoosef�1; �3; �5; �7g satisfying (3.55) and (3.59) and furthermore u1 from (3.60), relation(3.53) holds. Hen
e, we have that u8+i = ui and �8+i = �i for all i � 1.Now we dis
uss a possible 
hoi
e of � > 0 in (3.55). Spe
i�
ally, we are inter-ested in the maximal value �� of � su
h that (3.55) and (3.59) hold. By 
ontinuityassumption, we know that suitable solutions exist for any � 2 (0; ��). This leads tothe maximization problemmax(� : 4Yi=1 bij = � (j = 1; 2; 3); ��11 ; ��13 2 (�1; �2); ��15 ; ��17 2 (�2; �3)) :(3.61)To solve (3.61), we 
onsider the Lagrangian fun
tionL(�; �1; �3; �5; �7; �1; �2; �3) = � + 3Xj=1�j "� � 4Yi=1(1� �2i�1�j)# ; (3.62)where f�jg are the multipliers 
orresponding to equality 
onstraints. Sin
e at aKKT point of (3.61) the partial derivatives of L are zero, we require f�ig to satisfythe relation (3.55), �1 + �2 + �3 = 1, and3Xj=1�j�j 4Y` = 1` 6= i (1� �2`�1�j) = 0 (i = 1; 2; 3; 4): (3.63)Dividing ea
h relation in (3.63) by � and using (3.55), we obtain the following linearequations for � = (�1; �2; �3)T,H� = 0; where H 2 <4�3 with hij = �jb�1ij : (3.64)To guarantee that the system (3.64) has a nonzero solution �, the rank of the
oeÆ
ient matrix H must be at most 2. Let H3;3 denote the submatrix formed bythe �rst three rows of H. By dire
t 
al
ulation, we obtaindet(H3;3) = �1�2�3(�1 � �2)(�2 � �3)(�3 � �1)(�1 � �3)(�3 � �5)(�5 � �1)Qi;j2f1;2;3g bij (3.65)15



Thus, det(H3;3) = 0 and inequality 
onstraints (3.59) lead to �1 = �3. Similarly, we
an get �5 = �7. From (3.55) we know that (3.61) a
hieves its maximum�� = (�1 � �2)2(�2 � �3)2(�1�2 + �2�3 + �3�1 � �22)2 (3.66)at ��1 = ��3 = (��� ��)�1; ��5 = ��7 = (��+ ��)�1; (3.67)where �� = �1+�32 , �� = q �1+�22 , �1 = (����1)2 and �2 = (����2)2. From the 
ontinuityargument we know that there exist 
y
li
 examples of the CBB method with m = 2for any � 2 (0; ��). For example, we may 
onsider the following symmetri
 subfamilyof examples with � 2 (0; 12 ℄,�1; �5 = ����q��1 + (1� �)�2��1 ; �3; �7 = ����q(1� �)�1 + ��2��1 : (3.68)It is easy to 
he
k that the above f�ig satis�es (3.55) and (3.59). When � movesfrom 0 to 12 , we 
an see that the value � moves from 0 to ��. 2Now we present some numeri
al examples. Suppose that �1 = 1, �2 = 5 and�3 = 8. Be
ause of (3.67), we 
hoose ��1 = ��3 = 12 and ��5 = ��7 = 17 from where themaximizer �� = 949 is found. From (3.56) we get u1 = ( 9721001 ; 281001 ; 11001 )T. By the def-inition of u1, the previous dis
ussions and by 
hoosing g1 = �t (�18p3;�2p7;�1)Twith any �t > 0 and �1 = 12 , the CBB method with m = 2 produ
es 
y
ling of thesequen
e given by fuig and f�ig.By assuming that the Hessian matrix is A = diag(1; 5; 8), we also 
ompute thesequen
es fu2k�1g and f�2k�1g generated by (3.51) and (3.52). Initial values for u1and �1 are obtained by a steepest des
ent step at u0, i.e.,�1 = �0 = uT0 u0uT0Au0 ; u(i)1 = (1� �0�i)2(u(i)0 )2P`(1� �0�`)2(u(`)0 )2 (i = 1; 2; 3):For di�erent u0, we see that di�erent 
y
les are obtained, whi
h are numeri
allystable. In Table 2, the index �k 
an be di�erent for ea
h ve
tor u0 so that ��1�k+1,��1�k+3 2 (�1; �2):3.3. Comparison with steepest des
entThe analysis in Se
tion 3.2 shows that CBB with m = 2 is at best linearly
onvergent. By (3.49) and (3.55), we obtainkgk+8k2 = �kgkk2; for all k � 1; (3.69)where � is the parameter in (3.55). The above relation implies that the 
onvergen
erate of the method only depends on the value � . Furthermore, Table 2 tells us thatthis value of � is related to the starting point. It may be very small or relatively16



uT0 ��1�k+1 ��1�k+3 ��1�k+5 ��1�k+7 �(1; 2; 3) 4.9103 1.0000 8.0000 5.0008 4.2186E-6(1; 3; 2) 3.2088 1.3409 6.9100 7.2058 1.2890E-1(2; 1; 3) 1.1099 1.2764 5.0197 7.9938 1.5024E-2(2; 3; 1) 1.5797 2.0807 5.7248 7.7683 1.3706E-1(3; 1; 2) 4.9846 1.0026 7.9086 7.7458 1.6018E-3(3; 2; 1) 1.0015 4.9912 7.8776 7.8866 9.4127E-4Table 2: Di�erent 
hoi
es of u0 generate di�erent 
y
leslarge. The maximal possible value of � is the �� in (3.66). In the 3-dimensional
ase, we get kgk+1k2 � �3 � �1�3 + �1 kgkk2 (3.70)for the steepest des
ent method, see [1℄. It is not diÆ
ult to show that�� < ��3 � �1�3 + �1 �4 : (3.71)Thus, we see that CBB with m = 2 is faster than the steepest des
ent method ifn = 3. This result 
ould be extended to the arbitrary dimensions sin
e we observethat CBB with m = 2 generates similar 
y
les for higher-dimensional quadrati
s.The examples provided in Se
tion 3.2 for CBB with m = 2 are helpful in un-derstanding and analyzing the behavior of other nonmonotone gradient methods.For example, we 
an also use the same te
hnique to 
onstru
t 
y
li
 examples forthe alternate step (AS) gradient method, at least theoreti
ally. The AS method
orresponds to the 
y
li
 steepest des
ent method (1.4) with m = 2. In fa
t, if wede�ne uk as in (3.50), we obtain for all k � 1�2k�1 = P` u(`)2k�1P` �`u(`)2k�1 ; u(i)2k+1 = (1� �2k�1�i)4u(i)2k�1P`(1� �2k�1�`)4u(`)2k�1 (3.72)for i = 1; : : : ; n. For any n with u2n+1 = u1 and �2n+1 = �1, we require the stepsizesf�2k�1 : k = 1; : : : ; n� 1g to satisfy�����n�1Yi=1 bij����� = �; j = 1; : : : ; n; (3.73)where bij is given by (3.54). At the same time, we obtain the following linearequations for u1T u1 = 0; where T 2 <(n�1)�n with Tij = bijQi�1`=1 b4̀j : (3.74)The above system (3.74) has n variables, but n� 1 equations. If there is a positivesolution �u1, then we may s
ale the ve
tor and obtain another positive solution u1 =17




�u1 with P` u(`)1 = 1, whi
h 
ompletes the 
onstru
tion of a 
y
li
 example. Herewe present a 5-dimensional example. We �rst �x �1 = 1, �3 = 0:1, �5 = 0:2 and�7 = 0:0625, and then 
hoose� = (0:73477; 1:3452; 4:2721; 10:554; 16:154)whi
h are �ve roots of the equation Q4k=1(1� �2k�1w) = 0:2. Therefore, we get thematrix T = 0BB� 0:26523 �0:34515 �3:2721 �9:5537 �15:1540:00458 0:01228 65:659 �461:26 �324510:00311 0:00582 1:7964 �0:08696 �168700:00184 0:00208 0:00406 0:04056 �1800:5 1CCA :The system Tu1 = 0 has the positive solution�u1 = (5.6163E+5; 3.3397E+5; 7.3848E+3; 9.9533E+2; 1:0)Twhi
h leads tou1 = (6.2128E-1; 3.6945E-1; 8.1693E-3; 1.1011E-3; 1.1062E-6)T :Therefore, if we 
hoose the above initial ve
tor u1, we get u10k+1 = u1 and �10k+1 =�1 for all k � 1, and hen
e the AS method falls into a 
y
le. Unlike CBB withm = 2,we have not found any 
y
li
 example for the AS method whi
h are numeri
allystable.4 An adaptive 
y
li
 BB methodIn this se
tion, we examine the 
onvergen
e speed of CBB for di�erent values ofm 2 [1; 7℄, using quadrati
 programming problems of the form:f(x) = 12xTAx; A = diag(�1; � � � ; �n): (4.75)We will see that the 
hoi
e form has a signi�
ant impa
t on performan
e. This leadsus to propose an adaptive 
hoi
e for m. The BB algorithm with this adaptive 
hoi
efor m and a nonmonotone line sear
h is 
alled ACBB. Numeri
al 
omparisons withSPG2 and with 
onjugate gradient 
odes using the CUTEr test problem library aregiven later in Se
tion 4.4.1. A numeri
al investigation of 
y
li
 BBWe 
onsider the test problem (4.75) with four di�erent 
ondition numbers C forthe diagonal matrix: C = 102, C = 103, C = 104, and C = 105; and with threedi�erent dimensions n = 102, n = 103, and n = 104. We let �1 = 1, �n = C, the
ondition number. The other diagonal elements �i, 2 � i � n � 1, are randomly18



BB CBB adaptiven 
ond m=2 m=3 m=4 m=5 m=6 m=7 M=5 M=10102 102 147 219 156 145 150 160 166 136 134103 505 2715 468 364 376 395 412 367 349104 1509 F 1425 814 852 776 628 878 771105 5412 F 5415 3074 1670 1672 1157 2607 1915103 102 147 274 160 158 162 166 181 150 145103 505 1756 548 504 493 550 540 481 460104 1609 F 1862 1533 1377 1578 1447 1470 1378105 5699 F 6760 4755 3506 3516 2957 4412 3187104 102 156 227 162 166 167 170 187 156 156103 539 3200 515 551 539 536 573 497 505104 1634 F 1823 1701 1782 1747 1893 1587 1517105 6362 F 6779 5194 4965 4349 4736 4687 4743Table 3: Comparing CBB(m) method with an adaptive CBB methodgenerated on the interval (1; �n). The starting points x(i)1 , i = 1; � � � ; n, are randomlygenerated on the interval [�5; 5℄. The stopping 
ondition iskgkk2 � 10�8:For ea
h 
ase, 10 runs are made and the average number of iterations required byea
h algorithm is listed in Table 3 (under the 
olumns labeled BB and CBB). Theupper bound for the number of iterations is 9999. If this upper bound is ex
eeded,then the 
orresponding entry in Table 3 is F .In Table 3 we see that m = 2 gives the worst numeri
al results { in Se
tion 3 wesaw that as m in
reases, 
onvergen
e be
ame superlinear. For ea
h 
ase, a suitably
hosen m drasti
ally improves the eÆ
ien
y the BB method. For example, in 
ase ofn = 102 and 
ond = 105, CBB with m = 7 only requires one �fth of the iterations ofthe BB method. The optimal 
hoi
e of m varies from one test 
ase to another. If theproblem 
ondition is relatively small (
ond = 102, 103), a smaller value m (3 or 4)is preferred. If the problem 
ondition is relatively large (
ond = 104, 105), a largervalue of m is more eÆ
ient. This observation is the motivation for introdu
ing anadaptive 
hoi
e for m in the CBB method.Our adaptive idea arises from the following 
onsiderations. If a stepsize is usedin�nitely often in the gradient method; namely, �k � �, then under the assump-tion that the fun
tion Hessian A has no multiple eigenvalues, the gradient gk mustapproximate an eigenve
tor of A, and gTkAgk=gTk gk tends to the 
orresponding eigen-value of A, see [8℄. Thus, it is reasonable to assume that repeated use of a BB stepsizeleads to good approximations of eigenve
tors of A. First, we de�ne�k = gTkAgkkgkk kAgkk : (4.76)19



If gk is exa
tly an eigenve
tor of A, we know that �k = 1. If �k � 1, then gk 
an beregarded as an approximation of an eigenve
tor of A and �BBk � �SDk . In this 
ase,it is worthwhile to 
al
ulate a new BB stepsize �BBk so that the method a

epts astep 
lose to the steepest des
ent step. Therefore, we test the 
ondition�k � �; (4.77)where � 2 (0; 1) is 
onstant. If the above 
ondition holds, we 
al
ulate a new BBstepsize. We also introdu
e a parameter M , and if the number of 
y
les m > M , we
al
ulate a new BB stepsize. Numeri
al results for this adaptive CBB with � = 0:95are listed under the 
olumn adaptive of Table 3, where two values M = 5, 10 aretested.From Table 3, we see that the adaptive strategy makes sense. The performan
ewith M = 5 or M = 10 is often better than that of the BB method. This moti-vates the use of a similar strategy for designing an eÆ
ient gradient algorithms forun
onstrained optimization.4.2. Nonmonotone line sear
h and 
y
le numberAs mentioned in Se
tion 1, the 
hoi
e of the stepsize �k is very important forthe performan
e of a gradient method. For the BB method, fun
tion values do notde
rease monotoni
ally. Hen
e, when implementing BB or CBB, it is important touse a nonmonotone line sear
h.Assuming that dk is a des
ent dire
tion at the k-th iteration (gTk dk < 0), a
ommon termination 
ondition for the steplength algorithm isf(xk + �kdk) � fr + Æ�kgTk dk; (4.78)where fr is the so-
alled referen
e fun
tion value and Æ 2 (0; 1) a 
onstant. If fr =f(xk), then the line sear
h is monotone sin
e f(xk+1) < f(xk). The nonmonotoneline sear
h proposed in [21℄ 
hooses fr to be the maximum fun
tion value for the Mmost re
ent iterates. That is, at the k-th iteration, we havefr = fmax = max0�i�minfk;M�1g f(xk�i): (4.79)This nonmonotone line sear
h is used by Raydan [28℄ to obtain GBB. Dai andS
hittkowski [12℄ extended the same idea to a sequential quadrati
 programmingmethod for general 
onstrained nonlinear optimization. An even more adaptive wayof 
hoosing fr is proposed by Toint [31℄ for trust region algorithms and then extendedby Dai and Zhang [15℄. Compared with (4.79), the new adaptive way of 
hoosingfr allows big jumps in fun
tion values, and is therefore very suitable for the BBalgorithm (see [10℄, [11℄, and [15℄).The numeri
al results whi
h we report in this se
tion are based on the nonmono-tone line sear
h algorithm given in [15℄. The line sear
h in this paper di�ers fromthe line sear
h in [15℄ in the initialization of the stepsize. Here, the starting guess for20



the stepsize 
oin
ides with the prior BB step until the 
y
le length has been rea
hed;at whi
h point we re
ompute the step using the BB formula. In ea
h subsequentsubiteration, after 
omputing a new BB step, we repla
e (4.78) byf(xk + ��kdk) � minffmax; frg+ Æ��kgTk dk;where fr is the referen
e value given in [15℄ and ��k is the initial trial stepsize (theprevious BB step). It is proved in [15, Thm. 3.2℄ that the 
riteria given in [15℄ for
hoosing the nonmonotone stepsize ensures 
onvergen
e in the sense thatlim infk!1 kgkk = 0:We now explain how we de
ided to terminate the 
urrent 
y
le, and re
omputethe stepsize using the BB formula. Noti
e that the reinitialization of the stepsize hasno e�e
t on 
onvergen
e, it only e�e
ts the initial stepsize used in the line sear
h.Loosely, we would like to 
ompute a new BB step in any of the following 
ases:R1. The number of times m the 
urrent BB stepsize has been reused is suÆ
ientlylarge: m �M , where M is a 
onstant.R2. The following nonquadrati
 analogue of (4.77) is satis�ed:sTk ykkskk2kykk2 � �; (4.80)where � < 1 is near 1. We feel that the 
ondition (4.80) should only be used ina neighborhood a lo
al minimizer, where f is approximately quadrati
. Hen
e,we only use the 
ondition (4.80) when the stepsize is suÆ
iently small:kskk2 < min� 
1fk+1kgk+1k1 ; 1� ; (4.81)where 
1 is a 
onstant.R3. The 
urrent step sk is suÆ
iently large:kskk2 � max�
2 fk+1kgk+1k1 ; 1� ; (4.82)where 
2 is a 
onstant.R4. In the previous iteration, the BB step was trun
ated in the line sear
h. Thatis, the BB step had to be modi�ed by the nonmonotone line sear
h routine toensure 
onvergen
e.Nominally, we re
ompute the BB stepsize in any of the 
ases R1{R4. One 
asewhere we prefer to retain the 
urrent stepsize is the 
ase where the iterates lie ina region where f is not strongly 
onvex. Noti
e that if sTk yk < 0, then there existsa point between xk and xk+1 where the Hessian of f has negative eigenvalues. Indetail, our rules for terminating the 
urrent 
y
le and reinitializing the BB stepsizeare the following: 21



Cy
le termination/Stepsize initializationT1. If any of the 
ondition R1 through R4 are satis�ed and sTk yk > 0, then the
urrent 
y
le is terminated and the initial stepsize for the next 
y
le is givenby �k+1 = max(�min;min(sTk sksTk yk ; �max)) ;where �min < �max are �xed 
onstants.T2. If the length m of the 
urrent 
y
le satis�es m � 1:5M , then the 
urrent 
y
leis terminated and the initial stepsize for the next 
y
le is given by�k+1 = maxf1=kgk+1k1; �kg:Condition T2 is a safeguard for the situation where sTk yk < 0 in a series of iterations.4.3. Numeri
al resultsIn this subse
tion, we 
ompare the performan
e of our adaptive 
y
li
 BB step-size algorithm, denoted ACBB, with the SPG2 algorithm of Birgin, Mart��nez, andRaydan [4, 5℄, with the PRP+ 
onjugate gradient 
ode developed by Gilbert andNo
edal [19℄, and with the CG DESCENT 
ode of Hager and Zhang [23, 25℄. TheSPG2 algorithm is an extension of Raydan's [28℄ GBB algorithm whi
h was down-loaded from the TANGO web page maintained by Ernesto Birgin. In our tests, weset the bounds in SPG2 to in�nity. The PRP+ 
ode is available at:http://www.e
e.northwestern.edu/�no
edal/software.htmlThe CG DESCENT 
ode is found at:http://www.math.u
.edu/�hager/papers/CGThe line sear
h in the PRP+ 
ode is a modi�
ation of subroutine CSRCH of Mor�eand Thuente [27℄, whi
h employs various polynomial interpolation s
hemes and safe-guards in satisfying the strong Wolfe 
onditions. CG DESCENT employs an \ap-proximate Wolfe" line sear
h. All 
odes are written in Fortran and 
ompiled withf77 under the default 
ompiler settings on a Sun workstation. The parameters usedby CG DESCENT are the default parameter value given in [25℄ for version 1.1 ofthe 
ode. For SPG2, we use parameter values re
ommended on the TANGO webpage. In parti
ular, the step length was restri
ted to the interval [10�30; 1030℄, whilethe memory in the nonmonotone line sear
h was 10.The parameters of the ACBB algorithm are �min = 10�30, �max = 1030, 
1 =
2 = 0:1, and M = 4. For the initial iteration, the starting stepsize for the linesear
h was �1 = 1=kg1k1. The parameter values for the nonmonotone line sear
hroutine from [15℄ were Æ = 10�4, �1 = 0:1, �2 = 0:9, � = 0:975, L = 3, M = 8, andP = 40. 22



Our numeri
al experiments are based on the entire set of 160 un
onstrainedoptimization problem available from CUTEr in the Fall, 2004. As explained in [25℄,we deleted problems that were small, or problems where di�erent solvers 
onvergedto di�erent lo
al minimizers. After the deletion pro
ess, we were left with 111 testproblems with dimension ranging from 50 to 104.Nominally, our stopping 
riterion was the following:krf(xk)k1 � maxf10�6; 10�12krf(x0)k1g: (4.83)In a few 
ases, this 
riterion was too lenient. For example, with the test problempenalty1, the 
omputed 
ost still di�ers from the optimal 
ost by a fa
tor of 105when the 
riterion (4.83) is satis�ed. As a result, di�erent solvers obtain 
ompletelydi�erent values for the 
ost, and the test problem would be dis
arded. By 
hangingthe 
onvergen
e 
riterion to krf(xk)k1 � 10�6, the 
omputed 
osts all agreed to6 digits. The problems for whi
h the 
onvergen
e 
riterion was strengthened weredqrti
, penalty1, power, quart
, and vardim.The CPU time in se
onds and the number of iterations, fun
tion evaluations,and gradient evaluations for ea
h of the methods are posted at the following website: http://www.math.u
.edu/�hager/papers/CG (4.84)Here we analyze the performan
e data using the pro�les of Dolan and Mor�e [16℄.That is, we plot the fra
tion p of problems for whi
h any given method is withina fa
tor � of the best time. In a plot of performan
e pro�les, the top 
urve is themethod that solved the most problems in a time that was within a fa
tor � of thebest time. The per
entage of the test problems for whi
h a method is the fastest isgiven on the left axis of the plot. The right side of the plot gives the per
entage ofthe test problems that were su

essfully solved by ea
h of the methods. In essen
e,the right side is a measure of an algorithm's robustness.In Figure 2, we use CPU time to 
ompare the performan
e of the four 
odesACBB, SPG2, PRP+, and CG DESCENT. Note that the horizontal axis in Figure2 is s
aled proportional to log2(�). The best performan
e, relative to the CPUtime metri
, was obtained by CG DESCENT, the top 
urve in Figure 2, followedby ACBB. The horizontal axis in the �gure stops at � = 16 sin
e the plots areessentially 
at for larger values of � . For this 
olle
tion of methods, the number oftimes any method a
hieved the best time is shown in Table 4. The 
olumn total inTable 4 ex
eeds 111 due to ties for some test problems.The results of Figure 2 indi
ate that ACBB is mu
h more eÆ
ient than SPG2,while it performed better than PRP+, but not as well as CG DESCENT. From theexperien
e in [28℄, the GBB algorithm, with a traditional nonmonotone line sear
h[21℄, may be a�e
ted signi�
antly by nearly singular Hessians at the solution. Weobserve that nearly singular Hessians do not a�e
t ACBB signi�
antly. In fa
t,Table 3 also indi
ates that ACBB be
omes more eÆ
ient as the problem be
omesmore singular. Furthermore, sin
e ACBB does not need to 
al
ulate the BB stepsizeat every iteration, CPU time is saved, whi
h 
an be signi�
ant when the problem23
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Figure 2: Performan
e based on CPU timedimension is large. For this test set, we found that the average 
y
le length forACBB was 2.59. In other words, the BB step is reevaluated after 2 or 3 iterations,on average. This memory length is smaller than the memory length that works wellfor quadrati
 fun
tion. When the iterates are far from a lo
al minimizer of a generalnonlinear fun
tion, the iterates may not behave like the iterates of a quadrati
. Inthis 
ase, better numeri
al results are obtained when the BB-stepsize is updatedmore frequently.Even though ACBB did not perform as well as CG DESCENT for the 
ompleteset of test problems, there were some 
ases where it performed ex
eptionally well(see Table 5). One important advantage of the ACBB s
heme over 
onjugate gra-dient routines su
h as PRP+ or CG DESCENT is that in many 
ases, the stepsizefor ACBB is either the previous stepsize or the BB sizesize (1.5). In 
ontrast, with
onjugate gradient routines, ea
h iteration requires a line sear
h. Due to the simpli
-ity of the ACBB stepsize, it 
an be more eÆ
ient when the iterates are in a regimewhere the fun
tion is irregular and the asymptoti
 
onvergen
e properties of the 
on-jugate gradient method are not in e�e
t. One su
h appli
ation is bound 
onstrainedoptimization problems { as 
omponents of x rea
h the bounds, these 
omponentsare often held �xed, and the asso
iated partial derivative 
hange dis
ontinuously.In [24℄ ACBB is 
ombined with CG DESCENT to obtain a very eÆ
ient a
tive setalgorithm for box 
onstrained optimization problems.24



Method FastestCG DESCENT 70ACBB 36PRP+ 9SPG2 9Table 4: Number of times ea
h method was fastest (time metri
, stopping 
riterion(4.83)) Problem Dimension ACBB CG DESCENTFLETCHER 5000 9.14 989.55FLETCHER 1000 1.32 27.27BDQRTIC 1000 .37 3.40VARDIM 10000 .05 2.13VARDIM 5000 .02 .92Table 5: CPU times for sele
ted problems5 Con
lusion and dis
ussionIn this paper, we analyze the 
y
li
 Barzilai-Borwein method. For general non-linear fun
tions, we prove linear 
onvergen
e. For 
onvex quadrati
 fun
tions, ournumeri
al results indi
ate that when m > n=2 � 3, CBB is likely R-superlinearly.For the spe
ial 
ase n = 3 and m = 2, the 
onvergen
e rate, in general, is no bet-ter than linear. By utilizing nonmonotone line sear
h te
hniques, we develop anadaptive 
y
li
 BB stepsize algorithm (ACBB) for general nonlinear un
onstrainedoptimization problems.The test results in Figure 2 indi
ate that ACBB is signi�
antly faster than SPG2.Sin
e the mathemati
al foundations of ACBB and the 
onjugate gradient algorithmsare 
ompletely di�erent, the performan
e seems to depend on the problem. Roughlyspeaking, if the obje
tive fun
tion is \
lose" to quadrati
, the 
onjugate gradientroutines seem to be more eÆ
ient; if the obje
tive fun
tion is highly nonlinear, thenACBB is 
omparable to or even better than 
onjugate gradient algorithms.A
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