Knotting surfaces in 4-manifolds, Part Il

Hee Jung Kim

Louisiana State University

Virtual Seminar together with University of lowa

Hee Jung Kim Knotting surfaces in 4-manifolds, Part Il



Surfaces in 4-manifolds

(m-Twist) Rim Surgery

(m-Twist) Rim Surgery producing “Surface Knots” in
4-manifolds: Given a knot K in S3,

X;) 70 (X5 k(m))

@ Knot Group : (X k(m))
@ Topological Embedding of (m)
@ Smoothing Embedding of (m)
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Surfaces in 4-manifolds

(m-Twist) Rim Surgery

Figure: Embedded surface with genus g > 0in X

Hee Jung Kim Knotting surfaces in 4-manifolds, Part Il



Surfaces in 4-manifolds

(m-Twist) Rim Surgery

Choose a nonseparating curve in

=

Figure: Embedded surface with genus g > 0in X
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Surfaces in 4-manifolds

(m-Twist) Rim Surgery

Figure: Given knot K 2 S8, replace (B3;1) by (B3; K, )
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Surfaces in 4-manifolds

Rim Surgery

We obtain a new surface :

o &

Figure: (X; k)

X; k=) st B%D[eSt (B%K:)
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Surfaces in 4-manifolds

Twist Rim Surgery

Replace ( )=S! (B%1)byS! w(B3K:)toget g(m):

Figure: :(S%K)! (S3%K)
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Surfaces in 4-manifolds

Twist Rim Surgery

Consider a “twist map” : (S3;K)! (S3;K):

(x e t)y=x e(*2Y ¢t for x e t2K @? | (1)

and (y)=yfory2zK @? |I.

De ne for any integer m,

G k(m) = (X;) st (BEN[@S' = (B%K:):

Remark: If m = O then it is rim surgery.
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Surfaces in 4-manifolds

Construction of Surface Knots in s.c. 4-manifold X
with non-simply connected knot group

© Iteration of the Twist Rim Surgery 7!
Surfaces with non-simply connected knot group G.
@ For any group G with a simple condition, another

construction 7!
Symplectic surface in s.c. Symplectic 4-manifold with knot

group knot G

Modify the surfaces obtained by 1 and 2 using twist rim surgery.

Can we get a family of surface knots which are smoothly
distinct but topologically equivalent?
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Iterated Rim Surgery and 1-Twist Rim Surgery

Iterated Rim Surgery

@ Start with (X; ) with its knot group Z=d. For some knot K
s.t. 1(S3;K)4 = H where H is a nite group,

(X;) 70 (X5 «(d))
@ Recall that the knot group of ¢ (d)) isG := Hn Z=d.

@ For any knot J, m-twist rim surgery produce a surface knot
K:J (d ; m)
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Iterated Rim Surgery and 1-Twist Rim Surgery

Iterated Rim Surgery

Given a sequence Kj; ::;; K, of knots and integers mq; :;; mp,
and a surface X, a sequence of twisted rim surgeries

that determines the rim tori are all parallel on and the curve
[ 1=0in (X ):

Figure: (X;  kykpi: k(M1 M2; 25 Mp))

Hee Jung Kim Knotting surfaces -manifolds, Part Il



Iterated Rim Surgery and 1-Twist Rim Surgery

Consider a surface X with (X ) =Z=m,,anda
sequence of integers my;:::; my such that (m¢; m;) = 1 for all
i > 1. Then the knot group of ...k, (Mq;:::;mp) is

isomorphic to that of , (m1).

Note:

@ In such a case, if we denote G by the knot group of
k,(M1), then the meridian of g,
order my in G.

o Hl(G) = Z=m1
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Iterated Rim Surgery and 1-Twist Rim Surgery

1-Twist Rim Surgery

Proposition
Suppose that is an embedded curve that has a
null-homotopic pushoff into X . Then for any knot K, the

surface k(1) obtained by 1-twist surgery along the rim torus
parallel to preserves its knot group.

Hee Jung Kim Knotting surfaces in 4-manifolds, Part Il



Symplectic Surfaces

When is a given nitely presented group G the fundamental
group of X S, where X is a simply-connected symplectic
4-manifold, and S is a symplectic surface?
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Symplectic Surfaces

Symplectic Tori with Arbitrary Surface Group

Note that S being symplectic implies that [S] is non-trivial in
H,(X; R), which in turn implies that Hi(X  S;Z) is nite, in fact
isomorphic to Z=d where d is the divisibility of [S] 2 Hx(X; Z).
Thus, the following conditions are necessary for G to be
isomorphicto (X S):

Kq-Property
H1(G) = Z=d for some d,and9 2 G suchthatG=hi = flg.

Hee Jung Kim Knotting surfaces in 4-manifolds, Part Il



Symplectic Surfaces

Symplectic Tori with Arbitrary Surface Group

If G satis es conditions K, then there is a simply-connected
symplectic 4-manifold M containing a symplectically embedded
surface S with (M S) = G.
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Symplectic Surfaces

Proof of Theorem

@ G= Mgt Xjryiiirmi
@ Since H,(G) = Z=d, there are elements a;; b; 2 G with
'
= [a;hy]
[
, where is the group element in Ky4.
@ @ = Vi(X1;:iiix),

= w(xq;::::%) (This implies w9 = Qi”[vi;wi]).
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Symplectic Surfaces

Symplectic Tori with Arbitrary Surface Group

1. Surface of genus | + n with one boundary component

P: d-punctureddisc D? (1[ [ q).
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Symplectic Surfaces

Symplectic Tori with Arbitrary Surface Group

Figure: : (I+n)-genus surface
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Symplectic Surfaces

Symplectic Tori with Arbitrary Surface Group

Consider a diffeomorphism : D! D that is the identity on @D,
and permutes the ; cyclically. The effect of on ((P;1):

()= 2,..., (4g1)= g,and (4)= 1 I Extend
by the identity on ; so that it becomes a diffeomorphism on
d-

Figure:
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Symplectic Surfaces

Symplectic Tori with Arbitrary Surface Group

Figure: 4: (I + n)-genus surface with boundaries 1;:: ¢
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Seiberg-Witten invariant
Topological Calssi®cation

Smooth/topological embedding of new surfaces ¢ (m)

Symplectic Tori with Arbitrary Surface Group

X =S8 s!  witha product symplectic structure

In the solid torus D2 there is a braid that forms a (d; 1)
torus knot.

Sq = (d;1) torus knot7! a symplectic torus
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Seiberg-Witten invariant
Topological Calssi®cation

Smooth/topological embedding of new surfaces ¢ (m)

Symplectic Tori with Arbitrary Surface Group

@ Xq =X Sy = st (Sl d)-
® ;(Xy) : generators-

;o afxivyiasby; kgfor i= 10l j= 100 k= 1:::d;
relations-[; ], commutes with X;;y;;a; and b,

k= kerfork=1:::d 1 (2)
4= 1 and (3
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Seiberg-Witten invariant
Topological Calssi®cation

Smooth/topological embedding of new surfaces ¢ (m)

Symplectic Tori with Arbitrary Surface Group

@ Syplectic Sums with X and the elliptic surface E(1)'s := M,
Want: (M Sgq)=G

@ Note: ;(E(1) F)= 1whereF isthe ber.

@ Note: van Kampen's theorem shows that each ber sum

kills the precisely elements of the fundamental group of the
torus in X or Xg.
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Seiberg-Witten invariant
Topological Calssi®cation

Smooth/topological embedding of new surfaces ¢ (m)

End of Proof

@ Choose, forj 1, immersed curves | , for
representing the homotopy classes (in 1) of

and acurve ¢in 4 representing , tw.
) j can be arranged to be embedded and symplectic.
(Gompf)

@ Symplectic sum of X with copies of the elliptic surface
E(1), where a ber F of E(1) is identi ed with the each of
the tori i

@ (M Sy)=Gand (M)=1
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Seiberg-Witten invariant
Topological Calssi®cation

Smooth/topological embedding of new surfaces ¢ (m)

Knotting surfaces with knot group G

@ The iterated twisted rim surgery construction:
(X5 k(@) 78 (X; k;a(d;m))

@ The construction of symplectic surfaces (combined with
1-twist rim surgery):

(M;S) 7t (M;Sk(1))
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Seiberg-Witten invariant
Topological Calssi®cation

Smooth/topological embedding of new surfaces ¢ (m)

s-cobordism Theorem

Let W be a compact n-manifold with boundary the disjoint
union of manifolds Mg and M;. Then the original s-cobordism
theorem states that forn 6, W is diffeomorphic to My  [0; 1]
exactly when the inclusions of Mg and My in W are homotopy
equivalences and the Whitehead torsion (W;Mjp) in

Wh( 1(W)) is zero. By the work of M. Freedman (1982), the
s-cobordism theorem is known to hold topologically in the case
n= 5when 1(W) is poly-( nite or cyclic). A relative
s-cobordism theorem also holds.
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Seiberg-Witten invariant
Topological Calssi®cation

Smooth/topological embedding of new surfaces ¢ (m)

Topological Triviality

To distinguish (X; ) and (X; 3(m)) topologically, study
@ when X and X ;(m) are s-cobordant.

Idea: Take J as a ribbon knot or slice knot. It gives a homology
cobordism.

K —_

\

(B',B'nA)

(B*, 4)

Figure: (B*;)
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Seiberg-Witten invariant
Topological Calssi®cation

Smooth/topological embedding of new surfaces ¢ (m)

Topological Triviality

Theorem

If J is a ribbon knot and the homology of the d-fold cover of
S3  J,Hy((S® 39 = Z with (m;d) = 1, and G is a good
group, then (X; ) is pairwise homeomorphicto (X; ;(m)).

Corollary

With the hypotheses of Theorem, if the group G is good, then
(X; k(d)) is pairwise homeomorphicto (X; k.3(d;m)).
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Seiberg-Witten invariant
Topological Calssi®cation

Smooth/topological embedding of new surfaces ¢ (m)

Topological Triviality

Theorem
Suppose that is an embedded curve that has a
null-homotopic pushoff into X . Then for any slice knot K,

the surface (1) obtained by 1-twist rim surgery along is
s-cobordant to

Corollary

With the hypotheses of Theorem, if the group G is good, then
the knots (1) and are topologically equivalent.
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Seiberg-Witten invariant
Topological Calssi®cation

Smooth/topological embedding of new surfaces ¢ (m)

Smooth Classi®cation

@ Fintushel and Stern:
: an embedded surface in X with 0 and
(X; ) :an SW-pair
For knots K1; Ky, the equality (X; k,) = (X; k,) implies
that the coef cients of , coincide with those of ,
(including multiplicities).
@ The extra m-twist does not affect the gluing theorem.

@ Symplectic surfaces of negative self-intersection: T. Mark
(Heegaard Floer theory “Ozsvath-Szabo invariants”)
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Seiberg-Witten invariant
Topological Calssi®cation

Smooth/topological embedding of new surfaces ¢ (m)

Smoothly knotted surface but topologically standard

For any odd number p, there are in nitely many topologically
equivalent but smoothly inequivalent knots in S?  S? with
dihedral knot group Dy, with homology class (2; 2) in the
obvious basis for H,(S?  S?).

Let X = S2 S2. Choose a complex curve in the homology
class (2;2). Let J be any knot with non-trivial Alexander
polynomial but with determinant 1. For any positive n, let J, be
the ribbon knot # n(J#  J). (X k,.4:3.(2;3)) are all
topologically equivalent but distinguished smoothly.
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Seiberg-Witten invariant
Topological Calssi®cation

Smooth/topological embedding of new surfaces ¢ (m)

Smoothly knotted surface but topologically standard

Let G be a group satisfying condition Kyq. Then there is a
simply-connected symplectic 4-manifold M containing in nitely
many symplectically embedded surfaces S, in the same
homology class with (M S;) = G. If G is a good group then
these surfaces can be taken to be topologically equivalent.

Choose a sequence of knots J, as in the previous theorem.
(M; S;,(1)) are smoothly distinct but topologically equivalent.
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