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Surgery

Surgery of changing Embeddings of Surfaces in
4-manifolds:

(X ; §) 7¡! (X ; § 0)
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Dim 4

Interesting Phenomena in dim 4:
Topological Classi�cation of Embeddings of Surface
6= Smooth Class�cation of Embeddings of Surface

(¼1(X ¡ §) »= ¼1(X ¡ § 0))

Terminalogy : ¼1(X ¡ §) is called “Surface Knot Group”.

Construction of smoothly knotted surfaces but topologically
unknotted: (X ; §) ¼ (X; § 0)
pairwise homeomorphic but NOT pairwise diffeomorphic.
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Fintushel-Stern

“Rim Surgery”
X : simply connected smooth closed 4-manifold, § : an
embedding oriented genus g > 0 with ¼1(X ¡ §) = 1

(X; §) 7¡! (X ; § 0)

where § 0 is smoothly knotted (using SW-invariant) but
topologically standard (easy observation).
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Kim-Ruberman

Variation of Rim surgery
e.g. “Twist Rim Surgery”

X : simply connected smooth closed 4-manifold, § : an
embedding oriented genus g > 0 with ¼1(X ¡ §) = Z=d or
“some” �nite group G

(X; §) 7¡! (X ; § 0)

where § 0 is smoothly knotted (using SW-invariant) but
topologically standard (using s-cobordism theorem).
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Rim Surgery

Let X be a smooth 4-manifold and let § be an embedded
surface of positive genus g. Given a knot K in S3, let E(K ) be
the exterior of K .

® : a non-separating curve in § .

¹ § : meridian of § in X.

T »= ®£ ¹ § : “Rim Torus”
Note: T ¢T = 0
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“Rim Surgery Operation: (X ; §) 7¡! (X ; § K )”

(X ; § K ) = (X ; §) ¡ T £ D2 [ Á S1 £ E(K ):

Á : encoded as a 3 £ 3 matrix with respect to a basis
f ®; ¹ § ; ¹ T g for H1(T 3) and f S1; ¹ K ; ¸ K g for H1(S1 £ @E(K )) .

Á =

0

@
1 0 0
0 1 0
0 0 1

1

A

.
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Another Description:
Consider a neighborhood of ®:
º (®) »= ®£ B3 = ®£ I £ D2 where ®£ I corresponds to the
normal bundle º (®) in § .
NOTE: Rim Torus T = ®£ ¹ § ½ ®£ B3

De�nition

(X; § K ) = (X ; §) ¡ S1 £ (B3; I) [ @S1 £ (B3; K+ ):
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Twist Rim Surgery

Use T »= ®£ ¹ § : “Rim Torus” and different gluing map:
“Twist Rim Surgery Operation: (X ; §) 7¡! (X ; § K (m)) ”

(X ; § K (m)) = (X; §) ¡ T £ D2 [ Á S1 £ E(K ):

Gluing Map: Á : T £ @D2 ! S1 £ @E(K )

Á =

0

@
1 0 0
m 1 0
0 0 1

1

A

.
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Another Description:
Consider a “twist map” ¿ : (S3; K ) ! (S3; K ):

¿(x£ eiµ£ t) = x£ ei (µ+ 2¼t) £ t for x£ eiµ£ t 2 K £ @D2£ I (1)

and ¿(y) = y for y =2 K £ @D2 £ I.

De�nition

De�ne for any integer m,

(X ; § K (m)) = (X; §) ¡ S1 £ (B3; I) [ @S1 £ ¿m (B3; K+ ):

Remark: If m = 0 then it is rim surgery.
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Main Question about (X ; § K (m))

Knot group of § K (m)

Smoothing embedding of § K (m)

Topological embedding of § K (m)
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Cyclic Knot Group

X: simply connected, ¼1(X ¡ §) = Z=d

Proposition

If (d; m) = 1 then ¼1(X ¡ § K (m))) = Z=d for any knot K .
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Construction of Surfaces with Finite Knot Group

Start : X s.c. and an embedded surface § with
¼1(X ¡ §) = Z=d

Take a knot K s.t.¼1(S3; K )d = H where H is a �nite group.

Do d-twist rim surgery : (X ; §) 7¡! (X ; § K (d))

Lemma

¼1(X ¡ § K (d)) = H n Z=d.

Let ¼1(X ¡ § K (d)) = G.
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Remark

Question: What group can be for H = ¼1(S3; K )d?

d = 2 : K = Kp;q with (p; q) = 1, H = Z=p = ¼1(L(p; q))
) G = Z=p n Z=2 = D2p (Dihedral Group)

d = 3: K : trefoil, ¼1(S3; K )3 = Q8 (Quaternian Group)
) G = Q8 n Z=3

Poincare Homology Sphere=2-fold cover of (3; 5)-torus
knot H = ¼1(PHS) = I¤ (binary icasohedral group)
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Knotting § K (d)

Constructed § K (d) := § 0 in a s.c. X with ¼1(X ¡ § 0) = G.
For any integer m and any knot J, m-twist rim surgery operation
gives

(X; § 0) 7¡! (X ; § 0
J (m)) :

Proposition

If (d; m) = 1 then ¼1(X ¡ § 0
J (m))) = G for any knot J.
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Seiberg-Witten invariant

Note that the Seiberg-Witten invariant of a smooth 4-manifold X
with b+

2 > 1 is an integer-valued function which is de�ned on
the set of spinc structures of X .

In case H1(X ; Z) has no 2-torsion, we view the Seiberg-Witten
invariant as

SWX : f k 2 H2(X ; Z)jk ´ w2(TX)mod2g ! Z:
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Seiberg-Witten invariant

SWX (¯ ) 6= 0 ) ¯ is called a ”basic class”.

There are �nitely many basic classes. (¯ 1,¯ 2,...,¯ n)

SWX (¡ ¯ ) = (¡ 1)(e+ sign)=4SWX (¯ ) where e(X) is the Euler
number and sign(X) is the signature of X .
So, if ¯ is a basic class then so is ¡ ¯ .
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Seiberg-Witten invariant

View the Seiberg-Witten invariant as an element of the
integral group ring ZH2(X).

For each ® 2 H2(X), we let t® denote the corresponding
element in ZH2(X).

The Seiberg-Witten invariant of X is considered as the Laurent
polynomial

SW X =
X

SWX (¯ ) ¢t¯

where the sum is taken over all nonzero basic classes ¯ of
H2(X).
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Knot Surgery

Method to construct many interesting 4-Manifolds
X 7¡! XK

Let X be a smooth and T be an embedded torus in X with
T ¢T = 0.

De�nition

The knot surgery manifold XK is

XK = X ¡ (T £ D2) [ Á (S1 £ E(K )) :

where Á : @º (T ) ! S1 £ @E(K ) is any diffeomorphism such
that Á¤¹ T = ¸ K .
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Fintushel-Stern

Seiber g-Witten invariant of XK :

Knot Surgery Theorem

SW XK = SW X ¢¢ K (t2)

where t = tT and ¢ K is the symmetrized Alexander polynomial
of K .
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Smooth Embedding of § K (m)

Compare (X; §) and (X; § K (m))

Compare their complements X ¡ § and X ¡ § K (m) by
SW-invariant.

Note X ¡ § K (m) = (X ¡ §) K :

Question: What is the effect of rim surgery on the relative
Seiberg-Witten invariant of X ¡ § ?

SWX;§ := SWX¡ §
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Problem

In general, the relative Seiberg-Witten invariant SWX;§ is an
element in the Floer homology of the boundary § £ S1 (P. B.
Kronheimer and T. S. Mrowka ).
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We restrict SWX;§ to the set

T = the collection of spinc-structures ¿ on X ¡ N(§) whose
restriction to @N(§) is the spinc-structure § sg¡ 1 corresponding
to the element (g ¡ 1; 0) of H2(§ £ S1) »= Z © H1(§) .

We obtain an integer valued funtion SW T
X;§ .
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Theorem

Suppose the relative Seiberg-Witten invariant SW T
X;§ is

nontrivial. If there is a diffeomorphism
(X; § K (m)) ¡ ! (X ; § J (m)) then the set of coef�cients (with
multiplicity) of ¢ K (t) is equal to that of ¢ J (t), where ¢ K (t) and
¢ J (t) are the Alexander polynomials of K and J respectively.
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Remark 1. The theorem implies that for ¢ K (t) 6= 1, (X ; §) is
not pairwise diffeomorphic to (X ; § K (m)) .
2. SW T

X;§ is nontrivial;

§ is a complex curve in a complex surface X.

§ is a symplectic surface in a symplectic manifold X,
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Knotting algebraic curves § in CP2

Note :
¼1(CP2 ¡ §) = Z=d, g(§) = 1

2 (d ¡ 1)(d ¡ 2), [§] = dh where h
is a generator of H2(CP2; Z).

(CP2; §) 7¡! (CP2; § K (m))

If ¢ K (t) 6= 1 then § K (m) is smoothly knotted for d ¸ 3.

For (m; d) = 1, § K (m)) has the same knot group as Z=d.
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Knotting surface with �nite group G

1. Start a degree 3-curve § in CP2.

3-twist rim surgery along trefoil: (CP2; § K (3) = § 0) with
knot group Q8 n Z=3

m-twist rim surgery along any knot J with ¢ J (t) 6= 1:
smoothly knotted surface § 0

J (m) with the same knot group
in many cases.
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Knotting surface with �nite group G

2. Start with a torus § in S2 £ S2 with its knot group Z=2.

2-twist rim surgery along a 2-brige knot Kp;q:
(S2 £ S2; § K (2)) with knot group D2p.

smoothly knotted surface in S2 £ S2 with same knot group
D2p.
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