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Math 7390-1 (Homework) Spring 2007

Let g be a monotonically increasing function on a finite closed interval [a,b]. Show
that any continuous function f on [a,b] is Riemann—Stieltjes integrable with respect

to g.

. Leta<c<band g =1y, ie., g(xr) =0fora <z <cand g(z)=1forc <z <b.

Show that a bounded function f on [a, b] is Riemann-Stieltjes integrable with respect

to g in the sense of Equation (1.1.1) if and only if f is continuous at c.
Let C(z) be the Cantor function on [0, 1]. Evaluate the Riemann-Stieltjes integrals
f xdC(z) and foa: dC(z).

For each n > 1 let X,, be a Gaussian random variable with mean pu, and variance

o2. Suppose the sequence X, converges to X in L?(). Show that the limits p =

n

lim,, o0 fbr, and o2 = lim,,_, o afl exist and that X is a Gaussian random variable with

mean p and variance o2.

Let B(t) be a Brownian motion. Show that E|B(s) — B(t)|* = 3|s — t|2.
Show that the marginal distribution of a Brownian motion B(t) for 0 < t; < to < ---t,
is given by

P{B(t1) < a1,B(t2) < as,...,B(t,) < ap}

N \/(27r)”t1(t2—t11)- tn_1) / /

1(33% (.’13‘2—5171)2 (2n — Tn_1)”
2 tl tz — tl tn - tn—l

exp [ )} dridxs - - - dx,,.

Let B(t) be a Brownian motion. For fixed ¢ and s, find the distribution function of

the random variable X = B(t) + B(s).

Let B(t) be a Brownian motion. Find constants a and b so that X(¢ fo (

b%) dB(u) is also a Brownian motion.
Check whether X; = B(2t) — B(t) is a Brownian motion.

Let B(t) be a Brownian motion. Find the distribution of the Wiener integral X, =
fg e'*dB(s). Check whether X; is a martingale.

Let B(t ) be a Brownian motion. Find the distribution of fot B(s)ds. Check whether

fo s) ds is a martingale.
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Let B(t) be a Brownian motion. Show that X, = 3 B(t)* — fg B(s) ds is a martingale.

Let B(t) be a Brownian motion. Find the means and variances of the stochastic

integral [7|B(t)| dB(t).

Let B(t) be a Brownian motion. Find the means and variances of the stochastic

integral fab (sgn B(t)) dB(t).

Let B(t) be a Brownian motion. Show that f(t) = eB®” does not belong to L2([0,1] x

For a partition A = {a =ty <t < --- < t, = b}, define

Find hmHAH_’O MA in LQ(Q)

Let X = fol B(t) dB(t). Find the distribution function of the random variable X.

. Let X, = B(1)B(t),0 <t < 1.

(a) Show that X} is not a martingale with respect to the filtration F; = 0{B(s);s < t}.
(b) For 0 < s <t <1, find E[X}|F;].

Show that X; = eB®) —1 -1 fg eB) ds is a martingale.

Let Xy =¢* fol e~ B®)?/2¢ dB(t). Show that X . — 0 in L?(Q) as ¢ | 0 if and only
if A < ;. Check whether lim. g X1 . exits in L?(Q).

Let Yy, = fos e=B®)?/2¢ dB(t). Show that Yy . — 0 in L?(Q2) as € | 0 if and only
if A < 3. Check whether lim. g Y1 . exits in L?(Q).

Let Zy . =¢* foaz e~ B(®)?/2¢ dB(t). Show that Z, . — 0in L?*(Q2) as € | 0 if and only
if A < 1. Check whether lim.|o Z; . exits in L?(1).

Find the quadratic variation process [IV]; of a Poisson process N(t) with parameter

A>0.

Suppose A € R. Prove that M(t) = e*B()=*t/2 ig a martingale and the compensator
of M(t)? is given by
t
et [ 0
0
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25. Let f € L?[a,b] and M (¢ f f(s . Find the quadratic variation process [M];
of M(t) and the compensator (M}t of M( )2,

26. Let f(t) be a function in L?[a,b]. Show that

0=(f rorame) - [ sora

is a martingale and find the compensator of M (t)2.

27. Let s <t. Show that
E{B(t)’| Fs} =3(t — s)B(s) + B(s)". (%)

28. Use Equation () to derive a martingale X; = B(t)®> — 3tB(t). Find the quadratic

variation process [X]; and the compensator (X);.

29. Let f(t) be adapted and f; |f(t)|? dt < oo almost surely. Show that

o= ([ o) [ 107

is a local martingale.



