CHAPTER 9
MUL TILINEAR ALGEBRA

In this chapter we study multilinear algebra, functions of seweral variablesthat are linear
in ead variable separately Multilinear algebrais a generalization of linear algebrasincea
linear function is alsomultilinear in onevariable. If V;;Vs; ; Vk and W are vector spaces,
then we wish to understand what are all the multilinear mapsg:V: VW, V! W
and notation to systematically expressthem. This may seemlike a di cult and involved
problem. After all the readerhas probably taken considerablee ort to learn linear algebra
and multilinear algebramust be more complicated. The method employed is to convert g
into a linear map g on a di erent vector space,a vector spacecalled the tensor product of
Vi, Vo : Vk. Sinceg is a linear map on a vector space,we are now in the realm of linear
algebraagain. The bene t is that we know about linear maps and how to represen all of
them. The costis that the new spaceis a complicated space.

De nition  9.1** Suppose Vi; Vz; ;Vk and W are vector spaces. A function f
Vi Vi ! W is called multilinear if it is linear in ead of its variables, i.e.,
f(vi; v pavi + bWivie s sw)
=af (vi; Vi 1VisViers V) +bf(vi v ViVias W)

forall a;b2 R,v; 2V, forj = 1; ;kandvl2V fori=1; ;k.

Our objective s to reducethe study of multilinear mapsto the study of linear maps. We
useF (V1; Vz; ; Vk) to denotethe vector spacehaving its basisf (vi; 1Vk) 2 V1
Vkg= V1 V. Each elemern of V; Vk is a basiselemen of F (Vy; Va; V).
For example, if V = R, then F(V) is an in nite dimesional vector spacein which eath
r 2 R is a basiselemen. This vector spaceis enormous, but it is just an intermediate
stage. It hasthe following important property:

Lemma 9.2***  If Vi; Vs ; Vk and W arevector spacesthen linear mapsfrom F (V1; Va; » Vk)
to W arein oneto one correspondencewith set mapsfrom V; Vi to W.

Proof. This property follows since a linear map is exactly given by specifying where a
basis should map, and V; Vk is a basis of F (V1; Vz; ;' Vk). Given any set map
g:'Vi Vk ! W we obtain a linear map §: F (V1; Vo, V) W.

We next improve upon the construction of F by forming a quotient of F to make a
smaller space. We can do this improvemen sincewe are not interested in set maps from
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2 CHAPTER 9 MULTILINEAR ALGEBRA

V1 Vk to W but only in multilinear maps. Let R F be the vector subspaceof F
spannedby the following vectors
(174 (Vi; Vi onavi+ bfivieas W)

a(Vi; Vi LVisVisrs o W) b(var Vi 5 VEVie; Vi)

foreath a;b2 R,v; 2V, forj = 1; ;kandv®2V fori=1; ;k. The vector givenin
(1)*** is a single vector expressedas a sum of three basiselemerts, and eat basiselemert
is an n-tuple in V; Vk. The subspaceR hasthe following important property

Lemma 9.3***. If Vi;Vs; ; Vk and W arevector spacesthen linear mapsfrom F (V1; Va;
to W which vanish on R are in one to one corresppndencewith multilinear maps from
Vi Vi to W.

Proof. The corresppndenceis the samecorrespondenceasis givenin Lemma 9.2***,  Using
the samenotation asin the proof of Lemma 9.2***, we must show that g is multilinear if
and only if § vanisheson R.

Supposeq : Vi1 Vk ' W is a multilinear map. Then
g(vi; Vi savi + bV vie; w)
=ag(vi, Vi 5ViiViers V) F bV Vi GVEViers W)

which is true if and only if

gvi; v savi+ bWivie s W)
= ag(Vvi, Vi LVijVisrs o Vi) F BBV Vi VS Ve W)
= &a(vy, Vi 1VisVisrs o V) F 80(ve; v VEVie W)

which is true if and only if

&(vi; v vavi + bVPvie; W)
a(Vi; Vi 1VisVisis o W) b(vi; Vi 1V Via o W) = O
In the computation above, § is a linear map and ead n-tuple is a basis vector in the

vector space. The last line states that § vanisheson R and the rst line statesthat g is
multilinear. Henceg is multilinear if and only if § vanisheson R.

We are now ready to de ne the vector spacediscussedin the beginning of the chapter.

De nition  9.4**  Supposethat Vi; V,; : Vi are vector spaces.Then the vector space
F(Vy; ;' Vk)=R along with the map : Vi Ve ' F(Vy; :Vk)=R is call the
tensor product of Vi; Vo; ;' Vk. The vector spaceF=R is denoted V; V. The
image ((vi; ;vk)) is denotedv; Vk. Usually the map is supressedbut it is

understood to be preser.

Usually the map is suppressedput it is understood to be presen. Although the vector
spaceF is in nite dimensional, we will soon show that Vi Vi is nite dimensional
(Proposition 9.8***). We rst show that

» Vi)
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Prop osition 9.5***  The map in the de nition of the tensor product is a multilinear
map.

Proof. We must show that

(Vi; Vi avi+ bPvia ;s w)

=a (Vi; Vi 1ViiViss Vi) +F Db (Vi Vi 5VEViers o W)

or, using the notation of De nition 9.4***

(V1 Vi 1 avi + bV v Vk)
a(vy Vi 1 Vi Vi Vk)
(v, Vi1 VY Vi Vk) =0

This equation is equivalent to the following statemert in F,

(Vii Vi wavi + bvie; W)
a(vi; Vi 5ViiVisis o Vi) bvi; v 5V3Vias o W) 2R
The vector on the left is in R sinceit is the elemen in expression(1)***.

The main property of the tensor product is the universal mapping property for multi-
linear maps. It is stated in the following theorem.

Prop osition 9.6***. SupposeVi;V,; ;Vk are vector spaces. The tensor product
V1 Ww! VW Vi satis es the following property, the universalmapping property
for multilinear maps:

If W is a vector spaceand g : Vi Vk ! W is a multilinear map, then there is a
unique linear map g : V; V! Wsuhthatg =g.
Proof. Giventhe multilinear map g, there is a unique linear map & : F (V; V) ! W

by Lemma 9.2**  Since g is multilinear, the map & vanisheson R by Lemma 9.3***.
Hencethere is a unique well-de ned map induce by &, call it g: F=R! W.

The ability of the tensor product to corvert multilinear maps into linear maps is an
immediate consequencef Proposition 9.6***,

Theorem 9.7***,  SupposeVi; Vo; : Vk and W are vector spaces.Linear mapsg : Vi
Vk ! W arein oneto onecorrespndencewith multilinear mapsg : Vi Vil W.

Proof. Given a multilinear map g, Proposition 9.6*** producesthe unique linear map ¢.
Givenalinear map glet g= g . The map g is a composition of a linear map and a
multilinear map, Proposition 9.5***. The composition of a linear map and a multilinear
map is a multilinear linear map. The reader should ched this fact.
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Theorem 9.8**,  SupposeVi;Vy; Vi arevector spacesand dimV; = n;. Letfeji jj =
1;  ;n;gbeabasisfor V;. Then dimV; Vi = N1y Ng andfejll eJ?2 ejkk j
ji=1 ;nj;i=1  ;kgis abasisfor the tensor product V; V.-
Proof. We rst show that dimV; Vk niny, ng. Let W be the vector spaceof
dimensionnin,  ny and label a basisg;,; ;, forj; = 1, ‘ng. Dene L : V;
Vi ! W by
X1 X X1 X
L( ay,&; ayj, &) = aij,  aj Eji; g
j1=1 jk=1 j1=1 jk=1
The map L mapsonto a basisof W sinceL(e1 ; ;e";t) = Ej.; -
W%next obsene that L is multlllnqgr Let v, = J”'_l a,jrejrr forr = 1; :k and
vw=" ', a} € sothat avi + b= ' (ag;, + bd )¢, and
L(vei; Vi pavi+ b2vie 5 w)
X1 Xk
= aj, a y, ,(aay, +bg Daj.  aG.Ej .
j1=1 jk=1
X1 Kk
=a &, a1 (@ )aaj. &GEL g
ji=1 jk=1
Xu Xk
+b aj, a 1, (@ )aij.  agEjn g
j1=1 jk=1
=al(vi;, Vi 1VisVier V) F bBL(ve Vi 5VEVier o W)
By Proposition 9.6***, there is an induced linear map C : Vi Vi ' W. This

map hits a basis since L maps onto a basis. Since CC is linear, it is onto. Therefore
dimV; Vg > dimW = nin,  ng.

We show that feji jJ =1 ;njgis a spanning set. The set V; V is a basis
of F(Vy; ;W) and F(Vi1; ;W) mapsonto the tensor product V; Vk = F=R.
Eherefore the elemens of the form v, Vk Span the tensor product. Let v =

'y &, ¢, foreahi=1 k. Then

X1 X
- 1 k
Vi Vk = A1y, 6, Aj; €
ji=1 jk=1
X1 Xk
= aiy, a e el
11 Kji & Tk
ji=1 jk=1
Sincefe} J ] = 1, ;njgis a spanning set and its cardinality is nin, ng, it is

basis.
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Example 9.9%* A multilinear mapg: R® R3® R3! R.

Supposethat e;; e;; e; is the standard basisfor R3. The vector spaceR® R2® R?3is27
dimensionaland hasasabasisfe; € e ji;j; k= 1;2;3g This basisis usually represered
asatriple index, indexedby the basiselemens of R3. Thelinearmapg: R® R® R3! R
can be represeted asa 1l 27 matrix, but this is not the usual way to represen tensors.
Supposethat g(e. & &) = a;« using the triple index to write the basis elemerts of
the tensor product. Then, using the g basisfor R3, we have

00 10 10 11

X1 Y1 z; X33
g’@@XZA @Y2A @ZZAA = aij kXiYj Zk
X3 Y3 Z3 i=1 j=1 k=1
Example 9.10*** R R isisomorphicto R, R W isisomorphicto W.
A basisfor R Ris1 1 and a; a = (an &)l 1. The

isomorphismis to multiply the ertries.

Similarly, R  W! W byr w7!rwinducesthe secondisomorphism.

These isomorphismsare natural and standard. They are natural becauseR is not an
abstract 1-dimensionalvector space,but R hasa distinguished multiplicativ eunit 1. These
isomorphismsare usedas an identi cation in thesenotesand in physicsliterature.

The following theorem de nes and gives properites of induced maps between tensor
products.

Theorem 9.11**  SupposeVi; Vi and Wq; ; Wi are vector spaces.Further sup-
posethat f; : V! W, isalinear map foreah i = 1, ;K. Then thereis an induced linear
mapfl fk:V]_ Vi ! Wy Wi de ned byfl fk(Vl Vk):
f1(vq1) fk(vk). Theseinduced maps satisfy the following two properties
Q) If Qq; ; Qx are another collection of vector spacesand g, : W; ! Q; is a linear
map foreachi 1, ;k,theng o fi1 fk=1(g f1) (o« fx)
(2) If 1x denotesthe identity on X, then Iy, lv, = lv, Vi
Proof. Let :W; Wi ! W, Wy be the map from the de nition of the tensor
product. It is multilinear by Proposition 9.5***. Let L : V; Ve ! Wy Wi
bedened by L = (f1; ;Tk). We shaw that L is multilinear sinceead f; is linear

and is multilinear.

L(vi; Vi avi + bV vier ;v
= f1(v1) fi 1(vi 1) fi(@avi+bW)  fier (Vier) f (vk)
= f1(v1) fi 1(vi 1) (@fi(vi) + bfi(v))  fia (Vier) f (vk)
= af1(v1) fi 1(vi 1) (fi(vi))  fisa (Vier) f (vk)
+ bf1(vy) fi1(vi 1) (Fi(W)  fisa (Viea) f ()
=al(vi; Vi 4ViiViers Vi) +bL(V Vi 0O Vien o W)

There is an induced linear map C by Theorem 9.7*** and this map is f ; fk.
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The rst property follows from the de nition of the induced map. We ched the second
property,

lv, Ty, (Va1 Vi) = 1y, (va) I, (Vi)
=V Vi,
which veri es the secondproperty.
We have the following corollary.

Corollary 9.12**,  SupposeVi;V,; ;V are vector spaces. Let fe} i1 =1 ;nig
be a basisfor V, andf(e}) ] =1, ;nigthe dual basisfor V; . Using the isomorphism

from Example 9.10***, R R = R, we have that
(s.) (¢,) = (¢, &) ;
which givesan isomorphismV VvV = (V V) .

Proof. We ched this formula on the basisgivenin Theorem 9.8***,

Tifia=1ja; ik =]k

1 Kk 1 Ky —
(s,) (5,) (&) €)= 0if i, 6 j,for somer

This formula follows from the de nition of the induced map in Theorem 9.11*** and

the de nition of the dual basis. It shows that fqll) (e‘kk) g is the basisdual to

f%ll (elkk 9.

Example 9.13**. Hom(V;W)=V W.Iffeji=@% ngisabasisforV, felji=
— m n

1, mgisabasisfor W, andf 2 Hom(V; W), then f iz j=1 Qi § e? where (a; )
is the matrix represeting f in the given bases.

We ched the formula:

XX XX 0
( ajg &)(e)= aj (g (&) €
i=1 j=1 i=1 j=1
= gl ¢
i=1
= e

i=1

Which is the r-th column vector of the matrix. Also notice the last line usedthe ideni -
cation from Example 9.10***,
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Example 9.14**  Bilinear Maps

The usual dot product in R" is a bilinear map. In fact, any bilinear map <; >: R"
R" ! R inducesa linear map

<> :R" R"! R:
Now, <> 2 Hom(R" R";R) and

Hom(R" R";R)=(R" R") by de nition of the dual
= (R") (R™) usingthe isomorphismin 9.12***,

P, P
Usingthe standard basisfe ji = 1; ;ngforR", wecanwrite <;> =" [, [, gj§

g . Readerswho are familar with represening a bilinear form asa matrix should note that
(g ) is the matrix for <; >. In practice the tilde is not usedand we only useit here for
clari cation.

Example 9.15**  The CrossProduct in R3

The vector crossproduct in R2 is a bilinear map and soinducesa map
:R® R3! R

If we use the identi cations Hom(R® R3;R3) = (R%) (R3® RS2, then the cross
product is

e, €& ©e e e e+e € € € e e+te e e e e e;:
Example 9.16***  The StressTensor

Considera solid object and put it in the usual coordinate systemsothat the origin O is
at an interior point. One problem is to understand and describe the stressesat a point (the
origin). Sincethe interior point, the origin, isn't moving, all the forcesmust be in balance.
This fact is a consequec®f Newton's laws of motion. However, we can ask about the stress
(force per unit area) on a surfacethrough the origin. There may be forces perpendicular
to the surface, e.g., from compressionand forces along the surface, e.g., shearing forces
from twisting.

Givenavectoru 2 R3, let S be the squarewith areajuj that is perpendicular to u. Let
F (u) be the force on the squareS from the side that u points sothat F(u) is a vector in
R3. De ne a bilinear function by

(viw) = v DF(0)(w)

where DF (0) is the best linear approximation to F at the origin, i.e., the derivative and
the dot is the usual dot product. The number (e;¢) isthei th componert of the force
per unit areaacting on the surfaceperpendicular to g . The stresstensor is a map

'R® R3®! R:
In terms gf the ddenti cation Hom(R® R3;R)=(R® R?® = (R® (R® wehave
3 3

that =i, o 18 §;
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De nition  9.17**.  SupposeV is a vector space. Elemerts of the spaceV Vv
\% V , the r-fold tensorof V and the s-fold tensorof V aretensorsof type (r; s)***.

Remark 9.18***, A tensor is an object that transforms ...

Since tensors are elemernts of a vector space,they are vectors. Howewer, di erent ter-
minology is used emphasizing a conceptual di erence. The primary object of study is
usually assaiated to the vector spaceV and a tensor of type (r;s) is then an auxilary
object. This perspective is apparert when one changescoordinates. If V is an n di-
mensional vector spacethen the spaceof tensor of type (r;s) is an n(r + s)-dimensional
vector space. A change of coordinates in V is given by a map in GL(V) = GL(n;R)
and a change in coordinates in the spaceof tensor of type (r;s) is given by a map in
GL(V V ) = GL(n(r + s); R). Howewer the only changein coordinates allowed in
the tensor product are thosethat are induced from a changein coordinatesV via Theorem
9.11** Iff :v! V,thenf :V ! V and

f f f f .V vV V vV IV vV V \%
are the induced change of coordinates.

We give the specic formula. Supposee;; ;e, is a basisfor V and the map f is
represened by the matrix (a; ). Then

X XX
f( Xg)= ajj Xj §
i=1 i=1 J:l
. X X .
f( Ye)= ajiy' e
i=1 i=1 J:l
|an le; ds ; f - g)***  th
R T e R P R E I & ) & g, 8. is a tensor of type (r; s) then
its image under the induced map is
(2***)
X1 . .
Tgll;' ;'F?rsailpl airpra(hjl aerse|1 elr e]l ejs
ET U R P

P1; PGy G =1

Formula (2)** is often expressedin physics by saying that under the linear change of
coordinates f , Tg :f* transforms to

X qi; 9
1, ’ " " . .o
Tpl; ;prsallpl alrpr aqlll aQr]s'
p1; Pr;di; 0s=1

Furthermore, the summation sign is often supressed.
We now turn our attention to functions that are alternating and multilinear.



CHAPTER 9 MULTILINEAR ALGEBRA 9

De nition  9.19**, SupposeV and W are vector spaces. A function from the k-fold
crossproductto W g:V V V I W is called alternating if it is multilinear and
if for all vq; iV 2V, f(vy; ;Vk) = 0 whenewer v; = v; for somei 6 j.

There is a common equivalent de nition which we give as a proposition.

Prop osition 9.20***  SupposeV and W are vector spaces.A functiong:V V
V I W is alternating if and only if it is multilinear and it satis es the following: for all
Vi) 'Vk 2 V and permutations 2,

(3%*%) f(ve; Vi) = ( 1)Sign f(v @; Vo))
Proof. Supposef is an alternating function. We rst show that (3)*** holds for permu-
tations. For any vi; ;v 2 V andi < j we have that
f(ve,  svitvs v+ v aw) =F(ve Svis o Vi W)
+f(ve,  SVis o Vi W)
+f(ve,  SVvis o Vi Vi)
+E(ve, Vv Vs W)

sincef is multilinear. The rst two terms on the right side are zero and the left sideis
zero, becausethe function is alternating. Therefore

fovi; svis 5V v = (D% F(vays SVas SVay V)

for the permutation (i; j). Now supposethat is an arbitrary permutation. Then can
be written asa composition of transpositions

- m 1

where we have written this product as a composition of functions in functional notation
(not group multiplication). Thus we have that

fvi, swi) =( D% F(v,a); 5VLm)
:( 1)sign 2( 1)Si9n 1f (V 2 1) : v , 1(k))
:( 1)sign m ( l)sign 2( l)sign 1f (V i , 1(1); v i , 1(k))

=( 1% f(vy: V)

Therefore, (3)*** is satis ed.
The corverseis easyto showv. Supposethat f is a multilinear function which satis es

(3)***. Supposethat vi; ,Vk 2 V,andv; = v; forsomei 6 j. Let bethe transposition
= (I,j) Then v (i) =V G) SO, (Vl; ;Vk) = (V (1)1 vV (k)) and
fvi;  sw) = (Ve V)
= f(vy  Sw):

Thereforef (vi;  ;v) = 0and f is alternating.
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Example 9.21***.  The determinant function using either row or column vectors.

Suppose V is an m-dimensional vector spaceand v;; ;vy are vectorsin V. Let
det(vq; ;Vm ) be the determinant of the matrix whosei th column vector is v;. Then
det:V VI R

is an alternating map. The determinant is linear in ead column vector and if two column

vectors are the samethen the determinant vanisges. 1
\%1

We can do the samewith row vectors. Let det@ : A bethe determinant of the matrix

Vm
whosei-th row vector is v;. Then

det:V VI R

is an alternating map. The determinant is linear in ead row vector and if two row vectors
are the samethen the determinant vanishes.
Example 9.22**  The crossproduct in R® and R™

The crossproduct in R? is familiar asa map
'R® R3®! R3

from Calculus and Example 9.15***. It is multilinear and it is also alternating since
v v = 0. Recall that the direction of v w is perpendicular to the plane cortaining v
and w, and the direction is determined by the right hand rule.

Also recall from Calculus that the crossproduct v w can be computed as

0 1
€ € €3
det @ Vv
w

which is formally interpreted as expansionin the rst row and e;; e;; ez is the standard
basisin R? often denotedi; j; k in Calculus and physics books. ghejvectorsv and w are
u
row vectors. If u is another vectorin R3, thenu (v w) = det@v A
w
In R™ we can de ne the crossproduct of m 1 vectors.

R™ RM™I RM:
The crossproduct v; Vo Vm 2 Vm 1 canbeformally computed as

0 1
€1 €m

det % Vl &

Vim 1
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by expansionalong the rst row. If u is another vectorin R™, then

0 y 1
Vi
u (vi w2 Vm 2 Vm 1) = det . :
Vm 1
To ched this formula, expand the right side along the rst row. Also notice that if
u 2 sparfvsy; 'Vm 10, then the determinant vanishes.Hencev; Vv, Vm 2 Vm 1
is perpendicular to the m 1 dimensional subspacespannedby fvi;  ;vm 10

The cross product is a multilinear and alternating function since the determinant is
multilinear and alternating.

Example 9.23*** v, (1 Vm 1) for vq; ‘Vm 2 RM

This function on the m-fold crossproduct of R™ to R is multilinear and alternating
sinceit was shawvn to be the determinant

0 Vir 1
det% V:l §
Vm. 1
in the last example.

Example 9.24**  SignedVolumein R3

Given three linearly independert vectorsvy;Vvo;vs 2 R2, we may form a parallelepiped
with thesethree vectors as sides. The parallelepiped is fav; + bw + cv; | a;b;c 2 [0; 1]g.
We wish to compute the volume of the parallelepiped as a function of the three vectors
and obtain a multilinear function. Note that volume is always a positive number and the
value of a multilinear function must include negative values (since constarts always pull
out). Wewill try to nd a notion of signedvolume whoseabsolute value givesthe actual
volume. Denote the signed volume of the parallelepiped by Volsz(vi;V2;v3). The volume
of a parallelepiped is the area of the basetimes the height, so

jVolg(vi;v2;v3)j = jVola(vi; V2)jj(vs n)j
wherejVol,(v1; v»)j is the areaof the parallelogram determined by vi;vo, andn = ﬁ is
a unit vector perpendicular to the plane containing the parallelogram. The signedvolume
is
Vols(v1;Vv2;V3) = jVOla(va;v2)j(vs n):

Note that the function is clearly linear in the third variable sincethe dot product is linear
in its rst variable. Permuting the variables keepsthe correct formula up to the sign (so
you can move any variable to the third spot). To ched the sign under a permutation,
one must obsene that the crossproduct dotted with the last vector is alternating by the
previous example.
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Example 9.25***  SignedVolumein R™.

This exampleis essetially the sameasExample 9.24***, Givenm linearly independert
vectorsvy;  ;vm 2 R™, wemay form a parallelepiped with thesem vectorsassides. The
parallelepipedis fa;v; + +anVm ja 2 [0;1];i =1, mg. Again we wish to compute
the volume of the parallelepiped as a function of the m vectors. We show that there is a
multilinear alternating function that givesa signedvolume. Denote the signed volume of

the parallelepiped by Vol (v1;  ;Vm). The volume of a parallelepiped is the area of the
basetimes the height, so

jVolm (v;  5Vvm)j = jVOIm 1(vi;  ;Vm 1)ii(vm n)j
wherejVoly, 1(vi; 'Vm 1)] iIsthe m 1 dimensional volume of the parallelepiped deter-
mined by vi;  ;Vm 1, andn = ﬁ is a unit vector perpendicular to the plane
containing the parallelepiped (Example 9.22***). The signedvolume is

jVoln (vq; 'Vm)] = jVoln 1(vy; Vm 1)j(Vm n):

The linearity ched is the sameasin the last example. The function is clearly linear in the
last variable sincethe dot product is linear in its rst variable. Permuting the variables
keepsthe correct formula up to the sign (so you can move any variable to the last spot).
To ched the sign under a permutation, one must obserne that the crossproduct dotted
with the last vector is alternating by Example 9.23***, Notice that if two of the entries in
Vol, (v1;  ;Vvm) arethe samethen the parallelepipedisin anm 1 dimensionalsubspace
and so has zero volume.

Example 9.26***. Minors

Supposethat W is an m-dimensional vector space,V is an n-dimensional vector space,
f :W ! Vislinear, and det: V V ! R is the determinant in terms of column
vectors from the n fold product V. Then the map

F(wy;,  swy) = det(f (wg); 5 (wWn));

i.e.,F = det (f f) from the n fold product of W to R is an alternating map. Suppose
that W hasey; pem asan orqgred basisand m B Fix numbersii < i, < < ipin
f1,  ;mg Letp( I, ae)= [ ae,orp= [, g . Let
Mi,; i, (Wi, swn) = det (p p)(wl;P ; Wn):
Now expressthe vector w; 2 W in terms of the basis: w; = jm:1 w;ig . The function
Mi,. ., isthe minor of the matrix
1
0 W11 Wipo Win
%Wn W22 W2n §
Wm1i Wm2 Wmn 0 1
Will Wiln
obtained by choosingthe rowsi; vin, Mig: i (wa ;W) = det :
Wi, 1 Wi, n

We now nd the appropriate vector spacein which to describe alternating multilinear
maps.
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De nition  9.27**,  Supposethat V is a vector spaceand let A V V bethe
subspacespannedby
fvy Vk | V1; Vi 2 Vv = v; for somei 6 jg:

The vector spaceV V=A along with the map :V vViyv V=A
is called the exterior product. The vector spaceV V=A isdenoteV " "~V and

(v1; ;Vn) is denoted vy N V.

Recall that there is a unique induced linear map ~:V vi vna AV osudh
that = = given by Proposition 9.6***
Prop osition 9.28***. The inducemap :V VI VA AVisamultlinear

alternating map.

Proof. The induced map is a composition of the multilinear map from Proposition 9.5***

and the linear quotient map ~. Hence = is multilinear. The map is alternating
since (vi; 'Vn) 2 Aif vi = v; for somei 6 j.

The main property of the exterior product is the universal mapping property for multi-
linear alternating maps. It is stated in the following theorem.

Prop osition 9.29***  SupposeV is vector a space. The exterior product :V
AVAR A VAR AV satis es the following property, the universal mapping property for
multilinear alternating maps:

If W is a vector spaceand g: V V | W is an alternating multilinear map, then
there is a unique linear map g°: Vi "~V ! W sudthat g° = g.
Proof. There is a unique linear map g : V V I W. The map g is alternating so
ag(vi;  w) = 0if vy = v; for somei 6 j. From Proposition 9.6***, g= & If vi = v
for somei 6 j, then
O=¢g (v1i; ;W) =6Wun Vk):
Therefore A  Ker g and the unique map g determinesa unique map g°: vV V=A |

W.

The ability of the exterior product to corvert alternating multilinear maps into linear
maps is an immediate consequencef Proposition 9.29%**,

Theorem 9.30***, SupposeV and W arevector spaces.Linear mapsg: V" VI W
are in oneto one correspondencewith alternating multilinear mapsg: V VI W,

Proof. Givena multilinear map g, Proposition 9.29*** producesthe unique linear map g°
Givenalinear map g°let g= g° . The map g°is a composition of a linear map and an
alternating multilinear map, Proposition 9.28**, The composition of a linear map and
an alternating multilinear map is an multilinear alternating map. The readershould ched
this fact.
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Theorem 9.31***, SupposeV are vector spacesanddim V = n. Letfe ji=1, ;ng

be a basisfor V. Then the dimension of the k-fold wedgeproduct dimV # NV o= E

andfe, " g, “eg, il o ji<ja< < jk nhgis a basisfor the exterior product
VAo AV,
Proof. We rst show that dimV ~ NV E . Let W be the vector spacewith basis
fEj,: )1 J1<]j2< <jk ng LetL:V VI W bethe map from the
k-fold crossproduct of V to W de ne):(d by

L (v1; S Vk) = M (Ve SVIDEj i

1 j1<j2< <k n
whereM;j,. ;, isthe multilinear alternating function from Example 9.26***. The function
L is multilinear and alternating since eadh Mj,. ;, is multilinear and alternating. The
function L hits a whole basisto W sincelL(g,; :§,) = Ej,; ;.. Thereis aninduced
linear map L°: Vv ~ AV I W which is onto sinceit hits a basisto W. Therefore
dmv~r AV dmW-= .

We next show that fe, ~g,” "g,jl ji<j2< <jx ngisaspanningset
(the samesizeasthe dimensionof W). Henceit is a basis. To obsere it is a spanning set
rst notethat fe, e, Ji1;, ik 2fl,  ;nggisaspanningsetfor the k-fold tensor
product V V by Theorem9.8***. Thereforefe,~ "~e, jii; ;ik2fl; ;ngg
is a spanning set for the exterior product. Finally note that if is the permutation or
f1; ;kgsothat i (1) < <ithene, g, = ¢ (1)’\ Ng a0 = g, g,
where the last wedgeproduct is in the desired set. SeeExercise 2***

Thg,readershould note that the proof of Theorem 9.31*** actually shovsthat v, 7
Vi = 1 j1<9 2< <« nMjl; ;]k(vl; ;Vk)ejll\ Ae]k'

We now establishthe existenceof induced maps and two properties of induced maps.
Theorem 9.32***  SupposeV and W are vector spacesand f : V ! W is a linear
map. Then there is an induced linear map ~&f : Vv ~ AVIE WA N'W de ned by
AR (vpr Aw) = F(v) ™ AT (v). Theseinduced maps satisfy the following two
properties

(1) If Q is another vector spaceandg: W ! Q is another linear map, then ~kg ~Xf =

~K(g f)
(2) If Ix denotesthe identity on X, then I Ny = lya Ay

Proof. We shaw that ~*f exists and is de ned by the formula in the statemert of the

theorem. Let W w!i w-n N W be the multilinear alternating map in
from De nition 9.27*** an Lemma 9.28***, The function (f f) is a multilinear
alternating map from V VioW” AW since is multilinear alternating and f

is linear. Therefore there is a unique induced linear map by Proposition 9.29***, Call the
map AkKf :vA AV WA AW, Since

(f v svi) = (F(va); sf(w)) = F(va) ™ A F(w);

we have that
AR (vih M) = Fv) N A (W):

The two properties follow from the formula for A Xf .
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Theorem 9.***  SupposeV is an n dimensional vector space,e;; ;e, is a basis for
V,andf : V! V isalinear map that has matrix QD: (aj ) in the basisey; re,. Let
C1: ;Cn be the column vectors of A sothat ¢ = inzl aj €. Then the induced linear
map AKf :v A AV VA A onn the k-fold wedgeproduct is
Akf(elll\ /\ejk): Mjli :jk(cil; ;Cik)e|1/\ Ae|k
1 i1< <ig n

whereM;,. ;,(c,; ;G,) isthe minor obtained from A by choosingthe rows numbered
i1 ;Jk and the columnsnumberediy; ; 1k, seeExample 9.26***. The elemerts g, *

Neg,sunthat 1 ji< < jk n form a basisfor the wedgeproduct by Theorem
9.31%**,

As a special case,if k = n, then *"f (e, " ey) = det(f e " e,.
Proof. The proof is a short computation.

y X X
" f(elll\ /\ejk): ailjle|l,\ N Qij Gy
i1=l ikzl
X
= Qij, aikjke|l/\ N e

i1 ;J'k=1 X
= ( 1)S|gn A i1 a hich

11 A A elk
1 ji1< <k n 2
The last line follows since the wedgeis zero if the vectors are not distinct and by use of
Exercise9.2***, To complete the proof, w)c(a obsene that
Mjl; ;jk(cil; ;Cik): ( 1)sign A i1 & ik
2 i

According to Theorem 9.30*** the multilinear alternating functions from V \%
to R can be interpreted as (V » NV) (SeeExercise 9.7***. We wish to construct
an isomorphism between~*(V ) and (*XV) analogousto the identi cation for tensor
products. Unfortunately, there are two common choicesin use. We discussboth. One is
used when the author is primarily interestedin using both tensor and exterior products.
The other is usedwhen the author is primarily interestedin integration.

The notation usedbelow is now given. We use”kV and KV for the k fold wedgeand
tensor products. The symbols and are used for the mapsin De nitions 9.4*** and
9.27*** aswell asthe mapsthey induce. The subscript indicates to the reader the vector
usedto produce the tensor or exterior product.

Isomorphism |. If we are required to be consistert with the maps already de ned, then
there would be no choice. We already have the following maps:
(kv)y (k)
2
?
y

(**Vv) ( *v)



16 CHAPTER 9 MULTILINEAR ALGEBRA

The top map is the interesting map to obsene. Take

( V) ((eil/\ Aeik) )(eil ak):(Q1/\ Aejk) ( V(eil eik))
_ lifiy; ik isapermutation of j1;  ;jk
- 0 otherwise

@
Hence,we have ( v) ((e, " e,))=

induced isomorphism (2 kV) I (*kV ) is

(@, ~ "e) T (K)e, A e,

Isomorphism |I. The secondmap is corveniert for area. The secondmap is

(&, "e&) 7', " "e,

@n @ a . ¢C . . a
Note that (@ @) ( b’ d ) is the area of the parallelogram determined by b
and g If we write (£) = dx and (g) = dy, then under the rst isomorphism

dx ~ dy doesnot determine the area of the parallelogram but % times the area, howewer,
the secondpairing dx * dy does determine the area. Sincethe measuring of area is the
certral feature of integration, the secondpairing lendsitself to integration.
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Exercise 9.1***. Write out the details to demonstrate the validity of Formula (2)***

Exercise 9.2*** Show that A V V de ned in De nition 9.*** corntains the
elemerts

V1 Vi (1% v V (k)
for all permutations 2 . Showthat vi* "~ ve= (1) v ) A A .

Exercise 9.3***, Supposethat Vi, V2, and V3 are vector spaces. Show that there are
well-de ned isomorphisms

f: Vi Vo Vil (Vl V2) V3
sudhthat f(u v w)=(u v) wand
g:Vi Vo Va! Vi (Vo Vi)

sudhthat glu v w)=u (v w).

Exercise 9.4***  Supposethat V is a vector space. Show that there are well-de ned
isomorphisms

f:VAVAVI (VAV)NYV
such that f (u” v~ w) = (u”v)™ wand
g:VAVAVI VA (VAVY)

sud that glu® v w) = u” (v w).

0
2

Exercise 9.5**.  Supposethat f : R3! R?3isrepresened by the matrix @ 1
i the ordered, basis e;;€,;e3 and that g : R3 I R3 is represetied byothe matrix
@411 é 32 A in the same ordered basis. Find the matrix for f g in the ordered
baiisgl ?al,ez €1 ,€ €,€e €,& €,6 €, e €, €36 6.

1
A

A OPF
Or Ww

Exercise 9.6***., Supposethat V;; ; Vi arevector spacesand let Mult (V; Vk;R)
denote the multilinear functions f : V; Vk ' R. Show that Mult (\V; Vk;R)
is a vector spaceunder the usual addition an multiplication in R. Show that there is a
canonicalisomorphism

Mult (V1 Vk;R) = (M1 Vi)
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Exercise 9.7***,

a. Supposethat V is a vector spaceand let Alt (V V;R) denote the k variable
multilinear alternating functions f : V V I R. Shaowv that Alt(V V;R)
is a vector spaceunder the usual addition an multiplication in R. Show that there is a
canonicalisomorphism

Alt (V V;R)= (V" V) o
b. If dimV = n, then show that any multilinear alternating function in n-variables
f:V V ! R isamultiple of det. Shawv that
Vol,(v1;  ;vn) = det(vi;  ;Vn):
Exercise 9.8***, Supposethat Vi; ; Vk and Q are vector spacesand Vi Vi !
Q is a multilinear function. Show that if :V; Vk ! Q satis es the universal

property for multilinear functions (Proposition 9.6***), then there is a unique isomorphism
'V Vk ! Q sud that =

Exercise 9.8***, Supposethat V and Q are vector spacesand :V VI Q
is a multilinear function in k variables. Show that if :V V I Q satis es the
universal property for altermating multilinear functions (Proposition 9.29***), then there
is a unique isomorphism VvV~ AV ! Q sud that =



