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l. Introduction 

Let X denote a compact Riemann surface of genus g. Let K denote the 
canonical line bundle on X and denote by K n the n-fold tensor power of K. Put 
dn=dimcH~ Kn)=(2n-1 ) (g -1 )+b ln .  At each point P~X, there is a se- 
quence of d, integers 1 = 71 (P) < 72(P) < " "  < 7a~(P) < 2 n ( g -  1) + 1, called the se- 
quence of n-gaps at P. An integer 7 is an n-gap at P if and only if there exists 
O~H~ K ~) with a zero of order 7 - 1  at P. The point P is called an n-fold 
Weierstrass point if 7a~(P)>dn (cf. 1-14, 21]). The multiplicity, or weight, of an n- 

dn 
fold Weierstrass point P is ~ (7i(P)-i).  If we count these points with multi- 

plicity, then every compact Riemann surface of genus g > 2  has g3 g 1-fold 
Weierstrass points and g. d 2 n-fold Weierstrass points for n >  1 (cf. [17, 18, 13]). 

In w we proceed as in 1-12] and define complex spaces of n-fold Weierstrass 
points of the universal curve over the Teichmtiller space. We then give lower 
bounds on the dimension of these spaces and on the moduli of Teichmiiller 
surfaces with a given type of n-fold Weierstrass point. In w we give an example 
to show that the dimension of these spaces can exceed these lower bounds. 

Our complex spaces are not necessarily reduced (for definitions, see I-6]). If Y 
is a complex space, then I Y[ will denote the underlying set of points. 

2. Complex Spaces of n-fold Weierstrass Points 

The following theorem is due to Grothendieck [8; Expos6 7, Theorem 3.1] (also 
see [10]): 

Theorem 1. There exists a complex space Tg and a family V of TeichmiJller 
surfaces of genus g over Tg which is universal in the following sense: for every 
family W of Teichmiiller surfaces of genus g over a complex space S, there exists a 
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unique map q): S ~ T g  such that W is isomorphic (as a family of  Teichmiiller 
surfaces) to the pullback via rb of V. 

Tg is called the Teichmiiller space (for Teichmiiller surfaces of genus g) and V 
is called the universal curve of  genus g. The Teichmiiller space is a smooth, 
irreducible, and simply connected complex space [8]. Let ~: V~  Tg denote the 
structural morphism. 

Let Y2~/T~ denote the holomorphic line bundle on V of relative holomorphic 
Q1 | 1-forms (cf. [8, Expos6 14]). For n > l ,  put -Yl" equal to (v/r~) . Now, if s~Tg, 

then 

n K ~ o K n , : ~  | (s)=H (V,, s), 

where K s denotes the canonical bundle on V~, the fiber of rc over s. Hence, by 
[7], re, X "  is a holomorphic vector bundle of rank d, on T~. Then ~z* 7c, ~5" is a 
holomorphic vector bundle on V whose fiber over a point (s, P)e  V is the vector 
space H~ K~). 

Let k J~/T~(JF ) denote the holomorphic vector bundle on V of rank k + 1 of k- 
jets along the fiber of d((" (cf. [12]). We recall that to construct this bundle, we 
identify two germs f l d t "  and f2d t  ~ of sections of 2(8" at (s,P) if 8zfl/Stt(s,P) 
=Slff fStl(s,  P) for O<_l<_k (where t denotes a local coordinate on V s at P). For 
n > l  and l < k < d , - 1 ,  let 

u~: ~* ~z, .x" ~s~/r~(y ~ 

be the bundle map whose fiber over (s,P) is the map taking a section of 
H~ K2) to its k-jet at P. 

Let soeTg. Then there exists on open neighbourhood U of s o and sections 
01, ..., Oa, ' of n .  J(f" such that 01(s ) . . . . .  Od.(s ) is a basis of H~ K~') for all s e U  
(cf. [2]). Let (so, P ) e V  and let t denote a local coordinate on V~o at P. Writing 

O~(s) = f j(s, t) dr", 

we have that the map u~ is given in a neighborhood of (So, P) by the matrix 

[8~fj/Og] i = 0  . . . .  ,k;  j = l , . . . , d , , .  

Let Z'(uk) denote the closed complex subspace of V over which the map u~, 
has rank <(k + 1 ) - r .  Such spaces of singularities of bundle maps, together with 
their infinitesimal structure, were studied in [11]. Put 

- -  r n % ' ( x " ) - z  (u~_ O- 

Remarks. 1) We have chosen our subscripts here to agree with those in [12, 3], 
which means that they differ by one from the subscripts used in [18, 13]. 

2) ~Kk~ + x (Y") ___ %~(2U") 
3) ff~/kr_l(J~ n) ~ff//Fkr(~n ) 

4) Further relations between the ~ ' ( Y f )  are given in [4]. 

The following two propositions are direct consequences of Propositions 4 
and 2 of [11]. 
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Proposition 1. Either ~ffs ") is empty, or each component has codimension at 
most r. (d, + r - k) in V. 

Proposition 2. Assume r>0 .  Then the points of ~r+l(~T~") are singular points of 
~C ( S") .  

Proposition 3. ~z(~/r if nonempty, is a closed complex subspace of Tg of 
codimension at most r .  (d, + r - k) - 1. 

Proof. The first assertion follows since ~ is proper ([8]). The second assertion is 
a consequence of Proposition 1 and the fact that every compact Riemann 
surface has only finitely many n-fold Weierstrass points. 

Note that the set A~,=~(~/~kl(J{")--~/4Fkl 1(~ ' ) )  consists of all seT~ such that 
V~ has an n-fold Weierstrass point with first non-n-gap k. Now, we have 

u ( ~  ~ (Y' ) )  - u ( ~g/i I 1 (X'))  _~ A~ c ~(#/s 1 (~((")). 

Note that the first of these (whose points are all seTg such that V~ has an n-fold 
Weierstrass point with first non-n-gap k and no n-fold Weierstrass point with 
first non-n-gap less than k) is an open complex subspace of the last and that the 
dimension of the last, if nonempty, is at least k + 3 g - d , + 3 .  So if the first of 
these sets is nonempty, then we may say that "the Riemann surfaces of genus g 
which have an n-fold Weierstrass point with first non-n-gap k depend on at least 
k + 3 g - d , + 3  moduli." (If n = l ,  one can delete the words "at least" from this 
statement; cf. [1], Theorem 1 of [22], and Corollary 2 of [12].) 

Theorem 2. Let ~ ( Y )  denote the topological space [_) ~l(j~ff,). Then ~U~o(sU ) 
is dense in V. "~ 1 

Proof This follows easily from [19, Theorem 2] (also see [17, p. llJ).  

3. Remarks on Tangent Space Dimension 

In [12], we used a variational formula for abelian differentials, similar to 
formulas derived by Ranch [22], to study the tangent space at a point of 
~#/~l(jy-). We obtained the following result. 

Theorem 3. For 2 <-k < g, ~kl(~d')--~k2(~/{ ~) is smooth of pure dimension k + 2 g 
- -3 .  

A similar analysis is possible at a point (s, p)~#r~(~' ,)  if V~ is not hyper- 
elliptic. 

Theorem 4 (M. Noether). Suppose X is a compact Riemann surface of genus 
greater than 2 and that X is not hyperelliptic. Let K denote the canonical bundle 
on X. The canonical map 

S* H~ K)-. | H~ tO~ 
n>_l 

where S* denotes symmetric algebra, is surjective. 

Proof [23, 15]. 

Now suppose Vso is not hyperelliptic and let col . . . .  , cog be a basis of 
bolomorphic 1-forms on V~o. By Noether's theorem, there exist homogeneous 
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polynomials P1, .-., P~, of degree n in g variables such that {Pj(co> , d, ... c%)}j= 1 is a 
basis of H~ K~o ). Let co*(s), ..., co*(s) be sections of n . Y  such that co*(s0) 
= % ,  i=1,  2, ..., g (cf. [12, 16]). Then 

Theorem 5. There exists an open neighborhood U of So~ Tg such that 

{~(co~(s), . . . ,  * ~~ % (s))}j= ~ 

is a basis of H~ K'~) for all s~U. 

Proof. This follows from a Wronskian argument as in [2]. 

Now, the variational formula (Proposition 4 of [12]) allows one to explicitly 
express the Pj(co~, ...,co*) in terms of local coordinates at a point (so, P)eV. 
Theorem 5 allows us to represent the map u~, in a neighborhood of (So, P) by a 
matrix, as in w of partial derivatives of the P~(co*, ..., co*). One may then 
attempt to perform a similar analysis to that in [12] to compute the dimension 
of the tangent space to a point of ~ t ( J f " ) - ~ z ( 2 K " ) .  However, the situation 
becomes much more complicated when n>  1, and, in fact, a result such as 
Theorem 3 is no longer possible, as the following propositions show. 

Proposition 4. Suppose g = 2. Then I~/K2~ (X)[ = I~U31(X2)] = 1~2~ (X2)I. 

Proof. The first equality has been noted by Hubbard [10, p. 124]. To complete 
the proof, suppose X = V s is a compact Riemann surface of genus 2 and P is a 
(hyperelliptic) Weierstrass point on X. Then there is a basis {col, c~ of 
H~ K) such that ordpco 1 = 0  and ordeco2=2 (cf. [9]). Then {o)2, (.01s 0)2} is 
a linearly independent set of elements of H~ K2), hence a basis. The sequence 
of 2-gaps at P is then 1, 3, 5 and it is easy to see that (s, P ) ~ 2 ~ ( Y e ) .  

Thus, for g=2,  dim~///21(JY2)=3 (=dim~/g;l(aff)), which exceeds the lower 
bound on dimension given by Proposition 1. Note that in this special case, even 
through we are dealing with hyperelliptic curves, the dimension of the tangent 
spaces can be computed by the procedure described above. If we let 
T(~. e)(~(X('")) denote the tangent space to ~Uk~(X ") at (s, P), then we have 

Proposition 5. Suppose g = 2  and (so, P ) ~ z l ( J l ) .  Then 

(i) dim T(so, e)(~/K2 ~ (._YY 2)) = 3 

(ii) dim T~o, p}(%*(S2)) = 4. 

In particular, "W21(YY 2) is smooth and ~/K31 (JY 2) is not reduced. 

Proof. Let {col, 602} be a basis of H~ K,o ) such that ord e col = 0  and ord F 092 
= 2. Let t denote a local coordinate on V~o at P. Then we may write 

col = ~, attZ dt ao~O 
1 - 0  

(1) c~ 

o02= ~ b~t~dt bo=b~=0 ,  b2+0. 
l = 0  

Let cl, Ca, c a denote Patt's local coordinates on T~ at s o (cf. [20, 5]). Then 
t, c~, c2, c a are local coordinates on V at (So, P) [5, Theorem 1]. Letting co~, co* 
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denote  the sections of n .  X as in [12] such that co,(So)=co a and co~(s0)=co2, we 
have that  

co*= ~ a* t l dt  
/ = 0  

co* = ~, b* t z dt 
1 = 0  

where 

a* = a I + 

(2) 

3 

c,, v'e,l(Q,,) coa(Q,,) + O(c2) 
r n = l  

3 (3) 
b~'=b~+ y~ c~k~(Q~)codQm)+O(c 2) 

m=J.  

with ze, ~ an elementary integral of the second kind on V~o with pole of order  l + 1 
at P and Q j, Q2, Q3 suitably chosen points on V~o (see [-12] for details). 

Let  f j( t ,  cl ,  Ce, c3), j = 1, 2, 3, be defined by 

(co.)z = fa dt2 

co? co* = f ~  dt a (4) 

(co9 2 =f3 d t2. 

Then in a ne ighborhood  of  (s o, P), the map  u 2 is represented by the matr ix 

1-8~fj/St '] i=  O, 1, 2; j = 1, 2, 3. 

Let  ~ denote  a tangent  vector to V at (so, P). We may view ~ as a C- 
hom omorph i sm  of local rings 4: (gv, (so, e)--* 112 [-e]/(e2). Now, ~ is determined by its 
values on t, c 1, c a, c 3. Let  u, v a, v 2, v 3 in 02 be defined by 

~(t)=ue 

~(cm)=v, ,e  r e = l ,  2, 3. 

By 1-11, Proposi t ion 3], ~ T(~o, e)(~31(Jff2)) if and only if 

det [-~(0~fJ&~)]---0 i =  0, 1, 2; j = 1, 2, 3. (5) 

Now, by Taylor 's  theorem we have 

(O~fj/~3 t i) = ~?if j/~ t i (So, p )  + u e 0 i + 1JJ/l'/~ t i + 1[ S\  O, P) 
3 

rn= J. 

Comput ing  the entries of the matr ix in (5) by using formulas (1)-(4) and the fact 
that  t, c a, ca, c 3 all vanish at (So, P), we find that ~ ( f 3 ) = ~ ( O f 3 / & ) = O  and that  
~(f2), ~(~?f2/~t), and ~(c3af3/&2 ) all belong to the maximal  ideal of  ~1-eJ/(e2). 
Thus formula (5) is satisfied (since e a =0).  Hence  every tangent vector  to V at 
(So, P) is a tangent  vector  to ~ . ) G U  2~ establishing (ii). 

Finally, for ~ to be tangent  to ~/r it is necessary and sufficient that  

[-~(cg'fj8t*)] i=0 ,  1" j = l ,  2, 3 

have rank 1. Since the last co lumn of  this matr ix consists of zeros, this matr ix  
has rank 1 exactly when 
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det Ir ] = 0  
~(~fz/~t)J 

It is easy to see that this imposes a nontrivial linear relation on u, vl, v2,/-)3. 
Hence T(so, e)(~21($2)) is a three-dimensional subspace of T(so, p)(V). 

Note that while a generic point of ~1(S) -~ /U~a(~) ,  for any genus, has k as 
its first nongap (cf. [1, proof of Theorem 3.1]), no point of ~##~(gf2), for g=2 ,  
has 3 as its first non-2-gap. Indeed, each point of ~/r (Jf2) is a 2-fold Weierstrass 
point of weight 3. It is then not surpising that ~r 2) fails to be reduced. 
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