THE MAYER-VIETORIS PRINCIPLE FOR
GROTHENDIECK-WITT GROUPS OF SCHEMES

MARCO SCHLICHTING

Abstract. We prove localization and Zariski-Mayer-Vietoris for high  er Gro-
thendieck-Witt groups, alias hermitian K -groups, of schemes admitting an
ample family of line-bundles. No assumption on the characte ristic is needed,
and our schemes can be singular. Along the way, we prove addit ivity, bration
and approximation theorems for the hermitian K -theory of exact categories
with weak equivalences and duality.
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1. Introduction

A classical invariant of a schemeX is its Grothendieck-Witt group GWg(X)
of symmetric bilinear spaces overX . According to Knebusch [Kne77,x4], this is
the abelian group generated by isometry classesvf' ] of vector bundlesV over
X equipped with a non-singular symmetric bilinear form* :V o, V I Ox
modulo the relations [(V;') 2 (V%' 91 =[V;'1+[V% JQand M ;'] =[H(N)]
for every metabolic space 1 ;' ) with Lagrangian subbundle N = N? M and
associated hyperbolic spacéH (N ). Grothendieck-Witt groups naturally occur in
Al-homotopy theory [Mor04] and are to oriented Chow groups wha algebraic K -
theory is to ordinary Chow groups; see [BMO0Q], [FS09], [Hor8].

Using a hermitian version of Quillen's Q-construction, we have de ned in [Sch08]
the higher Grothendieck-Witt groups GW;(X), i 2 N, of a schemeX , generalizing
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the group GWy(X). The purpose of this article is to prove the following Mayer-
Vietoris principle for open covers.

1.1. Theorem. Let X = U[ V be a scheme with an ample family of line-bundles
(e.g., quasi-projective over an a ne scheme, or regular seprated noetherian) which
is covered by two open quasi-compact subschemdsV X . Then there is a long
exact sequence where2 Z

GWis (U\ V)T GWi(X)! GW;(U) GW;(V)! GW(U\V)! GW; 1(X)

This is a special case of our theorem 10.13 which also incluslerersions of theorem
1.1 for skew-symmetric forms, for forms with coe cients in line-bundles other than
Ox and for certain non-commutative schemes. Note that we don'ineed the common
assumption% 2 ( X;Ox), and X can be singular!

Theorem 1.1 is a consequence of two theorems, \Localizatidnand \Zariski-
excision". To explain the implication, let X be a schemel a line bundle on X,
n 2 Z aninteger,andZ X a closed subscheme with open complemeid. With
this set of data, we associate in de nition 8.2 a topologicalspaceGW"(X on Z; L)
which, for Z = X, n=0and L = Oy, yields the Grothendieck-Witt space GW (X))
introduced in [Sch08] whose homotopy groups are the higher @Bthendieck-Witt
groups GW,; (X)) in theorem 1.1; see corollary 8.5. The spac&W"(X on Z; L) is
the Grothendieck-Witt space (as de ned in 2.11) of an exact ategory with weak
equivalences and duality, namely, the exact category of booded chain complexes
of vector bundles onX which are (cohomologically) supported inZ, equipped with
the set of quasi-isomorphisms as weak equivalences and ditalE 7! Hom(E; L [n]),
where L[n] denotes the complex which isL in degree n. If Z = X, we write
GW"(X;L) for GW"(X on Z; L ). The non-negative part of theorem 1.1 is a
consequence of the following two theorems (proved in theoras 9.2 and 9.3). They
are extended to negative Grothendieck-Witt groups in x10 (theorems 10.11 and
10.12).

1.2. Theorem (Localization). Let X be a scheme with an ample family of line-
bundles, letU X be a quasi-compact open subscheme with closed complement
Z =X U. Let L be aline bundle onX, and n 2 Z an integer. Then there is a
homotopy bration

GW"(XonZ;L)! GW"(X;L)! GW"(U;j L)

1.3. Theorem (Zariski excision). Letj : U X be quasi-compact open subscheme
of a schemeX which has an ample family of line-bundles. LeZz X be a closed
subset such thatz  U. Then restriction of vector-bundles induces a homotopy
equivalence for alln 2 Z and all line bundlesL on X

GW"(XonZ; L)! GW'(UonZ jL):

Theorems 1.1 { 1.3 have well-known analogs in algebrai& -theory proved by
Thomason in [TT90] based on the work of Waldhausen [Wal85] ad Grothendieck
et al. [SGAG6]. In fact, our theorems 9.2, 10.11, 9.3, 10.12 and 1®BX special cases
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of which are theorems 1.2, 1.3 and 1.1 { are generalizationd the corresponding the-
orems in Thomason's work. More recently, Balmer [Bal01] andHornbostel [Hor05]
proved results reminiscent of our theorems 1.1 { 1.3. Both ned X to be regular noe-
therian and separated and they need 2 to be a unit in the ring ofregular functions
on X . Balmer works with (triangular) Witt-groups instead of Gro thendieck-Witt
groups, and Hornbostel works with Karoubi's hermitian K -groups of rings extended
to regular separated schemes using Jouanolou's device ofptacing such a scheme
by an a ne vector-bundle torsor.

Neither Balmer's nor Hornbostel's methods can be generaled to cover our the-
orems 1.2, 1.3 and 1.1. This is because the assumptic%12 ( X;Ox) is ubiquitous
in their work, the analog of theorem 1.1 for Balmer's triangular Witt groups fails
to hold for singular quasi-projective schemes (see [Schbdf a counter example even
with % 2 ( X;0x)), Hornbostel imposes homotopy invariance which doesn't bld
for singular schemes, and his proof uses Karoubi's fundaméad theorem [Kar80]
which fails to hold for higher Grothendieck-Witt groups when % Z ( X;0x) (see
[Scha] for a counter example). Instead, we generalize Thonsan's work [TT90].
His proofs of the K -theory analogs of theorems 1.2, 1.3 and 1.1 are based on a
bration theorem of Waldhausen [Wal85, 1.6.4] and on \invariance of K -theory
under derived equivalences" [TT90, Theorem 1.9.8] which gelf is a consequence
of Waldhausen's approximation theorem [Wal85, 1.6.7]. We pove in theorem 4.2
the analog of Waldhausen's bration theorem for higher Grothendieck-Witt groups.
Its proof, however, is not a formal consequence of \additiviy" (proved for higher
Grothendieck-Witt groups in x3), contrary to the K -theory situation. Our proof
relies on the author's cone construction in [Sch08]. \Invafance under derived equiv-
alences" as well as the naive generalization of Waldhausenapproximation theorem
fail to hold for higher Grothendieck-Witt groups when \2 is n ot a unit" (see [Scha]
for a counter example). We prove in theorems 5.1 and 5.11 veiens of Waldhausen's
approximation theorem for higher Grothendieck-Witt group s. Though not as gen-
eral as one might wish, they are enough to show theorems 1.2,3land 1.1 and their
generalizations inx9 and x10.

Prerequisites. The article can be read independently of [TT90] and [Wal85],
though, of course, much of our inspiration derives from thes two papers. The
reader is advised to have some background in homotopy theoryn the form of
[GJ99, I-IV] and in the theory of triangulated categories in the form of [Kel96],
[Nee92], [Nee96x1-2]. Also, we will frequently use results from [Sch08].

Acknowledgments.  Part of the results of this article were obtained and written
down while | was visiting I.H.E.S. in Paris and Max-Planck-Institut in Bonn. |
would like to express my gratitude for their hospitality. Al so, | would like to thank
the referee for his comments and suggestions.

2. The Grothendieck-Witt space

In this section we introduce the Grothendieck-Witt group and the Grothendieck-
Witt space of an exact category with weak equivalences and dality (De nitions
2.4 and 2.11), and we show in proposition 2.20 that the Grothadieck-Witt space
of an exact category with duality de ned here is equivalent to the one de ned in
[Sch08]. We start with recalling de nitions from [Sch08]. Note that our terminology
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(for \category with duality”, \duality preserving functor ") sometimes di ers from
standard terminology as in [Sch85], [Knu91].

2.1. Categories with duality, G, and form functors. A category with duality
is a triple (C, ; ) with Ca category, :C?!C a functor, :1! a natural
transformation, called double dual identi cation, such that 14 = , a for all
objectsA in C. If is a natural isomorphism, we say that the duality is strong. In
case is the identity (in which case = id), we call the duality strict.

A symmetric form in a category with duality (C, ; ) is a pair (X;' ) where
" X I X isamorphismin Csatisfying' x ="'. A map of symmetric forms
X" )P (Y; Yisamapf : X! YinCsuchthat' = f f. Composition
of such maps is composition inC. For a category with duality (C, ; ), we denote
by G, the category of symmetric forms inC. It has objects the symmetric forms in
C and maps the maps between symmetric forms.

A form functor from a category with duality (A; ; ) to another such category
(B; ; )isapair(F;" )with F:A!B afunctorand' :F ! F a natural trans-
formation, called duality compatibility morphism, such that' , ra = "A F( A)
for every object A of A. There is an evident de nition of composition of form func-
tors; see [Sch08, 3.2]. The category Fui(; B) of functors A! B is a category with
duality, where the dual F! of a functor F is F , and double dual identi cation

r:F! FI atan objectA of Aisthemap r@a ) F( a)= F( a) FA -
To give a form functor (F;' ) is the same as to give a symmetric form F; *) in the
category with duality Fun( A;B) in view of the formulas' o = F( o) "a and
“a="a F( a). Anatural transformation ( F;' ) ! (G; ) of form functors is a
map (F;") ! (G; ") of symmetric forms in Fun(A; B).

A duality preserving functor between categories with duality A; ; )and (B; ; )
is a functor F : A1 B which commutes with dualities and double dual identi -
cations, that is, we haveF = F and F( )= £. Inthis case, (F;id) is a form
functor. We will consider duality preserving functors F as form functors (F;id).
Note that our use of the phrase \duality preserving functor" may di er from its use
by other authors!

Recall that an exact categoryis an additive category E equipped with a family
of sequences of maps itk called con ations (or admissible short exact sequences
or simply exact sequencés

x1'y®z
satisfying a list of axioms; see [Qui73], [Kel96x4], [Sch08, 2.1]. The mapi in
an exact sequence is called in ation (or admissible monomgahism) and may be
depicted as , and the map p is called de ation (or admissible epimorphism) and

may be depicted as in diagrams. Unless otherwise stated, all exact categorieis
this article will be (essentially) small.

2.2. Exact categories with weak equivalences. An exact category with weak
equivalencesis a pair (E;w) with E an exact category andw  Mor E a set of
morphisms, called weak equivalences, which contains all @htity morphisms, is
closed under isomorphisms, retracts, push-outs along in &ons, pull-backs along
de ations, composition and the 2 out of three property for composition (if 2 of
the 3 maps amonga, b, ab are in w then so is the third). A weak equivalence is
usually depicted as! in diagrams. A functor F : A! B between exact categories
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with weak equivalences A;w) and (B;w) is called exactif it sends con ations to
con ations and weak equivalences to weak equivalences.

For an exact category with weak equivalencesK; w), we will write wE for the
subcategory of weak equivalences i&. Its objects are the objects ofE and its maps
the maps inw. Also, we will regard an exact categoryE (without specifying weak
equivalences) as an exact category with weak equivalenceg;() wherei is the set
of isomorphisms inE.

2.3. Exact categories with weak equivalences and duality. An exact category
with weak equivalences and dualitys a quadruple E;w; ; ) with ( E;w) an exact
category with weak equivalences and E; ; ) a category with duality such that

: (E°";w) ! (E;w) is an exact functor (in particular, (w) w)and :id!
is a natural weak equivalence, that is, x 2 w for all objects X in E. We may
simply say E or (E;w) is an exact category with weak equivalences and duality if
the remaining data are understood. Note that if E is an exact category with weak
equivalences and duality, the categorywE of weak equivalences irE is a category
with duality.

A symmetric form (X;' ) in (E;w; ; ) is called non-singular if ' is a weak
equivalence. In this case, we call the pairX;' ) a symmetric spacein (E;w; ; ).
A form functor (F;" ) : (A;w; ; ) ! (B;w; ; ) is called exactif F : (A;w) !
(B;w) is exact. It is called non-singular, if the duality compatibility morphism
"R F is a natural weak equivalence.

An exact category with dualityis an exact category with weak equivalences and
duality where the set of weak equivalences is the set of isomphisms. In particular,
the double dual identi cation has to be a natural isomorphism.

2.4. Denition.  The Grothendieck-Witt group
GWo(Ew; ;)

of an exact category with weak equivalences and duality E;w; ; ) is the free
abelian group generated by isomorphism classeX{' ] of symmetric spaces X;' )
in (E;w; ; ), subject to the following relations

@ DG 1+0Ys =[x Yt ]

(b) if g: X ! Y is aweak equivalence, thenY; ]=[X;g g1, and

(c) if (E ;' ) is a symmetric space in the category of exact sequences I,
that is, a map

E - E ; U_IIEO _pl//,gl
ol o' 1 o|'o o|'1
E : E, U—/p E, —1UE |
I
of exact sequences with'( 1;' 0;' 1) = (' 1" ¢:' 1 ) a weak equiva-
lence, then h )
i

[Eo;'ol= E 1 Epi; 2% ¢

1
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2.5. Remark. If in de nition 2.4, the set of weak equivalences is the set ofsomor-
phisms, then we recover the classical Grothendieck-Witt goup of an exact category
with duality; see for instance [Sch08, 2.9]. In this case, fation (c) says that the

class Eo;' o] of a metabolic space Eop;' o) with Lagrangian i : E 1  Eg is equiv-
alent in the Grothendieck-Witt group to the class of the hyperbolic spaceH (E 1)

of the LagrangianE ;. In particular, if E is the category Vect(X ) of vector bundles
on X, is the duality functor E 7! Hom(E;Ox ) and is the usual canonical dou-
ble dual identi cation, the group GWg(E;i; ; ) is Knebusch's Grothendieck-Witt

group GWy(X) of a schemeX, denoted L (X) in [Kne77].

2.6. De nition.  The Witt group

Wo(E;w; ;)
of an exact category with weak equivalences and duality E;w; ; ) is the free
abelian group generated by isomorphism classeX{' ] of symmetric spaces X;' )
in (E;w; ; ), subject to the relations 2.4 (a), (b) and

() if (E ;' ) is a symmetric space in the category of exact sequences in
(E;w; ; ), then [Eo;' o] =0.

The hermitian S -construction of [SY96], [HS04, 1.5], which gives rise to th
Grothendieck-Witt space to be de ned in 2.11, is the edgewis subdivision of Wald-
hausen'sS -construction [Wal85]. We review the relevant de nitions and start with
the edgewise subdivision of a simplicial object; see [Wal83L.9 Appendix], [Seg73,
Appendix 1].

2.7. Edgewise subdivision. Let be the category with objects [ n] the totally
ordered setsh] = fO< 1<::<n g, n2 N, and morphisms the order preserving
maps. Let n be the totally ordered set

n=fn’<(n 1)°<::< °<0<::<nag:

It is (uniquely) isomorphic to [2n + 1]. The assignmentT : [n] 7! n denes a
functor ! where amap :[n]! [m] goes to the mapT():n! m:
p7' (p);p°7! (p)° For a simplicial object X , the edge-wise subdivisiorX € of
X is the simplicial object X  T. The inclusion [n]}] n:i 7! i denes a map
X €1 X of simplicial objects. It is known [Seg73, Appendix 1] that br a simplicial
set X , the topological realization of X and of its edge-wise subdivisionX ¢ are
homeomorphic. We need the following (well-known) variant.

2.8. Lemma. For any simplicial set X , the mapX®! X is a homotopy equiv-
alence.

Proof. Let X be a simplicial set. For a small categoryC, write X for the set
Hom(N C; X ) of simplicial maps from the nerve N C of Cto X . Note that X €
is the simplicial set [n] 7! X,. We de ne bisimplicial sets X¢ and X by the
formulas X 5., = X nj @nd Xmn = Ximj [nj- Consider the following diagram of
bisimplicial sets

Xe — ke 0o xe

Xo 1% 0 x ,
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in which the horizontal maps are the canonical inclusions ofhorizontally respec-
tively vertically constant bisimplicial sets, and the vertical maps are induced by
the inclusions jm] m. Once we show that all arrows labeled! are homotopy
equivalences, we are done, because the right vertical map abe identi ed with
Xer X .

The left vertical map X§ ! Xo is a homotopy equivalence since it can be
identi ed with the map X' ! X which is evaluation at 0, wherel = N 0= N [1]
is the standard simplicial interval. In order to see that the upper right horizontal
map X¢ ! X¢€ is a homotopy equivalence, it suces to prove that for every
n, the map X¢ ! X&, is a homotopy equivalence of simplicial sets. Since the
map [0]! [n] : 0 7! O induces a retraction X €, ! €, We have to show that
the composition X €, I X ! XZ&, is homotopic to the identity. The (unique)
natural transformation from the constant functor [n]! [n]:i 7! O to the identity
functor [n]! [n] denes a functor h: [1] [n]! [n] such that the restrictions to
fig [n]! [n],i=0;1 are the constant respectively the identity functor. We have
a map of simplicial sets

(1) ¢ Xe 1 X€,
which in degreem sends the pair (;f ) 2 1m X [n) to the composition
Nm ) N m o Y UN@m it x

Since the two pointsf0;1g = f0;1g®* 1€ are path connected inl ¢, the map (1)
de nes the desired homotopy. The other horizontal homotopy equivalences in the
diagram are similar, and we omit the detalils.

Now we recall Waldhausen'sS -construction [Wal85, x1.3].

2.9. Waldhausen's S -construction.  Let Ar[ n] denote the category whose ob-
jects are the arrows of fif = f0 < 1 < i < n g and whose morphisms are the
commutative squares in p]. For an exact category with weak equivalencesg; w),
Waldhausen de nesS,E  Fun(Ar[ n]; E) as the full subcategory of the category
Fun(Ar[ n]; E) of functors

ACANI'E (p 9 7! Apg

for which Ay, =0 and Ayq  Apr Agy is a conation wheneverp q r,
p; q;r2 [n]. The category S, E is an exact category with weak equivalences where a
sequenceA ! B! C of functors Ar[n]'E in SpEisexactifApg  Bpgq  Cpg

is exact in E, and a map A ! B of functors in SLE is a weak equivalence if
Apqg ! Bpg is a weak equivalence irE forall p g2 [n].

The cosimplicial category n 7! Ar[n] makes the assignmentn 7! S,E into a
simplicial exact category with weak equivalences. Accordig to [Wal85], [TT90],
the K -theory spaceK (E; w) of an exact category with weak equivalencesg; w) is
the space

K(E;w) = jwS Ej

2.10. The hermitian S -construction.  The category [n] has a unique structure
of a category with strict duality [ n]°° ! [n]:i 7! n i. This induces a strict duality
on the category Ar[n] of arrows in [n]. For an exact category with weak equivalences
and duality (E;w; ; ), the category Fun(Ar[n]; E) is therefore a category with
duality (see 2.1). This duality preserves the subcategonS,E  Fun(Ar[ n]; E), and
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makesS, E into an exact category with weak equivalences and duality. 1 turns out
that the simplicial structure maps of n 7! S, E are not compatible with dualities.
However, its edgewise subdivision

S®E:n 7! SSE= Spna E

is a simplicial exact category with weak equivalences and dality; the simplicial
structure maps being duality preserving. ConsideringSSE as a full subcategory of
Fun(Ar(n); E), the dual A of an objectA : Ar(n) ' E satis es (A )pq = Aqopo fOr
P g2 n with the understanding that p°°meansp. The double dual identi cation
Al A at(p qis a,,-

2.11. De nition.  Let (E;w; ; ) be an exact category with weak equivalences and
duality. By 2.10, the assignmentn 7! SSE de nes a simplicial exact category S°E
with weak equivalences and duality. The subcategories of vak equivalences de ne
a simplicial category with duality n 7! wSSE. Taking associated categories of
symmetric forms (see 2.1), we obtain a simplicial categoryWS€E)p.

The composition (WS®E), ! wS®E ! wS E of simplicial categories, in which
the rst arrow is the forgetful functor ( X;' ) 7! X, and the second is the canonical
map X €! X of simplicial objects (see 2.7), yields a map of classifyingpaces

2) JWS®E)nj!j wS Ej
whose homotopy bre (with respect to a zero object? of E as base point ofwS E)
is de ned to be the Grothendieck-Witt space
GW(Ew; ;)
of (E;w; ; ). If ( ; ) are understood, we may simply write GW (E;w) instead of

GW (E;w; ; ). We de ne the higher Grothendieck-Witt groupsof (E;w; ; ) as the
homotopy groups

GWi(Ew; ;)= iGW(Ew; ; ); I
and show in proposition 3.8 below that (GW (E;w; ; ) = GW(E;w; ; ). There-
fore, our de nition here extends that in 2.4.

2.12. Remark. Orthogonal sum makes the spaceswS€E), and GW (E;w; ; )
into commutative H-spaces. Since the commutative monoid of connected compo-
nents of these spaces are groups (see proposition 3.8 and & 3.9 below), both
spaces are actually commutativeH -groups.

2.13. Functoriality. A non-singular exact form functor (F;"' ) : (A;w; ; ) !
(B;w; ; ) between exact categories with weak equivalences and dusfiinduces
maps
(F;"): (wS®A)p ! (wS®B)n: (A; ) 7' (FA;" aF()); and
F: wS Al wSB: ATIFA

of simplicial categories compatible with composition of fem functors. Taking ho-
motopy bres of (wS®), ! wS , we obtain an induced map

GW(F;" ): GW(A;w; ; )! GW(B;w; ; )

lwe assume that every exact category comes with a choice of a ze ro object and exact functors
are to preserve that choice.
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of associated Grothendieck-Witt spaces. For the next lemmarecall that a natural
transformation of form functors (F;' ) ! (G; ) is a map of associated symmetric
forms in Fun(A;B). It is a natural weak equivalence if FA | GA is a weak
equivalence for all objectsA of A.

2.14. Lemma. Let (F;")! (G; ) be a natural weak equivalence of non-singular
exact form functors (A;w; ; ) ! (B;w; ; ) between exact categories with weak
equivalences and duality. Then, on associated GrothendikeéWitt spaces, (F;' ) and
(G; ) induce homotopic mapsGW (A;w; ; )! GW(B;w; ; ):

Proof. The natural weak equivalence F;' ) ! (G; ) induces natural transforma-
tions of functors (WSSA)n ! (WSEB)r and wS,A! wS,B. These natural trans-
formations de ne functors [1] (WS§A)n ! (WS§B), and [1] wS,A! wS,B
whose restrictions to Q1 2 [1] are the two given functors. They are compatible
with the simplicial structure and induce, after topological realization, the homo-
topy between GW (F;' ) and GW (G; ).

Next, we will associate to every exact category with weak eqiwvalences E;w) a
category with weak equivalences and duality HE; w) such that the Grothendieck-
Witt space of (HE;w) is equivalent to the K -theory space of E; w). In this sense,
Grothendieck-Witt theory is a generalization of algebraicK -theory.

2.15. Hyperbolic categories.  Let Cbe a category. Its hyperbolic category is the
category with strict duality HC = (C C©°P; ) where (X;Y) = (Y;X). For any

category with duality A there is a functor Ay ' A : (X;' ) 7! X that \forgets

the forms". We de ne the functor (HC), ! C as the composition of the functor
(HC)n ' HC and the projection HC= C C°P I C onto the rst factor.

2.16. Lemma. For any small category C, the functor (HC), ! C is a homotopy
equivalence.

Proof. The category (HC),, of symmetric forms in HC is isomorphic to the category
whose objects are maps$ : X ! Y in Cand where a map fromf to f%: X091 Y?©
is a pair of mapsa: X ! X% b:Y? Y in Csuch thatf = bf%. Composition is
composition in Cof the a's and b's. The functor (HC)y ! C in the lemma sends the
objectf : X ! Y to X and the map (a;b) to a. Write F for this functor, and let

A be an object of the target categoryC. We will show that the comma categories
(A # F) are contractible. By Quillen's theorem A [Qui73, x1], this implies the
lemma.

The category (A # F) has objects sequenced " X " Y of maps inC. A

morphism from (x;f ) to A K xof” yois a paira: X ! X% b:Y% Y of maps
in Csuch that x°= ax and f = bf%. In particular, the category (A # F) is non-
empty as (1a;1a) is one of its objects. LetG (A # F) be the full subcategory
of objects (x;f) with x = 1. The inclusion has a right adjoint (A #F) 1 C ¢ :
(x;f) 7! (1a;fx) with counit of adjunction (1 o;fx) ! (x;f) given by the pair
of mapsx : A! X and1:Y ! Y. It follows that the inclusion G (A #F)
is a homotopy equivalence. Since the categorg, has a terminal object, nhamely
(1a; 1a), the categoriesG and (A # F) are contractible.

If (E;w) is an exact category with weak equivalences, we makeélE into an
exact category with weak equivalences and (strict) duality by declaring a map
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(a;b) : (X;Y) ! (X%Y9Y in HE to be a weak equivalence ifa : X ! X©%and
b: Yl Y are weak equivalences irfE. Note that wHE = HWE as categories with
strict duality.

2.17. Proposition.  Let (E;w) be an exact category with weak equivalences, then
there is a natural homotopy equivalence

GW (HE;w) ' K(E;w):

Proof. Consider the commutative diagram of simplicial categories

(WSEHE), ———/{(H wseE)@Q%%

WSPHE ——vS°E  (wS®E)°P ——/vs°E

(o]

0

wS HE — MvS E  (wS E)® -2 Jlys E

where the upper vertical maps are the functors that \forget the forms". The lower
vertical maps are induced by the inclusion fi] ] n and are thus homotopy equiva-
lences, by lemma 2.8. The diagonal map is a homotopy equivatee by lemma 2.16.
By the \octahedron axiom" for homotopy bres applied to the u pper right triangle,

it follows that the homotopy bre of the composition of the le ft vertical maps is

equivalent to the loop space of the bre ofp; : wS E (wS E)°® ! wS E which is
the loop of the bre of (wS E)°° ! (point) which is K (E; w).

(o]

2.18. Remark. Let (E;w; ; ) be an exact category with weak equivalences and
duality. The functor

F:(Ew; ;)! (HE;w): X 7! (X;X )

together with the duality compatibility morphism (1 ; x): (X ;X ) ! (X ;X)
is called forgetful form functor. It is a non-singular exact form functor between
exact categories with weak equivalences and duality. The ma (wWwS®E), ! wS E
de ning the Grothendieck-Witt space factors as

(WS®E)p ©' (WS®HE)n ! wS E;

where the second map is the homotopy equivalence in the diagm of the proof of
proposition 2.17 (going right, diagonally and down). It follows that the Grothendieck-
Witt space GW (E;w; ; ) is naturally homotopy equivalent to the homotopy bre
of

(WSCE)p T (WSPHE)p:

We nish the section with a comparison result between the de nition of the
Grothendieck-Witt space of an exact category with duality (E;i; ; ) in terms of
the hermitian S -construction and the de nition given in [Sch08, De nition 4.6] in
terms of the hermitian Q-construction. We recall the relevant de nitions.
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2.19. The hermitian  Q-construction. Recall from [Qui73] that for an exact
category E its Q-construction is the category with objects the objects ofE and
maps X ! Y equivalence classes of diagrams

3) x"u'y

with p a de ation and i an in ation. The datum ( U;i;p) is equivalent to (U%i%p9
if there is an isomorphismg: U ! U%in Esuchthatp= p° gandi=i° g. The
composition in QE of mapsX ! Y andY ! Z represented by the data {J;i; p)
and (V;j;q) is given by the datum (U vy V;pq;ji) whereq: U v V! U and
i:U y V! V arethe canonical projections toU and V, respectively.

For an exact category with duality (E; ; ), the hermitian Q-construction is
the category Q"(E; ; ) with objects the symmetric spaces K;' ) in E. A map
X;")! (Y; YisamapX ! Y inQuillen's Q-construction, that is, an equivalence
class of diagrams (3), such that the square of mapp, i, p ' andi is commutative
and bicartesian. Composition of maps is as in Quillen'sQ-construction. For more
details, we refer the reader to [Sch08, 4.2] and the referems in [Sch08, Remark
4.3].

In [Sch08, De nition 4.6], we de ned the Grothendieck-Witt space of E; ; ) as
the homotopy bre of the forgetful functor Q"E ! QE: (X;' ) 7! X. The following
proposition reconciles this de nition with the one given in 2.11. This allows us to
freely use the results proved in [Sch08].

2.20. Proposition.  For an exact category with duality (E; ; ), there are natural

zigzags of homotopy equivalence betwegQ"Ej and j(iS®E)nj and between the ho-
motopy bre of the forgetful functor jQ"Ej!j QEjand the Grothendieck-Witt space
as de ned in 2.11.

Proof. For the rst homotopy equivalence, the proof is the same as in[Wal85, 1.9
Appendix]. In detalil, let iQ"E be the simplicial category which in degreen is the
category iQNE whose objects are sequenceéo ! Xi! ! X, of mapsinQ"E
and a map iniQ"E is an isomorphism of such sequences. Asvaries,iQE de nes a
simplicial category where face and degeneracy maps are deedl as in the usual nerve
construction. The nerve ofiQ"E as a bisimplicial set is isomorphic to the nerve of
the simplicial category which in degreem are the sequenceX,! X3! ! Xp
of isomorphisms in Q"E and where maps are maps of sequences @"E (which
are not necessarily isomorphisms). The latter simplicial ategory is degree-wise
equivalent to Q"E (via the embedding of Q"E as the constant sequences). Thus the
latter simplicial category (and therfore also iQ "E) is homotopy equivalent to Q"E.
Every object (Apq)p g2 n in (S;E)n de nes a string of maps

A()O;O ! A1°;1 ool Ano;n
in Q"E. This denes a map (iS®E), ! iQ"E of simplicial categories which is

degree-wise an equivalence. Therefore, this map de nes a hmtopy equivalence on
topological realizations.
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For the second homotopy equivalence, consider the commutate diagram of
topological spaces

j(iSeE)nj 00— j(iS°E)nj —/fiQ"Ej 20— jQNEj

jis Ejoo— jiseEj—/fiQ Ejo0— jQE]

in which the lower right two horizontal maps are de ned in a similar way as their
hermitian analogs above them (see [Wal85, 1.9 Appendix]),He three right vertical
maps are \forgetful" functors and all maps labeled! are homotopy equivalences.
It follows that the homotopy bre of the rst vertical map is e quivalent to the
homotopy bre of the last vertical map.

3. Additivity theorems

Additivity theorems are fundamental in algebraic K -theory. They imply, for
instance, Waldhausen's bration theorem [Wal85, 1.6.4] whch is the basis for the
K -theory version of theorem 1.2. In this section, we prove theanalogs of additivity
for higher Grothendieck-Witt theory. In order to formulate them, we recall the
concept of \admissible short complexes" from [Sch08x7].

3.1. Admissible short complexes and their homology. Let (E;w; ; ) bean
exact category with weak equivalences and duality. Ashort complexin E is a
complex

(4) A 0! ArfrasfPA 1 00 (do di=0)

in E concentrated in degrees 1;0;1. It is admissibleif d; and dgy are in ation and
de ation, respectively, and the map A; ! ker(dy) (or equivalently coker(d;) !

A ;) is an in ation (de ation). A sequence A-' ! B ! C of admissible short
complexes isexactif Aj ! B; ! CjisexactinE, amapA ! B is a weak
equivalence ifA; | B; is a weak equivalence ing, i = 1;0;1. The dual of the

complex (4) is the (admissible short) complex

A foa A

and the double dual identication A :A ! (A) is a, indegreei= 1;0;1.
We denote by (sCx(E);w; ; ) the exact category with weak equivalences and du-
ality of admissible short complexes inE.

If (A ; )is a symmetric form in sCx(E), we write Ho(A ; ) for its zeroth
homology symmetric form. Its underlying object is Ho(A ) = ker( dg)=im(d,),
and it is equipped with the form  which is the unique symmetric form such that

jker(do) = jker(do)- This makesHg : sCx(E) ! E into a non-singular exact form
functor for every exact category with weak equivalences andluality E. For more
details, we refer the reader to [Sch08x7].

In the special case of an exact category with duality (where bhweak equivalences
are isomorphisms), the following two theorems were provedn [Sch08, Theorems
7.1, 7.4]. TheK -theory version is due to Waldhausen in [Wal85, Theorem 1.2
and proposition 1.3.2], in view of the equivalenceS$E ! sCx(E) : A 7! (Aqogo !
A1 ! Ap) of exact categories with weak equivalences and duality.



THE MAYER-VIETORIS PRINCIPLE FOR GROTHENDIECK-WITT GROUP S 13

3.2. Theorem (Additivity for short complexes). Let (E;w; ; ) be an exact cate-
gory with weak equivalences and duality. Then the non-singar exact form functor
Ho : SCx(E) ! E together with the exact functorew; : SCx(E) 'E : A 7! Az
induce homotopy equivalence$Hg; ev) :

(WwS® sCxE),, ! (WS*E), WS E
GW (sCxE;w; ; ) ! GW(Ew; ;) K(Ew):

For the next theorem, recall that a form functor (A; ; ) ! (B ; ) between
categories with duality is nothing else than a symmetric fom (F;' ) in the category
with duality of functors (Fun( A;B);]; ); see 2.1.

3.3. Theorem (Additivity for functors). Let (A;w; ; ) and (B;w; ; ) be exact
categories with weak equivalences and duality. Given a naingular exact form
functor (F ;' ):(A;w; ; )! sCx(B;w; ; ), thatis, a commutative diagram of
exact functorsF; : (A;w) ! (B;w)

F : Fl [L‘l 4:0 _bdo 4: 1
o|' o|'1 o|'o o' 1
. 1 I JE] 1IE]

Fl Fiy o F ) 2

with dgd; = 0, F; kerdy an ination, and (‘' 1;' 0;" 1) = (' I 13" 1);‘ ]1 ).
Then the two non-singular exact form functors

(5) (Fo;'o) and Ho(F;' )? F1 Fq 2

1

induce homotopic maps on Grothendieck-Witt spaces

GW(A;w; ; )! GW(B;w; ; ):

We will reduce the proofs of the additivity theorems 3.2 and 33 to the case
of exact categories with dualities dealt with in [Sch08, x7]. This will be done
with the help of the simplicial resolution lemma 3.7 below. For that, we need to
replace an exact category with weak equivalences and duajit(where the double
dual identi cation is a natural weak equivalence) by one with a strong duality
(where the double dual identi cation is a natural isomorphism) without changing
its hermitian K -theory. This will be done in the stricti cation lemma 3.4 be low.

We introduce notation for lemma 3.4. Let ExXWeDu be the category of small
exact categories with weak equivalences and duality; and nesingular exact form
functors as maps. Recall that a category with duality (A; ; ) has a strict duality
if = id (and in particular, = id). Let ExWeDu®" be the category of small
exact categories with weak equivalences and strict dualityand duality preserving
functors as maps. Write lax :ExWeDus" ExWeDu for the natural inclusion.
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3.4. Lemma (Stricti cation lemma). There is a (stricti cation) functor
str: ExXWeDu ! ExWeDu®" : (A;w; ; ) 7! (AY;w;];id)

and natural transformations ( ; ):id! lax strand( ; ):lax str! id such
that the compositions( ; ) ( ; Yand ( ; ) ( ; ) are weakly equivalent to
the identity form functor. In particular, for any exact cate gory with weak equiv-
alences and duality(A;w; ; ), we have a homotopy equivalence of Grothendieck-
Witt spaces

GW( ; ):GW(A;w; ; ) ! GW(AY;w;]id):

Proof. The construction of the stricti cation functor is as follow s. Let (A;w; ; )
be an exact category with weak equivalences and duality. Theobjects of AS" are
triples (A; B;f ) with A, B objects of A andf : A! B aweak equivalence ilA. A
morphism from (Ag; Bo;fo) to (A1;B1;f1) is a pair (a; b of morphismsa: Ag! Aj
andb:B;! Bgin A such that fia= b fo. Composition is composition of thea's
and b'sin A. A map (a;b) is a weak equivalence ifa and b are weak equivalences in
A. Asequence fg;Bo;fo) ! (A1;B1;f1)! (As;Boafy)isexactif Ag! Ayl A,
and B, ! Bj;! Bg are exact inA. The duality ] : (A3 )P I A S is de ned
by (A;B;f : Al B ) = (B;A;f g) on objects, and by @;b! = (b;a on
morphisms. The double dual identi cation is the identity na tural transformation.
The category thus constructed AS" = (AS';w;];id) is an exact category with
weak equivalences and strict duality. We may write AS", or AS" for (A5 ;w;];id)
if the remaining data are understood. If (F;" ): (A;w; ; )! (B;v; ; )is anon-
singular exact form functor, its image under the stricti ca tion functor is the functor
Fs D ASr IB S given by FS' : (A;B;f ) 7! (FA;FB;' gF(f)) on objects, and
by (a;b) 7! (Fa;Fb) on morphisms. One checks thatFS" preserves composition
and commutes with dualities.

The natural transformations ( ; ):id! lax strand( ; ):lax str! id are
de ned as follows. The functor : A!A S sends an objectA to (A;A ; a)and
amorphismato (a;a ). The duality compatibility morphism : (A )! ( A)lis
themap (1; A):(A ;A ; a)! (A ;A;1). The functor : AS" I A sends the
object (A;B;f ) to A and a morphism (a; b) to a, and is equipped with the duality
compatibility morphism : [( A;B;f )]]! [( A;B;f)] themapf g:B! A.

The composition( ; ) ( ; )isthe functor sending (A;B;f )to (A;A ; ), and
the morphism (a;b) to (a;a ). It is equipped with the duality compatibility mor-
phism (f g;f):(B;B ; g)! (A ;A;1). There is a natural weak equivalence
of form functors ( ; ) ( ; )! id given by the map (1;f g):(A;A ; A)!
(A; B;f ). Regarding the other composition, we have (; ) ( ; )= id.

By lemma 2.14, the form functor ( ; ):A!A S5 induces a homotopy equiva-

w
lence of Grothendieck-Witt spaces with homotopy inverse (; ).

3.5. Remark. Here is a slight generalization of lemma 3.4. Ifv is another set
of weak equivalences for &; ; ) such that w v, then (AS';v;];id) is also an
exact category with weak equivalences and strict duality. The form functors ( ; ):
(ASf;v) 1 (Asv)and (5 ) (A;v) D (AST;v) are still exact and non-singular
with compositions that are naturally weakly equivalent to t he identity functors. In
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particular, we have a homotopy equivalence
GW( ; ):GW(A;v; ; ) ! GW(AY;v;]id):

The next lemma will sometimes allow us to replace an exact catgory with weak
equivalences and duality by a simplicial exact category wih duality (where weak
equivalences and double dual identi cation are isomorphims).

3.6. Notation for lemma 3.7. Let (E;w; ; ) be an exact category with weak
equivalences and duality, and letD be an arbitrary (small) category. Recall from
2.1 that the category Fun(D;E) of functors D ! E is a category with duality.
It is an exact category with weak equivalences and duality ifwe declare maps
F! G (sequenceF ;! Fo! F;)offunctors D!E to be a weak equivalence
(conation) if F(A)! G(A) is a weak equivalence £ 1(A) ! Fo(A)! Fi(A)is
a con ation) in E for all objects A of D. We write Fun,,(D;E)  Fun(D;E) for
the full subcategory of those functorsF : D ! C for which the image F (d) of all
maps d of D are weak equivalences irE: F(d) 2 wE. The category Fun,(D;E)
inherits from Fun(D; E) the structure of an exact category with weak equivalences
and duality. In particular, for n 2 N and (E;w; ; ) an exact category with weak
equivalences and strong duality, the category Fug (n; E) is an exact category with
weak equivalences and strong duality. It has objects string of weak equivalences
and maps commutative diagrams inE. Varying n, the categories Fun,(n; E) de ne
a simplicial exact category with weak equivalences and stnog duality. Recall that
the symbol i stands for the set of isomorphisms in a category.

3.7. Lemma (Simplicial resolution lemma). Let (E;w; ; ) be an exact category
with weak equivalences and strong duality. Then there are hwotopy equivalences
JWS®E)nj " | n 7! (iS®Funw(n; E)nj;
GW(Ew) ' j n7! GW(Funy(n;E);i)j
which are functorial for exact form functors (F;' ) for which ' is an isomorphism.
Proof. We start with some general remarks. LetC be a category, and recall thati
stands for the set of isomorphisms inC. SinceC= Fun ;([0]; O), inclusion of degree-
zero simplices yields a map of simplicial categorie€ ! (n 7! Fun;([n]; C) which is

degree-wise an equivalence of categories, and thus inducafromotopy equivalence
after topological realization. Using the equality of bisimplicial sets

pig 7! Np Fun;([d]; ) = Nqi Fun([p]; O);
where N stands for the nerve of a category, we obtain a homotopy equalence
jiCj'j n7!iFun([n]; Oj. Since the topological realizations ofp 7! i Fun([p]; C) and
of p 7! i Fun([p]°P; C) are isomorphic, we have a homotopy equivalence
(6) iCj'j n 7!i Fun([n]°®; O)j:

The homotopy equivalence is natural in the categoryC.
Let (C, ; ) be a category with strong duality. There is an equivalence 6 cate-
goriesi Fun([n]°?; G,) ! (i Fun(n; C))n which sends an object

Ko ) "X 10 1Y 1 (X o)
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of the left hand category to the object

Xolmxn 100 Tixeiox, Px, 2 I x,

equipped with the form ( x,;:5 xo: 1505 1). Amap (gn; i 0) (Which is an iso-
morphism compatible with forms) is sent to the map (gn;::; 0o; (%) 55 (g,) 1)

The equivalence is functorial in h] 2 and thus induces a homotopy equivalence
after topological realization. Together with (6), we obtain a homotopy equivalence
of topological spaces

() iGj ] n 7 (i Fun(n; C)n]

which is natural for categories with strong duality (C; ; ) and form functors (F;" )
between them for which' is an isomorphism.

For an exact category with weak equivalences and strong dud) ( E;w; ; ), we
apply the general homotopy equivalence (7) to the form funcor wSJE ! wSSHE
induced by the forgetful form functor E ! HE (see remark 2.18). Varyingp, we
obtain a map of homotopy equivalences after topological rel&zation

J(WS®E)n]

lfn 71 (iS® Funy (0; E))nj

j(WSEHE)nj —In 7! (iS®H Funy, (n; E))nj:

The top row gives the rst homotopy equivalence of the lemma. By remark 2.18, the
left vertical homotopy bre of the diagram is GW (E;w; ; ). In view of Bous eld-
Friedlander's theorem [BF78, B4], [GJ99, Theorem IV 4.9], he homotopy bre
of the right vertical map is the simplicial realization of th e degree-wise homotopy
bres. By remark 2.18, this is

jn 7' GW (Funy (n; E);i; ;5 )j:

Before proving the additivity theorems, we give a rst appli cation of the sim-
plicial resolution lemma and show that (GW (E;w; ; ) is the Grothendieck-Witt
group as de ned in 2.4.

3.8. Proposition (Presentation of GWy). Let (E;w; ; ) be an exact category with
weak equivalences and duality. There is a natural isomorphin

GWo(E;w; ; )= oGW(Ew; ; ):

Proof. In view of relation 2.4 (b) and lemma 2.14, weakly equivalentnon-singular
exact form functors (F;' ) !  (G; ) induce the same map onGWy and on oGW.
Therefore, we can replacel; w) by its stricti cation ( E" ; w) from lemma 3.7 which
has a strong (in fact strict) duality. So we can assume the dulity on (E;w) to
be strong which will allow us to use the simplicial resolution lemma 3.7. For a
bisimplicial set X , there is a co-equalizer diagram

d;
(®) ojxlj_ﬂojxoj%/ojx i
0
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This is well known and follows from an examination of the usu& skeletal Itration
of i X j=jn7! Xpnj=jn7! X, j{which the reader can nd in [GJ99, Diagram
IV.1 (1.6)], for instance { using the fact that the functor o : ©°PSets! Sets
preserves push-out diagrams as it is left adjoint to the inclision functor Sets!

°P Sets. By the simplicial resolution lemma 3.7 and the fact (poven in [Sch08,
Proposition 4.14] together with proposition 2.20) that the proposition holds when
the set of weak equivalences is the set of isomorphisms, wediee that (GW (E; w)
is the co-equalizer of the diagram

8 9 g 8 9
GWo' Funu(L;E)) ——JGWo ' Fun,(Q;E);
do

of Grothendieck-Witt groups of exact categories with dualiy. It su ces therefore to
display GWy(E;w; ; ) as the co-equalizer of the same diagram. Evaluation at the
object 0° of 0 de nes a non-singular exact form functorF : (Funy (0;E);i)! (E;w)
which sends the objectf : Xgo! X to F(f) = Xgo and has duality compatibility
morphism F(f ) ! F(f) themapf :X,;! Xg. The form functor induces a
map GWyp(Funy (0;E);i) !  GWoy(E; w) which equalizesdy and d; in view of the
relation 2.4 (b). We therefore obtain a map from the co-equalker of the diagram
to GWp(E;w). To construct its inverse, consider the map from the free alelian
group generated by isomorphism classesX|' ] of symmetric spaces in E;w) to
GWy(Funy (0;E);i) sending (X;' )to ' : X I X equipped with the non-singular
form ( x;1). This map is surjective and factors through relations 2.4(a) and (c).
The map induces a surjective map to the co-equalizer which fetors through relation
2.4 (b) and thus induces a surjective map fromGW,(E; w; ; ) to the co-equalizer.
Since composition with the map from the co-equalizer toGWy(E;w; ; ) is the
identity, the claim follows.

3.9. Remark. Using the co-equalizer diagram (8), one can show directly th iso-
morphism (j(WS€E)nj = Wo(E; w; ; ) without the need of the simplicial resolu-
tion lemma.

Proof of theorem 3.2. In view of the stricti cation lemma 3.4 we can assume the
duality on E to be strong. By the simplicial resolution lemma 3.7 the prod reduces
further to the case of an exact category with duality (in which all weak equivalences
are isomorphisms). This case was proved in [Sch08, theorenis4, 7.10] in view of
proposition 2.20.

3.10. Proof of theorem 3.3. Theorem 3.3 is a formal consequence of theorem 3.2.
Let (E;w; ; ) be an exact category with weak equivalences and duality. Co-
sider the form functors sCx(E) ' HE : E 7! (E1;E ;) and HE | sCx(E) :
(E;;E 1) MW (E1 ! E1 E ;! E ;) with duality compatibility morphisms
(1; ):(E ;E; ) ! (E ;;Ex)and (; %% ;1) :(E 1! E 1 Eg ! Ep)!

(E ! E; E ;! E;). Together with the form functor Hy : sCx(E) ! E
and the duality preserving functor E! sCx(E): E 7! (0! E ! 0) they de ne
non-singular exact form functors

E HE! SsCx(E)!E HE

whose composition is weakly equivalent to the identity fundor. By the additiv-
ity theorem for short complexes (theorem 3.2), the second fion functor induces a
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homotopy equivalence in hermitian K -theory. It follows that the two form func-
tors induce inverse homotopy equivalences on GrothendieeWitt spaces and on
hermitian S constructions. Therefore, the compositions

AT ) scx) P8 and A7) scx(B)IB HB!  sCx(B) FB
induce homotopic maps in hermitian K -theory. These compositions are (weakly
equivalent to) the maps in (5).

3.11. Remark. In the proof of proposition 4.7 below, we will need the followng
relative version of theorem 3.3. LetAg A , Bp B be duality preserving exact
inclusions of exact categories with duality. Recall that there is an equivalence of
categories with duality sCx(B) = Sf(B). With this in mind, we will give the
relative version in terms of S§. Let (F;' ): A! S§B be a non-singular exact form
functor sending Ao to S§Bo. Then the homotopy
(Fro1;" 101)  (Fooo; " 000) ? H (F1o00)

of theorem 3.3 is a homotopy of pairs GW (A); GW (Ap)) ! (GW (B); GW (Bp)),
that is, the homotopy sendsGW (Ag) to GW (By).

This follows directly from the proof in 3.10. We only have to sse that the map
sCx(B)!'B HB! sCx(B) and the identity map induce maps on Grothendieck-
Witt spaces which are homotopic as maps of pairs. For that, reall that the category
of morphisms of topological spaces has a model category stture in which a map
(fo;f1) : (Xo! X2)! (Yo! Yi)of morphisms is a weak equivalence ( bration) if
fo and f; are homotopy equivalences (Hurewicz brations), and the ma (fo;f1) is
a co bration if fo and f1 are co brations and if the induced map Yot x, X1! Y1
is a co bration. In particular, every object is brant and th e object Xo! X3)is
cobrantif Xo! X, is a co bration of spaces. In our case, the objectsXo! X3i)
and (Yo ! Yi), which are the Grothendieck-Witt spaces of the inclusions

sCx(Bp) sCx(B) and By HB ¢ B HB ;

are brant and co brant in the category of morphisms of spaces. From the proof
3.10,the maps Ko ! X1)! (Yo! Y and (Yo! Yi)! (Xo! X3) are weak
equivalence of pairs, and they are inverse to each other in #h homotopy category
of pairs. Since both objects are brant and co brant, the composition of the maps
Xo! Xg2)! (Yo! Y1)! (Xo! X;)is homotopic to the identity through a

homotopy of pairs.

3.12. Remark. Iterated application of theorem 3.3 implies homotopy equialences

K
E (WS®E)p, WS E, n=2k+1
(WS®SEE), ! * p=1
_E wS E; n=2k:
p=1
This allows us to identify (WS®S®E),, with the Bar construction of the H-group
wS E acting on (WS®E),, and leads to a homotopy bration

(WS®E)p ! (WS®S®E), ! WS S E

in which the rst map is \inclusion of degree zero simplices" and the second map
is the \forgetful map" ( E;' ) 7! E followed by the canonical homotopy equivalence



THE MAYER-VIETORIS PRINCIPLE FOR GROTHENDIECK-WITT GROUP S 19

X€ 1 X . In particular, the iterated hermitian S -construction (WS®S®E);, is
not a delooping of WS®E);, contrary to the K -theory situation, compare [Wal85,
proposition 1.5.3 and remark thereafter].

3.13. Remark. De ne the Witt-theory space W (E; w; ; ) as the colimit of the top
row in the sequence of homotopy brations

GW (E; w) —wSeE);, twseseE), —/(wseseseE), —/

wS E wS S E WSSSE

Since the spaces in the second row get higher and higher coruted, we see that

oW(Ew; ;) = Wo(Ew; ; )and 1W(Ei; ; ) = Wiorm (E; ; ) where the
group Wiorm (E; ; ) is the Witt-group of formations in ( E; ; ), that is, the cok-
ernel of the hyperbolic map Ko(E) ! GWsorm (E) : [X] 7! [HX;X;X ] to the
Grothendieck-Witt group of formations GWsorm (E) de ned in [Sch08, 4.11].

If Eis aZ[%]—Iinear category and \complicial", we show in [Scha] that the Witt-

theory space W (E;w; ; ) is the innite loop space associated with (the ( 1)-
connected cover of) Ranicki'sL -theory spectrum, and its homotopy groups

iW(EwW; ; )=W '(w'E ;) i 0
are Balmer's Witt groups W ' (w 1E; ; ) of the triangulated category with duality
(w E; ; ). At this point, | don't know how to calculate W (E;i; ; ), n 2,

for (complicial) (E;w; ; ) when E is not Z[%]-Iinear.

4. Change of weak equivalences and Cofinality

In this section we prove in theorems 4.2 and 4.10 the higher Gathendieck-Witt
theory analogs of Waldhausen's bration theorem [Wal85, 16.4] and of Thomason's
co nality theorem [TT90, 1.10.1].

Waldhausen'sK -theory version of theorem 4.2 below needs a \cylinder funair".
The purpose of the next de nition is to de ne the higher Groth endieck-Witt theory
analog. We rst x some notation. For an exact category with w eak equivalences
(E;w), write EY E for the full subcategory of w-acyclic objects, that is, those
objectsE of E for which the unique map 0! E is a weak equivalence. The category
E" is closed under extensions ir, and thus inherits an exact structure from E such
that the inclusion EY E is fully exact.

4.1. De nition.  Let (E;w; ; ) be an exact category with weak equivalences and
duality. A symmetric coneon (E;w; ; ) is given by the following data:

(a) exact functorsP :E'E W,andC:E!E Y,

(b) a natural de ation pg : PE E and a natural in ation ig : E CE,

(c) anaturalmap g :P(E )! (CE) suchthatiz g = pe for all objects

E of E.

It is convenientto dene ¢ : C(E)! (PE) by g = P(g) £ C(E )-
Thenpg = g ig ,and g = C( g) E p(e - In other words, the sequence
P! id! C denes an exact form functor from E to the category of sequences
E 1 Eo Eiin E with duality compatibility map ( ; 1; ).

For examples of symmetric cones, see 7.5.



20 MARCO SCHLICHTING

The proof of the next theorem will occupy most of this section

4.2. Theorem (Change of weak equivalences)Let (E;w; ; ) be an exact category
with weak equivalences and duality which has a symmetric cen Let v be another
set of weak equivalences it containing w and which is closed under the duality.
Then the duality ( ; ) on E makes(EY;w), (EY;V), (E; V) into exact categories with

weak equivalences and duality such that the commutative saye of duality preserving

inclusions

(E;w) —E;v)

(Ew) —E;v)

induces a homotopy cartesian square of associated Grotheiedk-Witt spaces. More-
over, the upper right corner has contractible GrothendieckWitt space.

4.3. Remark. A square of homotopy commutative H-groups (such as Grothen-
dieck-Witt spaces) is homotopy cartesian if and only if the map between, say,
horizontal homotopy bres is a homotopy equivalence, and tre map of abelian
groups between horizontal cokernels of ¢'s is a monomorphism.

4.4. Remark. In theorem 4.2, the map GWy(E;w; ; ) ! GWp(E;v; ; ) is not
surjective, in general, contrary to the K -theory situation in [Wal85, Fibration the-
orem 1.6.4].

We will reduce the proof of theorem 4.2 to idempotent comple¢ exact categories
with weak equivalences and duality. We recall the relevant & nitions.

4.5. ldempotent completion. Recall that the idempotent completion E of an
exact category E has objects pairs @;p) with p= p?>: A! A an idempotent in
E. Amap (A;p)! (B;q)isamapf : A! B in Esuchthatf = fp = ¢f.
Composition is composition of maps inE. The idempotent completion E has a
canonical structure of an exact category such that the inclsionE E: A 7! (A; 1)
is fully exact (see [TT90, Theorem A.9.1], where \idempoter completion" is called
\Karoubianisation"). Any duality ( ; ) on E extends to a duality (A;p) =(A ;p)
on E with double dual identication 5 p: (A;p)! (A;p) . If (Ew; ; )is
an exact category with duality, call a map in the idempotent completion E weak
equivalenceif it is a retract of a weak equivalence inE. Then (E;w; ; ) is an
exact category with weak equivalences and duality. Note thathe natural inclusion

Ew (E)V is an equivalence of categories ifE;w; ; ) has a (symmetric) cone.
This is because for an objectX in (E)Y, the weak equivalence @ X in Eis, by
de nition, a retract of a weak equivalencef : Y ! Z in E, and, by functoriality,

also a retract of 0! C(f), where C(f ) is the push-out ofiy : Y ! CY alongf.
SinceC(f) is in EY, the object X is (isomorphic to an object) in v
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4.6. Lemma. Let(E;w; ; ) be an exact category with weak equivalences and strong
duality which has a symmetric cone. Then the commutative digram of exact cate-
gories with duality

(E";i) —(E™; i)

(E:) — &)
induces a homotopy cartesian square of Grothendieck-Wittfmaces.

Proof. By the co nality theorem in [Sch08, 5.5], the horizontal homotopy bres of
associated Grothendieck-Witt spaces are contractible. Tlerefore, it su ces to show
that the map GWo(EY)=GWo(E") ! GW,(E)=GWy(E) between the cokernels of
horizontal ¢'s is injective. For an exact category with duality A, the quotient
GWo(A)=GWy(A) is the abelian monoid of isometry classes of symmetric spas in
A modulo the submonoid of symmetric spaces imA [Sch08, 5.2]. In particular, a
symmetric space inA yields the zero class inGWy(A)=GWy(A) if and only if it is
stably in A.

Let (A; ) be a symmetric space inE" whose class inGWy(E)=GWy(E) is zero.

Then there are symmetric spacesX;' ) and (Y; ) in E and an isometry (A; ) ?

(Y; ) = (X;' ). In particular, there is an exact sequence @ A !l X " Y10

in E. The push-out C(f) of f along the E-in ation X CX isin E. In the exact
sequence @ A! CX ! C(f)! 0, we haveA and CX in E"¥. Therefore, C(f)
is also iINE", henceC(f) 2 EY\E = E". ChooseA 2 E¥ suchthat A A 2 EY.
Then A CX isin EY as it is an extension ofA A and C(f), both being in EV.
It follows that the symmetric spaces A; ) H (A CX)and H(A CX) liein
EY, whereHE = (E E ; 9} )is the hyperbolic space associated withE. This

implies that (A; ) is trivial in GWu(E")=GWy(EY).

For an exact category with weak equivalences and duality ; w; ; ), the cate-
gory Mor E = Fun([1] ; E) of morphisms in E is an exact category with weak equiva-
lences and duality such that the fully exact inclusionE Mor E: E 7! idg, induced
by the unique map [1]! [0], is duality preserving. The inclusion factors through
the fully exact subcategory Mor, E = Fun ([1];E)  Mor E of weak equivalences
in E and de nes a duality preserving functor

| :E! Mory E:
Note that (Mor , E)¥ = Mor  (E") = Mor( EV).

The following proposition is the key to proving Theorem 4.2.

4.7. Proposition.  Let (E;w; ; ) be an exact category with weak equivalences and
strong duality. Assume that(E;w; ; ) has a symmetric cone. Then the commuta-
tive diagram

(9) v —or, E¥

E ! /MorWE
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of duality preserving inclusions of exact categories with whlity (all weak equiv-
alences being isomorphisms) induces a homotopy cartesiarguare of associated
Grothendieck-Witt spaces.

The proof uses the cone category construction of [Sch089]. We recall the
relevant de nitions and facts.

4.8. Cone exact categories. Let A U be a duality preserving fully exact in-
clusion of idempotent complete exact categories with duaty ( ; ). In [Sch08, x9],
we constructed a duality preserving fully exact inclusion : U C (U;A) of exact
categories with duality, depending functorially on the pair A U , such that the
duality preserving commutative square

(10) A —IEA;A)

U —/u;A)

of exact categories with duality induces a homotopy cartesin square of associated
Grothendieck-Witt spaces, and the upper right corner C(A; A) (also written as
C(A)) has contractible Grothendieck-Witt space [Sch08, theoem 9.9].

We recall the de nition of the cone categoryC(U; A), details can be found in
[Sch08,x9.1-9.3]. One rst constructs a categoryG(U; A), a localization of which
is C(U; A). Objects of G(U; A) are commutative diagrams in U

(11) U L1, LG, L1, L

Uom_ul_(m)_u2_(m)_u3mn_

such that the mapsU; Ui+, and Ui+t U',i 2 N are in ations with cokernel in
A and de ations with kernel in A, respectively. Moreover, there has to be an integer
dsuch that for everyi j,themapyj; ! U'* 9 is anin ation with cokernelin A and
the map Ui+ 4! Ul is a de ation with kernel in A. If the maps in diagram (11) are
understood, we may abbreviate the diagram asly ! U ). Maps in G(U;A) are
natural transformations of diagrams. A sequence of diagram in G(U; A) is exact
if at each U;, Ul spot it is an exact sequence iflJ. The dual of the diagram (11) is
obtained by applying the duality to the diagram: (U ! U ) =(U ) ! (U)).

For each diagram (11), forgetting the upper left cornerUp gives us a new object
(U! U)y=(Usa ! U)andacanonicalmapU ! U)! (U ! U).
Similarly, forgetting the lower left corner U° de nes a new object U ! U )1 =
(U ! U*)andacanonicalmap U ! U*)! (U ! U). Finally, the
category C(U; A) is the localization of G(U; A) with respect to the two types of
canonical maps just de ned. A sequence inC(U;A) is a con ation if and only if
it is isomorphic in C(U; A) to the image under the localization functor G(U; A) !
C(U; A) of a con ation in G(U; A).



THE MAYER-VIETORIS PRINCIPLE FOR GROTHENDIECK-WITT GROUP S 23

There is a fully exact duality preserving inclusion : U C (U;A) which sends
an object U of U to the constant diagram

U lEy EIy IEy EI

Proof of proposition 4.7. By Lemma 4.6, we can (and will) assumeE to be idem-
potent complete. Then all categories in diagram (9) are idermpotent complete.

We will write C(E; w) and C(EY) instead of the categoriesC(E; EY) and C(EY; EV)
of 4.8, and we will write (F;"' ) (G, ) if the two non-singular exact form functors
(F;" ), (G; ) induce homotopic maps on Grothendieck-Witt spaces. The stategy
of proof is as follows. We will extend diagram (9) to a commutdive diagram of
exact categories with duality and non-singular exact form finctors

(12) v —/Mor,, E¥ Ie(E™) le(Mor  E")

E—" Ior, E -F16E; w) 2 JeMory E; w)

where the right hand square is obtained from (9) by functoridity of the cone cate-
gory construction in 4.8. We will show:

(y) (GW applied to) the compositions (F;' ) (l;id) and (C(1);id) (F;"')
are homotopic to the constant diagram inclusions ( ;id) of 4.8 in such a
way that the homotopies restricted to EY and Mor,, EY have images in the
Grothendieck-Witt spaces of C(E") and C(Mor,, EV), respectively.

We will rst derive proposition 4.7 assuming (y). For that, call f; the map on
Grothendieck-Witt spaces of the i-th vertical map in diagram (12), call F; the
homotopy bre of f;, and A; the cokernel of o(f;). (y) implies that the outer
diagrams of the left two squares and of the right two squares fodiagram (12)
are homotopy cartesian in hermitian K -theory. That is, the maps F; ! F3 and
F, ! F4 are homotopy equivalences, and\; ! Az andA,! A, areinjective. The
rst homotopy equivalence implies that F, ! F3 is surjective on homotopy groups.
The second homotopy equivalence implies that, ! Fj3 is injective on homotopy
groups, hence an isomorphism. The rst homotopy equivalene then implies that
F1! F;is anisomorphism on homotopy groups. Moreover, injectiviy of Ay ! As
implies injectivity of A; ! A,. By remark 4.3, the left square in diagram (12) is
homotopy cartesian, hence the proposition 4.7.

To construct diagram (12), we will de ne the non-singular exact form functor
(F;" ) : MorwE ! C (E;w) as the composition of a non-singular exact form func-
tor (Fo;' ) : Mory E ! C o(E;w) and the localization functor G(E;w) ! C (E;w)
such that its restriction to Mor EY has image inG(E"). Recall that (E;w; ; )
is assumed to have a symmetric cone (see de nition 4.1), wheri : id C and
p: P id denote the natural in ation and de ation which are part of th e struc-
ture of a symmetric cone. The functor (F;' ) (or rather (Fo;"' )) sends an object
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g: X ! Y of Mor,, E to the object F (g) given by the diagram

(13)
x LIk py Lk py cx Ltk py cx py L
gpo
: o 3

yd vy Ccxd@_y Cx pyd@_y CX PY Cxdam_

of G(E; w). In the notation (U ! U ) of 4.8 corresponding to diagram (11), the
object F(g) is given by

Ur=X PY CX PY CX (n +1 summands),

un=yY CX PY CX PY (n + 1 summands).

The mapsU, ! Upsy and UL 1 U™ are the canonical inclusions into the rst
n + 1 summands and the canonical projections onto the rst n + 1 factors. The
mapsU, ! U" are given by the matrix

pP000
010
01010
(Us)o rs n = 80(]3?1

with us =0 unlessr = s=0or jr sj=1,and upp = 0, Up:1 = Py, Uio = ix,
Ur+1 =1, U4z =1for r 1. The construction of diagram (13) is functorial
in g, so that F : Mor,, E ! C (E;w) is indeed a functor. The duality compatibility
map'4g:F(g)! (Fg) forg:X ! Y istheidentityon X andY ,itis x on
the summandsP (X ) and y on C(Y ). Itis clear that F sends the subcategory
Mor,, E¥ to the full subcategory C(E") of C(E;w). This de nes diagram (12).

We are left with proving (y). Since Uy = X is the initial object of diagram
(13), itdenesamapj = jg: X = Up ! F(g), where Uy (and X) is considered
an object of C(E; w) via the constant diagram embedding : E ! C (E;w). The

mapj : X ! F(g) is an ination in C(E;w) with cokernel in C(E") because
j X1 (U U*)isaninationin G(E;w) with cokernel in G(EY). Varying
g, the map j4 de nes a natural transformation j : ! F. Similarly, U° is the nal

object of diagram (13) and thus de nes a (functorial) mapq= gy : F(g)! U°=Y
with kernel in C(EY). We have g= qj.

Let » : F ! Fl = F be the symmetric form on the functor F associated
with the duality compatibility map ' (see 2.1). The form'~: F | Fl tsinto a
commutative diagram in G(E; w)

(14) X — JE(g) —% Ik

X g Y

x 2 E@g)

Write (FI;" g ) for the composition (F;' ) (I;id) of form functors. The natural
transformation j above makes the canonical inclusion (;id) : E ! C (E;w) into an
admissible subfunctorj : FI of FI. Commutativity of diagram (14) for
g = idx implies that = jI"g |, thatis, j denesamap ( ; )! (FI; "¢ ) of
symmetric spaces associated with the form functors (;id) and (FI;' ;). Since
the mapsid and' g, are isomorphisms, the symmetric spaceK|; "¢, ) decomposes
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in Fun(E; C(E;w)) as ( ; ) ? (A;"a) with (A; ") the orthogonal complement of
(5 )in(FI; g ). As mentioned above, the cokernel of : X ! FI(X)= F(1x)
is in C(EY). Therefore, the form functor (A;' a) factors through the category
C(EY) (whose hermitian K -theory space is contractible [Sch08, corollary 9.8]). So,
(A;' A) 0. Hence, €I;' 1) =( ;id)? (A;' a) ( ;id): By construction, the
homotopy restricted to EY has image in the Grothendieck-Witt space of C(EV).
This shows the rst half of the claim ().

For the second half, write (IF;" ) and (IFo;" |r,) for the compositions of
form functors (C(1);id) (F;' ) and (C(1);id) (Fo;' ), and note that (IF;' ) is
just the composition of (IF ;" £ ,) with the localization functor G(Mor E; w) !
C(Mor, E;w). There is an obvious isomorphism of exact categories with dality
Mor,, G(E;w) = G(Mor, E;w) such that the composition IF, sends the object
(g: X! Y)2 MoryEtoidg : F(9) ! F(9), and the duality compatibility
morphism ' |r, becomes (g4;' ¢) : idr(g) ! idg(g . Consider the functorial
bicartesian square

x 1 F@) —F @)1 Fo)

(L;a) (1;a)

X 1° V) —2SE @ v)

in Mor,, G(E; w). The total complex of the square (considered as a bicompléxis
a con ation in Mor , G(E;w) = G(Mor;w). It is therefore also a con ation in

C(Mor,; w), hence the square is also bicartesian i©(Mor,; w). In C(Mor,; w), the
horizontal maps in the square are in ations with cokernel in C(Mor,, E¥) since
(j; 1) is isomorphic to the G(Mor;w)-ination ( j; 1) which has cokernel in
G(Mor, EY). Similarly, the vertical maps in the square are de ations in C(Mor, ; w)
with kernel in C(Mor, E") since (1; q) is isomorphic to the G(Mor, ; w)-de ation

(1; o)f1y with kernel in G(Mor,, EV).

Commutativity of diagram (14) implies that the form ”* |z, on the upper right
corner IF o of the square extends to a form on the whole bicartesian squarsuch
that its restriction to the lower left corner is the constant diagram inclusion ( ; ):
Mor, E ! C o(Mory, E;w). It follows that ker(1 ;q) IF is a totally isotropic
subfunctor of (IF;' ¢ ) with induced form on (X 19 Y) = ker(1;q)” =ker(1;q)
isometric to the constant diagram inclusion ( ;id) : Mory E ! C (Mory E;w).
By the additivity theorem [Sch08, theorem 7.1] (or its genearlization in theo-
rem 3.3), the form functors ( ;id) ? H ker(1;q) and (IF;" ¢ ) induce homotopic
maps on Grothendieck-Witt spaces. SinceH ker(1;q) has image in C(Mor,, EV)
whose Grothendieck-Witt space is contractible, we have If;" ¢ ) (;id) ?
H ker(1; g) ( ;id). The homotopies restricted to Mor,, EY have image in the
Grothendieck-Witt space of C(Mor,, E¥). This is clear for the second homotopy,
and for the rst, it follows from remark 3.11.

Next, we prove a variant of the Change-of-weak-equivalencéheorem.
4.9. Proposition.  Let (E;w; ; ) be an exact category with weak equivalences and

strong duality which has a symmetric cone. Then the followig commutative di-
agram of exact categories with weak equivalences and duglinduces a homotopy
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cartesian square of Grothendieck-Witt spaces with contratble upper right corner
(15) (E":1) —/E";w)

(E i) ——E w):

Proof. From lemma 2.14 it is clear that GW (E"; w) is contractible since 0! id is
a natural weak equivalence in £"¥;w). Consider the commutative diagram of (sim-
plicial) exact categories with dualities (all weak equivakences being isomorphisms)
8 9
v —Jkun,, (0;E") — n 7! Funy (n; EY);

8 9
E—kun, (0;E) — n 7! Fun,,(n; E);

in which the left hand square can be identi ed with the square of proposition 4.7
and induces therefore a homotopy cartesian square of Grotmalieck-Witt spaces.
On Grothendieck-Witt spaces, the right vertical map can be identi ed with the
map (EY;w) ! (E w) in view of the simplicial resolution lemma 3.7. The right
hand square is the inclusion of degree zero simplices. The @of of proposition 4.9
is thus reduced to showing that the right hand square of the dagram induces a
homotopy cartesian square of Grothendieck-Witt spaces.

Let Fun\}v(n; E) Funy(n;E) be the full subcategory of those functorsA : n ! E
for which A, ! Aqis anination, and Agp! Apisadeation,0 p5q n.lt
inherits the structure of an exact category with duality fro m Fun,, (n; E). Further,
let Funf,)v(n; E) be the category which is equivalent to Fur]}v(ﬂ; E) but where an
object is an objectA of Funj, (n; E) together with a choice of subquotientsApq =
Aq=A, = coker(Ap Ag) 2 EY and induced mapsApq !  Apg, and together
with a choice of kernelsAg,p0 = ker(Ag  Ap) 2EY forO0 p g n. The
category Funf,)V (n; E) is an exact category with duality such that the forgetful fu nctor
Funf,)v(ﬂ; E) ! Fun\}v(ﬂ; E) is an equivalence of exact categories with duality. We
have an exact functor Fur{,’v(g; E)! ShEY :A 7! (Apg)o p g n. By the additivity
theorem [Sch08, theorem 7.1] (or 3.3), this functor induces map which is part of
a split homotopy bration

GW (Funy (0; E)) ! GW(Funf,)v(ﬂ;E))! K (ShEY):

The same argument applies to EY; w) instead of (E;w). So, varying n, we obtain
a map of homotopy brations after topological realization

GW Funy, (0; EY) —fn 71 GW Fund,(n; E¥)j —fn 7! K (ShEV)j

GW Funy, (0; E) —fn 71 GW Fun? (n; E)j —/In 7! K (ShEY)j

which shows that the left square is homotopy cartesian.
Since Fun?v ! Funvlv is an equivalence of exact categories with duality, the prop-
sition follows once we show that the inclusionl : Fun\}v(ﬂ;A) Funy, (n; A) induces
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a homotopy equivalence on Grothendieck-Witt spaces foA = E;EY. We illustrate
the argument for A = Eand n = 1. The general case is mutatis mutandis the same.

We de ne two functors F; G : Funy (1;E) ! Funvlv(l; E). The functor F sends
Ew! Egp! Eg! Eito Efo PEg Ep! Eg E;1 CEyp, the functor
G sends the same object toP Eqgo o! o CE,. Both functors F and G
are equipped with canonical duality compatibility morphisms, induced by and
from de nition 4.1, such that F and G are non-singular exact form functors. By
the additivity theorem, we have IF id ? 1G and FI id ? Gl. Therefore,
GW(F) GW/(G) de nes an inverse of GW (1), up to homotopy.

Proof of theorem 4.2. By lemma 2.14, GW (E";w) is contractible. Let A = E
be the stricti cation of E from lemma 3.4, and recall that it has a strong duality.
Consider the commutative diagram of exact categories with veak equivalences and
duality

(AY; i) —(AY; w)

(AV;i) —Av;w) —(Av;v)

(A;i) —A;w) —(A;v):

By the stricti cation lemma 3.4 and lemma 2.14, the square in theorem 4.2 is
equivalent to the lower right square in the diagram. By propaosition 4.9, the upper
square and the outer diagram of the left two squares are homaftpy cartesian in
hermitian K -theory. Since the left vertical maps are surjective onGW; (because
A = EJ"), it follows that the lower left square is homotopy cartesian in hermitian

K -theory, by remark 4.3. Again, by proposition 4.9, the outer diagram of the two
lower squares induces a homotopy cartesian square of Grothdieck-Witt spaces.
Together with the facts that the lower left square is homotopy cartesian in hermitian

K -theory and that the lower left vertical map is surjective on GWy, this implies

that the lower right square induces a homotopy cartesian sqare of Grothendieck-
Witt spaces.

4.10. Theorem (Co nality). Let (E;w; ; ) be an exact category with weak equiv-
alences and duality which has a symmetric cone. LeA  Kg(E;w) be a subgroup
closed under the duality action onKo(E;w), and let Ex E be the full subcate-
gory of those objects whose class i o(E; w) belongs toA. Then the category Ea
inherits the structure of an exact category with weak equivances and duality from
(E;w; ; ), and the induced map on Grothendieck Witt spaces

GW(Ea;w; ; ) ! GW(Ew; ;)

is an isomorphism on j, i 1, and a monomorphism on .
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Proof. Let U = EJ', and consider the the diagram of exact categories with weak
equivalences and duality

(U 1) —HUn ;i) —{Un; w)

(U¥;i) —Hu; i) —u; w:

On Grothendieck-Witt spaces, the right vertical map can be identi ed (up to ho-
motopy) with the map in the theorem, by lemmas 3.4 and 2.14. Thke rows are
homotopy brations, by proposition 4.9, and the right horiz ontal maps are surjec-
tive on GWp (as U = EJ'). It follows that the right square induces a homotopy
cartesian square of Grothendieck-Witt spaces. Sinctla U is a co nal inclusion of
exact categories with duality, the co nality theorem of [Sch08, corollary 5.5] shows
that the homotopy bre of the Grothendieck-Witt spaces of th e middle vertical map
is contractible. As the right square is homotopy cartesian n hermitian K -theory,
the same is true for the right vertical map.

5. Approximation, Change of exact structure and Resolution

In this section we prove in theorems 5.1 and 5.11 variants of \Wldhausen's ap-
proximation theorem [Wal85, Theorem 1.6.7] which hold for hgher Grothendieck-
Witt groups. We explain two immediate consequences, one carning the condi-
tions under which a change of exact structure has no e ect on @thendieck-Witt
groups (lemma 5.3, compare [TT90, Theorem 1.9.2]) and the d¢ter concerning an
analog of Quillen's resolution theorem (lemma 5.6, compargQui73, x4 Corollary

1).

5.1. Theorem (Approximation ). Let (F;") : A ! B be a non-singular exact
form functor between exact categories with weak equivalezg and duality. Assume
the following.

(@) Every map in A can be written as the composition of an in ation followed
by a weak equivalence.
(b) A map in A is a weak equivalence i its image inB is a weak equivalence.
(c) For every mapf : FA! E in B, thereisamapa:A! B in A and a
weak equivalencgg: FB ! E in B such thatf = g Fa:
FA_°L Y{,
X

Fa X
X
X

9 FB

(d) The duality compatibility morphism '» : F(A ) ! F(A) is an isomor-
phism for every A in A.

(e) For every mapf : FA! FB in B, there is an exact functorL : Al A
a natural weak equivalence : L ! iday and a mapa:LA ! B in A such
that Fa=f F a:

f
9 FLA — kA 2. kg
v

Fa



THE MAYER-VIETORIS PRINCIPLE FOR GROTHENDIECK-WITT GROUP S 29

(f) For every mapa: A ! B in A such thatFa =0 in B, there is an exact
functor L : AT A and a natural weak equivalence : L ! ida such that

a aA=0inA:
9 LA — I 22 f Fa=0:
\/

0
Then (F;' ) induces homotopy equivalences

(WS®A)h ! (WS®B)j and GW(A;w; ; )! GW(B;w; ; ):

Proof. For the purpose of the proof, we calllattice a pair (L; ) with L : ATA
an exact functor and : L ! ida a natural weak equivalence. Lattices form an
associative monoid under compaosition

(L2; 2) (L1; 1)=(LaLy; 2 La( 1)):

Since 2 La( 1)= 1 21, (@8s 2isanatural transformation), lattices behave like
a multiplicative set in a commutative ring. More precisely, composition of lattices
allows us to generalize properties (e) and (f) to nite families of maps:

(e") for any nite set of maps f; : FA; ! FB; in B, i = 1;::;n, there are a
lattice (L; )and mapsa; : LA;j! BjsuchthatFa; = f; F 4A,,i=1;::n,
and

(f) for any nite set of maps a : Aj ! Bj in A such that Fa = 0 in B,
i =1;::5n, thereis a lattice (L; )suchthata A, =0in A,i=1;::;n.
We will refer to (e') and (f') as \clearing denominators”, in analogy with the lo-
calization of a commutative ring with respect to a multiplic ative subset. \Clearing
denominators” together with (b) and (d) implies that we can |ift non-degenerate
symmetric forms from B to A in the following sense:

(y) For any non-degenerate symmetric form £A; ) 2 (wB), on the imageFA
of an objectA of A, there is a lattice (L; ) and a non-degenerate symmetric
form (LA; ) 2 (wA), on LA such that F( a) is a map of symmetric spaces
F( A):F(LA; )! (FA; ).

The proof is the same as the classical proof which shows that aon-degenerate
symmetric form over the fraction eld of a Dedekind domain can be lifted to a
(usual) lattice in the ring. In detail, the map Al :FA! F(A) lifts to a map
a;:LiA! A suchthat' p,Fa; = F 1. for some lattice (L1; 1). The map a:
a1 LiAl (L1A) is aweak equivalence but not necessarily symmetric. How-
ever,thedierence = a a ,a satisesF =0. Therefore, there is a second lat-
tice (L2; 2)suchthat . ,o =0. Then = 2L,A8 2L4A LoLiA DL (LoLsA)
is a non-degenerate symmetric form orLA with (L; ) =(Lz; 2) (L1i; 1), and
F( a) de nes a map of symmetric spaced=(LA; )=(FLA;" laF )! (FA; ).
Apart from \clearing denominators", the proof of the rst ho motopy equivalence
in the theorem proceeds now as the proof of [Sch06, theorem L@hich was based
on the proof of [Wal85, theorem 1.6.7]. We rst note that under the assumptions
of the theorem, the non-singular exact form functorsS,(F;' ) : ShA! SyB also
satisfy (a) - (f), n 2 N. For (a) - (¢), this is in [Wal85, lemma 1.6.6] (using the
fact that in the presence of (a), the mapa: A! B in (c) can be replaced by an
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in ation), (d) extends by functoriality, and the extension of (e), (f) to S, easily
follows by induction on n by successively clearing denominators.

In order to show that (WS®A), ! (wS®B);, is a homotopy equivalence, it su ces
to prove that (WSSA), ! (wSSB)n is a homotopy equivalence for everyn 2 N,
which, by the argument of the previous paragraph, only needgo be checked for
n =0, that is, it is su cient to prove that

F:(wA),! (wB)y

is a homotopy equivalence. The last claim will follow from Qullen's theorem A
once we show that for every objectX = (X; ) of (wB)y, the comma category
(F #X) is non-empty and contractible.

By (a) with A =0, there is an object B of A and a weak equivalencd=B ! X,
hence a map EB; jrg)! (X; )in (wB)h. By (y) above, there is a symmetric
space C; )in A andamapF(C; )! (FB; eg)in(wB),. Hence, the category
(F # X)) is non-empty.

In order to show that (F # X)) is contractible it su ces to show that every functor
P! (F #X) from a nite poset P to the comma category & # X) is homotopic
to a constant map (see for instance [Sch06, Lemma 14]). Suchfanctor is given
by a triple (A; ;f ) where A is afunctor A : P! wA i 70 Ai;(i ) 7! &
together with a collection  of non-degenerate symmetric forms ; : A; | A,
in A, i 2P, suchthat ; = ;;a, wheneveri j in P, and f is a collection
of compatible maps of symmetric spaces; : F(A;i; i) ! (X; ) in (wB), such
that f; = f;Fa; wheneveri j 2 P. Itis convenient to considerf as a map
F(A; )! (X; ) of functors P ! (wB)y, where objects in wB), (or in A, B,
(wA)p) such as X; ) are interpreted as constantP -diagrams. By [Sch06, Lemma
13], there isa mapb: B! A of functors P! wA suchthath :B;j! Ajisa
weak equivalence,i 2 P, and the P-diagram B : P ! A has a colimit in A such
that F(B) ! F(colimp B) represents the colimit of F(B) in B (the diagram B
is a co brant replacement of A in a suitable co bration structure on the category
of functors P ! A ; see [Sch06, Appendix A.2], co brant objects have colimits
and F, being an exact functor, preserves co brant objects and thé colimits). By
(c), the natural map F(colimp B) = colimp F(B) ! X induced by b f factors
as F(colimp B) ! F(C) I° X where the rst map is in the image of F and
the second map is a weak equivalence iB. Let g: B ! C be the composition
B! colimp B! C which, by (b), is a weak equivalence sincé, f , and c are. The
null-homotopy to be constructed can be read o the following diagram

0

(16) LB B I 2 Ip;

Lg g f

Lc:. — I _ °_Ik:

= jLoB T jLOsB

of which we have constructed the right hand square, so far. Inthe diagram, a
dashed arrowA 99KX stands for an arrowFA ! X in B, and solid arrows are
arrows in A. By (y), there is a lattice (L; ) and a non-degenerate symmetric
form (LC; ) 2 (wA)n suchthat F ¢ : F(LC; )! (FC; jrc) denes a map in
(wB)n. The restrictions of and ; to LB; may not coincide, but their images
under F coincide since inB, both are (up to composition with the isomorphism
' B,) the restriction of to FLB;. Clearing denominators, we can nd a lattice
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(L% 9 such that jog, = jjLas, = i forall i 2 P simultaneously. The
outer part of the diagram involving (LAB; ), (A; ), (LC; ), (X; ) and the
maps between them, de nes a homotopy betweenA; ;f ) and the constant functor
(LC; ;cF ): P! (F #X) via the functor (LAB; ;fF (b 9): P! (F #X).
This nishes the proof of the rst homotopy equivalence in th e theorem.

The same proof (forgetting forms), or [Wal85, 1.6.7], imples thatwS A! wS B
is a homotopy equivalence. Therefore, the magcGW (A;w; ; ) ! GW(B;w; ; )
is also a homotopy equivalence.

5.2. Change of exact structure. Let (A;w; ; ) be an additive category with
weak equivalences and duality, and assume thaf\ can be equipped with two exact
structures 1 and , one smaller than the other, ; 2, SO that the identity
functor (A; 1) ! (A; 2) is exact. Assume furthermore that the duality functor

A% 1 A is exact for both exact structures , and », so that the identity
de nes a duality preserving exact functor

(7) (A; w5 )Y (AL 2w 5 )

The following is an immediate consequence of theorem 5.1.

5.3. Lemma. In the situation of 5.2, if every map in A can be written as the com-

position of an in ation in  ; followed by a weak equivalence, then the map (17) in-
duces an equivalence of hermitiar -constructions and of associated Grothendieck-
Witt spaces.

The purpose of the next lemma (lemma 5.5 below) is to simplifysome of the
hypothesis of theorem 5.1 provided the exact categories wlit weak equivalences in
the theorem are \categories of complexes".

5.4. De nition.  We call an exact category with weak equivalences@ w) a cat-
egory of complexeqwith underlying additive category G) if C  ChG is a full
additive subcategory of the category ChG of chain complexesG such that

() Cis closed under degree-wise split extensions in Ghy,

(b) degree-wise split exact sequences are exact @

(c) with a complex A in Cits usual coneCA (that is, the cone on the identity
map of A) and all its shifts Afi],i 2 Z are in C, and

(d) the set of weak equivalencesv contains at least all usual homotopy equiv-
alences between complexes if.

5.5. Lemma. Let (A;w) and (B;w) be categories of complexes with associated ad-
ditive categoriesAg and Bg, and let F : (A;w) ! (B;w) be an exact functor which
is the induced functor on chain complexes of an additive furior Ag ! B ¢. Then
condition 5.1(a) holds and condition 5.1 (c) is implied by caditions 5.1 (b), (e)
and the following condition.

(c) For every objectE of B there is an objectA of A and a weak equivalence

FA! E:
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Proof. Everymapf : A! B in A can be written as the composition

f
AL ig cp 't .

wherei : A CA is the canonical inclusion ofA into its cone CA. This shows
that condition 5.1 (a) holds.

To prove condition 5.1 (c) assuming conditions 5.1 (b), (e) &ad (c') are satis ed,
letf :FA! E be amapinB with A in A. By (c'), there is a weak equivalence
s:F(B9! E in B with B%n A. Let M be the pull-back off : FA ! E along
the degree-wise split surjection §;p): F(B) PE! E wherep:PE! E isthe
canonical degree-wise split surjection from the contractile complexPE = CE[ 1]
to E. Therefore, we have a homotopy commutative diagram

M —F(A)

F(BY =k

SinceF(BY) PE ! E is a deation and a weak equivalence, its pull-back, the
mapM ! FA, is a de ation and a weak equivalence, too. By condition (c') there
is a weak equivalence= (A9 ! M with A%in A, and by condition 5.1 (e) we can
assume the compositiond= (A% ! FA and F(A9 ! F(B9 to be the imagesF
andF of maps :A°! Aand :A°! B in A. The resulting square involving
F (A9, F(BY, FA and E homotopy commutes, and the map :A°! A is a weak
equivalence, by 5.1 (b). ReplacingB® with B® CAC° we obtain a commutative
diagram

F(A) LE _—JE(A)

E
Fi f

FBY F(CAY) -2 JE;

wherei : A  CAPYis the canonical inclusion of A° into its cone, g : F(CA9 =
CF(A9 ! E amap suchthatg Fi is the null-homotopic mapf F s F
F(A9 ! E. Let B be the push-out of : A°! A along the degree-wise split
inclusion A  B? CA%andcalla:A! B andb:B° CA®! B the induced
maps. Since : A°! A is a weak equivalence, so i&. The functor F preserves
push-outs along in ations. Therefore, we obtain an inducedmapt: F(B) ! E
which is a weak equivalence sincé (b) and (s;g) are. By construction, we have
t Fa="f.

Next, we prove an analog of Quillen's resolution theorem [Qi¥3, x4].

5.6. Lemma (Resolution). Let (B;w; ; ) be an exact category with weak equiva-
lences and duality such that(B;w) is a category of complexes. LeA B be a full
subcategory closed under the duality, degree-wise splittersions and under taking
cones and shifts inB. Restricting (w; ; ) to A makesA into an exact category
with weak equivalences and duality. Assume that the follomg resolution condition
holds:
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For every objectE of B, there is an objectA of A and a weak equivalence
Al E:
Then the duality preserving inclusionA B induces homotopy equivalences
(WS®A)h ! (WS®B)j and GW(A;w; ; )! GW(B;w; ; ):

5.7. Proof. This follows from theorem 5.1 in view of lemma 5.5 and the factthat
conditions 5.1 (e) and (g) trivially hold since A B s fully faithful, and condition
(d) holds since A! B is duality preserving.

We nish the section with theorem 5.11 below. It is a variant of theorem 5.1
when conditions 5.1 (e) and (f) can not be achieved in a functoal way but the
form functor is a localization by a calculus of right fractions.

5.8. Denition.  Call a functor F : A! B between small categories docaliza-
tion by a calculus of right fractions if the following three conditions hold (compare
theorem 5.1 (e), (f)).

(&) The functor F : Al B is essentially surjective.

(b) Foreverymapf : F(A)! F(B) between the images of object®, B of A,
there are mapss: A°! A andg:A°! B in A with F(s) an isomorphism
inBandf F(s)= F(g).

(c) For any two maps a;b: A! B in A such that F(a) = F(b) there is a map
s: A%l A such that F(s) is an isomorphism in B and as = bs

5.9. Remark. A functor F : Al B between small categories is a localization by
a calculus of right fractions if and only if the set of maps f in A such that F(f)
is an isomorphism in B satis es a calculus of right fractions (the dual of [GZ67,
x1.2.2]) and the induced functor A[ ]! B is an equivalence of categories.

5.10. Context for theorem 5.11. Consider an additive functor A!' B  between
additive categories. It induces an exact functorF : Ch® A1 Ch®B between the
associated exact categories of bounded chain complexes whewve call a sequence
of chain complexes exact if it is degree-wise split exact. Wassume thatF is part
of an exact form functor

(F;"):(Ch°A;w; ; )! (Ch°B;w; ;)

between exact categories with weak equivalences and dualitsuch that the duality
compatibility map F ! F is a natural isomorphism.

5.11. Theorem (Approximation Il). If in the situation 5.10 above, a map inCh® A
is a weak equivalence i its image inCh®B is a weak equivalence, and if the functor
A B isalocalization by a calculus of right fractions, then(F;" ) induces homotopy
equivalences

(WS Ch° A)p, ! (wS® Ch°B)j, and

(18) A A
GW(Ch°A;w; ; ) ! GW(Ch°B;w; ; ):

The proof of theorem 5.11 is a consequence of the following semmas.
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5.12. Lemma. Let F : A! B be a localization by a calculus of right fractions.
Then the following holds.

(a) For every integern 0, the induced functor Fun([n];A) ! Fun([n]; B) on
diagram categories is a localization by a calculus of rightréctions.

() If (F;"):(A; ;)" (B; ;) is a form functor between categories with
duality such that the duality compatibility map' : F ! F is a natural
isomorphism, then the induced functorAy ! B , on associated categories
of symmetric forms is a localization by a calculus of right factions.

(c) If F is an additive functor between additive categories, then # induced
functors Ch®’A! Ch°B and ShAl  SyB are localizations by a calculus of
right fractions.

Proof. The proof is an exercise in clearing denominators, and we oinihe details.

5.13. Lemma. Let F : A! B be a functor between small categorie® and B
which is a localization by a calculus of right fractions. Th@ F induces a homotopy
equivalence on classifying spaces

A 1B

Proof. For a categoryC, and a subcategorywC, recall that the category Fun,, ([n]; C)
is the full subcategory of the category Fun(p]; C) of functors [n]! C which have
image in wC. Maps are natural transformations of functors [n] ! C . There are
homotopy equivalences of topological realizations of sinlrial categories (a variant
of which already appeared in the proof of lemma 3.7)

(19) iCi'ji n7! Funw(n];Q)j'j n 7' wFun(n]; O)j

which is functorial in the pair ( C,wC). In the rst map, the category Cis considered
as a constant simplicial category, and the functorC ! Funy ([n]; C) sends an object
C 2 C to the string consisting of only identity maps on C. This functor is a

homotopy equivalence with inverse the functor Fun,([n];C) ! C which sends a
string of maps Co ! ! Cn to Co. The composition of the two functors is the
identity in one direction, and in the other, it is homotopic t o the identity, where

the homotopy is given by the natural transformation from Cg it Co 't Co to

Co! Cyp! C, induced by the structure maps of the last string. Therefore,
the rst map in (19) is a homotopy equivalence. The second mapin (19) is in

fact a homeomorphism as it is the realization in two di erent orders of the same
bisimplicial set.

In order to prove the lemma, let A A be the subcategory ofA whose maps
are the maps which are sent to isomorphisms inB. By the natural homotopy
equivalences in (19), the mapjAj ! jBj in the lemma is equivalent to the map
jin 7' Fun([n];A)j 'j n 7! i Fun([n];B)j which is the realization of a map of
simplicial categories, so that it su ces to show that for each integer n 0, the
functor Fun([n];A) ! iFun([n];B) is a homotopy equivalence. By lemma 5.12
(a), this functor is a localization by a calculus of fractions. Therefore, we are
reduced to proving that G: A! iB is a homotopy equivalence wheneveA ! B
is a localization by a calculus of right fractions. In this case, the comma category
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(G #B) is left Itering for every object B of B, hence contractible. By theorem A
of Quillen, the functor A! iB is a homotopy equivalence.

5.14. Proof of theorem 5.11. We only prove the rst homotopy equivalence in the
theorem, the second homotopy equivalence follows from thiand the homotopy
equivalencewS ChPA! wS ChPB which is proved in the same way (forgetting
forms).

A map of simplicial categories which is degree-wise a homopy equivalence in-
duces a homotopy equivalence after topological realizatio. Therefore, it su ces to
show that for everyn 0, the form functor (F;' ) induces a homotopy equivalence

(20) (WSE ChPA)y | (WSE ChPB)p:

By lemma 5.12 (c) and in view of the isomorphismS, Ch®E = Ch® S, E of exact
categories applied toE = A;B, we are reduced to showing that the map (20) is
a homotopy equivalence forn = 0. The functor Ch?A ! ChPB is a localization
by a calculus of right fractions, by 5.12 (c). The assumptionthat Ch®A! Ch°B
preserves and detects weak equivalences, implies that, ornulscategories of weak
equivalences, the functorw ChPA! wCh°B is also a localization by a calculus of
right fractions. By 5.12 (b), the induced functor on categories of symmetric forms
(Cth)h ! (ChID B)n, which is the map (20) in degreen = 0, is a localization by a
calculus of right fractions and therefore a homotopy equivéence, by lemma 5.13.

6. From exact categories to chain complexes

The purpose of this section is to prove proposition 6.5 whictallows us the replace
the Grothendieck-Witt space of an exact category with duality by the Grothendieck-
Witt space of the associated category of bounded chain comekes.

6.1. Chain complexes and dualities. Let (E; ; ) be an exact category with
duality, that is, an exact category with weak equivalences ad duality where all

weak equivalences are isomorphisms. Let GKE) be the category of bounded chain
complexes

(E;d): ' Eq 1dT 1En Fn En+y ! ;dndn 1 =0;

in E. A sequence of chain complexesE%d) ! (E;d) ! (E%d) is exactif it is
degree-wise exact inE, that is, if the sequenceE?  E, E2is exact for all
n. Call a chain complex (€;d) in E strictly acyclic if every dierential d, is the
composition E, im dp, En+1 of a de ation followed by an in ation, and the

sequences ind, ; E, im d, are exact inE. A chain complex is calledacyclic
if it is homotopy equivalent to a strictly acyclic chain complex. A map of chain
complexes is aquasi-isomorphismiif its cone is acyclic. Write quis for the set of
guasi-isomorphisms, then the triple

(Ch®(E); quis)

is an exact category with weak equivalences.
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For n 2 Z, the duality ( ; ) induces a (naive) duality ( "; ") on Ch®E which
on objects (E;d) and on chain mapsf : (E;d) ! (E%d) is given by the formulas

n

E") = (Ein): (") = (fin);:
@") = (di1a); (R ( D™ g

With these de nitions, we have an exact category with weak eaivalences and
duality

(Ch®(E); quis; "; "):
If n =0 we may simply write ( ; ) for ( °; 9).
6.2. Remark. The functor T : Ch®E ! ChPE given by the formula
(TE)i = Eivxs T(f)i = fivx; (dre)i = din
de nes a duality preserving isomorphism of exact categorie with duality
T (Cth, n; n): (Cth, n+2; n+2):
6.3. Remark. There is another (more natural) sign choice for de ning induced

dualities (]";can) on ChPE coming from the internal hom of chain complexes,
compare 7.4. They are given by the formulas

EM)i = (Eia); (]
@i = (i1 a); (cand)

(f i n)s
( 1)i(i+n) E

The identity functor on Ch bE together with the duality compatibility isomorphism

"n:E "1 EI" which in degreei is

i (i +1)

"B)i=( 1)z ide (B n)i! (E]")i

de nes an isomorphism of exact categories with duality
(id;""): (Ch®E; "; ") 17 (Ch°E;]";can):

For the purpose of proving proposition 6.5 below, the dualiy ( ; ) is convenient.
For most other purposes, the duality (J; can) is more natural. Itis the latter duality,
which we will use from x8 on. In any case, both give rise to isomorphic exact
categories with duality and thus have isomorphic Grothendeck-Witt spaces.

6.4. Exercise. Show that the exact categories with weak equivalences and dility
(ChPE; ™; M) and (Ch”E;]";can) have symmetric cones in the sense of de nition
4.1 (hint: see 7.5).

For an exact category with duality (E; ; ), inclusion as complexes concentrated
in degree 0, de nes a duality preserving exact functor

(21) (Ei; ; )! (Ch°Equis; ; ):

The following proposition generalizes [TT90, Theorem 1.1T]; see also remark 6.8.
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6.5. Proposition.  For an exact category with duality (E; ; ), the functor (21)
induces a homotopy equivalence of Grothendieck-Witt spase

GW(E; ; )! GW(ChPE;quis; ; ):

We will reduce the proof of the proposition to \semi-idempotent complete" exact
categories. This has the advantage that for such categorie®very acyclic complex
is strictly acyclic. Here are the relevant de nitions and facts.

6.6. Semi-idempotent completions. Call an exact category E semi-idempotent
completeif any map p: A! B which has a sections:B ! A, pi =1, is ade ation

in E. A semi-idempotent complete exact category has the followig property: any
map B ! C for which there is a mapA ! B such that the composition A ! C
is a de ation, is itself a de ation. This is because a semi-icempotent complete
exact category satis es Thomason's axiom [TT90, A.5.1]. Threrefore, the standard
embedding ofE into the category of left exact functors E°° ! h ahi into the category
of abelian groups is closed under kernels of surjections [T90, Theorem A.7.1 and
Proposition A.7.16 (b)]. For a semi-idempotent complete exact category, every
acyclic complex is strictly acyclic.

The semi-idempotent completion of an exact categonE is the full subcategory
Esem B of the idempotent completion B of E of those objects which are stably in
E. Clearly, B*™ is semi-idempotent complete, and the mapK o(E) ! Ko(E*™)
is an isomorphism. If (E; ; ) is an exact category with duality, then (Ese™ ; ; )
is an exact category with duality such that the fully exact inclusion E  Ese™
is duality preserving. If (A;w; ; ) is an exact category with weak equivalences
and duality, then (/5™ :w; ; ) inherits the structure of an exact category with
weak equivalence and duality from &;w; ; ); see 4.5. Therefore, the inclusion
A &M s duality preserving.

6.7. Lemma. Let (A;w; ; ) be an exact category with weak equivalences and strong
duality, then the inclusion A A£%¢™ induces a homotopy equivalence of Grothendieck-
Witt spaces

GW(A;w; ; ) GW(A~™;w; ; ):

Proof. For an exact category with duality (E; ; ), the map GW;(E) ! GW; (Ese™)
is an isomorphism fori 1 and it is injective for i = 0, by co nality proved in
[Sch08]. The mapGWy(E) ! GW,(B*™ ) is also surjective, hence an isomorphism,
since for every symmetric spaceX;' ) in E*™ we can nd an A in E such that
X AisinE,and thus, [X;' 1=[(X;" ) ?H A] [HA]Iis in the image of the map.
Therefore, lemma 6.7 holds whenw is the set of isomorphisms. The lemma now
follows from this case and the simplicial resolution lemma 3 since Fun, (n; £se™)

is the semi-idempotent completion of Fun,(n;A). (For a string Xpo ! ! Xn
of weak equivalences in€se™ | there is an objectA of A such that X; A isin A
for all i 2 n. Therefore, (Xpo ! ! Xn) (A it 't A) is a string of weak

equivalences inA.)
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Proof of proposition 6.5. In view of lemma 6.7, we can assumeE to be semi-
idempotent complete. So, acyclic complexes are strictly aclic. By the stricti ca-
tion lemma 3.4, we can assumée to have a strict duality, since an exact category
with duality is equivalent to its stricti cation. Let Ac PE  ChPE be the full sub-
category of acyclic chain complexes. It inherits the structire of an exact category
with weak equivalences and strict duality from Ch®E. Consider the commutative
diagram of exact categories with weak equivalences and st duality

0 ach E; iy —{AcP E; quis)

(E;i) —{ch® E;i) —/(ChP E; quis):

We will show that

(a) the left square induces a homotopy cartesian square of Gthendieck-Witt
spaces, and that
(b) the map GW,y(E;i) ! GWO(Cth; quis) is surjective.

By proposition 4.9, the right hand square induces a homotopycartesian square of
Grothendieck-Witt spaces. By (a) the same is true for the ouer square. Together
with (b), this implies the proposition.

We prove (a). Forn O, let Ch? .E  Ch°E and Ac} ,,,E  Ac’E be
the full subcategories of those chain complexes which are noentrated in degrees
[ n;n]. They inherit a structure of exact categories with duality. Note that the
inclusion ACF n;n]E Ch{J n;n]E is0 E for n=0. The natural inclusions induce
a commutative diagram of exact categories with duality

(22) OQACF n;n]E—/ACF n 1n+1] E

E—JEn ., E——/Ch E:

b
[ n 1;,n+1]

We will show that the right-hand square induces a homotopy catesian square of
Grothendieck-Witt spaces. Then, by induction, the outer square induces a homo-
topy cartesian square, too. Taking the colimit over n of the Grothendieck-Witt
spaces of the outer squares yields the desired homotopy cadian square, since the
Grothendieck-Witt space functor GW commutes with Itered colimits.

Consider the following form functors between exact categaes with duality (equipped
with the obvious duality compatibility maps):
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S
HE Ac} ,E & AC | 14 E:

(A:B):C 7 AY?A cLat Chu! ' Gl G B PUB
chp , y..yE ! HE  ChP E:
C 7" (C n 1;(Char) );C ! ! Cn

HE Ac¢ .,;E ! HE Chp

nn]

(A;B);C 7" (A;B); A C ! C par! ! Ch 2! C, B:

These functors, together with the natural inclusions, tin to a commutative diagram
of exact categories with duality

ACF .E Chb

nn | nn]
wﬁ W
(

HE AcP E— /HE Chb

e A [ nmgE
Nk %QQD
s

ACF n 1;n+1] E /ChF

n 1;n+1] E:

The upper square induces a homotopy cartesian square of Grioéndieck-Witt spaces.
By additivity (theorem 3.3 or [Sch08, 7.1]), the diagonal mgss and in the lower
square induce homotopy equivalences of Grothendieck-Witspaces (details below).
Therefore, the outer square induces a homotopy cartesian sigre as well. To see
that the functors s and induce homotopy equivalences, consider the following
functors of categories with duality

r

A, 1y E V HE A | E:CT7H(C n 15(Chs) );
Cna=Cpn 1! Cpua! ! Cni1! ker(Ch! Cpar)
HE Ch? E ! Ch? . . E:(AB);CT7!
A®C ol Cha! ! Chi! GV
We have = id. The identity functor id on ChF n 1n+1 has a totally isotropic
subfunctor G id given by
G 0 Il Ib IE,
\ b
id Cna I e, I
By additivity [Sch08, 7.1], the identity functor id and = G’=G H G induce

homotopic maps on Grothendieck-Witt spaces, thus induces a homotopy equiva-

lence. Similarly, we havers = id, and the identity functor id on Ac'[D n 1n+1 Ehas



40 MARCO SCHLICHTING

a totally isotropic subfunctor F id given by

F Cni1—27€ ., /b I )

Id C n 1 1 /C n /t n+1 —// —Ut

1

n+i -

Again, by additivity [Sch08], the identity functor id on Ac'[D n 1n+1 E and sr =
F?=F H F induce homotopic maps on Grothendieck-Witt spaces. It folbws that
s induces a homotopy equivalence. This nishes the prove of (a

We are left with proving (b). We will show that

(c) a symmetric space @; ), where A is supported in [ n;n], n 1, equals
[A; 1=[B; ]+[H(C)] in the Grothendieck-Witt group GWO(ChID E; quis),
where B is supported in[ n+1;n 1].
By induction, [A; ] is then a sum of hyperbolic objects plus a symmetric space
supported in degree 0. Since the latter two kinds of symmeti spaces are obviously
in the image of GWo(E;i) | GW,(ChPE; quis), this proves (). To show (c), let
n 1andlet (A; )beasymmetric space supported in [ n;n]. Since the cone of
is acyclic (hence strictly acyclic, by semi-idempotent conpleteness ofE), the map
d " A a,! A s Ajisanination. De ne a complex A, also supported
in[ n;n], by

d (dn 11)

d , )
(@ 0) 9 A, zf‘) A 1 Ay Ay

An " A A PYA L0

The complex A is equipped with a non-singular symmetric form ~which is ; in
degreei exceptindegrees = n+1;n 1whereitis ; 1. We have a symmetric
space in the category of admissible short complexes in CHE

Apsln 11 A  Ap[ n+1]

with form (1; + ), where for an objectE of E, we denote byE [i] the complex which
is E in degree i and O elsewhere. The map#\, A=A A, and
An 1 An=A, 1! A, arethe canonical inclusions and projections, respectivgl
Since A; ) is the zero-th homology of this admissible short complex egipped with
its form, we have |&; ~] = [A; ]+[H(An[ n+1])]in GWo(Ch®E; quis). There is
another symmetric space in the category of admissible shortomplexes in CRE

CA n[n 1] A CAun]

with non-singular from ( »;+ ), where for an objectE of E, we write CE[i]

for the complex E it E placed in degrees andi 1. The mapsCA ,[n 1] A

and A CA,[n] are the unique maps which are the identity in degree n and n,

respectively. SinceCA ,[n 1] and CA,[n] are acyclic, the form on the admissible
short complex is non-singular and its zero-th homology, whih is concentrated in
degrees [n+1;n 1], has the same class itBWo(Ch® E; quis) as (& ~).

6.8. Remark. We can equip (CHD E; quis; ; ) with two exact structures, the one
de ned in 6.1, and the degree-wise split exact structure. Bylemma 5.3, the two
yield homotopy equivalent Grothendieck-Witt spaces.
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7. DG-Algebras on ringed spaces and dualities

In this section we recall basic de nitions and facts about dierential graded
algebras and modules over them. Besides xing terminologythe main point here
is the construction of the canonical symmetric cone in 7.5, ad the interpretation
of certain form functors as symmetric forms in dg bimodule c#éegories; see 7.7.

7.1. DG -modules. Let be a commutative ring. Unless otherwise indicated,
modules will always mean left module, tensor product will be tensor product

over , and homomorphism setsHom(M;N ) between -modules means set
of -linear homomorphisms, and is itself,a -module. Recall that a di erential
graded -module M is a graded -module | ,, M, together with a -linear map
d: M, ! Mps,n 2 Z, called dierential of M, satisfyingd d = 0. In other
words, M is a chain complex of -modules. A map of dg -modules is a map
of graded -modules commuting with the di erentials. For two dg -modulesM,
N, the tensor product dg -module M N and the homomorphism dg -module
[M;N ] are de ned by the usual formulas

L o
(M N)n= ;M N; dix y)=dx y+( 1)Yx dy
M;N], = 7, i, Hom(Mi;Nj) d(f)=dv f ( 1)7f du:
7.2. DGAs and modules over them. A dierential graded -algebra (dga) is

a dg -module A equipped with dg -module maps : A A! Aand ! A,
called multiplication and unit, making the usual associativity and unit diagrams
commute [Mac71, diagrams (1), (2), p. 166]. In other words,A is an associative
graded -algebra with multiplication satisfying d(a b) = (da) b+ ( 1)%a (db).
For dg algebrasA and B, we denote by A -Mod-B the category of left A and
right B-modules. Its objects are the dg -modules M equipped with dg -maps
A M! MandM B! M, called multiplication, both of which are associative
and unital, and furthermore, (am)b= a(mb) forall a2 A,m2 M andb2 B. We
also denote byA -Mod = A -Mod- , Mod-A = -Mod-A, A-Bimod = A -Mod-A
the categories of dg leftA-modules, right A-modules, and of dgA-bimodules.

Let A, B, C be dg algebras. Recall that for a rightB module M and left B-
module N, tensor product M g N of M and N over B is the dg -module which
is the co-equalizer

1
M B N—M N—M s N
1

in the category of dg -modules, where stands for the multiplicatons M B! M
andB N ! N. Fortwo dg right C-modulesM and N, the dg -module M;N ]c
of right C-module morphisms is the equalizer in the category of dg -modules

[;1] /
MiNJe —MiN]———M  CNJ;
L1¢ 10

where (? 1c):[M;N]! [M C;N Clisthe dg -module mapf 7! f 1¢
denedby (f 1c)(x ¢ =f(x) cforx2 M andc2 C. Similarly, one can de ne
the dg -module of left C-module morphismsc[M;N ] for two dg left C-modules.
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Tensor product g and right C-module morphisms [ ; ]c de ne functors

B : A-Mod-B B-Mod-C! A-Mod-C: M;N 7'M §gN
[ ; lc: (B-Mod-C)®® A-Mod-C! A-Mod-B: M;N 7! [M;N]c:

7.3. DGAs with involution. For a dg -module M, we denote byM °P the op-
posite dg -module which, as a dg -module, is simply M itself. To avoid confusion
we may sometimes writex®P;y°P, etc, for the elements in M °P corresponding to
X;y 2 M. For instance, d(x°P) = ( dx)°° denotes an equation inM °P as opposed to
in M. For adg -algebraA, its opposite dgaA° has underlying dg -module the
opposite module of A and multiplication x°Py° = ( 1)*iYi(yx)°P. A dg algebra
with involution is a dg -algebraA together with an isomorphismA ! A% :a7! a
of dgas satisfyinga = a for all a 2 A. The base commutative ring is always
considered as a dga with trivial involution !  ©°P:x 7! x.

Let A;B be dgas with involution. For a left A, right B-module M 2 A -Mod-B
its opposite moduleM P is a left B°P and right A°°-module which we consider as
a left B and right A-module via the isomorphismsA ! A° B ! B, thatis,
mo a=( 1)aimi(a m)°®, b mo =( 1)PiM(m b fora2 A,b2B, m2M.
For dgas with involution A, B, C and M 2 A-Mod-B, N 2 B -Mod-C, the com-
mutativity isomorphism of the tensor product de nes an A -Mod-C-isomorphism

c:M g N 1= (N op B Mop)op: X y7! ( 1)jxjjyj(yop Xop)op:

This can be iterated to obtain for rings with involution A, B, C, D and M 2
A -Mod-B, N 2 B -Mod-C, P 2 C-Mod-D an isomorphismcs in A-Mod-D de-
ned by

(M N cP) I® (P%® N gMOP)P
X y z 71 ( Q)xiivitixiizitiyizi(zop  yop  x0P)op:
7.4. DG-modules and dualities. Let A be a dga with involution, and let |
be an A-bimodule equipped with an A bimodule isomorphismi : I | 1° such
that i°® i = id, for instance A itself with i(x) = x. We call the pair (I;i) a
duality coe cient for the category A -Mod of dg A-modules, as it de nes a duality
Iaiy - (A-Mod)°P ! A -Mod by
M](I;i ) :[MOD;|]A:

The canonical double dual identi cation cangjym : M ! Mlanla s the left
A-module map given by the formula

cang; ym ()(F ) = ( 1P (x°P))
for f 2 [M%;1]a and x 2 M. It is a straight forward to check the identity
carﬂ(l;i ym CaNL M1 = 1y1. Therefore, the triple (A -Mod;](;i y;cary; ) is a cate-

gory with duality. In this paper, for the duality ], the double dual identi cation
will always be the natural map can,;;y. With this in mind, we will write

(A-Mod; ] )

for the category with duality ( A -Mod;](;;i;can(l;i)), the double dual identi ca-
tion being canyi). If i :1 ! 1°P is understood, we may write]; instead of ], ).
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To give a symmetric form' : M ! [M°;l]a in (A-Mod;],) is the same as to
give an A-bimodule map'*: M M°P I | such that the diagram

M Mo —

c i

(M Mop)op Lop/{ op

commutes. The bijection is given by the identity "*(x  y°P) = ' (x)(y°P).

7.5. The canonical symmetric cone. LetC= 1¢ be the dg -module
whose underlying -module is free of rank 2 with basis ¢ and in degrees 0
and 1, respectively, and dierential d = 1¢. In fact, C is a commutative dga
with unit 1 ¢ and unique multiplication. Let A be a dga andM a (left) dg A-
module. We write C : A-Mod ! A -Mod for the functor M 7! M C, and iy
for the natural inclusion M! CM =M C:x 7! x 1c. Similarly, we write
P :A-Mod! A-Mod forthe functor M [C°P; ]andpy forthe natural surjection
PM=M [C°% ]! M:m g7!'m g@12). If Ais adga with involution, and
(I;1) a duality coe cient for A -Mod, we de ne a natural transformation
m M0 [C® 11 (M C)Pia

by the formula w (f @) ((x a@)°%) = ( 1)Xif (x°) g(a®). One checks the
equality i}v'l M = Pmli -

Therefore, an exact category with weak equivalences and dlity (E;w; ; )
which admits a fully faithful and duality preserving embedding into (A -Mod;],)
has a symmetric cone in the sense of 4.1 provided the functoS and P restrict to

exact endofunctors ofE, the natural maps iy and py are in ation and de ation,
and the objectsCM and PM are w-acyclic for all M 2 E.

7.6. Symmetric forms in bimodule categories and their tensor pro duct.
Let A and B be dgas with involution, and let (1;i), (J;j ) be duality coe cients for
A -Mod and B -Mod, respectively. A symmetric form in A -Mod-B, with respect to
the duality coe cients (I;i) and (J;j), is a pair (M;"' ) whereM 2 A-Mod-B is a
left A and right B-module, and' : M gJ g M° ! | is an A-bimodule map
making the diagram of A-bimodule maps

(23) M g gMo®P—/f
cs (1 j 1) i

M gJ BMop)opf{op

commute. Isometries and orthogonal sums of symmetric formsn A -Mod-B are
de ned in the obvious way.

Tensor product of symmetric forms is de ned as follows. LetA, B, C be dg
algebras with involution, and let (I;i), (J;j), (K;k) be duality coe cients for
A -Mod, B -Mod and C -Mod, respectively. Further, let M 2 A-Mod-B and N 2
B -Mod-C be equipped with symmetric forms given by the A- and B-bimodule
maps' :M gJ gM®®! Jand N K ¢N°%1! J (making diagram
(23) and its analog for commute). The tensor product

(M;") B (N; )
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of the symmetric forms (M;' ) and (N; ) hasM g N as underlying left A and
right C-module, and is equipped with the symmetric form which is theA-bimodule
map

C

M gN) cK c¢c(M gN)® I" M gN cK ¢cN%° gM®
! M gJ gMoP T

7.7. Form functors as tensor product with symmetric forms. Let A and B
be dgas with involution, and let (1;i), (J;j) be duality coe cients for A -Mod and
B -Mod, respectively. We want to think of (certain) form funct ors (B -Mod;];) !
(A -Mod;],) as tensor product with symmetric forms in A -Mod-B. For that, let
(M;" ) be a symmetric form in A -Mod-B. It de nes a form functor

(M;") B?:(B-Mod;]J)(r;) (A-Mod;],);

where F(P) = M g P and the duality compatibility map is the left A-module
homomorphism

M g [P?®J]g!" [M gP)Plla
de ned by
(x D)y D®)=( I (x f({tP) y®)
forx;y 2 M, f 2 [P°P;J]g,andt 2 P.
7.8. Basic properties of (M;' ) g?. LetA, B, C be dg algebras with involution,
and let (I;i), (J;)), (K;k) be duality coe cients for A-Mod, B -Mod and C -Mod,
respectively. Further, let (M;' ), (M%' 9 be symmetric forms in A -Mod-B and

(N; ) a symmetric form in B -Mod-C. Form functors induced by tensor product
with symmetric forms have the following elementary propertes.

(a) Tensor product (A; ) a? with the symmetric form
1A Al AA°I J:a t b7lathb

on the A-bimodule A induces the identity form functor on (A;]).
(b) An isometry (M;' ) = (M%' 9 between symmetric forms in A -Mod-B
de nes an isometry of associated form functors

(M;") g?2=(M%" 9 z2:(B-Mod;];)! (A-Mod;];):

(c) Orthogonal sum (M;' ) ? (M%' 9 of symmetric forms in A -Mod-B corre-
sponds to orthogonal sum of associated form functors:

(M;") 82 2 (M%' 9 g2 = [(M;")? (M5 9] 87

(d) Tensor product of symmetric forms corresponds to compasion of associated
form functors:

(M) 8 (N )] c?=1[M;") 87 [(N; ) c7]

These properties follow directly from the de nitions, and we omit the details.
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7.9. Tensor product of dgas with involution. For two dgas A, V, the tensor
product dg -module AV = AV is a dga with multiplication (a v) (b w)=
( 1)yPVvia b) (v w). If A,V are dgas with involution, then the tensor product
dga AV is a dga with involution AV ! (AV)%?:a v 7! (a v)°. Furthermore, if
(I;1) and (U; u) are duality coe cients for A-Mod andV -Mod, then U =1 U s
an AV -bimodule with left multiplication ( a v) (t x)=( 1)Vitat v x and right
multiplication (t x) (a v)=( 1)yaixit a x v,fora2 A,v2V,t21,x2 U,
and the AV -bimodule mapiu =i wu:l U! (I U)P:t x7! () uX)°r
makes the pair (U;iu) into a duality coe cient for AV -Mod.

If B is another dga with involution, and (J;]j ) is a duality coe cient for B -Mod,
then, with the same formulas as in 7.6, 7.7, any symmetric fr;m (M;" ) in A-Mod-B
with respect to the duality coe cients ( 1;i) and (J;j) de nes a form functor

(M;") B?:(BV -Mod;]ujuy) ! (AV -Mod;]quiiu y)
satisfying the properties in 7.8.

7.10. Extension to ringed spaces. Let (X;Ox) be a ringed space withOx a
sheaf of commutative rings on a topological spac&X . Replacing in 7.1 - 7.9 the
ground ring with the sheaf of commutative rings Oy , all de nitions and properties
from 7.1 - 7.9 extend to modules over di erential graded shewges of Oy -algebras.
De nitions are extended by applying the de nitions of 7.1 - 7.9 to sections over open
subsets ofX . For instance, let A be a sheaf of dgOx -algebras with involution, (1;i)
a duality coe cient for A -Mod, and P a sheaf of left dgA-modules. The canonical
double dual identi cation can: P ! [[P°P;1];1]a is de ned by sending a section
x 2 P(U), U X, tothe map of sheaves of dg modules carj : ([P°*;11P);u ! Iju
denedonV U by can(x)(f %) = ( 1)*Iifij(f (x;’\?)) for f 2 [PP;1]a (V).

8. Higher Grothendieck-Witt groups of schemes

Let X be aschemeAx be a quasi-coherent sheaf dDy -algebras with involution,
L aline bundle onX,Z X aclosed subscheme and 2 Z an integer. The purpose
of this section is to introduce the Grothendieck-Witt space GW"(Ax on Z; L) of
symmetric spaces overAx with coe cients in the n-th shifted line bundle L[n]
and support in Z. We work in this generality in order to be able to extent the
localization and excision theorems o9 to negative degrees.

Recall that, unless otherwise indicated, \module" will always mean \ left mod-
ule". In what follows, we will denote by  the tensor product o, of Ox -modules.

8.1. Vector bundles and strictly perfect complexes. Let Ax be a quasi-
coherent sheaf ofOyx -algebras with involution. The category of quasi-coherent
left Ax -modules (dg-modules concentrated in degree 0) is a fully ect abelian
subcategory of the abelian category of leftAx -modules. We denote by

Vect(Ayx )

the full subcategory of Ay vector bundles, that is, of those quasi-coherent left
Ax -modules F for which F(U) is a nitely generated projective Ax (U)-module
for every ane U X. As usual, the last condition only needs to be checked for
those U running through a choice of an a ne open cover of X. The category of
Ax vector bundles inherits the notion of exact sequences fromhte category of all
(quasi-coherent) Ax -modules. Note that Ax vector bundles need not be locally
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free, sinceAxx may not be commutative nor a local ring for x 2 X. In case
Ax = Ox, the category Vect(X) is the usual exact category of vector-bundles on
X.

A strictly perfect complex of Ax -modules is a dg leftAx -module M such that
Mn = 0forall but nitely many n 2 ZandM, isanAyx vector bundle foralln 2 Z.
Denote by sPerf(Ax ) the category of strictly perfect complexes ofAyx -modules, in
oder words, the category of bounded chain complexes &y vector bundles.

Let L be aline bundle onX . Then Ax L[n]= Ax L[n]is adgAx -bimodule via
the multiplication de ned on sections by a(x b= ( 1)Pliaxb |fora;b;x2Ax
andl 2 L[n]. We equipAx L[n] with a dg Ax -bimodule isomorphismi : Ax L[n]!
(AxL[nD®® :a | 7! a | satisfying i°® i = 1. Therefore, (Ax L[n];i) is a
duality coe cientfor Ax -Mod. If " 2f+1; 1g,then (Ax L[n];"i)is also a duality
coe cient for Ax -Mod. In the notation of 7.9, the duality coe cient ( Ax L[n];"i)
is the tensor product of the duality coe cient ( Ax ; ) for Ax -Mod and the duality
coe cient ( L[n];") for Ox -Mod.

For a strictly perfect complex of Ax -modulesM , the left dg Ax -module

ML =M% Ax Ln]la,

is also strictly perfect, the functor M 7! M1 is exact and preserves quasi-isomor-
phisms. Moreover, the double dual identi cation cana, Lnji) de nedin 7.4 is an
isomorphism. Therefore, the triple

(sPerf(Ax ); quis; ] )

de nes an exact category with weak equivalences and dualitythe double dual
identi cation being understood as cana, Ljny+iy- fn=0(or " =1,0r L = Ox),
we may omit the label corresponding ton (or *, or L, respectively). For instance
(Ax -Mod;]") means (Ax -Mod;]1,5, ). By restriction of structure, we have an
exact category with duality

(Vect(Ax ); 1 ):

Let Z X be a closed subscheme with open complemetd = X Z. A
strictly perfect complex M of Ax -modules hascohomological support inZ if the
restriction Mjy of M to U is acyclic. We write sPerf(Ax on Z) for the category of
strictly perfect complexes of Ax -modules which have cohomological support irZ .
By restriction of structure, we have exact categories with weak equivalences and
duality

(24) (sPerf(Ax on Z); quis; 1% ):

8.2. Denition.  Let X be a schemeAyx be a quasi-coherent sheaf dDy -algebras
with involution, L aline bundle onX,Z X aclosed subscheme) 2 Z an integer,
and" 2f+1; 1g. The Grothendieck-Witt space

“GW"(Ax onZ; L)

of "-symmetric spaces overAyx with coe cients in the n-th shifted line bundle
L[n] and (cohomological) support in Z is the Grothendieck-Witt space of the ex-
act category with weak equivalences and duality (24). IfZ = X (or " =1, or
L = Ox, or n = 0), we may omit the label corresponding to Z (", L, n, respec-
tively). For instance, the space GW (Ax ;L) denotes the Grothendieck-Witt space
1GWC(Ax on X; L).
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8.3. Remark. By 7.5, the exact category with weak equivalences and dualit (24)
has a symmetric cone in the sense of 4.1.

In the following proposition, we write  : Ox  Ox ! Ox for the multiplication
in Ox .

8.4. Proposition.  Tensor product with the ( 1)-symmetric space (Ox [1]; ) in-
duces an equivalence of exact categories with weak equivades and duality

(sPerf(Ax on Z); quis; ] ;) = (sPerf(Ax on Z); quis; "% ;):

In particular, we have homotopy equivalences of Grothendi&-Witt spaces
(Ox[1]; ) ?: GW"(Ax onZ; L) “GW"*2 (Ax onZ; L) and
(Ox[2; ) ?2: GW"(Ax onZ; L) ' -GW""™(Ax onZ; L):

Proof. The pair (Ox [1]; ) de nes a symmetric space inOx -Mod with respect
to the duality coe cient ( Ox [2]; 1). Tensor product (Ox [1]; ) o, ? denes a
form functor (Ax -Mod;]7 ) ! (Ax —Mod;]”tf ) as explained in 7.7 { 7.10. Since
(Ox[1l ) ox (Ox[ 1 ) and (Ox[ 1 ) ox (Ox[1]; ) are isometric to
(Ox ; ) which induces the identity form functor, the equivalence o categories with
duality and the rst homotopy equivalence follow. The second map of spaces is a
homotopy equivalence with inverse given by the tensor prodat with the symmetric

space Ox [ 2J; ).

8.5. Corollary. For n 2 Z, there are functorial homotopy equivalences
GW* (Ax;L) ' GW(Vect(Ax);] ;can); and
GW4*2 (Ay:L) ' GW(Vect(Ax);]; can):

where the Grothendieck-Witt spaces on the right hand side arthe ones associated
with the exact categories with duality(Vect(Ax );]L; can.) as de ned in [Sch08,
4.6]

Proof. The homotopy equivalences follow from proposition 6.5, rerark 6.3, and
proposition 8.4.

9. Localization and Zariski-excision in positive degrees

9.1. Schemes with an ample family of line bundles. A schemeX has anample
family of line bundlesif there is a nite set Lj;::;;L, of line bundles with global
sectionss; 2 ( X;L ;) such that the non-vanishing loci X5, = fx 2 Xj si(x) 6 0g
form an open a ne cover of X ; see [TT90, De nition 2.1], [SGAS6, Il 2.2.4].

Recall that if f 2 ( X;L) is a global section of a line bundleL on a scheme
X, then the open inclusionX; X is an a ne map (as can be seen by choosing
an open a ne cover of X trivializing the line bundle L). As a sp%cial caseXs is
ane whenever X is ane. Thus, for the ane cover above X =  Xg, all nite
intersections of the X, 's are a ne. In particular, a scheme with an ample family
of line bundles is quasi-compact (as a nite union of a ne, hence quasi-compact,
subschemes) and it is quasi-separated. Recall that the ladlr means that the in-
tersection of any two quasi-compact open subsets is quastmpact (a condition
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Whicrsonly needs to be checked for the pair-wise intersectits U; \ U; of a cover of
X = ;U by quasi-compact open subsetdJ;; in our case, we can takel; = Xg,).

For a schemeX with an ample family of line bundles, there is a setL;, i 2 I,
of line bundles onX with global sectionss; 2 ( X;L ;) such that the open subsets
Xs, 121, form an open a ne basis for the topology of X [TT90, 2.1.1 (b)].

For examples of schemes with an ample family of line bundlesee [TT90, 2.1.2].
Any quasi-compact open or closed subscheme of a scheme with ample family of
line bundles has itself an ample family of line bundles. Any sheme quasi-projective
over an a ne scheme, and any separated regular noetherian $eme has an ample
family of line bundles.

The main purpose of this section is to prove the following twotheorems.

9.2. Theorem (Localization). Let X be a scheme with an ample family of line-
bundles, letZ X be a closed subscheme with quasi-compact open complement
j U X,andletL be a line bundle onX. Let Ax be a quasi-coherent sheaf of
Ox -algebras with involution. Then for everyn 2 Z there is a homotopy bration

of Grothendieck-Witt spaces

GW"(Ax onZ; L)! GW"(Ax; L)! GW"(Ay:;j L):

9.3. Theorem (Zariski-excision). Let X be a scheme with an ample family of line-
bundles, letZ X be a closed subscheme with quasi-compact open complemeet, |
L be a line bundle onX and let Ax be a quasi-coherent sheaf dDx -algebras with
involution. Then for every n 2 Z and every quasi-compact open subscheme V

X containing Z, restriction of vector-bundles induces a homotopy equivahce

GW"(Ax onZ; L)! GW"(Ay onZ;j L):

The proofs of theorems 9.2 and 9.3 will occupy the rest of thisection. First, we
introduce some terminology. For an open subschem&l X, callamapM ! N
of left dg Ax -modules aU-isomorphism (U-quasi-isomorphism) if its restriction
Mju ! Njy to U is an isomorphism (quasi-isomorphism). A left dgAx -module M
is called U-acyclic if its restriction Mjy to U is acyclic.

9.4. Notation. In 9.5, 9.6, 9.7 below, we consider the following objects:
(a) a schemeX which is quasi-compact and quasi-separated,

(b) a nite set of line bundles L;, i = 1;::;1 together with global sections
S 2 ( X; L i), S
(c) the union U = ::1 X, of the non-vanishing loci X, of the s;'s, denoting

j :U X the corresponding open immersion, and
(d) a quasi-coherent sheaf ofOx -algebrasAy .

9.5. Truncated Koszul complexes. In the situation of 9.4, the global sections
s; dene maps s; : Ox ! L; of line-bundles whoseOy -duals are denoted by
s;t:L; 1! Ox. We consider the mapss, * as (cohomologically graded) chain-
complexes with Ox placed in degree 0. For an-tuple n = (ng;:::;n;) of negative



THE MAYER-VIETORIS PRINCIPLE FOR GROTHENDIECK-WITT GROUP S 49

integers, the Koszul complex

o
(25) wr i ox)
i=1

is acyclic over U This is because the maps" = (s yinii . LM ! Ox is an
X, -isomorphism. Therefore, the Koszul complex (25) is acyati (even contractible)
over eachXg, . Let K (s") denote the bounded complex whose non-zero part (which
we place in degrees | +1;:::;0) is the Koszul complex (25) in degrees 1. The
last di erential d ; of the Koszul complex de nes a map

" #

o .
K(s") = (Lt ox) [ 1! O
i=1 1

of strictly perfect complexes of Ox -modules which is aU-quasi-isomorphism since
its cone, the Koszul complex, isU-acyclic. For a left dg Ax -module M, we write
"m for the tensor product map"y =1y ":M  K(@")! M Ox = M.

The following lemma is a consequence of the well-known tecliques of extending
a section of a quasi-coherent sheaf from an open subset cut ohy a divisor to
the scheme itself [EGAI, Theoeme 9.3.1]. It is implicit i n the proof of [TT90,
Proposition 5.4.2].

9.6. Lemma. In the situation 9.4, let M be a complex of quasi-coherent leff\y -
modules and letA be a strictly perfect complex ofAx -modules. Then the following
holds.

(@) For every mapf :j A ! | M of left dg Ay-modules between the re-
strictions of A and M to U, there is an I-tuple of negative integersn =
(ng; ), andamapf: A K(s")! M of left dg Ax -modules such that
fjCa)=1i (.

(b) For every mapf : A! M of left dg Ax -modules such tha (f) =0, there
is an |-tuple of negative integersn = (ny;:::;ny) such thatf "5 =0.

Proof. For any complex of Ox -modulesK, to give a mapA K ! M of chain
complexes ofAx -modules is the same as to give a magK ! A, [A;M] of chain
complexes ofOx -modules, by adjointness of the tensor productA ? : Ox -Mod !
Ax -Mod and the left Ax -module map functor a, [A; ]:Ax -Mod! Ox -Mod.
Note that if A is strictly perfect, the complex a, [A;M ] is a complex of quasi-
coherent Ox -modules and the natural mapa, [A;j | M]! jj ac[A;M]is an
isomorphism. The adjunction allows us to reduce the proof othe lemma to Ax =
Ox and A = Ox (concentrated in degree 0).

Every map Ox ! M of chain complexes ofOx -modules factors through the
subcomplexZoM M of M which is the complex ker@dp : Mo ! M) concentrated
in degree 0. By adjunction, every mapOx ! j j M factorsasOx ! | Zoj M =
i ZoM ! j j M. This allows us to further reduce the proof to M a complex
with M; = 0, i 6 0. In this case, the proof for | = 1 is classical; see [EGAI,
Theoeme 9.3.1], [TT90, Lemma 5.4.1]. Hence, the lemma isproved in casel = 1.

Before we treat the casel > 1 (and Ax = Ox; A = Ox, M concentrated in
degree 0), we prove the following.
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(y) For every map A! G of complexes of quasi-coherenDx -modules with A
strictly perfect and j G contractible, there is anl-tuple of negative integers
(ng;:::;n) and a commutative diagram of complexes 0fOyx -modules

h [
N ni
A A T T ox)

&

where is the canonical embedding ofOx (concentrated in degree 0) into
the Koszul complex.

It su ces to prove ( y) for | =1, since the general case is a repeated application of
the casel = 1. For the proof of (y) with | =1, we can assumeA = Oy, as above.
The composition Ox ! G! j j G has contractible target and therefore factors
through the cone Ox ! Ox) of Ox. By the casel = 1 of the lemma (proved

above), there is ann < 0 such that the composition L" ! L") P (Ox ! Ox)!
jj Gliftsto G. Thetwo maps (0! L") F (0! Ox)! Gand (0! L")!
(L" ' L") ! G may not be the same, but their compositions withG ! j j G
are. Therefore, again by casd = 1 of the lemma, precomposing both maps with

LN+t !51 L" makes the two maps with target G equal. Replacingn with n + t, we
can assume that the two maps (0! L") ! G above coincide. Then we obtain a
map from the push-out (L" ¥ Ox)of (L" ! L") (©! L") F (0! Ox)to G.
This proves (y) for | =1, hence for all |.

For part (a) of the general case of lemma 9.6 (andAx = Ox; A = Ox, M
concentrated in degree 0), we apply ¥) to the map of chain-complexes ofOx -
modules (0! Ox) ! (M ! jj M), and obtain a factorization of that map

through the Koszul complex —(L{" i Ox ) for some I-tuple of negative integers
(ng; 35 m). The canonical map from the stupid truncation in degrees 1 (shifted
by 1 degree) to its degree O part

h W
K=l Tiog [ 1,

M=[M! jjM] o[- Jjm

yields (a). The general case of part (b) is a repeated applid&on of the casel = 1.

For an exact category with weak equivalences @ w), we write D(C, w) for its
derived category, that is, the categoryCjw 1] obtained from C by formally inverting
the arrows in w. If (C,w) is a category of complexes in the sense of de nition 5.4,
its derived category D(C;w) is a triangulated category. In this case, it can also
be obtained as the localization by a calculus of fractions othe homotopy category
K (O of C which is the factor category of C modulo the ideal of maps which are
homotopic to zero.
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9.7. Lemma. In the situation 9.4, let A sPerf(Ax ) be a full subcategory of the
category of strictly perfect Ax -modules such that the inclusionA  sPerf(Ax) is
closed under degree-wise split extensions, usual shifts @mones. Assume further-
more that for all A2A, k Oandi=1;:l, we haveA LK2A.

Then for every U-quasi-isomorphism M ! A of complexes of quasi-coherent
Ax -modules withA 2 A, there is a U-quasi-isomorphismB ! M of complexes of
Ax -modules withB 2 A:

B9 Iy B I
U quis U quis "

In particular, the inclusion A sPerf(Ax ) induces a fully faithful triangle functor
D(A;U-quis) D (sPerf(Ax); U-quis):

Proof. We rst prove the following statement.

(y) Let s 2 ( X;L) be a global section of a line-bundleL such that X is
ane. Then for every Xs-quasi-isomorphismN ! E of complexes of quasi-
coherent Ax -modules with E strictly perfect on X, there is an Xs-quasi-
isomorphismE L K1 N for some integerk > 0.

Write j : Xs X for the open inclusion. SinceXs is a ne, we have an equiv-
alence of categories between quasi-coherety .-modules and Ax (Xs)-modules
under which the mapj N ! j E becomes a quasi-isomorphism of complexes of
Ax (Xs)-modules with j E a bounded complex of projectives. Such a map always
has a section up to homotopyf :j E! j N which is then a quasi-isomorphism.
By 9.6 with | = 1, there is a map of complexed™: E LK ! N suchthatj f~= f s¥,
for somek < 0. In particular, f~is a U-quasi-isomorphism.
S Now we prove the lemma by induction onl. For | = 1, this is (y). Let Uy =
::11 Xs; . By our induction hypothesis, there is a Up-quasi-isomorphismBy ! M
with Bg 2 A. Let Mg and Ap be the cones of the mapBo! M and By ! A,
that is, the push-out of these maps along the canonical (degre-wise split) injection
of By into its cone CBy. We obtain a commutative (in fact bicartesian) diagram
involving M, Mo, A and Apg with M ! MpandA ! Ag degree-wise split injective.
Factor the map A! Ay as in the diagram

ML I, U

A LN PA, —LN

with A PAg ! Ag degree-wise split surjective andP Ay = CAg[ 1] 2 ChPA
contractible. Then M ! Mg factors through the pull-back M1 of Mg ! Ag along
the surjection A PAg! A. The mapM ! M, is degree-wise split injective (as
M ! My is), and has cokernel the contractible complexP Ag. It follows that M !
M is a homotopy equivalence, and we can choose a homotopy ingM; ! M.
By construction, A and Mg are acyclic overUy and Ag 2 A. Moreover, the map
Mo ! Ay is an X -quasi-isomorphism. By fy), there is an X, -quasi-isomorphism
Ag L K1 Mg for somek > 0. The complexAy L ¥ is Up-acyclic sinceAy is
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Therefore, the mapA, L K! Mg is in fact a U-quasi-isomorphism. LetB be the
pull-back of Ag L ¥ ! Mg along the surjectionMy ! Mg. The resulting map
B! M;jisaU-quasi-isomorphism. MoreoverB is an object of A sinceB is also the
pull-back of Ay L X! Ag along the (degree-wise split) surjectionA PAg! Ao.
Composing the mapB ! M; with the homotopy inverse M; ! M of M ! M,
yields the desiredU-quasi-isomorphismB | M.

9.8. The derived category of quasi-coherent Ax -modules. Recall that a
Grothendieck abelian category is an abelian categonA in which all set-indexed
direct sums exist, Itered colimits are exact, and A has a set of generators. We
remind the reader that a setl of objects ofAL generates the abelian categonA if
for every objectE 2 A, there is a surjection  A; E from a set indexed direct
sum of (possibly repeated) objectsA; 2 1 to E.

If X is a scheme with an ample family of line-bundles, andAx a quasi-coherent
Ox -algebra, then the category QcohAx ) of quasi-coherent Ay -modules is an
abelian category with generating set the setAx LK, i =1;:5n, k 0, where
Lq;:n Ly is a set of line bundles onX with global sectionss; 2 ( X;L ;) such that
the non-vanishing loci X, are a ne and cover X.

For a Grothendieck abelian categoryA, write D(A) for the unbounded derived
category of A, that is, the triangulated category D(Ch A; quis). This category has
small homomorphism sets, by [Wei94, remark 10.4.5]. Copragtts of complexes
are also coproducts inDA. Therefore, the triangulated category DA has all set-
indexed coproducts. This applies in particular to the unbounded derived category
D Qcoh(Ax ) of quasi-coherentAx modules. IfZ X is a closed subset with quasi-
compact open complementU = X  Z, we write Dz Qcoh(Ax) D Qcoh(Ax)
for the full triangulated subcategory of those complexesE of quasi-coherentAx -
modules whose restrictionE;y to U are acyclic.

9.9. Lemma. Let A be a Grothendieck abelian category with generating set of ob
jects I. Then, an object E of the triangulated categoryDA is zero i every map
A[j]! E in DA is the zero map forA 2| andj 2 Z.

Proof. Let E be an object of the derived categoryDA of A such that every map

(1! E in DA is the zero map forA 2 1 andj 2 Z. We can choose a surjection

3 A ker(dg) in A with A; objects in the genErating setl. The inclusion of
complexes kerfp) ! E yitelds a map of complexes ; Aj ! ker(ds) ! E which
inducLes a surjective map  ; A ker(do) HOE on coh@mology. Since every
map ;Aj ! E iszeroinDA, the induced surjective map ; A; HCE is the
zero map, henceH°E = 0. The same argument applied to E[k] instead of to E
shows that HKE = 0 for all k 2 Z. Therefore, E is quasi-isomorphic to the zero
complex.

Next, we recall the concept of a compactly generated trianglated category due
to Neeman [Nee92] in the form of [Nee96].

9.10. Compactly generated triangulated categories. Let T be a triangu-
lated category in which (all set-indexed) coproducts exis{. An object A of T
is called Eompact [Nee96, De nition 1.6] if the natural map i29 Hom(A;Mj) !

Hom(A; i29 M;) is an isomorphism for any setM;, j 2 J, of objects inT. The
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full subcategory T¢ T of compact objects is closed under shifts and cones and
thus is a triangulated subcategory.

A triangulated category T is compactly generatedNee96, De nition 1.7]if T has
all set-indexed direct sums, and if there is a set of compact objects inT such
that an object M of T is the zero objecti all maps A! M are the zero map for
A2l.

A set | of compact objects in a compactly generated triangulated caegory T is
called a generating set [Nee96, De nition 1.7] if | is closed under shifts and if an
object M of T is the zero objecti all maps A! M are the zero map forA 2 1.

The following theorem is due to Neeman [Nee96, Theorem 2.1].

9.11. Theorem (Neeman).

(@) Let T be a compactly generated triangulated category with gendiag set of
objects|. Then the full triangulated subcategoryT ¢ of compact objects inT
is an essentially small category which coincides with the saflest idempotent
complete triangulated subcategory off containing | .

(b) Let R be a compactly generated triangulated categorySy, R © a set of
compact objects closed under taking shifts. LeE R be the smallest full
triangulated subcategory closed under formation of copragtts in R which
contains So. Then S and R=S are compactly generated triangulated cate-
gories with generating setsSy and the image of (a set of representatives for
the isomorphism classes of objects of[R¢ in R=S. Moreover, the functor
R¢=S¢ I R =S induces an equivalence between the idempotent completion
of R®=S°¢ and the category of compact objects iR =S.

(c) Let ST R be a triangle functor between compactly generated triangated
categories which preserves coproduct and compact object¥hen S ! R is
an equivalence i the functor S® ! R ¢ on compact objects is an equivalence.

The following two propositions are essentially due to Thomaon [TT90]. We
include the proofs here because only the commutative situabn is considered in
[TT90], and we need the explicite versions below.

For an exact categoryE, write D?(E) for the triangulated category D(Chb E; quis).
Recall that a fully faithful functor A ! B of additive categories is calledco nal if
every object of B is a direct factor of an object of A.

9.12. Proposition.S Let X be a quasi-compact and quasi-separated scheme which
is the union X = ?:1 X, of open ane non-vanishing loci Xs, of global sections

s; 2 ( X;Lj) of line-bundlesL;, i = 1;::;n. Let Ax be a quasi-coherentOx -
algebra. Then the triangulated categoryD Qcoh(Ax ) is compactly generated by the
set of objectsAx  LK[j]for k 0,i=1;:;nandj 2 Z.

Moreover, the inclusion Vect(Ax) Qcoh(Ax ) induces a fully faithful triangle
functor DPVect(Ax) D Qcoh(Ax ) which identi es, up to equivalence, the cate-
gory DPVect(Ax ) with the full triangulated subcategoryD® Qcoh(Ax ) of compact
objects in D Qcoh(Ax ).

Proof. In the triangulated category D Qcoh(Ayx ), every strictly perfect complex of
Ax modules is a compact object. To see this, note that for arAx vector bundle A
and a setMj, j 2 I of quasi-coherentAy -modules thE canonical map of sheaves
of homomorphisms ; Hom,, (A;M;)! Hom, (A; ; Mj) is an isomorphism
since this can be checked on an ane open cover oK where the statement is
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clear. Taking global sections, we obtain an isomorphismL ; Homa, (AAM;)
Homa, (A;  Mj): This isomorphism extends to an isomorphism of homomor-
phism sets of complexes o x -modules for A a strictly perfect complex and M an
arbitrary complex of quasi-coherentAx -modules. For such complexes, the isomor-
phism induces an isomorphism

M M
(26) HOM qeon(ax ) (AsMj) " HOM qeonax ) (A Mj)

j i

of homomorphism sets in the homotopy categoryK Qcoh(Ax ) of chain complexes
of quasi-coherentAx -modules. It follows from lemma 9.7 withU = X and A =
sPerf(Ax ) that maps in D Qcoh(Ax ) from a strictly perfect complex A to an
arbitrary complex M of quasi-coherentA x -modules can be computed as the ltered
colimit

colimg, , HOMk qeon(ax)(BiM ) 1~ HOMp geonay ) (ATM)

of homomorphism sets inK Qcoh(Ax ) where the indexing category is the left I-
tering category of homotopy classes of quasi-isomorphismB | A of strictly per-
fect complexes with target A. Taking the colimit over this Itering category of
the isomorphism (26) yields the isomorphism which proves that A is compact in
D Qcoh(Ax ).

Since the setAx L}‘, i = 1;:5n, k 0 is a set of generators for the
Grothendieck abelian category Qcohfx ) all of which are compact in the derived
categoryD Qcoh(Ax ), lemma 9.9 shows thatD Qcoh(Ax ) is a compactly generated
triangulated category with generating setAx  LK[j],i=1;:5n,k 0,j 2 Z.

The inclusion Vect(Ax) Qcoh(Ax) of vector bundles into all quasi-coherent
Ax -modules induces a triangle functorDPVect(Ax) ! D Qcoh(Ax) which is
fully faithful, by the existence of an ample family of line bundles and the crite-
rion in [Kel96, 12.1]. Since the exact category Vectf x ) is idempotent complete,
its bounded derived category D°Vect(Ax ) is also idempotent complete [BSO1,
Theorem 2.8]. By Neeman's theorem 9.11 (a), the inclusionD® Vect(Ax ) !
D€ Qcoh(Ax ) is an equivalence.

9.13. Reminder on Rj . Let X be a scheme with an ample family of line bundles,
and letj : U | X be an open immersion from a quasi-compact open subset
U to X. We recall one possible construction of the right-derived dinctor Rj
D Qcoh(U) ' D Qcoh(X) of j : Qcoh(U) ! Qcoh(X). To that end, choose a
nite cover U = fUp; :::; Uyg of U such that the inclusion of all nite intersections
U, \ =\ U, X into X are ane maps, ig;::;ix 2 f 0;:::;ng. For instance, we
can take asU an open cover ofU by a nite number of non-vanishing loci X
associated with a set of line bundlesL; on X and global sectionss; 2 ( X;L),
i =0;u5n. Forak+1-tuple i =(io;:ik), setU; = Uiy \ 2\ U, and write write
ji :Up U for the corresponding open immersion.

For a quasi-coherentA; moduleF, consider the shea ed Cech complexC(U ; F)
associated with this covering. In degreek li\';lis the quasi-coherentA-module

C(UFx= i ]iF
P

where the indexing set is taken over allk + 1-tuples i = (ig;::;ik) with 0 g <
<ix n. Thedierential di : C(U;F)x! C(U;F)x+ for the component
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i =(ip;:;ik+1) is given by the formula

el

(dk (x))i = (1 Ji; Ji Xioms fisi o )

1=0

Note that the complex C(U ; F) is concentrated in degrees (::;n. L
The units of adjunction F ! j; j; F deneamapF ! C(U;F)o= i”:O ji Ji F
into the degree zero part of theCech complex with do(F) = 0, and thus a map of
complexes of quasi-coherenf-modules ¢ : F ! C(U ;F): This map is a quasi-
isomorphism for any quasi-coherentA ,-module F as can be checked by restricting
the map to the open subsetdJ; of the cover ofU. Since, by assumption, for every
k + 1-tuple, i = (io;::5;ik), the open inclusionj j; :U; X is an ane map, the
functor
j C(U):Qcoh(Ay)! ChQcoh(Ax):F 7'j C(U;F)

is exact. Taking total complexes, this functor extends to a finctor on all complexes
j TotC(U):ChQcoh(Ay)! ChQcoh(Ax):F 7!j TotC(U;F)=Tot j C(U;F):

This functor preserves gquasi-isomorphisms as it is exact ah sends acyclics to
acyclics. It is equipped with a natural quasi-isomorphism

(27) g:F! TotC(U;F):

Finally, the pair (j Tot C(U);j ) represents the right derived functor Rj of j ,
that is,
Rj =j TotC(U): DQcoh(Ay)!D Qcoh(Ax):

9.14. Lemma. Let X be a scheme with an ample family of line bundle§,: U X
a quasi-compact open subscheme, X a closed subset with quasi-compact open
complementX Z such thatZ U, then we have an equivalence of triangulated
categories '

j : Dz QCOh(Ax) 'D 2 QCOh(Au)
with inverse the functor Rj .

Proof. We rst check that Rj preserves cohomological support. Denote byy :

U Z U,jx :X Z Xandjz:U Z X Z the corresponding open
immersions, and note that the canonical mapjyj M ! jz j M is anisomorphism
for every quasi-coherentA ; -module M . By the existence of an ample family of line
bundles onX, we can choose a nite open covet) = fUp;:::; U,g of U such that

all inclusions Ui, \ :::\ U;, X are ane maps. For a complex F of quasi-coherent
Ay -modules, we have

ixRj F=jxj TotC(U;F)=jz jyTotC(U;F)=1jz TotC(U Z;jyF)
whereU Zisthe coverfUy Z;::;U, ZgofU Z. As pull-backs of a ne maps,
allinclusions (U;, Z)\ ::\ (Ui, Z) X Z arealso ane maps. Therefore, the
functor jz; Tot C(U  Z) representsRjz , and we obtain a natural isomorphism
of functors

ix R " Riz jy:

In particular, Rj sendsDz Qcoh(Ay) into Dz Qcoh(Ax ).

For the proof of the lemma, note that the compositionj Rj =j j TotC(U)=

Tot C(U ) is naturally quasi-isomorphic to the identity functor via the map (27).
Furthermore, the unit of adjunction F ! Rj j (F), which is adjoint to the
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map (27) applied toj F, is a quasi-isomorphism forF 2 Dz Qcoh(Ax ) since both
complexes have cohomological support iZ . Therefore, we can check this property
by restricting the map to U where it is the quasi-isomorphism (27).

9.15. Proposition. Let X be a scheme with an ample family of line-bundles. Let
Z X be a closed subscheme with quasi-compact open complem&nt Z. Let

j U X be a quasi-compact open subscheme. LAty be a quasi-coherent sheaf
of Oy -algebras. Then the following hold.

(a) Restriction of vector bundles induces a fully faithful triangle functor
j :DsPerf(Ax on Z;U -quis) ] D sPerf(Ay on Z\ U;U-quis):

(b) The triangulated categoryDz Qcoh(Ayx ) is compactly generated and the tri-
angle functor D sPerf(Ax on Z; quis) ! D z Qcoh(Ax ) induces an equiv-
alence of D sPerf(Ax on Z; quis) with the full triangulated subcategory of
compact objects inDz Qcoh(Ax ).

(c) If Z U, then restriction of vector bundles induces an equivalencef tri-
angulated categories

j :DsPerf(Ax on Z;quis) I D sPerf(Ay on Z; quis):
(d) The triangle functor in (a) is co nal.

Proof. The functor in (a) is clearly conservative. Itis full by the f ollowing argument.
Let A and B be strictly perfect complexes of Ax -modules with support in Z,
and let j A E ! j B be a diagram in sPerf@y on U\ Z) representing a

mapf :j A! j B in D°(Ay onZ\ U;U-quis) whereE ! | A is a U-quasi-
isomorphism. Let M be the pull-back ofj E'! j j A and the U-isomorphism
A! jj A. The induced mapsM ! j E and M ! A are U-isomorphism and

U-quasi-isomorphism, respectively. By lemma 9.7 withA = sPerf(Ax on Z), there
is aAg 2 A and a U-quasi-isomorphismAg ! M. By lemma 9.6, there is a map
Ap K(s")! B suchthatthetwo mapsAy; K(s")! Ag! M! jE! jjB
andAg K(s")! B! jj B coincide. If follows thatthe mapf :j A! j Bis
the image of the map inD¢(Ax on Z; U - quis) which is represented by the diagram
A Ap K(s")! B. Therefore, the functor in (a) is full. Any conservative and
full triangle functor is faithful, hence the triangle funct or in (a) is fully faithful.

It follows from proposition 9.12 and Neeman's theorem 9.114) that the functor
in (@) is conal for Z = X since in this case both categories contain as a co nal
subcategory the triangulated category generated byAx L wherelL runs through
the line bundles onX . This shows part (d) when Z = X.

In order to prove (b), write R for the compactly generated triangulated cate-
gory D Qcoh(Ax ) with category of compact objects R® = D sPerf(Ax ; quis); see
9.12. LetS R be the full triangulated subcategory closed under the formé&on
of coproducts in R which is generated by the setS = sPerf(Ax on Z;quis) R °
of compact objects. By part (d) for Z = X proved above and proposition 9.12,
we have a co nal inclusion R°=S® | D ©Qcoh(Ay). By Neeman's theorem 9.11
(b) and (c), this implies that the functor R=S ! D Qcoh(Ay) is an equivalence.
In particular S is the kernel category of the functorD Qcoh(Ax ) ! D Qcoh(Ay).
Therefore, S = Dz Qcoh(Ay) is compactly generated byD sPerf(Ax on Z; quis).
Since D sPerf(Ax ; quis) = D®Qcoh(Ax ) is idempotent complete, its epaisse sub-
category D sPerf(Ax on Z; quis) is also idempotent complete. Therefore, we have
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the identi cation D sPerf(Ax on Z; quis) = D§ Qcoh(Ax ), by Neeman's theorem
9.11 (a).

In view of (b), the map in (c) is the restriction to compact obj ects of the equiv-
alence of lemma 9.14. It is therefore also an equivalence.

For the proof of (d), we simplify notation by writing DC¢(Ax on Z;w) for the
triangulated category D sPerf(Ax on Z;w). Let V = U[ (X Z) and consider
the commutative diagram of triangulated categories

DS(Ax on Z;V -quis) ——DS(Ax ;V -quis) ——/D¢(Ax ;X  Z-quis)

DS(Ay on Z\ U;V -quis) —/D¢(Ay :V -quis) Ibe(ay ;X Z-quis)

in which all vertical functors are fully faithful, by (a). Th e middle and the right

vertical functors are co nal since all four categories haveas co nal subcategory the
triangulated category generated byAyx L whereL runs through the line-bundles

on X, by proposition 9.12. Therefore, the right two vertical functors are equiva-
lences after idempotent completion. Since the two left trimgulated categories are
the \kernel categories" of the two right horizontal functor s, and this property is pre-

served under idempotent completion, the left vertical fundor is also an equivalence
after idempotent completion. Thus, the left vertical funct or is co nal.

The functor D¢(Ax on Z;U -quis) ! D °(Ay on Z\ U;U-quis) in (a) can be
identi ed with the left vertical functor in the diagram sinc e U-quasi-isomorphisms
are V -quasi-isomorphisms for complexes oAy -modules cohomologically supported
in Z, and since the functorD(Ay on Z\ U;V -quis)! D ¢(Ay on Z\ U; U -quis)
is an equivalence, by (b).

9.16. Corollary. Let X be a scheme which has an ample family of line-bundles,
let Z X be a closed subset with quasi-compact open complemefit Z, and
letj : U X be a quasi-compact open subscheme. Lbt be a complex of quasi-
coherent Ax -modules such thatf M is strictly perfect on U and has cohomological
support in Z\ U. If the class[j] M]2 Ko(Ay on Z\ U) is in the image of the map
Ko(Ax onZ)! Kg(Ay onZ\ U), then there is aU-quasi-isomorphism

A — I m

U quis

with A a strictly perfect complex of Ax -modules which has cohomological support
in Z.

Proof. We start with a standard fact about Kg of triangulated categories. Let
To T 1 be a (fully faithful and) co nal functor between triangulat ed categories.
Then an object T of Ty is isomorphic to an object of Ty if and only if its class
[T]2 Ko(Ty) is in the image of Ko(Tp) ! Ko(T1). This is because the cokernel of
Ko(To) ! Ko(Ty) can be identi ed with the quotient monoid of the abelian mon oid
of isomorphism classes of objects iff; under direct sum modulo the submonoid of
isomorphism classes of objects ify. Therefore, an object of T; de nes the zero
class in the cokernel if and only if it is stably in Ty. But for triangulated categories,
an object is stably in Tp i it is isomorphic to an objectin Tp.

For the proof of the corollary, we apply this argument to the inclusion in propo-
sition 9.15 (a) which is co nal, by 9.15 (d). We see thatj M is isomorphic in
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D¢(Ay on Z\ U;U-quis) to an objectj B, whereB is a perfect complex ofAx -
modules with cohomological support inZ. It follows that there is a zig-zag of
U-quasi-isomorphismsj M F! j B. Let P bethe pull-back ofj F! jj B
along the U-isomorphismB ! j j B. Then P ! | F is a U-isomorphism, and
it follows that P ! B is a U-quasi-isomorphism. By lemma 9.7 withA the sub-
category of those strictly perfect complexes which are cohmologically supported
in Z, there is a U-quasi-isomorphismB®! P with B strictly perfect and coho-
mologically supported in Z. Since X has an ample family of line-bundles andU
is quasi-compact, we can choose line-bundlds; and global sectionss; 2 ( X;L ),
i =1;:;1 such that the set of non-vanishing lociXs , i = 1;::;1 is an a ne open
cover ofU. By Lemma 9.6, we can nd an I-tuple of negative integersn such that
the composition of U-quasi-isomorphismsA = B® K(s)! B%! j j M lifts to
M.

9.17. Proposition. Let X be a scheme which has an ample family of line bundles,
let Z X be a closed subscheme with quasi-compact open complementd det

j U X be a quasi-compact open subscheme. LAty be a quasi-coherentOy -
algebra with involution. Then for any line-bundleL on X and any integern 2 Z,
restriction of Ax vector bundles toU de nes non-singular exact form functors

(sPerf(Ax on Z); U-quis; )
I (sPerf(Ay on U\ Z); U-quis; ] )

which induce isomorphisms on higher Grothendieck-Witt graps GW; for i 1 and
a monomorphism for GW.

If, moreover, we haveZ U, then the form functors induce isomorphisms for
all higher Grothendieck-Witt groups GW; wherei 0.

Proof. Let sPerfc,(Ay onU\ Z) sPerf(Ay on U\ Z) be the full subcategory
of those strictly perfect complexes ofA-modules with cohomological support in
U\ Z which have class in the image oKy(Ax onZ) ! Ko(Ay onZ\ U). By
co nality 4.10, the duality preserving inclusion

(28) sPerfc ,(Ay onU\ Z)! sPerf(Ay onU\ Z)

of exact categories with weak equivalences th& -quasi-isomorphisms and duality
I L induces maps on higher Grothendieck-Witt groupsGW; which are isomor-
phisms for i 1 and a monomorphism fori = 0. Restriction of vector-bundles
de nes a non-singular exact form functor

(29) (sPerf(Ax onZ); U-quis)! (sPerfx,(Ay onU\ Z); U-quis)

which induces a homotopy equivalence of Grothendieck-Witispaces by theorem 5.1,
where 5.1 (c) follows from corollary 9.16 and lemma 5.5; 5.1€) and (f) are proved
in lemma 9.6; the remaining hypothesis of theorem 5.1 beingrivially satis ed.

If Z U, then Ko(Ax on Z) = Ko(Ay on Z\ U), by proposition 9.15 (c).
Therefore, (28) is the identity inclusion, and the map (29), which induces a homo-
topy equivalence of Grothendieck-Witt spaces, is the map inthe proposition.
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Proof of theorem 9.2. By the \change-of-weak-equivalence theorem" 4.2, the se-
guence

(sPerf(Ax on Z); quis; 1) ! (sPerf(Ax); quis; ][ )! (sPerf(Ax); U-quis; 1]')

induces a homotopy bration of Grothendieck-Witt spaces. By proposition 9.17,
the form functor

(sPerf(Ax); U-quis; ]{' ) ! (sPerf(Ay); quis; 1 )

induces isomorphisms orGW, fori 1 and a monomorphism fori = 0.

Proof of theorem 9.3. The theorem is a special case of proposition 9.17.

10. Extension to negative Grothendieck-Witt groups

For an open subschemé&J X, the restriction map GWy(X)! GWp(U) is not
surjective, in general, not even ifX is regular. The purpose of this section is to
extend the long exact sequence associated with the homotopypration of theorem
9.2 to negative degrees. Theorems 9.2 and 9.3 will be extendléo a bration and
a weak equivalence of non-connective spectra.

10.1. Cone and suspension of Ax . The cone ring is the ring C of in nite ma-
trices (aj; )i;j 2n With coe cients a;; in Z for which each row and each column has
only nitely many non-zero entries. Transposition of matri ces'(a;; ) = ( a;; ) makes
C into a ring with involution. As a Z-module C is torsion free, hence at.

The suspension ringS is the factor ring of C by the two sided ideal M, C
of those matrices which have only nitely many non-zero enties. Transposition
also makesS into a ring with involution such that the quotient map C Sisa
map of rings with involution. For another description of the suspension ringS,
consider the matricese, 2 C, n 2 N, with entries (e,);; =1 for i = | n and
zero otherwise. They are symmetric idempotents,i.e.,'e, = e, = €, and they
form a multiplicative subset of C which satis es the re condition, that is, the
multiplicative subset satis es the axioms for a calculus offractions. One checks
that the quotient map C S identi es the suspension ring S with the localization
of the cone ring C with respect to the elementse, 2 C, n 2 N. In particular, the
suspension ringS is also a at Z-module.

Let X be a quasi-compact and quasi-separated scheme. For a quasiherent
sheafAx of Oy -algebras, write CAx and SAx for the quasi-coherent sheaves of
Ox -algebras associated with the presheave€ 7z Ax and S 7z Ax. On quasi-
compact open subsetdJ X, we have CAx)(U) = C zAx(U) and SAx =
S zAx (U), by atness of C and S. If Ax is a sheaf of algebras with involutions,
then the involutions on C and on S make CAx and SAx into sheaves ofOy -
algebras with involution.

Let =1 e 2 C be the symmetric idempotent with entries 1 at (0;0) and
zero otherwise. The imageC of the right multiplication map :C! Cisa
nitely generated projective left C-module. It is equipped with a symmetric form
":C Z(C)®! C:x y° 7l x 'y, The idempotent makes C ;' ) into
a direct factor of the unit symmetric form (C; ); see 7.8 (a). Therefore, tensor
product (C ;' ) z? de nes a non-singular exact form functor

D (sPerf(Ax );1M) ! (sPerf(CAx);]1l): V7' C 2V
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Since S is a at C-algebra, the quotient map C ! S induces an exact functor

:CAx -Mod! SAx -Mod:M 7!'S ¢ M on categories of modules which sends
vector bundles to vector bundles. The two functors and vyield a sequence of
non-singular exact form functors

(30) (sPerf(Ax );1) ! (sPerf(CAx);11) ' (sPerf(SAx);11):

The functors satisfy =0becauseS ¢cC =im( :S! S)=0as0= 2S.
The following theorem will allow us to extend the results of X9 to negative
Grothendieck-Witt groups.

10.2. Theorem. Let X be a scheme with an ample family of line-bundles, let

X be a closed subset with quasi-compact open complemefit Z, and let Ax be a
guasi-coherentOy -algebra with involution. Then for any line bundleL on X, and
any integern 2 Z, the sequence (30) induces a homotopy bration of Grothendick-
Witt spaces with contractible total space

GW"(Ax onZ;L)! GW"(CAx onZ;L)! GW"(SAx on Z;L):

The proof of theorem 10.2 will occupy sections 10.3 to 10.9.
10.3. Lemma. The functor in (30) is fully faithful.

Proof. The image C of the left multiplication map :C! Cisaright C-module.
We have aZ-bimodule isomorphism :Z! C C :17! c =1 = 1
and a C-bimodule map :C C ! C:A B 7! AB such that the
compositions

c=c ,z% ¢ ,c cc1®c cc=c and
c=z ,c1%c c.c ,c? ¢ cc=c

are the identity maps. It followsthat and de ne unit and counit of an adjunction
between the functorsAx -Mod! CAx -Mod:M 7' C ;M and CAx -Mod !
Ax -Mod: N 7! C ¢ N. Since the unit is an isomorphism, the rst functor is
fully faithful. In particular, is fully faithful.

10.4. Proposition. The sequence of triangulated categories
D°Vect(Ax) !'D PVect(CAx)!D PVect(SAx)
is exact up to direct factors.
Proof. The multiplication map :C z C ! C factors through M, C and

induces anisomorphism :C zC ! M; (itisa ltered colimit of isomorphisms
of nitely generated free Z-modules). The exact functors

Qcoh(Ax)! Qcoh(CAx)! Qcoh(SAx)

have exact right adjoints : Qcoh(CAx) ! Qcoh(Ax) : M 70 C ¢ M and
: Qcoh(SAx ) ! Qcoh(CAx): N 7! N such that for a left CAx -module M the
adjuntion maps ! id andid! are part of a functorial exact sequence

(31) 00 M ! M! M ! 0
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which is the tensor product (overC) of M with the exact sequence of atC-modules
o! Mp ! C! S! 0. Itfollows that the sequence of triangulated categories

D Qcoh(Ax)!D Qcoh(CAx)!D Qcoh(SAx)

is exact as and induce right adjoint functors on derived categories, and ()
induces a functorial distinguished triangle for every objet of D Qcoh(CAyx ). By
proposition 9.12, these triangulated categories are compdly generated. Since and

preserve compact objects, the associated sequence of corapabjects { which is
the sequence in proposition 10.4 { is exact up to factors, byheorem 9.11.

Let sPerfs(CAx) sPerf(CAx ) be the full subcategory of those complexes
V for which S ¢ V is acyclic. This subcategory is closed under the involution
1. Therefore, sPerg(CAx ) inherits the structure of an exact category with weak
equivalences and duality from sPerfCAx ). Since =0, induces a non-singular
exact form functor :sPerf(Ax)! sPerfs(CAx).

10.5. Proposition.  For any line bundle L on X, and any n 2 Z, the functor
induces a homotopy equivalence

GW"(sPerf(Ax );quis;L) ! GW"(sPerfs(CAx );quis;L):

Proof. The proof is a consequence of theorem 5.1 (or of lemma 5.6).r8ke is fully

faithful, conditions (e) and (f) are satis ed. Since induces a fully faithful functor

on derived categories, by proposition 10.4, condition (b) $ also satis ed. The only
non-trivial condition to check is (c). By lemma 5.5, we only need to show that for
everyM 2 sPerfs(CAx ) thereis anA 2 sPerf(Ax ) and a quasi-isomorphismC 2

Al M. Let M be astrictly perfect complex of CAx moduleswithS ¢ M acyclic.
By proposition 10.4, there is a zigzag of quasi-isomorphise}C 7 B N! M

in sPerfs(CAyx ) with B 2 sPerf(Ax ). SinceN 2 sPerfs(CAx ), proposition 10.4
implies that the counit of adjunction C 7 C ¢ N ! N is a quasi-isomorphism.
We apply lemma 9.7 with CAx in place of Ax and U = X, A =sPerf(Ax ) to the

quasi-isomorphismC <N! C C ;B = B, and obtain a strictly perfect

complex A of Ax -modules and a quasi-isomorphismA! C ¢ N. Finally, the

compositonC A! C 7C cN=M; ¢cN! N! Misa quasi-
isomorphism.

For a quasi-coherentOx -alggbra Ax , call an Ax -module M quasi-free if it is
isomorphic to a nite directsum ; Ax L; of Ax -modules of the formAx L; for
some line bundlesL; on X . Note that a quasi-free Ax -module is a vector bundle.

10.6. Lemma. Let X be a quasi-compact and quasi-separated scheme, and Aeg
be a quasi-coherent sheaf dDy -algebras. LetA; M be quasi-coherentCA x -modules
with A quasi-free. Then the following hold.

(@) For every mapf : A ! M of SAx-modules, there are maps:B ! A
andg:B ! M of CAx -modules withB quasi-free such thatf  (s) = (Q)
and (s) an isomorphism.

(b) For any two mapsf;g : A! M of CAx-modules such that (f) = (g)
thereisamaps: B ! A of of quasi-freeCAx -modules such thaf s=g s
and (s) is an isomorphism.
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Proof. The proof reduces toA = CAx L with L a line-bundle onX . For such an
A, the map Homca, (A;M)! Homsa, (S; M ) can be identi ed with the map

on global sections (X;M L H! (X;S ¢cM L H=S ¢ (X;M L b.

This map is surjective sinceC ! S is, proving (a). The map is also a localization
by a calculus of fractions with respect to the set of elementg, 2 C, n 2 N, of 10.1.
This shows that (b) also holds.

10.7. Lemma. Let X be a quasi-compact and quasi-separated schemk, a line
bundle onX, and let Ax be a quasi-coherent sheaf dDy -algebras with involution.
Then for every n 2 Z, the Grothendieck-Witt space

GW"(CAx ;L)

is contractible.

Proof (compare [Kar70]). We will de ne a C-bimodule M, which is nitely gener-
ated projective as left C-module, together with a symmetric form' : M ¢ M©°P !
C in C-Bimod whose adjoint M ! [M°P:C]c is an isomorphism. Furthermore,
we will construct an isometry (C; ) ? (M;" ) = (M;"' ) of symmetric forms
in C-Bimod. Therefore, tensor product (M;' ) ¢? de nes a non-singular exact
form functor (F;' ) : (sPerf(CAx );quis;]{') ! (sPerf(CAx);quis;]]') which sat-
isesid ? (F;") = (F;'). Therefore, on higher Grothendieck-Witt groups we
have GW," (id) + GW"(F;' ) = GW,"(F;"' ) which implies GW;"(id) = 0, that is,
GW,"(CAx ;L) =0, hence GW"(CAx ;L) is contractible.

To construct (M;"' ) and the bimodule isometry (C; ) ? (M;" ) = (M;"' ) we
choose a bijection :NT" N N:n7! ( 1(n); 2(n)) and de ne a homomorphism

of rings with involutions
8

. a ;) It 20)= 20)
[:C! C:a7!l(a) with I(a)ij:B
0 otherwise

The C-bimodule M is C as a left module, and has right multiplication de ned by
M C! M:(x;a) 7! x I(a). The symmetric form ' is the C-bimodule map
M cMO%1 C:x y°%7 x 'y Since, as a leftC-module, (M;' ) is just the
unit symmetric form (C; ) (see 7.8 (a)), the adjoint M ! [M°;C]c of ' is an
isomorphism.

In order to de ne the bimodule isometry (C; ) ? (M;' ) = (M;' ), consider the
elements ; 2 C de ned by

8 8
210 ()=(i0) 210 ()= ()+0:1)
= and =

i 5 i 5
~ 0 otherwise ~ 0 otherwise

The homomorphism| and the elements; 2 C are related by the following iden-
tities

t :O; t = t :1; t 4+t :1;

a = (@ 1@ = 1@
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forall a2 C. Therefore,the mapC M ! M :(a;x) 7! a +x isaC-bimodule
isomorphism with inverse the mapM ! C M :x 7! (x ';x ). It preserves
forms becaused +x ) (b +y )= a b+ x ty.

Write sPerf®(Ax )  sPerf(Ax ) for the full subcategory of those strictly perfect
complexes ofA x -modules which are degree-wise quasi-free. Note that thisategory
is closed under the duality]]'. We equip the category sPerf(Ax ) with the degree-
wise split exact structure. Together with the set of quasi-somorphisms of complexes
of Ax vector bundles, it becomes a category of complexes in the sem of De nition
5.4.

10.8. Lemma. Let X be a scheme with an ample family of line bundles. The
inclusion of quasi-free modules into the category of vectobundles induces a (fully
faithful) co nal triangle functor

D(sPerf®(Ax ); quis) D (sPerf(Ax); quis):

Moreover, for every strictly perfect complexM of Ax -modules with clasgM ] in the
image of the mapK o(sPerf®(Ax ); quis) ! Ko(sPerf(Ax ); quis) there is a quasi-
isomorphism A ! M of complexes ofAx -modules with A a bounded complex of
guasi-free modules.

Proof. The triangle functor in the lemma is fully faithful, by lemma 9.7 with

U= X and A = sPerf®(Ax). It is conal, by Neeman's theorem 9.11 (a) and

proposition 9.12. Let sPerk,(Ax) sPerf(Ax) be the full subcategory of those
strictly perfect complexes of Ax -modules M whose class Y] is in the image
of the map Ko(sPerf®(Ax ); quis) | Ko(sPerf(Ax); quis). Then the inclusion

(sPerf’(Ax ); quis) (sPerfk ,(Ax ); quis) of exact categories with weak equiva-
lences induces an equivalence of derived categories, so ttenother application of

lemma 9.7 with U = X and A = sPerf®(Ax ) nishes the proof of the claim.

Proof of theorem 10.2. By theorem 9.2, we only need to treat the case&Z = X. In
this case, the total spaces are contractible, by lemma 10.7.

Let sPerfx ,(SAx) sPerf(SAx ) be the full subcategory of those strictly per-
fect complexes ofSAx -modules E whose class ] is zero in the Grothendieck
group Ko(sPerf(SAyx ); quis) of SAx -vector bundles. Furthermore, call a mapf
of strictly perfect complexes of CAx -modules anS-quasi-isomorphism if (f)is a
guasi-isomorphism of complexes 08A x -modules. The set ofS-quasi-isomorphisms
is denoted by S - quis. Consider the commutative diagram of exact categoris with
weak equivalences and duality]{' induced by inclusions and the map of rings with
involuton C! S

(sPerf®(CAx ); quis) —{sPerf®(CAx ); S - quis) ——{sPerf®(SAx ): quis)

(sPerf(CAx ); quis) —{sPerf(CAx ); S - quis) I{sPerfq ,(SAx ); quis):

Note that K of all categories with weak equivalences in the diagram is OFor the

two left hand categories, this follows from lemma 10.7 and lemma 10.8, since for
co nal triangle functors T® T , the map Ko(T%) ! Ko(T) is injective. Since
the left horizontal maps are surjective onK o, the middle two categories with weak
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equivalences have trivial Grothendieck groupK o. For the upper right corner, van-
ishing of K¢ follows moreover from the fact that its Ko is generated by classes of
complexes concentrated in degree 0 and the fact that every @si-freeSA x -module
is the image of a quasi-freeCAx -module. Therefore, the upper horizontal map is
surjective on K. Hence, the right vertical and the lower right horizontal fu nctors,
which { a priori { have images in sPerf(SAx ), have indeed image in sPei , (SAx ).
We will show that the upper right horizontal and middle and ri ght vertical functors
induce equivalences of Grothendieck-Witt spaces (for any @ality ]'). So, the lower
right horizontal functor will induce an equivalence, too.

The upper right horizontal functor is a localization by a calculus of right frac-
tions, by lemma 10.6 and 5.12 (c). Therefore, theorem 5.11 giws that it induces a
homotopy equivalence of Grothendieck-Witt spaces. For theright vertical functor,
the resolution lemma 5.6 (which we can apply because of lemmt0.8) shows that it
induces an equivalence of Grothendieck-Witt spaces. Simakly, by lemma 10.8, for
every strictly perfect complex of CAx -modulesM , there is a bounded compleXA of
guasi-freeCAx -modules and a quasi-isomorphismA | M. A quasi-isomorphism
of complexes ofCAx -modules is, a fortiori, an S-quasi-isomorphism. Therefore,
the resolution lemma applies to show that the middle verticd functor induces an
equivalence of Grothendieck-Witt spaces. Summarizing, wéave shown that the
lower right horizontal functor induces an equivalence of Gothendieck-Witt spaces.

By the \change of weak equivalence theorem" (theorem 4.2), he sequence of
exact categories with weak equivalences and duality}

(sPerfs(CAx); quis)! (sPerf(CAx); quis)! (sPerf(CAx); S-quis)

induces a homotopy bration of Grothendieck-Witt spaces. Using proposition 10.5
we can replace the left hand term with (sPerfAx ); quis). Using the equivalence of
Grothendieck-Witt spaces of the lower right horizontal functor above and co nality
(theorem 4.10) applied to the inclusion of exact categoriesvith weak equivalences
and duality (sPerfk,(SAx ); quis)  (sPerf(SAx); quis), we can replace the right
hand term in the sequence by (sPerf6Ayx ); quis).

Since the total space in the bration of theorem 10.2 is contiactible, we obtain
a homotopy equivalence of spaces

(32) GW"(Ax on Z;L) X GW"(SAx on Z;L):

10.9. De nition.  Let X be a scheme with an ample family of line-bundlesAx
be a quasi-coherent sheaf 00x -algebras with involution, L a line bundle on X,
Z X aclosed subscheme with quasi-compact open complemeXt Z andn2 Z
an integer. The Grothendieck-Witt spectrum

GW"(Ax onZ; L)

of symmetric spaces ovelAx with coe cients in the n-th shifted line bundle L[n]
and support in Z is the sequence

GW"(SXAx onZ; L); k2N;

of Grothendieck-Witt spaces together with the bonding mapsgiven by the homo-
topy equivalence (32). As usual, ifZ = X, n=0, Ax = Ox orL = Ox, we omit
the label corresponding toZ, n, A, or L, respectively.
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By construction, we have

2 GW"(Ax on Z; L) for i O

iGW"(Ax on Z; L) = .

GW§(S 'Ax onz; L) for i O

10.10. Remark. By proposition 8.4, there are natural homotopy equivalencs of
spectraGW"(Ax on Z; L)' GW"™ (Ax on Z; L).

Finally, we are in position to prove the main theorems of thisarticle.

10.11. Theorem (Localization). Let X be a scheme with an ample family of line-
bundles, letZ X be a closed subscheme with quasi-compact open complement
j U X, and let L be a line bundle onX. Let Ax be a quasi-coherent sheaf
of Ox -algebras with involution. Then for everyn 2 Z, the following sequence is a
homotopy bration of Grothendieck-Witt spectra

GW"(Ax onZ; L)! GW"(Ax; L)! GW"(Ay;j L):

Proof. This is because the sequences

GW"(S'Ax onZ; L)! GW"(S'Ax; L)! GW"(S'Ay;j L)
are homotopy brations for i 2 N, by theorem 9.2.
10.12. Theorem (Zariski-excision). Let X be a scheme with an ample family of
line-bundles, letZz X be a closed subscheme with quasi-compact open complement,
let L be a line bundle onX and let Ax be a quasi-coherent sheaf oDx -algebras
with involution. Then for every n 2 Z and every quasi-compact open subscheme

V X containing Z, restriction of vector-bundles induces a homotopy equivahce
of Grothendieck-Witt spectra

GW"(Ax onZ; L)! GW"(Ay onZ;j L):

Proof. This is because the maps

GW"(S'Ax onZ; L)! GW"(S'Ay onZ;j L):
are homotopy equivalences foi 2 N, by theorem 9.3.
10.13. Corollary  (Mayer-Vietoris for open covers). Let X = U[ V be a scheme
with an ample family of line-bundles which is covered by twopen quasi-compact
subschemed);V  X. Let Ax be a quasi-coherenDy -module with involution. Let

L be a line-bundle onX, and n 2 Z. Then restriction of vector bundles induces a
homotopy cartesian square of Grothendieck-Witt spectra

GW"(Ax ;L) Iw"(Ay;L)

GW"(Ay;L) ——/GW"(Ay\ v;L):
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Proof. The map on vertical homotopy bres is an equivalence, by thesems 10.11
and 10.12.
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