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Remarks on the Cauchy problem for
multi-valued linear operators
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1. Introduction

Multi-valued linear operators appear, for example, as adjoints and closures of
single-valued linear operators. Whereas these operators are always closed (see Section
2), degenerate Cauchy problems Bu/(t) = Au(t), u(0) = x lead to possibly nonclosed
multi-valued operators A = B~'A. In Section 2, we will extend the notion of rela-
tively closed operators (see S.R. Caradus (1973) and B. Baumer and F. Neubrander
(1994a),(1994b)) to the multi-valued case. We will show that A = B! A is relatively
closed even though A and B are not closed themselves and that sums and composi-
tions of a single-valued and a multi-valued relatively closed operator are again relatively

closed. In Section 3, mild and integrated solutions of the abstract Cauchy problem
u'(t) € Au(t), u(0) =2z  (0<t<T,)
will be characterized in terms of the approximate resolvent inclusion
x—ag € (kI — A)y(k), (k € IN, k sufficiently large),

where ay, is some sequence with exponential decay T (i.e., limsupj,_, . + In [lax|| < =T).
The results are used to give an alternative proof of A. Yagi’s multi-valued version of
the Hille-Yosida theorem and to extend R.S. Phillips’ result for adjoint semigroups to
nondensely defined Hille-Yosida operators. The results included are only a few of those
possible. Their selection was done to show that most of the results on the abstract
Cauchy problem

u'(t) = Au(t), u(0) =z 0<t<T,),
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where A is a relatively closed single-valued linear operator (see B. Bdumer and F.
Neubrander (1994a)(1994b)), extend naturally and without any major technical prob-
lems to the multi-valued linear case and, thus, to degenerate and adjoint Cauchy

problems.
2. Multi-valued linear operators

Let X,Y be Banach spaces. A multi-valued operator A C X x Y, where Ax :=
{y : (z,y) € A}, is called linear if the domain D(A) := {x : (z,y) € A for some y € Y}

is a linear subspace and
(2.1) pAzr C A(pz) and Az + Ay C A(x + y)

for all ,y € D(A) and p € C. Clearly pAx C A(pz) implies that %A(ua:) C Az, and
thus pAzx = A(ux), (n € €,z € D(A)). Moreover, it follows from Az+ Ay C A(x+y),
that A(z +y) — Ay = A(r +y) + A(—y) C Az and hence Az + Ay = A(x + y),
(x,y € D(A)). This shows that, for A C X x Y, the statement (2.1) is equivalent to

(2.2) pAzr = A(pz) and Az + Ay = A(x + y)

for all z,y € D(A) and p € €. The set Im(A) :={y:y € Az, x € D(A)} is called the
image (or range) of the operator A.

If a Banach space Z is continuously embedded in a Banach space X, we will use
the notation Z <— X. We say that A C X XY is relatively closed if there exist auxiliary
Banach spaces X 4 and Y4 such that

(2.3) DA CXg—X,Im(A)CYy—Y

and A is closed in X4 x Yyu; ie., D(A) 3 z, — zin X4 and Az, 3 y, — yin Yy
implies that € D(A) and y € Axz. A relatively closed operator will also be called
X 4 X Yy-closed. If A is a single-valued closed operator, then we denote by [D(A)] the
Banach space D(A) endowed with the graph norm.

These definitions are motivated by the following examples (see also B. Baumer and
F. Neubrander (1994a), (1994b), A. Favini and A. Yagi (1993), and A. Yagi (1991)).

Example 2.1 (Degenerate Cauchy Problem). Let A, B be single-valued linear

operators with domains in a Banach space X and ranges in a Banach space Y. Then

A:=B 1A= {(z,y): 2 € D(A),y € D(B), and Az = By}



is a possibly multi-valued operator in X x X with domain D(A) = {z € D(A) : Az =
By for some y € D(B)}. It is easy to see that A is linear. Since D(A) > x,, — = and
Az, 3y, — y is equivalent to D(A) 3 =, — x, D(B) 3 y, — y, and Az, = By, we

obtain the following statements.
(2.1.1) If one of the operators A, B is bounded and the other closed, then A is closed.

(2.1.2) If A is closed and B is Xp x Y-closed, then A is [D(A)] x X pg-closed.
(2.1.3) If B is closed and A is X4 X Y-closed, then A is X4 x [D(B)]-closed.

Consider the degenerate Cauchy problem
(DCP) Bu'(t) = Au(t), u(0) ==z, 0 <t < T < 0.

A function u € C'(]0,T]; X) with u(t) € D(A) and v/(t) € D(B) for t € [0,T] and
which satisfies (DCP) is called a classical solution. Clearly u is a classical solution of

(DCP) if and only if u is a solution of the abstract Cauchy problem
(ACP) u'(t) € Au(t), u(0) =z, 0<t <T < oo,

where A is defined as above. Examples of concrete operators A to which (2.1.1)-
(2.1.3) and (2.6.1) below can be applied can be found, for example, in A. Favini and
A. Yagi (1993), N. Sauer (1982), and A. Yagi (1991). Assume that the operators
A, B are closed. In order to be able to integrate (DCP), we have to assume that
u € CH[0,T); X)N C([0,T]; [D(A)]) or, equivalently, that v € C1([0,T]; X) and «’ €
C([0,T7; [D(B)]). It follows from (2.1.2) and (2.1.3) above that A is [D(A)] x X-closed
as well as X x [D(B)]-closed. Therefore, assuming that an operator A is X 4 x Y4-
closed, we will characterize in the next section the existence of those solutions of (ACP)
which satisfy u € C([0,T]; X 4) and v’ € C([0,T];Y4). The straightforward translation
of the results for (ACP) in Section 3 into the corresponding statements for (DCP) is
omitted. &

Example 2.2 (Adjoint Operators). Let A be a single-valued linear operator with
domain and range in a Banach space X. Define the adjoint of A by

A* ={(z%,y") : (%, Az) = (y*,x) for all z € D(A)} C X* x X*.

If D(A) is dense in X, then A* is single-valued. In general, A* is always a closed and

possibly multi-valued linear operator on X*. To show the linearity, let * € D(A*),



pw € C, and y* € pA*(z*). Then %y* € A*(z*) implies that (z*, Az) = <%y*,a:>
or (ux*,Az) = (y*,z) for all x € D(A). Thus y* € A*(uz). Suppose zj,z5 €
D(A) and y* € A*(x]) + A*(x3). Then y* = yi + y3, where (x], Az) = (y7,z) and
(x5, Az) = (y5,x) for all z € D(A). Thus (y*,z) = (yi + y3,x) = (] + 5, Ax) for
all x € D(A). Hence y* € A*(z7 + x3). This shows that the adjoint A* is linear. To
show the closedness of A*, let D(A*) 5 z} — z* and A*z* >y — y*. It follows from
(yr,z) = (xF, Ax), that (y*,z) = (z*, Az) for all z € D(A). Thus z* € D(A*) and
y* e A*x*. O

Example 2.3 (Closures of operators). Let A C X xY be linear and let A denote
the closure of the graph of A. We show that A is linear. To see this let x € D(A),
p € C, and y € pAz. Since %y € Aux, it follows that there exists 2, € D(A) such
that z, — x and Ax, > y, — %y. Thus pz, — pz, and A(pz,) > py, — y.
This shows that y € A(ux). Let y € A(z1) + A(zz). Then there exists y; € A(zy)
and y, € A(xs) such that y = y; + yo, and there exist v,,u, € D(A) with v, —
x1, Av, 3z, — Y1, Uy — x2, Au, > w, — yo. Thus v, + u, — x1 + z2 and
A(vy + Up) 3 2 +wy, — y1 + Yo = y. Therefore y € A(xy + x2).

This shows that any linear operator has a closed linear extension. However, by
considering the closure A instead of A, one might lose crucial information. To see this,
consider X = L'[0,1], Axf := f*)(0) -1, and D(Ay) := C®[0,1] (k € INg). Since
there exist f; € D(Ay) with f; — 0in L*[0,1] and Ay f; = 1 for all i € IN, the operators
Ay do not have single-valued closures.

In fact, all the operators Aj have the same closure A = Ay = LY0,1] x € - 1
(k € INg). Because “closedness” is necessary for almost all operations in functional
analysis and because A = A}, does not contain any specific information on Ay, it is
helpful to notice that the operators Ay, are C*)[0, 1] x L]0, 1]-closed. &

Example 2.4 (Sums). Let A,B C X xY be linear. Then the sum Sz := Az + Bz
with D(S) := D(A)ND(B) is linear. Let A be single-valued and X 4 x Y4-closed, and let
B be XpxYg-closed where Y4 <— Yz. We show that S := A+Bis X g xYg-closed, where
Xs=D(A)NXg, |z||xs = lz]|x4 + |zl x5 +|[Az]]y,. Clearly, D(S) C Xg — X and
Im(S) C Y4+ Y C Yg — Y. Suppose that D(S) > z,, — = in Xg and Sz, Dy, — y
in Yz. Then there exists z,, € Bz, such that y, = Az, + 2, — y in Y. Since x,, — x

in Xg, it follows from the definition of the norm on Xg and the X 4 x Y-closedness



of A that z,, — = in X4 and Xp, x € D(A), Az, — Az in Y4 and thus in Yz, since
Y4 — Yp. Since x, — z in Xg and Bx, > z, — y — Az in Yz, we conclude from
the Xp x Yp-closedness of B that x € D(B) and y — Az € Bz. This shows that
x € D(A)ND(B) = D(S) and y € Az + Bz = S(x). O

Example 2.5 (Compositions). Let A C X xY and B C Y x Z be linear. It is
easy to verify that the composition C = BA = {(z,2) : © € D(A), z € By for some
y € AznND(B)} € X x Z is linear. Let A be single-valued and X4 x Yy4-closed
and let B be Y x Zg-closed, where Yz — Y,. We show that C' is X x Zg-closed,
where X = {z € D(A) : Az € Y3, ||z||x. = |lzllx, + ||[Az|vs}. It follows from
the X4 x Y-closedness of A and Yg — Y, that X is a Banach space. Clearly,
D(C) C X¢ — X. Let D(C) 3 z,, —» = in X¢ and Cx,, = BAz,, 5 z, — z in Zg. It
follows from the X 4 X Y-closedness of A, Yz <— Y4, and the definition of the norm
in X¢ that x € D(A) and Az, =y, — Ax =y in Y. Since B is Yz x Zp-closed, and
By, > z, — z in Zp, we obtain that Ax =y € D(B) and z € BAy. O

We remark that the results of the previous two examples can be extended to
arbitrary finite and infinite sums and compositions as well as to limits of operators by
using the results in B. Bdumer and F. Neubrander (1994b).

Example 2.6. With the result of the previous example, we can add one more
closedness property of the operator A = B™1A4 to (2.1.1)-(2.1.3). Let A, B be linear

operators with domains in a Banach space X and ranges in a Banach space Y.
(2.6.1) If A is X4 x Yy-closed and B is Xp x Yp-closed, where Yp — Yj, then
A is Xo x Xp-closed, where X¢ = {x € D(A) : Az € Yp, ||z]x. =
2] x4 + [|Az]|ys -

o

The following is a straightforward extension of a classical result of functional
analysis due to E. Hille (see E. Hille and R.S.Phillips, 3.3.2 and 3.7.12).

Proposition 2.7. Let A C X x Y be linear and closed. If u(-) : [a,b] — X is
Bochner integrable, u(t) € D(A) for almost all t € [a,b], and Au(-) > y(-) : [a,b] = Y

is Bochner integrable, then

/aby(S) ds € D(A) and /aby(s) ds € A/abu(s) ds.



3. The abstract Cauchy problem

Let X,Y be a Banach spaces and A C X x X be linear and X 4 x Y4-closed.
Recall that D(A) € X4 — X and Im(A) C Y4 — X. Let u € CH[0,T];Y4) N
C([0,T]; X 4), u(0) =z, u(t) € D(A), and v'(t) € Au(t) for all 0 < ¢ < T. It follows
from Proposition 2.7 that

(ACPy) —xEA/ 0<t<T).
Integrating (AC Py) n-times yields

(ACP,) ——xeA/ 0<t<T),

where v is the n-th normalized antiderivative
ul™(t) = /t Mu(s) ds
o (n—1)!

of the solution u of (ACPF,). Let v solve (ACP,) (i.e., v is an integrated solution). If
v and v are n-times differentiable in Y4 and X 4 respectively, then u = v[™ solves
(ACP,) (i.e., u is a mild solution).

For v : [0,T] — X, let vy : [0,00) — X be defined as v on [0,7] and as 0 on
(T,00). For v € L} ([0,00); X), we denote by absx (v) the infimum of all a € IR for
which the Laplace transform

o(N\) == X — lim e Mu(t) dt

T—00 0

of v exists for ReA > a. If w > 0, then absx (v) < w if and only if wX(v[l]) < w, where
wx (VM) == inf{w : |ol(#)||x < M et for some M,, > 0 and all £ > 0}. For a proof,
see, for example, G. Doetsch (1950), Satz 7.2.2. Notice that absx (vr) = wx (vy) = —00
if ' < oo and that we substitute the interval [0, 00) for the interval [0, 7] if T' = oc.

We recall that a sequence ar € X (k € IN) is said to be of exponential decay T if
lilznsup +lnflagl|x < —T.If T = oo, then we set aj := 0 (k € IN).

The equivalence of the statements (i) and (iii) in the following lemma is the main
observation in this section. It generalizes similar results in B. Baumer and F. Neubran-
der (1994a), (1994b) in the single-valued case.



Fundamental Lemma 3.1. Let A C X x X be linear and X 4 X Y 4-closed, © € X,
n €Ny, 0<T < oo, andw > 0. Let v € C([0,T);Y4) with vl!l € C([0,T]; X ),

absy, (vr) < w, and abSXA(vgp]) < w. The following are equivalent:

(i) fo s)ds € D(A) and v(t ) Baxe Afo s)ds for all t € [0,T.
(i) 97(\) € D(A) and z — [ Ao(T )+2” FOD L e (A — A)(Amop(N)) if
ReX > w.

(iii) o7 (k) € D(A) and there exists a sequence ay, € Y4 of exponential decay T such
that x — ay, € (kI — A)(k"0p(k)) for allw < k € IN.

PROOF. (i)= (ii). It follows from Proposition 2.7 that

T T i T
/ e Mu(t) dt — / e_)‘t—'a: dt € A/ e Molll(t) dt.
0 0 n. 0

Since fo _/\tf;x = ST d — ,\n+1 Zz 0 i -z and fo Myl (t) dt = _%e_ATUm(T)

+397(A), we obtain that

L .
)\n+1 )\n+1 Z (_Xe vi(T) + XUT()‘)

if ReA > w. Since v(T') — TTTQ: € Av!(T), we obtain that e M y(T) — e 7;:1: €
A (e *TvlH(T)). Hence for ReA > w

or(A) —

. 1 1 f)\T n
UT()‘) - )\n—i—lx + Xe Mo )\n—i—l Z zeA (_UT( )> )

(ii)=(iii). Define a;, := e=*7 [k” (T)+ >0, ! (sz) ] . Since v(T') € Y4 and ImA C

Y4 it follows from v(T") — :2—73: € Av(T) that « € Y. Thus aj, € Y4. Obviously ay,

is of exponential decay T.

(iii)=-(i). We will use the following Phragmén-Doetsch inversion of Laplace transform
theory. For a proof, see B. Baumer and F. Neubrander (1994a). If r( fo e M df(t)
for some f € Lip,([0,00); X) := {f : [0,00] — X : f(0) = 0 and HfHL < oo}, where
£l :=inf{M : || f(t) = f(s)| < Mf; e“r dr for all 0 < s < t}, then for all k > w

oo

(3.1) 1f () Z (kg < —HfHL

Jj=1




Let w’ > w. Then v[TQ] € Lip,, ([0,00); Y4), vg] € Lip,, ([0,00); X 4), and

y(A) = A"op(A) = A" / e M dui () = A" / e M dv(t).
0 0

il
x + a € Ay(k) for sufficiently large k € IN, it follows from the X 4 x Y 4-closedness of
A that v (t) € D(A) and

Since Y4 — limy_ o Z;; S etk (kj)lnH ag; =0 for 0 <t < T and z(k) := ky(k) —

oy m >SN (M) )
t) - =Y | R N
vr () R . kE{;jzl TN ) () A (T T
_ e (DI ,
=Y, — klirgo]; i eld (kj>n+2z(k:j)
— (=17 y(kd) 3
€ A | Xa— lim 4 elik CGE = Avl(t)

for 0 <t < T and thus for t € [0,T]. Now (i) follows from the X 4 x Y4-closedness of
A and the differentiability of vg,%] and vé‘j’]. &

As the Fundamental Lemma 3.1 shows, it is necessary for the existence of a solution
of (ACP,) for some initial value x € X that z is in the approximate range of A; i.e.,
there exist w > 0, an error function A — a(\) of exponential decay T and y(\) € D(A)
such that z — a(A) € (A — A)y(A) for all A > w. As in the single-valued case, we
obtain the following Hille-Yosida type characterization from Laplace transform theory
(see also B. Baumer and F. Neubrander (1994a), (1994b)). Let Q@ C C(or R). We say
that ¢ :  — X is polynomialy bounded in X if there exists a polynomial p such that
laWllx < p(IA]) for A € .

Theorem 3.2 (Existence and Uniqueness). Let A C X x X be linear and X 4 X
Y a-closed, x € X, and 0 < T < co. The following are equivalent.

(i) There exists n € INg and v € C([0,T]; Y.4) with o1l € C([0,T); X 4), absy, (vr) <
00, absx , (vh)) < oo, f; v(s)ds € D(A), and v(t) — Lz € Afgv(s) ds.

(ii) There exists a sequence ay, € Y4 of exponential decay T and, for some w € IR, there
exists a function y : {ReX > w} — D(A) N Y4 which is analytic and polynomially
bounded in X 4 and Y 4 such that x —ay, € (k—A)y(k) for sufficiently large k € IN.



Let w > 0 and 7 : (w,00) — X. We say that r has a Laplace representation
in Lip,,(X) if there exists v € Lip,([0,00); X) such that r(A) = A[;° e Mov(t)dt =
J, e M do(t) for all A > w. For a proof of the following facts from Laplace transform
theory, see B. Baumer and F. Neubrander (1994a).

Proposition 3.3 (Laplace Representation). Letw >0 and r : (w,00) — X. The

following are equivalent:

(i) r has a Laplace representation in Lip,(X).
(i) r € C®°((w,0); X) and  sup  [|(A —w)*TLLrF (V)| < 0.
A>w, k€Ng
(iii) r : {ReX > w} — X is analytic, 7(\) — 0 as A — oo, sup{||r(N\)|| : ReA > v} < o©

for all v > w, and there exists kg € INg such that for all k > kg

1 /°° r(y + it)

o ollzmi | (1 —ist)R+2

Y>w, s>0

i <o

(iv) There exists M > 0 such that HZ;;l AT (g —I—w)H <M [* )Z?:l A;e~It| dt for
allm € IN and \; € C.

Combining Proposition 3.3 with the Fundamental Lemma 3.1, we obtain the fol-

lowing local Hille-Yosida theorem.

Theorem 3.4 (Local Hille-Yosida Theorem). Let A C X x X be linear and
X o4 xYy-closed, z € X, n € IN and w > 0. The following are equivalent:

(i) There exists v € Lip,([0,00); Y1) with v!* € Lip_ ([0, 00); X 4), fg v(s)ds € D(A),
and v(t) — Lz € Af(f v(s)ds for all t > 0.
(ii) There exists y : (w,00) — D(A) NYy4 such that
(a) z € (kI — A)y(k) forw < k € N,
(b) A — 57=ry()\) has a Laplace representation in Lip,,(Y ),
(¢) A — s=y(\) has a Laplace representation in Lip,,(X.4).

Moreover, if Y4 < X 4, then condition (c) can be dropped.

Clearly, Theorem 3.4 can be used to prove global Hille-Yosida type theorems
characterizing those Cauchy problems (ACP,;) which have solutions for allz € Xy C X
and not just for a single x € X. We demonstrate this with a Hille-Yosida theorem for

multi-valued linear operators due to A. Yagi (1991); see Theorem 3.6 below.



Let A C X x X be linear. The set of all A € C for which Im(A — A) = D((\ —
A7) = X and R(\, A) := (A — A)7! is a single-valued, bounded operator on X is
called the resolvent set p(A) of A. It easy to see that any A C X x X with p(A) # ()
is closed. Clearly,

(3.2) if A € p(A) and 0 € (A — A)z, then x = 0.
Let A € p(A) and y € Az = Az — (A — A)x. Then R(\, A)y = AR(\, A)x — x. Thus
(3.3) R\, A) Az = AR\, A)x — x (x € D(A), X € p(A)).

In particular, R(\,.A) = 0 on the linear subspace A0. Since z = R(\g, A)(A\g — A)x
(x € D(A), Ao € p(A)), it follows that (A — A)z = —(Ag — Nx + (Ao — A)z =
—(Ao = ANR(Xo, A) (Ao — Az + (Mo — A)z = (I — (Ao — M) R(Xo, A)) (Ao — A)z. Thus,
p(A) is open and, if \g € p(A) and |A — Ag|||R(Xo, A)|| < 1, then

(3.4) R(AA) =) (Ao — N)"R(Xo, A"

n=0

It follows that the resolvent is analytic on p(.A) and
1
(3.5) (—1)7%53(”)@0, A) =R, A" (neIN, X\ € p(A)).

Let A\, € p(A). Since z € (u — A)R(u, A)x (z € X) and 2 = RN\, A)(A— A)z (z €
D(A)), it follows that R(\, A)z — R(u, A)x € R(\, A)(u— A)R(p, Az — R\, A)(\ —
A)R(u, A)z. By (3.3), R(\, A)AR(u, A) is single-valued and thus R(\, .A) satisfies the

resolvent equation
(3.6) R(A, A) = R(p, A) = RN, A)(p = N R(p, A) - (A € p(A)).

Before we discuss the Hille-Yosida theorem, we will extend Lyubich’s Uniqueness

theorem (see, for example, A. Pazy, Theorem 4.1.2) to the multi-valued case.

Theorem 3.5 (Lyubich’s Uniqueness Theorem). Let A C X x X be linear. If
R(k, A) exists for all ko < k € IN and limsup_, ., 1 In|[R(k, A)|| < 0, then (ACP)

has at most one solution for every x € X.



PROOF. Let v € C([0,T7; fo s)ds € D(A), and v(t) € Afo s)ds for all 0 <
t <T < 0. It follows from the Fundamental Lemma 3.1 that there exists a sequence
ar, with limsup,_, o 1 In|lax|| < =T such that —ay, € (kI —A)d7(k) for all sufficiently
large k € IN. Thus limsup,_ . ¢ In |07 (k)| = limsup,_ . 7 In|[R(k, A)ay|| < —T.
Let € > 0. Then there exists k. > kg such that

T
/ e Fhy(t) dt
0

and hence Hf k(T — e — s) dsH <1 for all k£ > k.. Therefore there exists M > 0

= ||or(k)|| < e "

such that Hfo ““eksy(T — e — ) dsH < M for all k > k.. Now we obtain from Lemma
4.1.1 in A. Pazy (1983) that v(t) =0 for all t € [0, T — €. &

Theorem 3.6 (Global Hille-Yosida Theorem). Let A C X x X be linear. As—
sume that there exist M,w € IR such that (w,00) C p(A) and |R(A, A)"|| < =5 w)”
for all A > w and n € IN. Then

(a) The restriction A of A to D(A) x D(A) is single-valued, D(A) = {x € D(A) :
Az N D(A) # 0}, and Az = y = Az N D(A),

(b) A generates a strongly continuous semigroup on D(A),

(c¢) (ACPy) has a unique solution for all x € X.
PROOF. By (3.5) and the statements (i7) in Proposition 3.3 and Theorem 3.4, there

exists S : [0,00) — L(X) with S(0) =0, [|S(t) —S(s)]| < ]\If‘;t e“7dr (0 <s<t),and
= Ay e *MS(t) dt (A > max{w,0}). Thus, by the Fundamental Lemma 3.1,

(3.7) x—tacEA/ s)xds (re X, t>0).

This and Theorem 3.5 prove (c). Since R(\, A)y = R(\, A)z for y, z € Ax (see (3.3)),
it follows from the uniqueness of the Laplace transform that S(t)y = S(¢)z. Thus

(3.8) S(t)A is single-valued.



In particular, S(¢) vanishes on A0. Let z € D(A) and A > max{w, 0}. Then by (3.3),

)\2/ e Mtz dt = AR\, A)x — R(\, A) Az
0
= \? / e MS(t)xdt — X / e MS(t) Az dt
0 0

= \? /0 sy [S(t)x — /0 t S(s)Azx ds} dt.

By the uniqueness of the Laplace transform,
t
(3.9) S(t)z — tz = / S(s)Azds  (t >0,z € D(A)).
0

It follows that S(-)z is continuously differentiable on [0, co) for all x € D(.A). Since
the differential quotients +(S(¢ + h) — S(t)) are uniformly bounded for 0 < h < 1,

we obtain that S(t)z is differentiable for all z € D(A). Define T'(t)x := S'(t)x for

x € D(A). Then |T(t)|| < Me*t. Since t — T(t)x is continuous for all z € D(A) and

|T(t)]] < Me*? it follows that T'(t) is strongly continuous on D(A). We conclude from

T(t)xr —xz = S(t)Az (x € D(A), t > 0) and S(0) = 0 that T(0) = I on D(.A). Since
R\, A)x = fooo e~ dS(t)x for all A > w and ¥ € X, we obtain

(3.10) R\, A)x = /00 e MT(t)x dt (x € D(A),\ > w).

We remark that the resolvent of a multi-linear operator is in general not one-to-one.

However, by (3.10), if R(A, A)z = 0 for some z € D(A), then T'(t)x = 0 for all ¢t > 0. In

particular, x = T'(0)z = 0. This shows that R(\,.A) is one-to-one on D(.A). Therefore,

employing a standard result for pseudo-resolvents, we conclude that there exists an

operator A such that R(\, A)z = R(\, A)z = [~ e MT(t)z dt for all z € D(A) and
A > w. It follows from (3.1) that

(3.11) S(t)x € D(A) for all z € X.

Thus T'(t) € L(D(A)). This implies that T'(¢) is a Cy-semigroup on D(A) with genera-
tor A (see, for example W. Arendt (1987)). By (3.7), 1 (T(t)z—=z) € A (% f(f T(s)x ds)
for all x € D(A) and ¢t > 0. Thus D(A) C D(A) and Az € Axz. This shows that

D(A) Cc {zx € D(A) : Az N D(A) # 0}. Suppose that € D(A) and y € Az N D(A).
Then S(s)Azx = S(s)y for all s > 0. It follows from T'(t)x —x = S(t)y = fg T(s)yds

that z € D(A) and Az = y. Thus D(A) = {z € D(A) : Az N D(A) # 0} and

Az =y =AzN D(A). %




Example 3.7 (Adjoint semigroups). Let A be a Hille-Yosida operator on a Ba-
nach space X; i.e., A is single-valued, (w,o0) C p(A) and ||R(\, A)"| < (}\_Lw)n (A >
w, n € IN). Since D(A) might not be dense, the adjoint A* might be multi-valued.
It is easy to see that (w,00) C p(A*), R(A\,A*) = R(\, A)* for A > w and thus
|R(A, A*)™]| < % (A > w,n € IN). Thus Theorem 3.6 can be applied for
A = A* and extends the well-known result of R.S. Phillips for adjoint semigroups to

Hille-Yosida operators with non-dense domains (see A. Pazy, Theorem 1.10.4).
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