ON MA TR OIDS OF BRANCH-WIDTH THREE

RHIANNON HALL, JAMES OXLEY, CHARLES SEMPLE, AND GEOFF WHITTLE

Abstra ct. For all positiveintegersk, the classBy of matroids of branch-width
at most k is minor-closed. When k 2 f1;2g, the class By is, respectively, the
class of direct sums of loops and coloops, and the class of direct sums of series-
parallel networks. Bz is a much richer class as it contains in nite antic hains
of matroids and is thus not well-quasi-ordered under the minor order. In this
paper, it is shown that, like B; and By, the class Bz can be characterized by
a nite list of excluded minors.

1. Intr oduction

Historically, matroid theory hasbene ted greatly from adapting and generalizing
techniquesfrom graph theory. But it is not always possibleto do this. For example,
the notion of tree-width has proved to be of enormousinterest in graph theory
in recen years. It plays a vital role in the theory of graph minors developed by
Robertsonand Seymour(see,for example,[11, 10]). Moreover, tree-width alsoplays
a key role in graph complexity theory. Many problems that are computationally
intractable for generalgraphs have polynomial-time algorithms when restricted to
graphs of bounded tree-width (see,for example, [12]).

While tree-width does not generalizeroutinely to matroids, a related notion,
namely branch-width, does. It is known [13] that a classof graphs has bounded
tree-width if and only if it has bounded branch-width. Thus, for many purposes,
branch-width servesjust aswell astree-width. Moreover, branch-width hasalready
proved to be very useful in matroid theory. For example, Geelen, Gerards, and
Whittle [6] have shown that, within the classof matroids that are represenable
overa xed nite eld GF(q) and have boundedbranch-width, there are no in nite
antichains. In addition, they have proved [7] that, for all k and all g, the class
of matroids represerniable over GF (g) hasonly nitely many excluded minors that
have branch-width at most k.

This motivates a general study of branch-width in matroids, and the current
paper forms part of that study. It is straightforward to show that if a matroid
has branch-width k, then all its minors have branch-width at most k. Knowing
the excludedminors for the classof matroids of a given branch-width givesinsight

Date: 7 May 2001.

1991 Mathematics Subject Classi ¢ ation. 05B35.

The second author was supported by the National Security Agency, the third author was
supported by the New Zealand Foundation for Researc, Science and Technology (UOCX0012),
and the third and fourth authors were supported by the New Zealand Marsden Fund.

1



2 RHIANNON  HALL, JAMES OXLEY, CHARLES SEMPLE, AND GEOFF WHITTLE

into the precisee ect this parameter has on matroids. It is shavn in [13] that the
classof matroids of branch-width at most 2 coincideswith the classof direct sums
of series-parallelnetworks. Hencethere are exactly two excluded minors for this
class, namely U,.4 and M (K4). Dharmatilak e [2] has found the excluded minors
for the graphsof branch-width at most 3. He alsogave a list of excludedminors for
the binary matroids of branch-width at most 3, and conjectured that his list was
complete.

The classB3 of matroids of branch-width at most 3 cortains all spikes, a classof
matroids that cortains in nite antichains [6, Section 7]. This containment implies
that B3 is not well-quasi-orderedunder the minor order. Howewer, in the main
result of this paper, we shaw that the number of excludedminors for B3 is nite. In
particular, we provethat all excludedminors for Bs have at most sixteen elemeris.
In her Master's thesis [8], the rst author has reduced this bound to fourteen
and has speci cally determined some of the excluded minors, but we shall not
include the detailed analysis neededto obtain these results. The task of nding
all excluded minors appearstoo dicult to do by hand. It is certainly feasibleto
write a computer program that would quickly nd all excluded minors that are
represertable over a given eld. It is not clear that it is so straightforward to do
this for the non-represetiable ones.

The paper is constructed as follows. Fundamertal to the notion of branch-
width are the conceptsof connectivity functions and branch-decompositions, which
are introduced in Sections 2 and 3, respectively. Section 4 proves a result for
connectivity functions that is essetial to our proof of the bound on the size of the
excluded minors for B3. Two further tools usedin that proof, the conceptsof a
partitioned matroid and a fully closedsetin a matroid, are introducedin Sections5
and 6, respectively. The main results of the paper appearin Sections7 and 8, which
establish successiely sharper bounds on the size of an excluded minor for the class
of matroids of branch-width at most 3.

Throughout the paper, we shall allow the empty set to occur as a block of a
partition. We assumethat the readeris familiar with standard conceptsin matroid
theory and follow Oxley [14] for notation. In particular, a triangle of a matroid is
a 3{elemert circuit and a triad is a 3{element cocircuit. A fan in a matroid is a
subsetA of the ground setthat hasan ordering (as;az;:::;an) with n 3 where,
in the sequence

faj;ap;as0;fay;as;as40;:::;fan 2;an 1;anG;

either all even-numberedterms are triangles and all odd-numberedterms are triads,
or all odd-numberedterms are triangles and all even-numbered terms are triads.

2. Connectivity  Functions

The primary interestin this paper will be in connectivity functions for matroids.
But we gain someadvantage in stating the resultsin this sectionand Section4, at a
somewhatbroader level of generality that will encompassfor example,connectivity
functions of graphs.



ON MA TR OIDS OF BRANCH-WIDTH THREE 3

A function de ned on the set of subsetsof a nite ground set S is integer-
valud if (A) is an integer for all A S; it is submdaular if (A) + (B)
(A\ B)+ (A[ B)forall A;B S;anditissymmetricif (A)= (S A) for
alA S

Let M be a matroid with ground setE (M ). The connectivity function  of M
is de ned for all subsetsA of E(M) by

m(A)=r(A)+r(EM) A) r(M)+ 1L

It is well-known that the connectivity function of a matroid is integer-valued, sub-
modular, and symmetric. Moreover, the connectivity function of a matroid M is
the sameasthe connectivity function of its dual matroid M ; that is,if A E(M),
then y (A) = wm (A). In general,a connectivity function on a nite setS is a
function de ned on the set of subsetsof S such that  is integer-valued, submaod-
ular, and symmetric. We call S the ground set of

For an integer k, a subsetA of the ground set of a matroid M is k{separating
if m(A) k. We extend this notion by de ning a subset A of the ground set
S of a connectivity function to be k{separating if (A) k. When equality
holds here, A is said to be exactly k{separating. When A is k{separating, and
both jAj and JE(M) Aj are at least k, the partition (A;E(M) A) is called a
k{separation of M. For an integer n exceedingl, the matroid M is n{connected
if it has no k{separations for all k with 0 k n 1. Again we extend this by
de ning a partition (A; B) of the ground set S of a connectivity function to bea
k{separation if (A) k andjAj;jBj k. Moreover, is n{connected if S hasno
k{separationsfor all k with 0 k n 1. Evidently M is an n{connected matroid
if and only if its connectivity function is n{connected. Of particular interest to
us are connectivity functions that are 3{connected. We know from the above
de nition that is 3{connected if

@ (G)= (S)=1land, (A) 2for all proper non-empty subsetsA of S; and
(i) if A Swith jAj] 2andjS Aj 2,then (A) 3.

The next lemma 5] is well-known for matroids and follows immediately from the
submodularity of connectivity functions.

Lemma 2.1. Let be a connectivity function on S. If A and B are 3{separating
and (A\ B) 3,then (A[ B) 3.

The following lemmasdeal with matroid closureoperators. Let x be an elemen
of a matroid M, and let X be a subsetof E(M ). The coclosure cl (X) of X is the
closureof X in M . We will usethe notation x 2 cl¢ )(X) to meanthat x 2 cl(X)
or x 2 cl (X). The closureoperatorsof M and M arelinkedthrough the following
well-known result.

Lemma 2.2. Let X, Y, and fxg be disjoint setswhoseunion is the ground set of
a matroid. Then x 2 cl (X) if and only if x Z cl(Y). 2

Lemma 2.3. If X is a subsetof the ground set of a matroid M, and x 2 cll )(X),
then u (X [ fxg) m (X).
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Proof. Supposethat x 2 cl(X). Thenr(X [ fxg) = r(X) andr(Y fxg) r(Y)
S0

r(X [ fxg)+r(Y fxg r(M)+1 r(X)+r(Y) r(M)+ 1L
Thus wm (X [ fxQ) m (X). The casewhenx 2 cl (X) follows by duality. O

The proof of the next lemma is similar to the last proof and is omitted.

Lemma 2.4. Letx be an elementof a matroid M. Let X be a k{separating set of
Mnx. If x 2 cl(X), then X [ fxgis a k{separating set of M .

Lemma 2.5. Let X be an exactly k{separating set of a matroid M. If x 2 X and
X is not a loop or a coloop of M, then X  fxg is exactly k-separating in M nx if
and only if x 2 cly (X  fxg). Furthermore, X fxg is exactly k{separating in
M=xif and only if x Zcly (E(M) X).

Proof. We know that x is not a coloop of M sor(Mnx) = r(M). Now, X fxgis
exactly k{separating in M nx if and only if

r(x fxg+r(EM) X) r(Mnx)+1=r(X)+r(E(M) X) r(M)+ 1L

But this equation holds if and only if r(X fxg) = r(X), and the last equation
holds if and only if x 2 cly (X  fxg). The last sertence of the lemma follows by
duality. O

Lemma 2.6. Let x be an elementof a matroid M, and let X be a subsetof the
ground setof M where x 2 X. Supmsethat y (X)= wm(X fxg). Then either

(i) x2cl(X fxg)andx2clE(M) X), or
(i) x2cl (X fxg)andx2cl (E(M) X).

Proof. Since u (X)= m(X fxg), it follows from the de nition of y,
1) r(X)+r(E(M) X)=r(X fxg+r((E(M) X)[ fxg):

Clearly, either (a) x 2 cl(X fxg) or (b) x 62cl(X fxg). In the rst case,
r(X)=r(X fxg)so,by (1), r(E(M) X)=r({(E(M) X)[ fxg) andhencex 2
cl(E(M) X). Now supposex 6ZI(X fxg). Then, by Lemma2.2,x 2 cl (E(M)

X)andr(X fxg)=r(X) 1,sor(E(M) X)=r(E(M) X)[ fxg) land
hencex 6XI(E(M) X). Thus, by Lemma 2.2 again,x 2 cl (X fxg). O

3. Branch-Decompositions

In the study of branch-width of connectivity functions, we use cubic trees. A
cubictreeT is atreein which all verticeshave degreezero, one,or three. Cubic trees
are sometimescalled ternary trees A branchof T is a subtreethat is a componert
of Tne for someedgee of T. Equivalently, a branch is a componert of Tnv for some
vertex v of T. We say that a branch is displayal by an edgee or a vertex v if it is
one of the componerts of Tne or Tnv, respectively. Clearly, an edgedisplays two
branches, while a vertex of degreethree displays three branches. The next three
lemmasare well-known results on cubic trees (see,for example, [3]).
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Lemma 3.1. Let T be a cubic tree with n leaves. Then there is an edgee of T
suchthat each of the two branchesdisplayel by e has at least n=3 leaves. 2

Lemma 3.2. Let T be a cubictree and let |4, |, and I3 be three distinct leaves of
T. Then there is a vertexv of T sothat each branch displayel by v contains exactly
oneof I1, |,, and 5. 2

Lemma 3.3. Let T be a cubic tree and let A be a subsetof the leavesof T, where
jAj 4. Then there is an edgee of T displaying branchesB; and B, such that
both B; and B, contain at least two leavesfrom A. 2

Let be a connectivity function with ground setS. A branch-deomposition of

is a cubic tree T together with a one-to-onelabelling of a subsetof the leaves of
T by S. The set U displayal by a given subtree U of T consistsof those members
of S that label leavesof U. An edgee or a vertex v of T displaysa partition if eath
block of the partition is displayed by one of the branchesof e or v, respectively; e
or v displaysa subsetS° of S if SCis displayed by one of the branchesof e or v.

The width ! (e) of anedgeein T is equalto (S9, where SPis one of the two sets
displayedby e. Becausethe function is symmetric, ! (e) is well-de ned. The width
of a branch-decomgosition T is the maximum of the widths of the edgesof T, and
the branch-width of is the minimum of the widths of its branch-decompositions.
If T hasat most one vertex, we take the width of T to be (;). The branch-width
of a matroid M is the branch-width of its connectivity function . Likewise,a
branch-decomposition of  is called a branch-decomposition of M .

Let be a connectivity function with ground set S. For technical reasons,we
allow a branch-decomposition of to have leavesthat are not labelled by elemeris
of S. If jSj 2, a branch-decomposition T of that hasunlabelled leavesis easily
turned into onewith the samewidth, but no unlabelled leaves,asfollows. Consider
the minimal tree induced by the labelled leaves of T. In this tree, suppressall
degree{2vertices, that is, replace each maximal path in which all internal vertices
have degreetwo by a single edge. The resulting tree T is onceagain cubic. We call
such a branch-decomposition reduced. It is easily seenthat every proper non-empty
subsetof S displayed by the reduced branch-decomposition T is also displayed by
the original branch-decomposition T.

For a positive integer k, let Bx denote the classof matroids of branch-width at
most k. The next well-known lemma notes someattractiv e properties of By.

Lemma 3.4. For a xed positive integer k, the class By of matroids of branch-
width at most k is closal under duality, minors, direct sums, and 2{sums.

Proof. Let M be a member of By, and let T be a width{ k® branch-decomposition
of M for somek® k. Let X beasubsetof E(M). Then,as y(X)= wm (X), it
followsthat T is a width{ k° branch-decomposition of M . HenceB is closedunder
duality. To show that By is closedunder minors, let x be an elemen of E(M). By
deleting the leaf label x from T, we obtain a branch-decomposition for ead of M nx
and M =x of width at most k°
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To show that By is closedunder direct sums and 2{sums, let M; and M, be
members of Bx. Let T; and T, be branch-decompositions of M; and M, respec-
tively, eadh of width at most k. First considerthe direct sum. Subdivide an edgeof
T, and an edgeof T,. Join the new verticeswith an edgee. The width of eis 1. It
is easily cheded that the new tree is a branch-decomposition of M; M of width
at most k.

Finally, considerthe 2{sum of M ; and M, with respect to the basemints p; and
p2. We may assumethat ead p; is neither a loop nor a coloop of M;, for otherwise
the 2{sum is a direct sum. Thus k 2. Now identify the vertices of T, and T,
labelled by p; and p, and suppressthe resulting degree{2vertex, letting f be the
resulting edge. Then f haswidth 2. The routine ched that the resulting tree is a
branch-decomposition of the 2{sum of width at most k is omitted. O

The next lemma about branch-decompositions will follow from someof the con-
nectivity lemmasin the previous section.

Lemma 3.5. Let T be a width{3 branch-deomposition of a 3{connected matroid
M with an edgee that displaysa 3{separating setA of M. Suppsethat x 2 A and
x 2 cll )(E(M) A). Then there is a width{3 branch-deomposition T with a vertex
v that displaysthe partition fA fxg:fxg;E(M) Ag. Indeed, T can be obtained
from T by suldividing e inserting a new vertex v, adding a new leaf adjacent to v,
and then moving the label x from its original leaf in T to the new leaf.

Proof. The construction of T is illustrated in Figure 1. To prove the lemma, we
needto ched that T is a width{3 branch-decomposition of M . Let f be someedge
of . Then either f displays somepartition fX ;Y gthat wasalsodisplayedin T, in
which case,! (f) 3;orf displaysa partition fX fxg;Y[ fxggwherefX;Yqgis
a partition displayedin T and x isin X . But, in the latter case,(E(M) A)[ fxg

Y [ fxg. Thereforex 2 cll )(Y) and so, by Lemma 2.3, (Y [ fxg) (Y). We

concludethat ! (f) 3, asrequired. O
A o ] B A
O ]
e f.
L ]
X
Figure 1
4. A Connectivity-Function Theorem

In this section, we prove the following theorem, which will play a key role in
bounding the size of an excluded minor for the classof matroids of branch-width
at most 3.
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Theorem 4.1. Let be a 3{connected connectivity function on a setS, and sup-
posethat has branch-width 3. Let A be a 3{separating subsetof S that is not
displayel in any width{3 branch-deomposition of . Then there is a set X in
fA;S Agsuchthat jXj2 f2;3g, and (fxg) = 2for all x in X.

Broadly speaking, Theorem 4.1 says if is a connectivity function of branch-
width 3and is 3{connected, then most 3{separating subsetsof the ground set of

can be displayed in somebranch-decomposition of width 3. Before proving this
theorem, we rst establish somepreliminaries.

The technique usedto prove the next lemma is very similar to that usedin [6,
Theorem 2.1]to provethat connectivity functions have\link ed" branch-decomposi-
tions.

Lemma 4.2. Let be a 3{connected connectivity function on a setS, and suppse
that hasa width{3 branch-deomposition T. Let A be a 3{separating subsetof S,
and let c and d be edgesof T having the following properties:

(i) the lakel set C of the branch T¢ of ¢ that does not contain d is a subsetof A
and (C)= 3; and

(ii) the label set D of the branch Tp of d that does not contain c is a subsetof
S Aand (D)=3.

Then there is a width{ 3 branch-deomposition of that displaysA.

Proof. Since is 3{connectedand (C) = 3= (D), both C and D are non-empty.
If either jAj= 1orjS Aj= 1,then T displays A. Therefore we may assumethat
JAj;IS  Aj 2.

Let u and v be the end-vertices of ¢ and d, respectively, such that the path that
joinsu andv in T doesnot corntain c or d. Clearly, u and v neednot be distinct.

De ne anewtree T asfollows. Takea copy T* of the branch of Tnd cortaining
c, and a copy T of the branch of Tnc containing d. Initially the leavesof T*
and T will be unlabelled. Connect T* with T by a new edgea joining the
vertex corresponding to v in T* to the vertex corresponding to u in T . This
construction is illustrated in Figure 2 for the casewhenu 6 v. We turn T into
a branch-decomgosition by assigninglabels to the leavesof T as follows. Choose
s2 S. Then s labelsa leaf | of T. Suppose rst that s2 A. Then there is a copy
of | in T*, and we label this copy by s. On the other hand, if s2 S A, then
there is a copy of | in T , and we label this copy by s. With this labelling, T is
a branch-decomposition in which A is displayed by the edgea. It remainsto show
that T haswidth 3.

The setsdisplayed by a are A and S A, sothe width of a is 3. Now choose
another edgef of T. We lose no generality in assumingthat f isin T*. First
supposethat f is an edgeof Tc. Then f is a copy of an edgef ®in T. But the
partition of S displayed by f in T is the sameasthe partition of S displayed by f ©
in T,soclearly ! (f) 3.
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Figure 2

Now supposethat f is not an edgeof Tc. Then f is a copy of an edgef °in T.
Let fX;Yg be the partition of S displayed by f° whereD Y. Then f displays
the partition fX \ A; Y[ (S A)g. It suces to show that this is a 3{separation
of S. Consider the partition fX [ A;Y\ (S A)g. WehaveD Y\ (S A).
fD=Y\ (S A),ten (Y\ (S A) =3 IfD$ Y\ (S A) then
jiY\V (S A)j 2sinceD 6 ;,andjX [ Aj 2sincejAj 2. Therefore,as isa
3{connected connectivity function, (Y\ (S A)) 3. AsfX;Ygisa3{separation
of it followsby Lemma2.1that (Y[ (S A)) 3. Thus! (f) 3asrequired.
We concludethat T is a width{3 branch-decomposition of that displays A. O

Lemma 4.3. Let be a 3{connected connectivity function on S, and let A; be
a 3{separating set and A, be its complementwher jAqj;jA2j 2. Supmsethat
has a width{3 branch-deomposition T. Let e be an edgeof T, and S; and S, be
the setsdisplayal by e. If either

(I) (Sg\ Al) 3 and (Sg\ Ag) 3, or
(II) (Sg\ Al) 3 and jSl\ Alj =1,

then there is a width{3 branch-deomposition T% of with a vertex v suchthat the
setsdisplayel by v are S;\ A1, S;\ A;, and S;. Moreover, each subsetof S, that
is displayeal in T is also displayed in TC

Proof. The tree T is the union of two subtreesB; and B, that display S; and
S,, respectively, and have e as their only common edge. We create a new tree T
as follows. Take B, and two copies, B3 and B4, of B; and identify the degree-
one vertices of the edgescorresponding to e as a new vertex v. Note that if e



ON MA TR OIDS OF BRANCH-WIDTH THREE 9

is a pendart edgeof T, then the end of e that has degreeexceedingonein T is
identied with v. We assignlabelsto the leavesof T as follows. The branch of T
corresponding to B is labelled with the elemeris of S, just asin our original tree.
If s2 A1\ S; and s labelsthe leaf | of By in T, then there is a corresponding leaf
in B3. We label this leaf with s. We usea similar procedureto assignthe elemeris
of Ao\ S; to leavesof By.

With the above labelling, T is a branch-decomposition of . It remainsto show
that if either (i) or (ii) holds, then this branch-decomposition has width 3. Evi-
dertly, each edgeof B, hasthe samewidth in T asin T. Let f be another edgeof
T. Suppose rst that f is an edgeof B4. We shall show that, since (S;\ A1) 3,
we have ! (f) 3. Now, f is a copy of an edgef®of By in T. Let fX;Yg be
the partition of S displayed by f ®where S,  X. Then f displays the partition
fX [ A1; Y\ Ayg. We shall show that this is a 3{separation of S. Consider the
partition fX \ A;;Y [ Azg. Wehave S;\ A; X\ A If S,V A = X\ Ay,
then, by hypothesis, (X \ A;) 3. 1f S\ A1 $ X\ Aj then,as (S2\ A1) 3,
we have S, \ A; 6 ; sojX \ Ajj 2. Moreover, jY [ Apj 2 asjAy 2.
Thus (X \ A;) 3since is a 3{connectedconnectivity function. Now we know
that fX;Yg is a 3{separation of S and that (X \ A;) 3 so, by Lemma 2.1,

(X[ A1) 3. Thus! (f) 3asrequired.

We may now assumethat f is an edgeof B3. Then, in case(i), (S;\ Az) 3
and, by symmetry, the argumert in the last paragraph shovsthat ! (f) 3. In
case(ii), jS1\ Aij = 1 sothe edgef either displays the partition f; ;Sg, in which
case,! (f) = 1, or f displaysthe singletonsetA;\ S;. But singleton setsare always
3{separating in connectivity functions with branch-width 3. Thus! (f) 3. O

We now prove Theorem 4.1.

Proof of Theorem 4.1. Let P be a 3{separating subsetof S, and let Q be its com-
plemert. We will say that P is badif f P; Qg corntains a set X such that jXj2 f2;3g
and (fxg) = 2for all x in X ; otherwise P is said to be gaod. The goal is to show
that every good 3{separating set of S can be displayed in somewidth{3 branch-
decomposition of

Let T be a width{3 branch-decomposition of , and supposethat P is a good
3{separating set. If either jPj = 1 or jQj = 1, then P is displayedin T. Therefore
we may assumethat jPj;jQj 2.

4.1.1. Thereis a subsetP?of P with (P9 = 3 suchthat P° can be displayel in a
width{ 3 branch-deeomposition of

Proof. If P hasanelemert x with (fxg) = 3,thenlet P%= fxg. If not, then, since
P is good, jPj 4. Therefore, by Lemma 3.3, there is an edgee of T displaying
branchesB; and B, with jB;\ Pj;jBo\ Pj 2. This impliesthat (B1\ P) 3
becauseiB1\ Pj 2and B[ Qj 2. Similarly, (B,\ P) 3. Furthermore,
sincejQj 2andS = B;[ Bj, oneof the following holds:
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() jB1\ Q) 2andso (B1\ Q) 3asjB,[ Pj 2
(i) B2\ Qf 2andso (Bx\ Q) 3asjB;[ Pj 2
(i) jB1\ Qj=1= B2\ Qj.

In the third case,since Q is good, we deducethat (fxg) 3 for somex in Q.
Therefore, in all three caseseither (B1\ Q) 3or (B2\ Q) 3. Without loss
of generality, we may assumethe former.

By Lemma 4.3, there is a width{3 branch-decomposition with a vertex v display-
ing the 3{separating setsB1, B,\ P, and B,\ Q. SincejB,\ Pj 2, we deduce
that (B, \ P) = 3. In this case,we take P°= B, \ P. O

4.1.2. Thereis a width{3 branch-deomposition of that displaysboth P°and some
subsetQ® of Q with (Q9 = 3.

Proof. Let T%beawidth{3 branch-decomposition of that displays P° If Q hasan
elemen x with  (fxg) = 3, then let Q°= fxg. If not, then jQj 4. By Lemma3.3,
there is an edgee in T displaying branchesB3 and B4 with jB3\ Qj;jB4\ Q] 2.
Either P° B3 or P° B4. Without loss of generality, we may assumethat
PO Bas.

Since is 3{connected, (B3\ Q) 3 becauseBs\ Qj 2andjB4[ Pj 2.
Moreover, sinceBz\ P cortains P9, either jBs\ Pj 2or B3\ P = P9 In either
case,sincejB4[ Qj 2,it followsthat (Bs\ P) 3.

We now deduce,by Lemma 4.3, that there is a width{3 branch-decomposition
of S with a vertex displaying the setsBs, B4\ Q, and B4\ P. Also, P° Bj;
so PYis displayed in this branch-decomposition. Furthermore, jB4\ Qj 2 so

(B4\ Q) = 3. In this case,we take Q°= B4\ Q. O

Now that we have a width{3 branch-decomposition displaying P° and Q° with
(P9 = 3and (QY = 3, we may apply Lemma 4.2 to obtain a width{3 branch-
decomposition of that displays P. O

An immediate consequenceof Theorem 4.1 is the following.

Corollary 4.4. Let M be a 3{connected matroid with branch-width 3. If A is a
3{separating set suchthat no width{3 branch-deomposition of M displaysA, then
either A or E(M) A has2 or 3 elements.

The next proposition shaws that Corollary 4.4 is the best we can do, in the
sensethat it is possiblefor a 3{connected matroid with branch-width 3 to have a
3{separating set of size 3 that cannot be displayed in any width{3 branch decom-
position. Let Mg denote the rank{3 matroid shown in Figure 3(a). Evidently Mg
is 3{connected and so has branch-width at least 3.

Prop osition 4.5. The matroid Mg has branch-width 3, but there is no branch-
decomposition of Mg that displays the 3{separating set f 1;2; 3g and has width 3.
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1 4

2 8

Figure 3. (a) The matroid Mg. (b) A width{3 branch decompo-
sition of M.

Proof. The labelled cubic tree shawn in Figure 3(b) is easily chedkedto be a width{3
branch-decomposition of Mg. Therefore this matroid has branch-width 3. We next
show that Mg hasno width{3 branch-decomposition that displays the 3{separating
set f1;2;3g. Suppose, to the cortrary, that T is such a branch-decomposition.
Without loss of generality, we may assumethat T is reduced. Then, as T cubic
and has exactly nine leaves, T contains exactly six non-pendart edges.Each such
edgedisplays a 3{separating set A such that 2 jAj< jE(Mg) Aj 7. Let A be
the collection of such setsA that are displayed by somenon-pendarnt edgeof T. By
assumption, f1;2;3g 2 A. The rest of the proof considersthe possibilities for the
remaining v e menbersof A. Evidently, ead such set has at most four elemens.
But Mg has no 3{separating sets of size four. Thus each member of A has 2 or
3 elements. Apart from f1;2;3g, the only 3{separating sets of Mg of size 3 are
f1;4;5q, f2;6;7g, and f 3; 8;9g. It is easily seenthat no cubic tree can display both
f1,2;3g and f 1;4;5qg, sof 1;4;5g 62A. By symmetry, neither f 2;6; 7g nor f 3; 8; 9g
isin A.

Now consider 3{separating sets of size 2. Sincef1;2;3g 2 A, exactly one of
f1,2g, f1;3g, and f2;3gisin A. Thus A contains exactly four other 3{separating
setsof size2. But eat such set must be a subsetof f 4; 5; 6; 7; 8; 9g and no two such
setscan meet. This contradiction completesthe proof of the proposition. O

5. Partitioned Matr oids

In this section, we establish some results for matroids that will assist us in
bounding the sizeof an excludedminor for the classof matroids of branch-width 3.
We introduce the notion of a \partitioned matroid". This enablesus to say what
it meansfor a 3{separating set of a matroid to have branch-width 3.

Let M be a matroid, and let P be a partition of E(M). We say that the pair
(M;P) is a partitioned matroid. Asscciated with a partitioned matroid is a set
function p on P, dened asfollows: if P® P, then p(P%) = um( g2p0Q)
Evidently p is a connectivity function.
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Assumethat M is a 3{connected matroid, and let A be a 3{separating set in
M. For A = faj;ap;:::;an0g, we say that A is branchal if p hasbranch-width 3,
whereP = fS A;faig;faxg;:::;fangg.

Lemma 5.1. Let M be a 3{connected matroid.

(i) If both A and E(M) A are branchel, where A is a 3{separating set of M,
then M has branch-width 3 and there is a width{3 branch-deeomposition that
displaysthe 3{separating setsA and E(M) A.

(i) If fA; B;Cgis apartition of E(M), wher eachof A, B, and C is 3{separating
and branched, then M has branch-width 3 and there is a width{3 branch-
decomposition that displays each of the 3{separating setsA, B, and C.

Proof. Toprove (i), let A= faj;ap;:::;apgandE(M) A =1fby;byp;:::;byg. Let
P = fE(M) A;faig;faxg;:::;fasggand P, = fA; flbhg;fhg;:::;fbhgg and
let T, and T, be width{3 branch-decompositions of p, and p,, respectively. Let
[, be the leaf labelled by S A in Ty, and let I, be the leaf labelled by A in T».
We create a branch-decomposition T of M by identifying 1; and |, asa new vertex
and then suppressingthis new vertex (seeFigure 4). It is easily seenthat T is a
width{3 branch-decomposition as every edgein T correspondsto an edgeof T; or
T,. This completesthe proof of (i). The proof of (ii) is similar and we omit the
details.

Figure 4
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Lemma 5.2. Let M be a 3{connected matroid with branch-width 3. Let A be a
3{separating setin M, where jAj 4 andjE(M) Aj 4. Then both A and
E(M) A are branchal.

Proof. The proof of this follows immediately from Corollary 4.4 which says that
there is a width{3 branch-decomposition of M in which A and E(M) A are
displayed. O

ai ai

ap az

as 0 as

jAj=3 jAj= 4

Figure 5
Lemma 5.3. Let M be a 3{connected matroid. Let faj;ay;:::;a,g be a 3{separ-
ating set A in M, andlet P = fE(M) A;fayg;fayg;:::;fa,gg. If n 4,
then there is a width{3 branch-deomposition of the partitioned matroid (M ;P).
Moreover, every permutation of the elementsof A in this branch-deomposition
produces another width{3 branch-deomposition of (M ;P).

Proof. Every 1{ or 2{element set of a matroid is 3{separating. Therefore,if n 2,
then A is certainly branched. Moreover, Figure 5 shavswidth{3 branch-decomposi-
tions of the partitioned matroid (M;P) whenn = 3 and n = 4. As the ordering of
ai;ap;:::;a, in these branch-decompsitions is arbitrary, the secondpart of the
lemma is also proved. O

6. Full y Closed Sets

A set A of elemerts of a matroid M is coclosel if it is closedin M . We say that
A isfully closd if A is both closedand coclosed. Sincethe intersection of closedsets
is closed,it followsthat the intersection of fully closedsetsis fully closed. Thus, for
a givenset A, there is a unigue minimal fully closedset containing A. Denote this
set by ccl(A). Then, for all sets X, we have ccl(cl(X)) = ccl(X). Using this, it is
easilychekedthat, to nd ccl(A), one rst takescl(A), then the coclosureof cl(A),
then the closure of the result, and soon until, at somestage, no new elemeris are
added; at this point, we have found ccl(A). Thus, for example,if A is a triangle in
a wheel or a whirl, then ccl(A) is the ground set of the matroid. Clearly, there can
be elemens of ccl(A) that are not in the closureor the coclosureof A.

Lemma 6.1. Let (A;B) be a 3{separation of a 3{connected matroid M, and sup-
posethat A is fully closal. Then there are at least two elementsa;;a, 2 A such
that, for eachi in f1;2g, either M na; or M =g is 3{connected.
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Proof. If, for all x in A, either M nx or M =x is 3{connected, then the result holds
sincejAj 3. Thus we may assumethat there is somex in A such that neither
M nx nor M =x is 3{connected. By a result of Bixby [1] (seealso [14, Proposition
8.4.6]), either M nx or M =x has only minimal 2{separations. By duality, we may
assumethe latter. Then the simpli cation of M=x is 3{connected and x is in a
triangle  of M. We shall shav next that A cortains a triangle ° cortaining x.
This is certainly true if A for then we take %= . Now assumethat is
not cortained in A. Then \ A = fxg, and x 2 cl( fxg), sox 2 cl(B). It
follows that (A x; B) is a 2{separation of M=x by Lemma 2.5. Since M =x has
only minimal 2{separations, either A fxg or B is a 2{circuit of M=x. But if B
is 2{circuit of M =x, then the elemens of B are in cly (A). This cortradicts the
fact that A is fully closed. Thus A fxgis a 2{circuit of M=x, and henceA is a
triangle of M containing x. In this case,welet °= A,

By Tutte's Triangle Lemma [16] (seealso [14, Lemma 8.4.9)), if no elemen of

O can be deleted from M without destroying 3{connectivity, there is a triad that
contains exactly two elemens of ° Since A is coclosed, this triad is corntained
in A. Therefore A contains a 4{element fan F1. As A is fully closed, every fan
cortaining Fy is contained in A. Let F be a maximal fan of M containing Fj.
Then, sinceF is maximal, it is well-known [15] that if f is one of the two ends of
F, then either M=f or M nf is 3{connected. O

Lemma 6.2. Let (A;B) be a 3{separation of a 3{connected matroid M. Then
ccl(A) is 3{separating in M. Moreover,

(i) if A is branchal, then ccl(A) is branched; and
(i) if B ccl(A) is branchel, then B is branched.

Proof. To form ccl(A) from A, we add a sequenceof elemeris by;bp;:::b, to A
whereb 2 cl )(A[ fb;bp;::: ;b 1g) foralliinf1;2;:::;ng. Now, (A)= 3so,
by Lemma 2.3, for each i in f1;2;:::;ng, we have (A[ fby;bp;:::;8g) 3, so
ccl(A) is 3{separating in M.

Now considerthe partitioned matroid Mp whereP = fA; fbhg;fbyg;:::fb,g; B
ccl(A)g. We seethat p hasbranch-width 3 from the branch-decomposition given

in Figure 6. It follows immediately that if A is branched, then ccl(A) is branched,
and if B ccl(A) is branched, then B is branched. O

b b o1 bn

A A IB ccl(A)

Figure 6
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7. Bounding the Size of an Excluded Minor

We now bound the sizeof an excludedminor for the classof matroids of branch-
width at most 3 using the results of the earlier sections. In particular, we establish
a bound of 25, which will be sharpenedin the subsequeh section

The rst lemmais a routine consequencef Lemma 3.4.

Lemma 7.1. If M is an exclude minor for B3, then M is 3{connected. 2

The following very useful lemma was proved in [6].

Lemma 7.2. Let x be an elementof a matroid M, and let A and B be subsetsof
E(M) fxg. Then

Mnx(A) + m=x(B) Mm(A\ B)+ m(A[ B[ fxg) L

A matroid M is k{connected up to seprators of sizel if, whenewrAisa (k 1){
separatingsetin M, either jAj] lorjE(M) Aj |. We shall apply Lemma 7.2
to prove the next result.

Lemma 7.3. Let M be a matroid that is k{connected up to semrators of sizel.
Then, for all x in E(M), either M nx or M=x is k{connected up to seprators of
size 2l.

Proof. Let x 2 E(M), and supposethat M nx is not k{connected up to separators
of size2l. Then there is a partition fAj1;A,g of the ground set of M nx sud that
jA1);jA2) 21+ land Aj is(k 1){separating. Now, in M=x, let By bea (k 1){
separating set and B, be its complemen. Then, by Lemma 7.2,

Mnx (A1) + m=(B1) wm(A1\ B1)+ wm(A[ Bi[ x) L
By assumption, ynx(A1) k land y=(B1) k 1. Moreover,
m(AL[ B[ fxg) = wm(A2\ B2)
asA,\ B, isthe complemen of A;[ B1[ fxgin E(M). Thus
M(AL\ B1)+ m(A2\ By) 2k 1L

It follows that either \ (A1\ B1) k 1or m(Az\ By) k 1, which in
turn implies that either A;\ By or A\ By is (k 1){separating in M. SinceM

is k{separating up to separatorsof sizel, it follows that either jA1\ Bij | or
jA2\ Byj |. By interchanging B; and B in the above argumert, we obtain that

either jJA;\ Byj | orjAz\ Bjij |. Without lossof generality, we may assume
that jA;\ Bi1j I. It isnot possibleto havejAi\ B,j 1 asjA;j 21+ 1. Therefore
we must have jA;\ Bij | andsojB;j 2I. From this, we concludethat M =x is
k{connected up to separatorsof size 2I. O

Lemma 7.4. LetM be an excludel minor for the classof matroids of branch-width
at most 3. Then M is 4{connected up to seprators of size 4.
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Proof. Assumethe cortrary. Then there is a 3{separation (A; B) of M suc that
jAj 5andjBj 5. If both A and B are branched, then, by Lemma 5.1(i), M
has branch-width 3. Thus we may assumethat B is not branched. By Lemma 6.2,
B ccl(A) is not branched. By Lemma 5.3, in a 3{connected matroid, every 3{
separating set with at most four elemens is branched. Thus jB  ccl(A)] 5.

It follows from the above that we loseno generality in assumingthat A is fully
closed. By Lemma 6.1, there is an elemen x in A such that M nx or M=x is 3{
connected. By duality, we may assumethat M nx is 3{connected. Thus(A fxg;B)
is a 3{separation of M nx, where both jA fxgj 4 and jBj 4. Hence, by
Corollary 4.4 and the fact that M nx hasbranch-width 3, there is a width{3 branch-
decomposition T of M nx with an edgee that displays B. Replacethe branch of
T that displays A fxg by a single leaf, and label this leaf by A. It is now easily
cheded that this givesa branch-decomposition of the partitioned matroid (M;P)
where P = ff Ag[ ff bg : b 2 Bgg. This contradicts the fact that B is not a
branched 3{separating set of M . O

Theorem 7.5. Let M be an excludel minor for the class of matroids of branch-
width at most 3. Then M has at most 25 elements.

Proof. From Lemma 7.4, M is 4{connected up to separatorsof size 4. Let x 2
E(M). Then, by Lemma 7.3, either M nx or M =x is 4{connected up to separators
of size 8. By duality, we may assumethe former. Since M nx has branch-width
3, there is a reduced width{3 branch-decomposition T of M nx. Furthermore, by
Lemma 3.1, there is an edgee of T displaying branchesB; and B, whereboth B;
and B, have at least %jE(M nx)j leaves. But B; and B, are 3{separating sets of
M nx, soeither jB;j 8orjB,j 8. SincejBij;jB>j %jE(M nx)j, it follows that
JE(Mnx)j 24and hencejJE(M)j] 25. O

8. Sharper Bounds

In this section, we reduce the bound on the size of an excluded minor for the
classof matroids of branch-width at most 3.

Let M be an excludedminor for the classof matroids of branch-width at most 3.
By Lemmas7.1and 7.4, M is 3{connected and is 4{connected up to separators of
size4. We considerthree cases:

() M is 4{connected,;
(I M is internally 4{connected, that is, M is 4{connected up to separators of
size 3; and
(1) M has a 3{separating set of size 4.

The next result sharpensTheorem 7.5in Casel.

Theorem 8.1. Let M be a 4{connected excludel minor for B3. Then M has at
most 13 elements.
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Proof. Let x 2 E(M). Then, by Lemma 7.3, either M nx or M =x is 4{connected up
to separatorsof size4. By duality, we may assumethe former. Let T be a reduced
width{3 branch-decomposition of M nx. Then by Lemma 3.1, thereis an edgee of T
that displays a 3{separation (A; B) of M nx wherejAj;|Bj %jE(M nx)j. But since
M nx is 4{connected up to separatorsof size4, we have that jAj 4orjBj 4.1t
follows that jJE(M nx)j 12 and hence,jE(M)j 13. O

We now consider Casell. To reducethe bound on the size of an internally 4{
connectedexcluded minor for B3, we shall usethe following result of Hall [9].

Theorem 8.2. Let M be an internally 4{connected matroid, and let fa;b;cg be a
triangle of M. Then

(i) at least one of M na, M nb, and M nc is 4{connected up to sefarators of size4;
or
(ii) at leasttwo of M na, M nb, and M nc are 4{connected up to segarators of size5.

2

Theorem 8.3. Let M be an internally 4{connected excludel minor for B3. Then
M has at most 14 elements.

Proof. By Theorem 8.1, we may assumethat M is not 4{connected, so we may
assume,by duality, that M contains a triangle fa;b;cg. Then, by Lemma 8.2, for
somee in fa;b;cg, say e = a, the matroid M ne is 4{connected up to separatorsof
size5. Let T be areducedwidth{3 branch-decomposition of M na, and choosea 3{
separation(A; B) displayedin T for which minfj Aj; jBjg is aslarge aspossible. If no
such 3{separation exists, then, by Lemma 3.1,JE(M)j 8 and the theorem holds.
Assumethat jAj jBj and (A; B) is displayed by the edgee. Now, since M na is
4{connected up to separatorsof size5, we may assumethat jAj 5. Let v bethe
vertex incident with e that displays the partition fA; X;Yg, whereX [ Y = B.
Then, by the choice of (A; B), we havejXj;jY] jA], sojXj;jYj 5.

The rest of the argumert will rely simply on the fact that M has a reduced
branch-decomposition T and a degree{3vertex v such that ead set displayed by
v has at most v e elemens. We shall consider the positions of b and c in this
branch-decomposition. By symmetry, we have only two casesto ched: (i) b;c2 A;
and (i) b2 Aandc?2 X.

In case(i), a 2 cly (A) sinceb;c 2 A and fa;b;cg is a triangle of M. By
Lemma 2.4, A[ fagis a 3{separating setin the internally 4{connected matroid M .
Thus either JA[ fagj 3or jBj 3. If jBj 3, then, sincejAj 5, it follows
that JE(M)j 9. If JA[ fagj 3,then it followsby Lemma?2.4that X andY are
3{separating setsof M, sojXj 3andjYj 3and,again,jE(M)j 9. Hence,in
the rst case,the theorem holds.

In case(ii), a2 cly (A[ X) sinceb2 Aandc?2 X. By LemmaZ2.4,A[ X[ fagisa
3{separating setof M. ThuseitherjA[ X[ fagj 3orjYj 3.IfjJA[ X[ fag] 3,
then, sincejYj 5,wehavejE(M)j 8. If jY]j 3, then, sincejAj;jXj 5, we
havejE(M)j 14. Weconcludethat the theoremalsoholdsin the secondcase. [
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Finally, we sharpen the bound for Caselll. In particular, we show that if M is
an excluded minor for B3 and M has a 3{separating set of size 4, then M has at
most 16 elemens. To get this result, we rst establish someproperties of width{3
branch decompositions of matroids in Bz having a triangle or a triad that cannot
be displayed in such a branch-decomposition. Note that, in the gures that follow,
a large circle labelled by Z in atree T indicates the branch of T for which the set
of leaf labelsis Z.

Lemma 8.4. Letfx;y;zg beatriangle or triad of a 3{connected matroid M. Sup-
posethat M has a width{3 branch-deomposition T with an edge e that displaysa
3separating setY of M. If jYj 4andy;z2 Y, thenfx;y;zg can be displayel
in a width{3 branch-deeomposition of M .

Proof. Suppose rst that x 2 Y. If jYj = 3,then Y = fx;y;zg, sofx;y;zgis
displayedin T. If jYj = 4and Y = fx;y;z;wg, then both Y and Y fwg are
3{separating setsof M. HenceE(M) Y and(E(M) Y)[ fwg are 3{separating
setsof M and so,by Lemma2.6,w 2 cl (E(M) Y). Thus, by Lemma 3.5, there
is a width{3 branch-decomposition displaying f x; y; zg.

Now supposethat x 2 E(M) Y. SincejYj 4, it follows by Lemma 5.3 that
there is a width{3 branch-decomposition of M having a vertex v that displays the
partition fE(M) VY;fy;zg;Y fy;zgg. Evidently, this branch-decomposition has
an edgethat displays the 3{separating set E(M) fy;zg. As x 2 cl )(fy;zg), it
follows by Lemma 3.5 that there is a width{3 branch-decomposition of M having
a vertex v that displays the partition fE(M) fx;y;zg;fxg;fy;zgg The lemma
follows. .

Lemma 8.5. Letfx;y;zg be a triangle or triad of a 3{connected matroid M with
branch-width 3. Suppse that M has a width{3 branch-deomposition T with a
vertex v that displaysa partition fA; B;fyggwith x2 A andz2 B. Thenfx;y;zg
can be displayal in a width{3 branch-deomposition of M .

Proof. Let ex and ez be edgesof T that are incident with v and display the
partitions fA; B [ fyggand fB;A[ fygg, respectively. Now x 2 cll )(B [ fyg).
Thus, by Lemma 3.5, M has a width{3 branch-decomposition T; that is obtained
from T by subdividing ea inserting anewvertex vy, adding a newleafadjacert to vy,
and moving the label x from its leafin T to this newleaf. As z 2 cll )(A[ fyg), we
can obtain a width{3 branch-decomposition T, from T3 by subdividing eg inserting
a new vertex vp, adding a new leaf adjacert to v,, and moving the label z onto this
new leaf. The e ect of thesetwo movesis illustrated in Figure 7. From this, we

T T
y Xe Ye Z

Figure 7
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seethat A fxgand B fzg are branched 3{separating setsof M. Also, from
Lemmab5.3,fx; y; zg is a branched 3{separating setof M . Hence,by Lemma 5.1(ii),
M hasa width{3 branch decomposition in which ead of the setsA fxg, B fzg,
and f x; y; zg is displayed asin Figure 8. O

Figure 8

Now we considerwhat a branch-decomposition of a 3{connected branch-width 3
matroid M canlook likewhenM cortains atriangle or triad f x; y; zg that cannot be
displayed in any width{3 branch-decomposition. When this occurs, Theorem 4.1
and Lemma 5.3 imply that there is no element w of E(M) fX;y;zg with w 2

cl ) (fx; y; zg).

Lemma 8.6. LetM be a 3{connected matroid with branch-width 3. Let fx;y;zgbe
a triangle or triad that cannot be displayeal in any width{3 branch-deeomposition of
M. Then there is a partition fA; B;C;fxg;fyg;fzggof E(M), wher at least two
of A, B, and C have at least two elements. Moreover, there is a width{3 branch-
decomposition of M with verticesvy, Vo, v3, and v4 suchthat v,, v3, and v4 are the
neightours of v; and

(i) vq displaysthe partiton fA[ fxg;B[ fyg;C[ fzgg;
(ii) v, displaysthe partition fA;fxg;B[ C[ fy;zgg;
(i) vs displaysthe partition fB;fyg;A[ C[ fx;zgg, and
(iv) v4 displaysthe partition fC;fzg;A[ B[ fx;ygg.

Proof. Let T be a width{3 branch-decomposition of M. By Lemma 3.2, there is a
vertex vy displaying branchesB1, B,, and B3, wherex 2 By, y 2 B,, and z 2 B3.
Let By fxg, B, fyg,andBs fzgbeA, B, and C, respectively, and let e;, e,
and e; be the edgesof T that join v; to By, B», and B3, respectively (seeFigure 9).

Now, by Lemma 8.5, jAj;jBj;jCj 1, otherwise fx;y;zg can be displayed in
somewidth{3 branch-decomposition. We alsoseefrom Lemma8.4that jA[ Bj;jA[
Cj;jB[ Cj 3. This shows that at leasttwo of A, B, and C have at least two
elemens. Sincex 2 cl¢ )(fy; zg), it follows by Lemma 3.5 that there is a width{
3 branch-decomposition T that is obtained from T by subdividing the edge e;
inserting the vertex vy, adding a new leaf adjacert to v,, and moving the label x
onto this leaf. Thus v, displays the partition fA;fxg;B [ C[ fy;zgg. Similarly,
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Al fxg
T
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NG
€
Cl fzg B[ fyg
Figure 9

we may successiely subdivide e, and e; inserting new vertices vz and v,4, adding
new leavesadjacert to thesevertices, and moving the labelsy and z onto thesenew
leavessothat we obtain, from T, a width{3 branch decomposition in which v, vz,

vs, and v, display the partitions speci ed in the lemma (seeFigure 10). O
A

V2 X

Z "%

V3
\'Z
C y B
Figure 10

We will now reduceto 16 the bound on the size of an excluded minor for Bz
that has a four-elemert 3{separating set. In [8], Hall further reducesthe bound
in this caseto 10, but this requiresa very detailed caseanalysis which will not be
reproduced here.

Theorem 8.7. Let M be an excludel minor for Bz, and supmse that M has a
four-element 3{separating set X. Then M has at most 16 elements.

Proof. Since jXj = 4, Lemma 5.3 implies that X is branched. Therefore, by
Lemmab5.1(i), if Y isthe complemer of X, then Y is not branched. By Lemma7.4,
M is 4{connected up to separatorsof size4. Thus X is fully closed, otherwise
JE(M)j 10 and the theorem holds. By Lemma 6.1, there is an elemen w of X
such that M nw or M=w is 3{connected. By duality, we may assumethe former.
Then X  fwg is a 3{elemen 3{separating setin Mnw. Thus X fwg is a tri-
angle or a triad of M nw. Moreover, as both X fwg and X are 3{separating,
r(x fwg) = r(X).

Now supposethat M nw hasawidth{3 branch-decomposition T that displays X
fwg. Assumethat T isreduced. Then T hasa vertex v; that displaysfY:;fxg; X
fw; xgg for somex in X. Let e; be the edgeof T that joins v; to the leaf labelled
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by x. Form T by subdividing e, inserting a new vertex v, and adding a new leaf
adjacert to v, and labelled by w. Sinceevery 1{ or 2{elemen setis 3{separating
in a 3{connected matroid, it follows that T is a width{3 branch-decomposition of
M ; a cortradiction. We concludethat M nw hasno width{3 branch-decomposition
that displays X fwg. By Lemma 8.6, M nw has a branch-decomposition of the
form shown in Figure 10, where X fwg= fx;y;zg.

Now A is 3{separatingin Mnw andw 2 c(E(M) A) so,by Lemma 2.4, A is
3{separating in M. Also, JE(M) Aj 7 becausejB[ Cj 3from Lemma 8.4.
But M is 4{connectedup to separatorsof size4, sojAj 4. Similarly, jBj;jCj 4.
It followsthat JE(M)j 16. O
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