THE CONTINUOUS WAVELET TRANSFORM AND SYMMETRIC SPACES
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ABSTRACT. The continuous wavelet transform has become a widely used tool in applied science
during the last decade. In this article we discuss some generalizations coming from actions
of closed subgroups H of GL(n,R) acting on R™. If R™ has finitely many open orbits under
the transposed action of H such that the union has full measure, then L*(R™) decomposes
into finitely many irreducible representations, L*(R™) ~ V1 @ ... ® Vi under the action of the
semidirect product H xs R™. It is well known, that the space V; contains an admissible vector
if and only if the stabilizer in H? of every point in V; is compact. In this article we discuss the
case where the stabilizer of a generic point in R™ is not compact, but a symmetric subgroup, a
case that has not previously been discussed in the literature. In particular we show, that the
wavelet transform can always be inverted in this case.

INTRODUCTION

The wavelet transform, and more generally time frequency analysis, has become a
widely used and studied tool in mathematics, physics, engineering, and applied science
during the last decade. One of the interesting aspect is the role played abstract harmonic
analysis and representation theory of locally compact groups. In wavelet theory one
studies square integrable representations of semidirect products H x; R*, and in time
frequency analysis representations of the Heisenberg group are used to understand Gabor
frames build from a lattice I' C R%.

The best known example for the continuous wavelet transform deals with wavelets on
the real line. In the language of representation theory the matriz coefficients, i.e., inner
products with translations and dilations of the wavelet, defines a wavelet transform which
can be used to reconstruct the function from the dilations and translations of the wavelet.
This process helps compensate for the local-nonlocal behavior of the Fourier transform.

Translations and dilations form the so-called ax + b-group of transformations of the
real line. These act in a natural manner as unitary operators on L?(R). In that way,
wavelet transforms are simply a part of the representation theory of the ax + b-group.
This observation is the basis for the generalization of the continuous wavelet transform to
higher dimensions and more general settings, and was already mady by A. Grossmann,
J. Morlet, and T. Paul in 1985, see [19, 20]. In [19] the connection to square integrable
representations and the relation to the fundamental paper of M. Duflo and C. C. Moore
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[9] was already pointed out. Since then several people have worked on wavelets related
to actions of topological groups acting on R”. Without trying to be complete we would
like to name the work of S.T. Ali, J.-P. Antoine, and J.-P. Gazeau, [2, 3], D. Bernier and
Taylor [7], H. Fiir and Fiihr and Mayer [13, 14, 15, 16], and finally Laugesen, Weaver,
Weiss, and Wilson [24]. In most of these cases the group generalizing the ax + b-group is
a semidirect product H x;R" where H is a closed subgroup of GL(n,R) and the group H
is not abelian. But the abelian groups have turned up as important tools for the discrete
wavelet transform and in generalizations of Gabor analysis, [1, 6, 5, 11, 17, 21, 29|, and for
Gabor analysis on R" the Heisenberg group and its representations show up in a natural
way [10, 18]. We would finally like to point out to the reader the nice overview articles
[22, 30] and the special volume, Journal of Mathematical Physics, 39, (8), August 1998,
where several aspects of the theory are discussed. For further directions see [3].

In this article we review some of the basic ideas for the general wavelet transform for
groups acting on R". We start by reviewing the classical one dimensional wavelet trans-
form as motivation. In this simple setting, the usual definition of a wavelet is equivalent
to the corresponding matrix coefficients being square integrable on the az 4 b-group.
A natural generalization of this to an arbitrary representation (7, H) of a topological
group G is to say, that a vector v € H \ {0} is a wavelet, or an admissible vector, if
a — (v | m(a)u) is square integrable for all v € H. The generalized wavelet transform is
then W, (v)(a) := (v | m(a)u). The basic facts for this transform and, in particular, the
inversion formula are presented in section 2.

In section 3 these notions are applied to topological groups H acting on R® by a
representation w. Let G = H x,; R" be the semi-direct product of H and R*. Then G
acts on R” and L?(R"). When the action of H on R" is sufficiently well behaved, the
decomposition of L*(R") under G can be described in terms of the orbits in R* under
the transpose (contragredient) representation 7’ where 7'(a) = 7(a™!)!. In general, one
may not even have irreducible subrepresentations inside L?(R"), but in the case when
there are open orbits, one has sufficiently many irreducible subspaces to decompose all
functions in L*(R"). In this situation, those irreducible subspaces corresponding to orbits
which have compact stabilizers will be precisely those subspaces for which wavelets exist.
Some typical examples come from identifying the nilradical of a parabolic subalgebra
p=m@adnin a semisimple Lie algebra g with R". Several such examples can be found
in the literature [8].

Thus an interesting situation occurs when R" decomposes up to set of measure zero
into finitely many open orbits {O;}1_, under 7(H)". In this case, L*(R") = @}_, L2, (R")

where L2 (R") = { fe LR | f lrRm\0; = 0} gives a decomposition of L?(R") into irre-

ducible subspaces. As mentioned earlier and as will be seen in section 3, the subspace
L?gi (R™) contains a wavelet vector in the above sense if and only if the stabilizers of points
in O; are compact. In each of these cases, there will be wavelet transforms. The question
then becomes what can be done in the general case where the stabilizer of a point in the

orbit O; is non-compact. This situation occurs already in the simple example of the group
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R*tSO,(1,n) acting on R"; this we discuss in detail in section 5. It falls into the category
where one has symmetric orbits, a case we show how to handle.

Let € O; and L = {a € H | m(a)’z = x}. Assume that the group H is reductive and
that there exists an involution 7 : H — H such that H] C L C H" = {a € H | 7(a) = a}.
Then using a classical result of Matsuki [27, 28], one can show that there exist a closed
group R = R; C H and a finite set z;...,z, € O; such that each n(R)z, is open,
m(R)'z,Nw(R)xy =0 (¢ #¢'), 7(R)'z1 U...Un(R)'z, is dense in O;, and the stabilizer
of each z, in R is compact (cf. [28]). These ideas are used in section 4 to decompose
each of the G irreducible spaces L, (R") into irreducible subspaces under G; = R; x, R"
having G;-wavelet vectors. These vectors and the results from section 3 can then be used
to construct a wavelet transform and an inversion formula for the wavelet transform. We
give simple examples of this in the final section.

Lastly, we hope that presenting a relatively accessible account of many of the funda-
mental concepts in continuous wavelet theory will be useful to the nonspecialist and those
using wavelet analysis in applications.

1. WAVELETS AND THE az + b-GROUP

The az + b group is the group of affine transformations 7, acting on R by dilation by
a > 0 followed by translation by b. Thus

Topr = ax + b.
Note
TopToyr =ad'z + ab' +b =T pyav
and
T(:bl = Tl,_g.

We identify (a,b) where a > 0 and b € R to the transformation T, , and take G to be
collection of all such pairs. The action of G on R “induces” a natural action p of G on

the space of L? functions on R. This action is called the left quasi-reqular representation
of G on R. It is defined by

z—0b
a

p(a,b)f(z) = J(T 02 f(Tte) = a3 f(—)

where J(-) denotes the Jacobian of the transformation. If we also allow a to be negative the
action has to be replaced by |a\_1/ 2 f (IT_I’) The presence of J is to force the natural action
to be unitary. Because of the composition laws in G, p(a, b)p(a’,b') = p((a, b)(a’,b')). The
space L?(R) under the action p is known to contain precisely two closed proper invariant
subspaces. Thus to decompose a function f € L?(R) into “wavelets”, one needs to know
how one can project f into each of these subspaces. The wavelet transform and the
square integrability of p provides the key ingredient. For completeness, we describe the
decomposition of L?(R) into its two closed proper invariant subspaces. The argument we
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give is elementary; it decomposes L*(R) into a the sum H? @ H?, the classical Hardy
spaces of functions f satisfying f(+y) =0 for y < 0.

Theorem 1.1. The two subspaces HS and H? are the only proper closed invariant sub-
spaces under p and L>(R) = H? & H?.

Proof. The Fourier transform f — f given formally by

r 1 —izy T
flo) = o= / f(@)emiovd

is a linear isometry from L?(R) onto L?(R). If one defines j(a, b) by

then
0 F = L -1/2 =1¢. _ —iz
pa)fw) = <= [ fa @ = D) do
_ L -3 —1,.\,—i(z+b)
= 27r/a flatx)e " =00 dg
(1) . a2 f(z)e™"% d(az)

- ate® / f(@)e- " dg
m
= Vae ™ f (ay).

Since a > 0, this implies that the subspaces I:IfL and H? are invariant under p and
Let S be a closed invariant subspace of Ly(R). Note if h € L'(R) and f € S, then the
vector

. 1

M) = = [ B0 f ) b= —= [ @) b= h0) i

is a limit in Ly(R) of linear combinations of vectors of form p(1,b;)f and thus is in S.
Hence hf € S for any h € L*(R). Since |hlo < |h|1, one can argue that given any
f € S and any continuous bounded function A, one has A f € S. Consequently A f es
for any bounded measurable function h. In particular, if P is an orthogonal projection
commuting with all the operators p(1,b), P commutes with all multiplication operators
M), and thus must have form M, , where E is some measurable set; i.e., Pf = xgf for
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all f € fLQ(R). If P is the orthogonal projection onto S, we see since
Vaxe(ay)f(ay) = VaP f(ay)
= pla,1)Pf(y)
= Pp(a,1)f(y)
= xu(y)vaf(ay),

that x,-1p = xg for all @ > 0. Thus E is essentially the empty set, the set (—oo, 0], the
set [0,00), or R. This shows L?(R) has precisely four closed invariant subspaces, the only
proper ones being H? and H2. d

The following discussion on wavelets can be extended to all of L?*(R), but we will
concentrate on the Hardy space H_QH for the analysis is the same in the other case. We
normalize the Haar measure on G to be
_ dadb

2ra?’

dg

Definition 1.2. Let ¢ be a nonzero vector in H?. Then ¢ is called a wavelet if =
L(R, &).

|t

Let ¢ be a wavelet. By (1), p(a, b)® is a wavelet for each (a,b). If f € L?*(R), then the
wavelet transform of f is defined by

Wof(0.0)i= (/| ola,t)s) = [~ s (20 .

The function G > (a,b) — W f(a,b) is continuous on G.

Note if 1) is any nonzero element in Hfr, then the vectors p(a, b)Y span a dense subspace
of H_%. It is well known that any function f can be recovered from the wavelet trans-
form Wy f. The key is the square integrability of the wavelet transform. As the Fourier
transform is an unitary isomorphism we get the following lemma, cd. Lemma 3.1

Lemma 1.3. Let the notation be as above. Then

Wyf(a,b) = a'’? [ f(w)(aw)e™® dw .

This implies the following theorem, cf. 3.4:

Theorem 1.4. Let ¢ be a wavelet. Set Cf, = [ M dw > 0. Then for any f € HZ,
Wy f is in L*(G). Moreover, for f,h € H?,

(Wyf, Wyg) = C(f,9) -

Recall that if (7, H) and (p, K) are two representations of a group G, then a continuous
map T : H — K is called an intertwining operator if for all z € G we have T'n(z) = p(x)T.
We can then describe the wavelet transform W,, as an intertwining operator H? — L?*(G):
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Lemma 1.5. Let ¢ € H? be a wavelet. Then
H? > f— Wyf € L*(G)

is continuous with norm Cy > 0. Furthermore, Wy, intertwines the representation p and
the left reqular representation L on G; i.e., Wyp(a,b) = L(a, b)Wy, for all (a,b) € G.

This lemma is the basis for understanding and generalizing wavelet transforms to other
groups. The reproducing property and inversion formula for the wavelet transform are
simple consequences of intertwining the representation with the regular representation
and the irreducibility of the representation on H?. We discuss this general framework in
the next section.

2. WAVELETS AND SQUARE INTEGRABLE REPRESENTATIONS

In this section G' denotes a locally compact Hausdorff topological group. We fix a left
Haar measure dy = dr for G. We define a wavelet vector, or admissible vector with
respect to an unitary representation of GG in the following way:

Definition 2.1. Suppose (p,H) is an irreducible unitary representation of G. Then a
wavelet ¢ for p is a nonzero vector such that p,4(g) := (v | p(g)¥) is in L*(G) for all
v e H

Lemma 2.2. Assume 1 is a wavelet for the irreducible representation p on the Hilbert
space V,. Then the map W, : V, — L*(G) sending v to p,y is a continuous intertwining
operator.

Proof. This linear mapping has closed graph. Hence it is continuous. We show that Wy,
is intertwining. Indeed,

Wy (p(z)u)(y) = (plz)u | p(y)y) = (u | pa™ y)Y) = LeWyu(y) -
O

Remark. Duflo and Moore [9] showed for any 1, p,, is square integrable for all u if
it is square integrable for one nonzero u and defined an irreducible representation to
be square integrable if it has a nonzero square integrable matrix coefficient. Hence the
wavelets for p are the 1 which give square integrable matrix coefficients. Moreover,
since ||pupg)p|l3 = A(9) " ||pup||3, the wavelets form an invariant and hence dense linear
subspace of V,.

The special case where G = P = HN is a parabolic subgroup in a semisimple Lie
group is discussed in detail in [25, 26, 31]. Here H is the Levi-factor of P and N is the
nilradical. In particular, H is reductive and acts on the Lie algebra of NV, which in many
situations is isomorphic to R™. These special cases are important for our discussions on
the generalization of the wavelet transform.

Definition 2.3. Let X be a set and let H be a Hilbert space of functions f : X — V
where V is a Hilbert space. The space H is called a reproducing Hilbert space if the
evaluation maps ev, : H — V, f +— f(z), are continuous for all z € X.
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Lemma 2.4. Let H be a reproducing Hilbert space. Define K(x,y) := evgevy : V= V.
Let K,(z) := K(z,y). Then the following hold:

(a) K(z,y): V=V is continuous and linear; i.e., K(z,y) € Hom(V,V)

(b) Ky(-)v €H for allv €V, and (f | Kyv) = (f(y) | v) for all f € H and allv € V.
(c) The set of finite linear combinations ) c; Ky, (-)v; is dense in H.

(d) K(z,y)" = K(y,z)

Proof. As ev, : H — V is continuous and linear for all x € X, it follows that ev} : V — H
is continuous and linear. Hence K (z,y) : V — V is continuous and linear. Let v € V and
ye€ X. As K(-,y)v =ev;v € H for all y € V, we see:

(f(y) | v) = (evyf | v)
= (f [ evyv)
= (f I K(y)v).
Hence (b) follows. Assume that f € H is perpendicular to all the linear combinations
> ¢iKy,(-)v;. Then in particular
(f() [v) = (f [ K(-,y)v) =0
for all y € X and all v € V. Hence f(y) = 0 for each y and thus f = 0. So (c¢) follows.
Finally (d) follows directly from the definition as
K(z,y)* = (evmev;)* =evyevy = K(y,z).
O

Definition 2.5. The map K : X x X — Hom(V, V) is called the reproducing kernel
of H .

Let (m,H) be a unitary representation of G and let f be a measurable function on
G such that the integral [, f(z)(7(z)u | v)dz converges for all u,v € H and for which
there is a constant C with UG f(@)(m(z)u | v) dx‘ < Cl|ull||v||- Then we can define a
continuous linear map 7 (f) : H — H by

() | v) = /G f(@)(m(@)u | v) dz.

Theorem 2.6. Let (p,H) and (7,K) be square integrable representations with wavelet
vectors ¥ and n, respectively. Then the following hold:

(a) If p and T are not equivalent, then (Wyu | Wyv) =0 for allu € V, and all v € V.

Thus the images of Wy, and W,, are orthogonal subspaces of L*(G).
(b) Let f € L*(G). Then p(f)% is defined and Wy, f = p(f)¢.
(c) If p =, then there exists a constant Cy, such that

(Wyu | Wyv) = Cyplu | v)
for all u,v € V,.
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(d) Im(Wy,) is a closed reproducing Hilbert subspace of L*(G) contained in L*(G) N
C(Q).

(e) We have Cyy > 0. Let ¢y = 1//Cypy > 0. Define Uy : H — L*(G) by u —
cyWyu = W yu. Then Uy is an unitary isomorphism H ~ Im(W,;).

(f) Assume that p =1 and that Cy, # 0. Then

1

u= (Wyu)n = (u | p(z)¥)p(z)n dz,
me v Cwm
forallueV,. In partzcular
v (quw——/um ¥)pla) da.
(A

(g8) The reproducing kernel for Im(Wy) is given by K(z,y) = CJLW,N/J(y’lx)
(h) If f € Im(Wy,), then f = Cy f * Wy (1).
Proof. Define g : H x K — C by
Bu,v) == (Wyu | Wyv) = /W¢u(x) Wyo(z) dx .
As the wavelet transform is continuous, it follows that
6w, v)| = [(Wyu | Wyv)| < [[Wyul[ [[Wyv[| < (W[ [[Wal| [[ul] [v]] -
Consequently, there is a continuous linear map 7" : H — K such that

Blu,v) = (Tu | v).

Let @ € G. Then, using that the wavelet transform is intertwining,

(Tpfayu ] v) = Blola)u v
~ [ Wapl@yul(@Wypia) do

_ / Wou(a o) Wyo(@) da

_ / Wyu(z)Wyo(az) da

_ / Wyu(@)[Wyr(a o](x) d

= B(u, 7(a™")v)
= (Tu | 7(a)"v)
= (1(a)Tu | v).
As this holds for all v and v, it follows that Tp(a) = 7(a)T. Thus T is an intertwining

operator. It follows by Schur’s Lemma that 7T is zero when p is not equivalent to 7, and
T = Cy 1 for some scalar when p = 7. Moreover, if 1) = 7, then T" > 0 and thus Cy 4 > 0.



THE CONTINUOUS WAVELET TRANSFORM 9

Consequently, \/—Ww is an isometry of V, onto its image in L*(G). Hence (a), (c), and
Cy,p

(e) hold.
Let f € L?*(G) and u € V,. Then

(Woflu)=(f| qu)

Hence p(f)v is weakly defined and (b) holds.
(d) The functions f = Wyu € Im(WW,,) are continuous functions. In particular, ev,(f) =
f(a) is well defined on Im(W,,). Since Uy, is an isometry,

leva(f)] = Wyu(a)l
= [(u, p(a)yh)|
< [ful] [1#]]
< [[UyullI4]]
= cy|[Wyul| [|[9]]
= cyl[ Q[ 1] f]2-

Hence point evaluations are continuous linear mappings.

Note (f) follows from (b) and (c) for:



10 R. FABEC AND G. OLAFSSON

Note if f = Wyu, then

f(y) = Wyu(y)

= (u] l0)1)
= G )y | o))
CW/qu (a2 | ply)o) d
(2.1) Cw/f ply~ ') | ) da

—1
wa/f Wyb(y~'z) dz

Hence K(z,y) = Wyt(y~'z) is the reproducing kernel for the image of Wy,

Moreover, 2.1 shows f(y) = Cyy [ f(x)(®, pla™ y)¢) dz = C oy f * Wy(e)(y). Thus
(g) and (h) follow. O

3. GENERALIZATIONS OF THE WAVELET TRANSFORM

Let H be a locally compact Hausdorff topological group, and let 7 : H — GL(n, R) be
a continuous homomorphism. Then we can define the semi-direct product G = H x, R”
where the product is given by

(a,z)(b,y) = (ab,z + 7(a)y) .

The group G is locally compact; and if dh is a left Haar measure on H and dz is the
standard Lebesgue measure on R", then a left Haar measure on G is given by

dug(h,z) = ?27;()}1”) dh dx

where

Ay (h) = | det(m(h))|™".
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Indeed, for continuous functions f with compact support in G,

/ f((k,y)(h,z)) duc(h, z) = (2m)™" / / flkh,y + 7 (k)z) | det(n (k™ kh))| "' dh da
= (QW)"//f(h,y+7r(k)x) | det(w(k~'h))| ! dh dz
= )" [ [ oy ) [ det(r(0) det(r(k))] d(r(k) a) dh
= (2m)™" //f(h,y+x)|det(ﬁ(h))\_ldaxdh
= )" [[ fh,) | den(m(m)| " o
— [ £(0.2) duc(hz).

As before, the action of G' on R" given by

Tha(y) =m(h)y +x

induces a unitary representation p of G on L?(R"). Namely,

p(h,2) f(y) = J(T;)2 f(Tity) = Ax(R)Y2 f(m(h) " (y — ).

If z-y =), x;y; is the usual inner product on R, then the Fourier transform defined
formally by

£ 1 —izy
f(y)zw/f(x)e dz

is a unitary mapping from L?(R") onto itself.
To analyze the representation p, we again look at its Fourier transform p. It is given
by

o —

ﬁ(h’ ‘T)f = p(h, .I)f

Lemma 3.1. Let f € L*(R"). Denote by w(h)" the transpose of the matriz w(h) in
GL(n,R). Then

o ——

p(h,)f = plh,2)f = An(h)~2e7 f(m(h)'y).
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Proof. This is a simple calculation:

ph.2)F0) = G [ o) fw)e 7 du
— s L A = )

h)1/2f(,n_(h—1)u)e—i(u+z)-y du

I
—~
®)
2=
s
~
[\"]
>
N
—~

— (le)n/zewy /Rn Aw(h)l/Zf(ﬂ'(hfl)u)e*iu'y du
= (271-1)71/2 eIy /Rn Ar(h)l/Qf(u)e—iw(h)u-y d(r(h)u)
= (27T1)n/26_”y/ Aw(h)l/Q|det(7’l’(h))|f(u)e—iu-w(h)ty du

[l

Let A be a measurable subset of R® with positive measure. Let L% (R") be the closed
linear subspace of L?(R") consisting of those L? functions with f(y) = 0 for y ¢ A. The
subspaces L% (R") are precisely the closed subspaces of L?(R") invariant under translation.

Definition 3.2. A 7(H)" invariant measurable subset A of R" is ergodic (under Lebesgue
measure) if any invariant measurable subset of A has measure 0 or has complement in A
with measure 0.

In particular, all homogeneous spaces obtained from the action of w(H)! are ergodic.

The action of m(H)* on R" is said to have a measurable cross section if there is a
Borel set E in R” meeting each set 7*(H )y in precisely one point.

For completeness we present the following well known lemma.

Lemma 3.3. Suppose there is a Borel cross section E for the action of 7(H)" on R" and
A is an ergodic invariant Borel measurable set. Then A contains a homogeneous space
whose complement in A has measure 0.

Proof. Denote by L the subgroup w(H)! of GL(n,R). There is nothing to do if A has
measure 0. Suppose A has positive measure. Let u be a probability measure equivalent to
Lebesgue measure on A. Set F' = EN A where FE is a Borel set meeting each homogeneous
space Ly in exactly one point. Define p: A — F by {p(y)} = Ly N F. Then p is a Borel
function from A onto F. Let C be a countable algebra of Borel subsets of F' which
separate points in F. Set Co = {W € C | u(p~"(W)) > 0}. Since p~*(W) are invariant
sets with positive measure, their complements in A have measure 0. Hence Np~' (W)
has complement in A with measure 0. Thus Np~! (W) has positive measure. Suppose it
contains two disjoint L-orbits Ly and Ly'. This implies "W contains distinct points p(y)
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and p(y'). Since C is a separating family, there is a U € C with p(y) € U and p(y') ¢ U.
Hence U or F — U belongs to Cy. If U € Cy, then p(y') ¢ "W and if F — U € C,, then
p(y) ¢ NW. Thus Np ' (W) is a homogeneous space whose complement in A has measure
0. O

Theorem 3.4. Let 7 : H — GL(n,R) be a continuous representation as before. Then the
following hold:

(a) A nonzero closed subspace M of L*(R") is invariant under the representation p
if and only if M = L%(R") for some measurable n(H)" invariant subset A of R®
having positive measure. Moreover, this subspace is irreducible if and only if A is
ergodic.

(b) If the action of w(H)' on R™ has a Borel cross section, then every Borel measur-
able invariant ergodic subset A of R contains a w(H)' homogeneous subset whose
complement in A has measure 0. In particular, if H is a Lie group, the irreducible
subspaces of p correspond to the open w(H)' homogeneous subspaces of R".

(c) Let A be ergodic under w(H)' with positive measure. Assume 1) is a nonzero vector
in L%(R"). Then v is a wavelet vector if and only if b — (w(h)ty) is in L2(H)
for almost all y € A. In particular, the stabilizer HY is compact for almost all
y € A

(d) Assume A is open and homogeneous under w(H)' and the stabilizer HY is compact
for one (and hence all) y € A. Then any nonzero 1 with Ve C.(A) is a wavelet
vector and the linear space of wavelet vectors in dense in L% (R").

Proof. Let M be a closed nonzero invariant subset of L?(R"). Set S = M. By Lemma
3.1, S is invariant under the unitary operators p(e,z)f(y) = e “®¥f(y). Now every
multiplication operator M,f = hf for f € L*(R") and h € L*(R") can be weakly
approximated by a finite linear combination of the operators p(e,z). This implies that S
is invariant under M, for all h € L*°(R™). In particular, if P is the orthogonal projection
onto S, then PM; = M,P for all h. Hence P = M, ,for some Borel measurable subset A
of R*. Thus M = L42(R™).

Since S is invariant under p, we have p(h,0)(xaf) = xap(h,0)f for all f € L*(R").
Thus

Ar(h)~2xa(m(R)ty) f(x(h) () = Alh, 0) (xaf)(y)
= xa(y)p(h,0)f(y)
= A (h) 2xa(y) f(n(h)y)

a.e. y for each h € H. Thus x4(m(h)'y) = xa(y) a.e. y for each h. Hence the sets m(h~')*A
and A are essentially equal for all A.

Set A = {y | m(h)'y € Afor a.e. h}. By the left invariance of the measure dh, A’
is invariant under 7'(H). Moreover, by Fubini’s Theorem, A’ equals A up to a set of
measure 0. Replacing A by A’, we see if M is a nonzero closed p invariant subspace of
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L?*(R™), then M = L%(R") for some invariant Borel measurable 7(H)? invariant subset of
R™ with positive measure. The converse follows directly from Lemma 3.1.

Next note the action of 7 (H)* on A is not ergodic if and only if there exists an invariant
subset Ay of A so that both Ag and A— Ay have positive measure. This occurs if and only
if M has a proper invariant subspace of form Lio (R™) which is equivalent to M being
reducible. We thus have (a).

The first statement in (b) follows from Lemma 3.3. To see the second, suppose 7(H)'y
is a homogeneous space with positive Lebesgue measure. Note h — m(h)'y will have range
with positive measure in R" if and only if the rank of this transformation is n. But this
occurs only if 7(H )%y is an open subset of R".

To see (c) we set Wy, f = (f | p(h,z)y). By Lemma 3.1

Wl (ho) = (F | 60 a)d) = [ F)An(h) e (b)) do
Define F(w) = [, [¢(r(a)'w)|* da for w € A. Note

F(r(h)'w) = \z@( (@) (h)'w)|* da

\13( (ha)'w|* da

I
:ﬂ\\\

\1/3( (a)'w[* da
w).

The invariance of F' and the ergodicity of A imply F(w) is essentially constant on A4; i.e.,
there is a constant C'fp < oo with

/W) w)|*da = C} for a.e. w € A.

Assume f is in L% (R"). Then

[ Wt dx_/ / / F) F) e 1) @) ) ()= i
/] / (@) = T )Y !
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~ ~

Set F'(w) = f(w)y(m(h)'w). Then
/ Wy f(h,z)|*dz = ///f w) € f(w) ) (m(h)'w)e ' dw dw' da

(2m)" A ( /|F )% dx

(2m)" Ar( /|F )7 dw

" 2a(w) [ 1F )Pl do

Using Fubini’s Theorem and

/ W (n(h)'w) [ dh = C2

for a.e. w in A, we see

/Hx,ar Wy f(h, z)[* d(h, z) = (21) / /\Wwf (h,)|? dz dh

= [ [ 1Py dody
(3.1) = [1F@P [ dte(nye) dna

~c3 [ If@)P s
= Cy(f, f)-
Hence v is a wavelet vector if and only if 0 < C’i < 00.
Now suppose 0 <[5 [¢h(m(h)'w)|?dh < co. Set F(h) = [(r(h)'w)®> and K = H* =
{a : 7(a)'w = w}. Note F(ah) = F(a) for a € K. Let p : H — K\H be the nat-

ural projection and suppose p is a regular right quasi-invariant measure on K\H. Let
/ K\ MK du(Kh) be the disintegration of left Haar measure m over the fibers of p.

Note

m(E) = m(aFE) = . min(aE) du(Kh)

= mn(E) du(Kh).
K\H
Uniqueness of disintegrations yields mg,(E) = mgn(aE) for all E for each a a.e. Kh.
Hence if 0 : K\H — H is a Borel cross section, then since left Haar measures on K are
proportional, we have
dmn(ao(Kh)) = ¢(Kh)da
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where da is a left Haar measure on K and ¢(Kh) > 0. Consequently, since 0 <
Jy F(h) dh < oo and

/ F(h) dh = /K ) /K Flao(Kh))da du(Kh) = /K da / (KR)F(o(KR)) du(Kh),

we see Haar measure on K is finite and thus K is compact. We thus conclude HY is
compact for almost all y.
Note (d) is consequence of A is homeomorphic to H/HY. O

4. WAVELETS AND SYMMETRIC SPACES

There are, as we will see in the next section, natural examples where R" contains finitely
many open orbits some of which do not have compact stabilizers. The obvious question
is therefore, what do we do in these cases? One possible solution is given in [2] where the
authors propose to parameterize the wavelets by homogeneous spaces G /L. This idea was
used in [4] to define a wavelet transform for the n-dimensional sphere S™ using so called
principal series representations of the group G = SO(1,n + 1) and a homogeneous space
G/N where N is a particular maximal unipotent subgroup of G. In this section we will
discuss another solution to this problem in the case where the group H is reductive.

Let us recall that the compactness of the stabilizer was used at one point in the proof
of Theorem 3.4 to allow us to use Fubini’s Theorem to interchange integration over A and
H, see

(3.1)
/H / () 2 (m () )2 dov i = / Flw)? /H (b)) dh do.

We notice that the right hand side makes perfect sense if h — [t)(m(h)'w)|? is integrable
over H*\H, where H* = {h € H | n(h)'w = w}. The problem is, that the stabilizer
group HY depends on the point w. We will show how to overcome this difficulty in
case where H* is a symmetric subgroup of H. We will show that in this case we can
replace H by a closed subgroup R such that the open orbit essentially decomposes into
finitely many smaller open orbits which are homogeneous under R and have compact
stabilizers. The drawback is that in most cases the group R depends on the orbit, but
at least this allows us to reconstruct the function from its wavelet transform. Several
interesting examples can be found in [8]. The tools that we use are the structure theory
of reductive symmetric spaces corresponding to an involution 7 : H — H. In particular
we will need a Cartan involution 6 : H — H commuting with 7 and the structure of
minimal #7-stable parabolic subgroups. To avoid technical details we will only discuss
this for a linear Lie group invariant under transposition. Then h — (h™!)! is a Cartan
involution on H. We refer to [28] for the discussion of the general case. We thus will be
dealing with closed subgroups H of GL(n,R) invariant under transposition. A conjugate
being invariant under transposition is one of several alternative definitions for reductive
linear groups.
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Definition 4.1. A closed subgroup H C GL(n,R) is called reductive if there exists a
z € GL(n,R) such that zHx~! is invariant under transposition, a — a’.

Example. Let S € GL(n,R) be symmetric and regular. Define a non-degenerate bilinear
form Bs: R x R — R by

Bs(u,v) = (Su | v)
and let
O(Bs) = {a € GL(n,R) | Vu,v € R" : Bs(au,av) = Bs(u,v)}.
Then O(Bs) can also be described by
0(Bs) = {a € GL(n,R) | a’Sa = S}

and obviously O(fs) is invariant under transposition. Notice that for a € O(8s) we have
det(S) = det(a)2det(S). As S is regular it follows that det(a) = £1. We let

SO(Bs) = {a € O(Bs) | det(a) = 1}.
The Lie algebra of O(8s) is given by

0(Bs) = {X € Mu(R) |[VtER : e € O(Bs)}
= {XeM,(R) | X'S+S5X =0}

I
IfS = 6’ _OI , p+q=mn, then Bs(u,v) = u1v + ... + UpUp — Upp1Vps1 — - .. — UpUp
q

and O(Bs) = O(p, q).

We will now assume that H is reductive. For simplicity we can then assume that
H'" = H. Let 7 be the natural action of H on R" given by w(h)v = hv. If p is the
natural representation of H X, R® on L?(R"), we will be interested in the irreducible
subrepresentations of p corresponding to open orbits in R” under the contragredient action
h-v = (h™')'v. We recall if O is such an orbit, then the subspace L% (R") = {f €
L2(R")| f vanishes off O} is an irreducible subspace. In order to handle cases where
O = H - u do not have compact stabilizers, we will assume that there exists an involution
T : H — H such that

H}cH*={heH|h u=u} CH"
where
H ={he H|7(h)=h}

and the subscript , indicates the connected component containing the identity element.
Let L = H*. Then O = L\H is a semisimple symmetric space. We can assume that
L is also invariant under transposition. Then # : h +~ (h!)~! and 7 commute. Let
K=0(n)NH={ke H|k"=k™'}. Then K is a maximal compact subgroup of H and
LN K is a maximal compact subgroup of L. Denote by § the Lie algebra of H. One has

h={XeM,(R)|VteR: e € H}.
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Then b decomposes as
h=¢tds
=tN[dEtNgdsnNidsng
where
s={Xebh|X"'=X}
is the subspace of symmetric matrices, and
g={Xeb|[7(X)=-X}.
Notice that
[[Lgf Cq and [¢s]Cs.
Recall the linear maps Ad(a),ad(X) : h — b, a € H, X € b, are given by ad(X)Y =
XY —YX and Ad(a)Y = aYa™'. Let a be a maximal commutative subspace of s N g;
thus XY —Y X =0 for all X,Y € a. Then the algebra ad(a) is also commutative. Define
an inner product (- | -) on b by (X | Y) := Tr(XY"). Then
(ad(X)Y | Z) = Te(XY — Y X)Z!
= _Tr(Y(ZX' - X'Z)!)
= (Y |ad(X"Z).
Thus ad(X)? = ad(X?). In particular, if X € s then ad(X) is symmetric. It follows that
we can diagonalize the action of a on h. Specifically, for a € h* set

bo={Y €5 |VX €a:ad(X)Y = a(X)Y} .

Let A = {a € b*| by # {0}} \ {0}. Notice that the set A is finite. Hence there is a
X, € a such that o(X,) # 0 for all « € A. Let AT = {a| a(X,) >0} and A~ =
{a] a(X;) <0} = —A*. Let

acAt acEA~
Letmi={X e€h|[a,X]={0}},andm={Xem |[VY €a:(X|Y)=0}. Thenm; =
m @ a. Furthermore n, m, n, and p = m @ a @ n are subalgebras of h and
h=ndmbadn
=t+p.
Notice that the last sums are not direct because €Np = €Nm and [Np = [Nm. Furthermore

PN L is not necessarily compact. To deal with this, we let my be the smallest subalgebra
containing mNs. Thus my = [mNs,mNs| GmnNs.

Lemma 4.2. m, is an ideal in m and contained in mN L.
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Proof. That mN's C [ follows from the fact that a is maximal abelian in q N's. Hence
my C [ follows from the fact that [ is an algebra. By definition we have m = mN¢+m,. We
have by definition [my, ms] C my. Therefore we only have to show that [m N € my] C m,.
But [¢,5] C s and hence [mN €& mNs] C mNs. The claim follows now by the Jacobi
identity and the fact that my is generated by m N's. O

Let
b:={Xem|VWem:(X,Y)=0}=my.
Then b is an ideal in m and m = b @ my. Let
Nkg(a)={k e K |VX € a:Ad(a)X € a}
and
Nink(a) = Ng(a)N L.

Finally let
Mg =Zg(a)={k€ K|VX €a:aXa' =X}

and

Then

(4.1) W = Ng(a)/Mg

is a finite group. Let

(42) Wo :NKOL(a)/MKﬂL.

Then W is a subgroup of W. Choose wyg = e, wy,...,w, € W such that
(4.3) W = ijWO (disjoint union) .

Let s; € Ng(a) be such that s; Mg = w;, and so = e. Let P = {a € H | Ad(a)p = p}.
Then P is a closed subgroup of H. Let A= {eX | X € a } and N = {eX | X € n}. Then
A, and N are closed subgroups of P. Let M, be the group generated by exp(ms), and
B, = exp(b). Then F = exp(ia) N K C M is finite and such that B = F B, is a group.
Furthermore
B x My x A> (b,m,a) — bma € Zg(A)

is a diffeomorphism. Notice that by definition F is central in Zgz(A) and mFm ™' = F
for all m € Nk(a). Let M = BM,. Then P = M AN. Furthermore each element p € P
has a unique expression p = man with m € M, a € A, n € N. The group P is called a
minimal 01 stable parabolic subgroup of H. This is still not the correct group for us to
work with because P N stsj’l may not be compact. We therefore set

R = BAN.

Then R is a closed subgroup of H with Lie algebra v = b @ a @ n. Notice that h =
[+ (bdadn)and IN(bdadn)=1INb.

Lemma 4.3. Let the notation be as above. Then the following hold:
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(a) If s € Ng(a), then sBs™' = B and sMys™' = M.
(b) PN sts;1 =Mn stsj’l.

(c) We have RN s]-sz_1 C K is compact.

Proof.
(a) First we notice that if X € m, Y € a and s € Ng(a) then

[Ad(s)X,Y] = Ad(s)[X, Ad(s) 'Y] =0.

Hence Ad(s)m = m. Furthermore Ad(s)s = s as s € K. It follows that Ad(s)my = ms.
As Ad(s) is an orthogonal transformation it follows that Ad(s)b = b. Thus sB,s™! = B
and sMys™' = M,. As sFs~! = F it follows that sBs~! = B.

(b) See [28].

(c) Let p € RNs;Ls;'. Then again by using [28] one haspe MNLNBC MNK. O

We are now able to state the following classical result of Matsuki [27].

Theorem 4.4 (Matsuki). The sets LsoP, ..., Ls,P are disjoint and open. Furthermore
U;:o Ls;P is open and dense in H.

As a consequence of this we get (cf. [28], p. 611):

Corollary 4.5. The sets LsyR, ..., Ls,R are disjoint and open. Furthermore U;:o Ls;R
15 open and dense in H.

Proof. This follows from the fact that Ls;M = Ls;B. U

One can actually state more than this, see [28].
The groups H and L being reductive are unimodular. This fact is important for the
integral formulas in the next theorem.

Theorem 4.6. Let the notation be as above. Then the following hold:
(a) There exists a real analytic function p: H — R = {t € R | t > 0} such that

UszR:{x€H|p(x)>0}.

=0

In particular it follows that H \ U;ZO LsjR has measure zero in H.
(b) We can normalize the Haar measures on the groups R and L so that

/H f(z)dh = /R /L f(ls;r)dld,r

for all f € L*(H) with Supp(f) C Ls;R, where d,r is the right invariant measure
on R.

From this we now get the following result:
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Theorem 4.7. Let H be a reductive group acting on R*. Assume that O = H' - u is an
open orbit and H" is noncompact and symmetric. Then there exists a closed subgroup R

of H and elements yo = vy, ...,y, € O such that the following hold:

(a) The orbits U; = R' - y; C O are open and disjoint;

(b) If z € U;, then R* = {r € R | r* -z = x} is compact;
(c) UU; C O is open and dense, and the complement has measure zero;
(d)

The space L5(R™) decomposes orthogonally as a representation of R X, R into
wrreducible parts

L3 (RY) EBL? (R")

(e) The space of R X, R"-wavelets is dense in each of the spaces Laj (R™).

Thus p on L4 (R") restricted to Go = R X, R* decomposes into a finite sum irreducible
representations, one for each ;.
Let P; be the orthogonal projection of L*(R") onto L7, (R"). Then p; = p|g, on L7, (R")

is irreducible and any nonzero 1); with zﬁj € C.(U;) is a Gy wavelet for p;.
Thus the mapping
Wj: L} (R*) = L*(Gj)
defined by
W;if(g) = (f | p(g)))
is a intertwining operator of p; into L?(Gy). Moreover, there is a scalar C; such that
(Wi f | Wig)=C3(f | g)
for f,g € Lf,j (R™).
Also for f € L*(R"),

Bt = apWi) = g [ (71 mlo)s) mlo)v do.

Hence if f € L4 (R"), we have
~ 1
F=2.01=2 G | (1e@v)ele);d.
i=0 3 JGo

By normalizing the v;, we may assume C; = 1 for all j. Then if f € L*(R") and
P =" P;, then

Pi= [ ST(F 1 plg)ws)plg)s d.

GO ,7 0
We thus can reconstruct Pf weakly from the finite collection of wavelet transforms W;(f)

which we call a wavelet package. This remains possible even if there are no genuine
wavelets for G' on the orbit O.
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Remark. The authors thought it feasible to describe which functions are wavelets in the
symmetric case by determining if their Fourier transforms were square integrable over the
homogeneous orbits H*\H. However, the finiteness of the integrals [, |¢)(r(r)ty;)|? dr in
Theorem 3.4 involve left Haar measure and the measure needed on H"\ H involves the
right invariant measure on R. The nonunimodularity of R prevents these from being
matched up.

Remark. One can say that the drawback of this method is that the group R, which we
use instead of the original group H, depends on the orbit. But first of all this method
allows us to invert the continuous wavelet transform. It would also be interesting to see
if this can be used to generalize the ideas from [7], where in the case of free actions, one
constructs frames for R".

5. EXAMPLES

In this section we present two often cited examples. In these examples we will use
the natural action for both the action and the contragredient action. This simplifies the
presentation. To obtain this situation, one would either have to use the contragredient of
the natural action for the action and the natural action for the contragredient action or
replace the subgroup P by its transpose.

In the first example, we discuss in detail the group H = R*SO,(1, n) acting on R**!. Tt
is a case where one has one open symmetric orbit with noncompact stabilizers. For a clear
and detailed discussion of other cases where our assumptions are satisfied, i.e., the pre-
homogeneous vector spaces, parabolic case, and the explicit construction of involutions
corresponding to the stabilizer of points in an open orbit, we refer to the preprint by N.
Bopp and H. Rubenthaler [8]. The variety of these examples shows that the symmetric
case gives a class of wavelets and wavelet transforms worth studying in more detail.

In the second example, we take H to be the group GL(n,R) and let it act on the
Euclidean space Symm(n, R) of symmetric n x n-matrices by a- X := aXa’. As indicated
above, we assume the transposed action is also given by (a™')! - X := aXa'. With this
action one has different symmetric spaces as open orbits and the groups used to obtain
wavelets vary from orbit to orbit.

We mention there are other further examples where H is an automorphism group
of a symmetric open convex cone; e.g., take H to be RT"SL(n,C) acting on the space
Symm(n, C) of symmetric nXn-matrices by a-X = aXa*, or by taking H to be R SU*(2n)
or R Eg(_s6) with similarly defined actions.

Example (R"SO,(1,n), R"*"):

Let H = R*SO(1,n) where R stands for the group of matrices {\I; 1, : A > 0} and I
is the k x k identity matrix. Notice that R" is central in H. The group H acts on R**"
by matrix multiplication on R*". If A € R* and h € SO(1,n), then

A(MR) = det(\h) ™t = A=),
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We write elements in R'*" as (t,z) with ¢ € R and z € R*. If one defines a bilinear
form 3 on R'*" by

B((ta .T), (Say)) =1s — (‘/E | y)
where (- | -) is the usual inner product on R, then SO,(1,n) is the connected component
of the identity of the group
O(B) :={g € GL(1 + n,R) | Vu,v € R"*" : B(gu, gv) = B(u,v)} .

The Lie algebra of SO,(1,n) consists of all n+ 1 by n+ 1 matrices X satisfying X*B +

1 0
BX =0 where B = (0 _In).

We will when convenient write elements in SO,(1,n) in block form

a T n
g:<yt A)’ a€Rz,yeR, Aec M,(R)

Notice that actually @ > 0 and that H' = H.

Denote the matrix ((5,,,16%]-)?;’:11 by E,, and let X = Ey,41+ Epy11 € 5. Let a =

RX + RI,,,;, where the second factor corresponds to the dilations. Then a is a maximal
abelian subalgebra of s. We will write

cosh(t) 0  sinh(¢)
a =X = 0 I,: 0 €A.
sinh(¢) 0  cosh(t)

Imbed SO, (n) into GL(1 + n, R) by

)

Then SO,(n) C SO,(1,n) and K = SO,(n) is a maximal compact subgroup of H. Let

O, ={u=(t,z) € R | B(u,u) > 0,¢t > 0}

O, = {u=(t,z) e R'"*™ | B(u,u) > 0,t < 0}

O3 = {u=(t,z) € R"™ | B(u,u) < 0}

C={u=(t,z) € R"" | B(u,u) = 0}

Then Oy, O,, and O3 are open, and the complementary set C is the zero set of 5 and is
a union of orbits of smaller dimension. We have the decomposition:

R"™ =0, UO,UO3UC (disjoint union).

Lemma 5.1. The sets Oy, Oy, and Os are homogeneous under H. Furthermore the
following hold:
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(a) The sets Oy and Oy are homogeneous self dual convex cones.

(b) If u € O1 U O, then H* ~ SO,(n) is compact.

(c) If u € O3, then H* ~ SO,(1,n — 1) is noncompact.

(d) If we replace H by the non-connected group H* = R*SO,(1,n — 1), then Uy =
01 U Oy is homogeneous.

Proof. All of this is well known so that we only prove that O3 is homogeneous and that
H* ~ SO,(1,n — 1) for u € O3. Considering vectors in R¥ as column vectors, we let
u=-¢ensy1 = (0,...,0,1). In the following we will also view u as a vector in R* C R'*",
Then u € O3. Notice that

a;u = (sinh(),0,...,0,cosh(t))".

Let v = (s,y) € Os. By multiplying by A = (—8(v, v))”"/?, we may assume that (v, v) =
—1. Then ||y||> — s = 1. Hence we can find ¢ such that
|ly|| = cosh(t) and s = sinh(t).

In particular, both cosh(t)u and y are in Seoen) (0) = {2 € R* | ||z|| = cosh(t)} € R*™.
Recall that SO,(n) acts transitively on Scosn(t)(0). Choose k& € SO,(n) C SO,(1,n) with
k(cosh(t)u) = y. Then kayu = v. Thus SO,(1,n) acts transitively.

t
Let g = A ( Z i ) € H satisfy gu = u. Note first that A = 1 and thus
Ty 0
Q1n 0
qu = . =
Apn 1

Hence € R*! and A has the form

A0
a=(9 1)

That the last row is (0,...,0,1) follows from the fact that ¢ € SO(1,n). Since g €
SO,(1,n), one has

( 8 21 ) = ¢ € S0,(1,n —1) C SO,(1,n).
Hence the claim. 0

From this it follows, that we can decompose L?(R'*") as a representation of G =
H x,.R"! into irreducible parts as
L*(R") ~¢ Lo, (R") & Lo, (R") ® Lo, (R").

The first two spaces have G-wavelets. If we replace H by R*SO,(n + 1), then this decom-
position simplifies to
L2 (Rn) =a L}DIUOQ (Rn) @ L}Dg (Rn)
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where the first space has a dense subspace of wavelets. To deal with the orbit O3 we show
that H®+! is in fact a symmetric subgroup of H. To that end define an involution 7 on

H by

D) =308 ) G 5)
(5.1) :§<_/11)t - ) .
Then (H7), = SO,(1,n — 1).

Lemma 5.2. R*SO,(1,n — 1) is a symmetric subgroup of H.

We notice that a is maximal abelian in s, s N q, and q. Define o € a* by «(tX) = ¢ and
a(l,+1) =0. Then A = {«&, —a}. We choose « as the positive root. Then

0 o 0
go=3XW)=[ v 0,7 —v | |[veR!
0 o 0
and
2 2
Lzl ot =3[l
N =< n(v) = v | P —v |ve R
2 2
3 vl vt 1=l
In this case my = {0} and
0 0 O
m=b~son—1)>5X+— | 0 X 0 | Cso(n).
0 0 O

The group M is given by

M ~SO,(n—1)3 k+— C SO, (n) C SO,(1,n)

o O =
o O
_ o O

and
cosh(t) 0  sinh(¢)
A=<alNt)=A 0 | 0 |[te RA>0
sinh(¢f) 0  cosh(t)
Each of the groups M, A, and N act on R" in the following way:

e M: Rotation in the vq,...,v, 1 coordinates;
e A: Dilations and hyperbolic rotations:

a(\, t)v = A(cosh(t)v; + sinh(t)vy, 41, Vg, - - -, Uy, sinh(¢)v; + cosh (t)v,11)"
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e N: Write a vector v € R**! as v = (a,z,b) with a,b € R and x € R*~!. Then

1 2

5 |lull 1

n(u)v =v+ (a —b) u +(@|v)| O
2

3 |[ull 1

The Weyl group W consists of two elements W = {1,w} where w is given by X —
1
—X. It is realized by conjugating by s where s = -1 I . Notice that
n—2
-1
s€ H"\ (H7), by (5.1), and that s(e,+1) = —ep41- It follows that O3 decomposes into
two open dense P-orbits O3, O34 and orbits of lower dimension.

Theorem 5.3. Let n(v) € N, a(\,t) € A, and k € M. Then

—t

—t t
n(@)a(\, )k - ensr = A (sinh(t) - % w2, —e~tv, cosh(t) — % \|v|\2>

—t —t t
n)a(M\t)k - (—epp1) = A (— sinh(t) + % [v]|*, e~*v, — cosh(t) + 67 HUH2>

In particular O3 9 = =051 for
031 = Pepi1 = {(a,v,b) | [o]|* > a® — b and a < b} and
O35 = P(—ent1) = {(a,v,b) | [v]|* > a® — b? and a > b}.
To avoid the problem of having to change the group as one goes from the orbits O
and Oy to the orbit O3 we notice that H = PK, where K = SO,(n) = H**. Hence P

actually acts transitively on the orbits O; and O, and in both cases we have a compact
stabilizers. Thus

Theorem 5.4. Under the action of the group P x, R'™  the space L*>(R'™) decomposes
into four irreducible parts
L(R'™) ~ L*(Oy) @ L*(O9) & L*(03,1) & L*(O35) -
If we replace the central subgroup R* by R*, then there are only two irreducible parts:
L*(RM™) ~ L*(O, U Oy) @ L*(031 U O35).

All the irreducible subrepresentations are square integrable, i.e., allow for dense subspaces
of wavelet vectors.

Example (R*SL(n,R), Symm(n, R)):

In the last example one could do the continuous wavelet transforms uniformly by re-
placing the group H = R*SO,(n,R) by the parabolic subgroup P. We include the next
example to show that this in general is not the case, and in particular to show that the
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group R used in the reconstruction of f from its wavelet transform depends in general on
the orbit O;.

Let V' be the @—dimensional Euclidean vector space
Symm(n,R) = {X € M,(R) | X* =X}
with the inner product (X,Y) = Tr(XY?"). The group H = R*SL(n,R) acts on V by
g-X =¢Xg'

The orbits are open if they contain nondegenerate bilinear forms and in this case are
parameterized by their signature. Specifically, let p,q € Ny be such that p + ¢ = n. Set

I, = ( o _OIq ) and let

O, = H -1, , = {symmetric matricies of signature (p,q)} .
Take SO(p,q) = {g € SL(n,R) | g1, ,¢" = 1, ,}, and define 7, , : H — H by
Tpe(Ag) = A7, (¢") 'L, A >0, gé€SL(nR).
Then 7,,: H — H is an involution and H™ = SO(p, ¢). The following is now clear:

Theorem 5.5. Let the notation be as above. Then the following hold:

(a) Each orbit Op, is open in V.

(b) Op = H/SO(p,q). In particular it follows that the stabilizer of a point in O, , is
compact if and only if n =p orn =q.

(©) VAUpygen Opg = {X €V | det(X) = 0}. In particular it follows that |J
1s dense and open in V.

OP:(I

pt+q=n

We note that the parabolics P,, and the corresponding groups R,, depend on the
orbits O, ,. These can be worked out in detail but we leave the details to the reader.
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