
ESTIMATES FOR DERIVATIVES OF THE GREEN
FUNCTIONS FOR THE NONCOERCIVE

DIFFERENTIAL OPERATORS ON HOMOGENEOUS
MANIFOLDS OF NEGATIVE CURVATURE

ROMAN URBAN1

Abstract. We consider the Green functions G for a second or-
der noncoercive differential operators on homogeneous manifolds
of negative curvature, being a semi-direct product of a nilpotent
Lie group N and A = R+. Estimates for derivatives of the Green
functions G with respect to the N and A-variables are obtained.

1. Introduction and the main results.

In this paper we study the Green function for a second order nonco-
ercive differential operator L on a connected, simply connected homo-
geneous manifold of negative curvature. Such a manifold is a solvable
Lie group S = NA, a semi-direct product of a nilpotent Lie group N
and an abelian group A = R+. Moreover, for an H belonging to the
Lie algebra a of A, the real parts of the eigenvalues of Adexp H |n, where
n is the Lie algebra of N, are all greater than 0. Conversely, every
such a group equipped with a suitable left-invariant metric becomes a
homogeneous Riemannian manifold with negative curvature (see [6]).

On S we consider a second order left-invariant operator

L =
m∑

j=0

Y 2
j + Y.

We assume that Y0, Y1, . . . , Ym generate the Lie algebra s of S. We can
always make Y0, . . . , Ym linearly independent and moreover, we can
choose Y0, Y1, . . . , Ym so that Y1(e), . . . , Ym(e) belong to n. Let π : S →
A = S/N be the canonical homomorphism. Then the image of L under
π is a second order left-invariant operator on R+,

(a∂a)
2 − γa∂a,
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where γ ∈ R. L = Lγ is noncoercive (there is no ε > 0 such that L+εI
admits the Green function) if and only if γ = 0.

Finally, the operator we are interested in, i.e. noncoercive one, can
be written in the form

(1.1) L =
∑

j

Φa(Xj)
2 + Φa(X) + a2∂2

a + a∂a,

where X, X1, . . . , Xm are left-invariant vector fields on N, X1, . . . , Xm

linearly independent and generate n, Φa = Adexp(log a)Y0 = e(log a) adY0 =

e(log a)D. D = adY0 is a derivation of the Lie algebra n of the Lie group
N such that the real parts dj of the eigenvalues λj of D are positive.
By multiplying Lγ by a constant, i.e. changing Y0, we can make dj

arbitrarily large (see [3]).
Let G(xa, yb) be the Green function for L. G is (uniquely) defined by

two conditions:

i) LG(·, yb) = −δyb as distributions (functions are identified with
distributions via the right Haar measure),

ii) for every yb ∈ S, G(·, yb) is a potential for L.

Let

(1.2) G(x, a) = G(xa; e),

where e is the identity element of the group S. In this paper we call
G(x, a) the Green function for L.

The main goal of this paper is to prove the following estimates for
derivatives of the Green function (1.2) for L = L0, i.e. in the nonco-
ercive case, with respect to x-variables (Theorem 6.1) and a-variable
(Theorem 6.2). For every neighborhood U of the identity e of NA there
is a constant C such that we have
(1.3)

|X IG(x, a)| ≤





C(|x|+ a)−‖I‖−Q

×(1 + | log(|x|+ a)−1|)‖I‖0 for (x, a) ∈ (Q∪ U)c,

C for (x, a) ∈ Q \ U ,

where |·| stands for a ”homogeneous norm” on N , Q = {|x| ≤ 1, a ≤ 1},
‖I‖ is a suitably defined length of the multi-index I and ‖I‖0 is a certain
number depending on I and the nilpotent part of the derivation D. In
particular, ‖I‖0 is equal to 0 if the action of A = R+ on N, given by
Φa, is diagonal or, if I = 0. X1, . . . ,Xn is an appropriately chosen basis
of n. For the precise definitions of all the notions that have appeared
here see Section 2.
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For ∂k
aG(x, a), k ≥ 0 we have the following estimate

(1.4) |∂k
aG(x, a)| ≤

{
Ca−k(|x|+ a)−Q for (x, a) ∈ (Q∪ U)c,

Ca−k for (x, a) ∈ Q \ U .

Some comments should be made at this moment. First of all, it
should be said that the estimate (1.3), also from below, for I = 0 was
proved by the author in [13] but at that time it was impossible to prove
analogous estimate for derivatives. The reason was that we did not have
sufficient estimates for the derivatives of the transition probabilities of
the evolution on N generated by an appropriate operator which appears
as the ”horizontal” component of the diffusion on N × R+ generated
by a−2L (cf. [3]). These estimates have been obtained by the author
in [10] and eventually led up to the estimate (1.3) that we are going to
present here.

Another remark is that the case γ = 0 is essentially different from the
case γ > 0 since the operator becomes noncoercive and, in particular,
the Ancona theory [1] is of no use.

The proofs of (1.3) and (1.4) require both analytic and probabilistic
techniques. Some of them have been introduced in [4, 3] and [13].

Guide to the paper. The structure of the paper is as follows. In
Section 2 we state precisely notation and all necessary definitions.

In Section 3 we recall a definition of the Bessel process which appears
as the ”vertical” component of the diffusion generated by a−2L on
N ×R+ (cf. [3]). Moreover, we state some lemmas about its properties
(without the proofs but we give references where they can be found).

In Section 4 we state the main estimates of the transition probabili-
ties of the evolution on N generated by an appropriate operator which
appears as the ”horizontal” component of the diffusion on N×R+ men-
tioned above, as well as their derivatives. All results from this sections
are taken from [10] and [3].

In Section 5 we prove the main probabilistic lemmas, which are cru-
cial in the proofs of (1.3) and (1.4). This section heavily depends on
Sections 3 and 4.

Finally, in Section 6 we state precisely the estimates (1.3) (see The-
orem 6.1) and (1.4) (see Theorem 6.2) and we give their proofs.

2. Preliminaries.

Let N be a connected and simply connected nilpotent Lie group. Let
D be a derivation of the Lie algebra n of N. For every a ∈ R+ we define
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an automorphism Φa of n by the formula

Φa = e(log a)D.

Writing x = exp X we put

Φa(x) := exp Φa(X).

Let nC be the complexification of n. Define

nCλ = {X ∈ nC : ∃k > 0 such that (D − λI)k = 0}.
Then

(2.1) n =
⊕

Imλ≥0

Vλ,

where

Vλ =

{
Vλ̄ = (nC ⊕ nC̄

λ
) ∩ n if Imλ 6= 0,

nCλ ∩ n if Imλ = 0.

We assume that the real parts dj of the eigenvalues λj of the matrix D
are strictly greater than 0. We define the number

(2.2) Q =
∑

j

Re λj =
∑

j

dj

and we refer to this as a ”homogeneous dimension” of N. In this paper
D = adY0 (see Introduction). Under the assumption on positivity of
dj, (2.1) is a gradation of n.

We consider a group S which is a semi-direct product of N and the
multiplicative group A = R+ = {exp tY0 : t ∈ R} :

S = NA = {xa : x ∈ N, a ∈ A}
with multiplication given by the formula

(xa)(yb) = (xΦa(y) ab).

In N we define a ”homogeneous norm”, | · | (cf. [4, 3]) as follows. Let
(·, ·) be a fixed inner product in n. We define a new inner product

(2.3) 〈X, Y 〉 =

∫ 1

0

(
Φa(X), Φa(Y )

)
da

a

and the corresponding norm

‖X‖ = 〈X, X〉1/2.

We put
|X| = (inf{a > 0 : ‖Φa(X)‖ ≥ 1})−1 .

One can easily show that for every Y 6= 0 there exists precisely one
a > 0 such that Y = Φa(X) with |X| = 1. Then we have |Y | = a.
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Finally, we define the homogeneous norm on N. For x = exp X we
put

|x| = |X|.
Notice that if the action of A = R+ on N (given by Φa) is diagonal the
norm we have just defined is the usual homogeneous norm on N and
the number Q in (2.2) is simply the homogeneous dimension of N (see
[5]).

Having all that in mind we define appropriate derivatives (see also
[4]). We fix an inner product (2.3) in n so that Vλj

, j = 1, . . . , k
are mutually orthogonal and an orthonormal basis X1, . . . ,Xn of n.
The enveloping algebra U(n) of n is identified with the polynomials
in X1, . . . ,Xn. In U(n) we define 〈X1 ⊗ . . . ⊗ Xr,Y1 ⊗ . . . ⊗ Yr〉 =∏r

j=1〈Xj,Yj〉. Let V r
j be the symmetric tensor product of r copies of

Vλj
. For I = (i1, . . . , ik) ∈ (N ∪ {0})k let

X I = X (i1)
1 . . .X (ik)

k , where X (ij)
j ∈ V

ij
j .

Then for X ∈ Vλj

‖Φa(X )‖ ≤ c exp(dj log a + Dj log(1 + | log a|)),
where dj = Reλj and Dj = dim Vλj

− 1, and so
(2.4)

‖Φa(X I)‖ ≤ exp

(
k∑

j=1

ij(dj log a + Dj log(1 + | log a|))
)

k∏
j=1

‖X (ij)
j ‖.

Notation. The letter C or c, possibly with a subscript number,
occurs in inequalities as a positive constant which is independent of the
important parameters of the formula, and may vary from statement to
statement, even in the same calculation.

3. Bessel process.

Let bt denotes the Bessel process with a parameter α ≥ 0 (cf. [8]), i.e.
a continuous Markov process with the state space [0, +∞) generated
by ∂2

a + 2α+1
a

∂a.
The transition function with respect to the measure y2α+1dy is given,

e.g. in [2, 8], by:

(3.1) pt(x, y) =





1
2t

exp
(
−x2−y2

4t

)
Iα

(
xy
2t

)
1

(xy)α for x, y > 0,

1
2α(2t)α+1Γ(α+1)

exp
(
−y2

4t

)
for x = 0, y > 0,
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where

Iα(x) =
∞∑

k=0

(x/2)2k+α

k!Γ(k + α + 1)

is the Bessel function (see [7]). Therefore for x ≥ 0 and a measurable
set B ⊂ (0,∞):

Px(bt ∈ B) =

∫

B

pt(x, y)y2α+1dy.

If bt is the Bessel process with a parameter α starting from x, i.e.
b0 = x, then we will write that bt ∈ BESSx(α) or simply bt ∈ BESS(α)
if the starting point is not important or is clear from the context.

The following lemmas concerning some properties of the Bessel pro-
cess are very well known and their proofs are rather standard. Their
proofs can be found e.g. in [3, 11, 12].

Lemma 3.1. Let bt ∈ BESS(α), α ≥ 0. Let D, γ, x ≥ 0. There exists
a positive constant C such that for every t > s ≥ 0,

Ex

(∫ t

s

bγ
sds

)−D

≤ C(t− s)−D(1+γ/2).

Proof. See e.g. Theorem 3.8 in [11]. ¤

Lemma 3.2. Let bt ∈ BESS(α), α ≥ 0. There exist constants c1, c2

such that for every x ≥ 0, for every λ > 0 and for every t > 0,

Px( sup
s∈[0,t]

bs ≥ x + λ) ≤ c1e
−c2λ2/t.

Proof. See e.g. Lemma 3.7 in [11]. ¤

Lemma 3.3. Let bt ∈ BESS(α), α ≥ 0. There exist constants c1, c2

such that for every x ≥ 0, for every λ > 0 and for every t > 0,

Px( inf
s∈[0,t]

bs < x− λ) ≤ c1e
−c2λ2/t.

Proof. Imitate the proof of Lemma 3.7 in [11]. ¤

Lemma 3.4. Let bt ∈ BESS(α), α ≥ 0. There exist positive constants
c1, c2 such that for every for every x ≥ 0, r > 0 and t > 0,

Px( sup
s∈[0,t]

bs ≤ r) ≤ c1e
−c2

√
t

r .

Proof. See Lemma 3.5 in [11] or Lemma 2.3 in [3]. ¤
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By a straightforward computation, using the definition of the tran-
sition function pt(x, y) of the Bessel process (3.1) and the asymptotic
behavior of the Bessel function (see [7]):

(3.2) Iα(x) ³
{

xα

2αΓ(1+α)
, x → 0,

exp(x)

(2πx)1/2 , x →∞,

we get

Lemma 3.5. Let bt ∈ BESS(α), α ≥ 0. There exists a constant C
independent of x such that

Px(a− η ≤ bt ≤ a + η) ≤ Ct−(α+1)m([a− η, a + η]),

where m(B) =
∫

B
y2α+1dy.

4. Evolutions.

Let X, X1, . . . , Xm be as in (1.1). Let σ : [0,∞) −→ [0,∞) be a
continuous function such that σ(t) > 0 for every t > 0. We consider
the family of evolutions operators Lσ(t) − ∂t, where

(4.1) Lσ(t) = σ(t)−2

( ∑
j

Φσ(t)(Xj)
2 + Φσ(t)(X)

)
.

Since we may assume that X1, . . . , Xm are linearly independent we
select Xm+1, . . . , Xn so that X1, . . . , Xn form a basis of n. For a multi-
index I = (i1, . . . , in), ij ∈ Z+ and the basis X1, . . . , Xn of the Lie
algebra n of N we write: XI = X i1

1 . . . X in
n and |I| = i1 + . . . + in. For

k = 0, 1, . . . ,∞ we define:

Ck = {f : XIf ∈ C(N), for |I| < k + 1}
and

Ck
∞ = {f ∈ Ck : lim

x→∞
XIf(x) exists for |I| < k + 1}.

For k < ∞ the space Ck
∞ is a Banach space with the norm

‖f‖Ck∞ =
∑

|I|≤k

‖XIf‖C(N).

Let {Uσ(s, t) : 0 ≤ s ≤ t} be the unique family of bounded operators
on C∞ = C0

∞ which satisfy

i) Uσ(s, s) = I,
ii) Uσ(s, r)Uσ(r, t) = Uσ(s, t), s < r < t,
iii) ∂sU

σ(s, t)f = −Lσ(s)U
σ(s, t)f for every f ∈ C∞,

iv) ∂tU
σ(s, t)f = Uσ(s, t)Lσ(t)f for every f ∈ C∞,

v) Uσ(s, t) : C2
∞ −→ C2

∞.
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Uσ(s, t) is a convolution operator. Namely, Uσ(s, t)f = f ∗ pσ(t, s),
where pσ(t, s) is a smooth density of a probability measure. By ii) we
have pσ(t, r) ∗ pσ(r, s) = pσ(t, s) for t > r > s. Existence of the family
Uσ(s, t) follows from [9].

For s < t let

ξσ(s, t) = sup
u∈[s,t]

‖Φσ(u)‖n→n,(4.2)

ησ(s, t) = sup
u∈[s,t]

‖Φ−1
σ(u)‖n→n.(4.3)

It is not difficult to show (see [4]) that there exist β1, β2 > 2 and C > 0
such that for every a > 0,

(4.4) ‖Φa‖n→n ≤ C(aβ1 + aβ2).

Therefore,

ξσ(s, t) ≤C(( sup
u∈[s,t]

σ(u))β1 + ( sup
u∈[s,t]

σ(u))β2),

ησ(s, t) ≤C(( inf
u∈[s,t]

σ(u))−β1 + ( inf
u∈[s,t]

σ(u))−β2).
(4.5)

We define:

(4.6) A(s, t) =

∫ t

s

σβ1−2(u) + σβ2−2(u)du,

where β1 and β2 are as in (4.4).
Now we are ready to state the main estimates for the derivatives of

the evolution kernels pσ(t, 0).

Theorem 4.1 ([10], Theorem 4.9). Let 0 < T1 < T2 < t. For every
multi-index I such that ‖XI‖ ≤ 1 and for every compact set K ⊂ N
which does not contain the identity e of N, there exist positive constants
ξ, C,M, ϑ such that for every x ∈ K and for every t > 0,

|XIpσ(t, 0)(x)| ≤C max{(T2 − T1)
−ϑ, 1}

× (1 + ξσ(T1, T2) + ησ(T1, T2))
Me−ξ/A(0,t).

where A(s, t) is as in (4.6).

The constant D which is appearing in the next theorems is an ar-
bitrary constant between the local dimension and the dimension at
infinity of (N, X1, . . . , Xm) (see [14]).

Theorem 4.2 ([10], Theorem 4.10). Let 0 < T1 < T2 < t. For every
multi-index I such that ‖XI‖ ≤ 1 there exist positive constants C, M, ϑ
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and D ≤ Q such that

‖XIpσ(t, 0)‖L∞ ≤C max{(T2 − T1)
−ϑ, 1}

(∫ t

T2

σ−2(1−Q/D)(u)du

)−D/4

× (1 + ξσ(T1, T2) + ησ(T1, T2))
M .

By the proof of Theorem 4.9 in [10], taking limit in (4.12) as α tends
to zero we immediately get the following corollary.

Corollary 4.3. Let 0 < T1 < T2 < t. For every multi-index I such
that ‖XI‖ ≤ 1 and for every compact set K ⊂ N, there exist positive
constants C, M, ϑ such that for every x ∈ K and for every t > 0,

|XIpσ(t, 0)(x)| ≤C max{(T2 − T1)
−ϑ, 1}

× (1 + ξσ(T1, T2) + ησ(T1, T2))
M .

The above estimates are not by any means optimal but they allow
us to proceed further.

The next two theorems will be used in the proof of Theorem 6.2.

Theorem 4.4 ([3], Theorem 4.1). For every compact set K ⊂ N which
does not contain the identity e of N, there exist positive constants C
and ξ such that for every x ∈ K and for every t,

pσ(t, 0)(x) ≤ C

(∫ t

0

σ−2(1−Q/D)
u du

)−D/2

e−ξ/A(0,t).

In the proof of the above theorem the following estimate of the norm
‖pσ(t, s)‖L∞(N) has been obtained:

Theorem 4.5. There exist positive constant C and D ≤ Q such that
for every s < t,

‖pσ(t, s)‖L∞(N) ≤ C

(∫ t

s

σ−2(1−Q/D)
u du

)−D/2

.

5. Probabilistic lemmas.

From now on we consider the Bessel process σt with a parameter
α = 0 (i.e. σt ∈ BESS(0)). In this case σt = ‖wt‖, where wt is a
Brownian motion on R2.

In this section we prove some lemmas, which are our main tools in
writing estimates for derivatives of the Green function (1.2). The first
five lemmas will be used to prove Theorem 6.1. The next five are for
the proof of Theorem 6.2
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In the whole section we use the following notation. For η > 0, Ia,η

stands for the interval [a−η, a+η]. pσ is the evolution kernel defined in
Section 4 corresponding to the operator (4.1). Finally, dm(a) = ada.

Lemma 5.1. For every 1 > δ > 0 and for every multi-index I such
that |I| > 0 there exists a constant C such that for every (x, a) ∈ {a ≤
1− δ, δ ≤ |x| ≤ 1}

(5.1) sup
0<η<δ/2

|
∫ 1

0

E1X
Ipσ(t, 0)(x)m(Ia,η)

−11Ia,η(σ)dt| ≤ C.

Proof. Denote by I the integral in (5.1). We divide the set of all tra-
jectories of the Bessel process σt ∈ BESS1(0) into two subsets:

A = {σ : sup
s∈[0,t]

σs ≤ 2}, B = {σ : sup
s∈[0,t]

σs > 2}.

First we consider the set A. Define two stopping times:

T1 = inf{s ≤ t : σs = 1− δ/2}
T2 = inf{T1 < s ≤ t : σs = 1− δ/4 or σs = 1− 3δ/4}.

By Theorem 4.1 applied to the stopping times defined above and the
fact that on the set A, A(0, t) ≤ ct, we have:

(5.2) |I| ≤
∫ 1

0

e−cξ/tE1 max{(T2 − T1)
−ϑ, 1}m(Ia,η)

−11Ia,η(σt)dt,

where ξ is adjusted to the set {x ∈ N : δ ≤ |x| ≤ 1}. Now we are
going to deal with the expected value in (5.2). To do it, for n ≥ 1,
let An = {t/2n < T2 ≤ t/2n−1}. Then by the Markov property and
Lemma 3.5,

E1 max{(T2 − T1)
−ϑ, 1}m(Ia,η)

−11Ia,η(σt)

≤
∞∑

n=1

E1 max{(T2 − T1)
−ϑ, 1}1{T2≤t/2n−1}(σ)m(Ia,η)

−11Ia,η(σt)

=
∞∑

n=1

E1 max{(T2 − T1)
−ϑ, 1}1{T2≤t/2n−1}(σ)

× Eσt/2n−1m(Ia,η)
−11Ia,η(σt−t/2n−1)

≤Ct−1

∞∑
n=2

E1 max{(T2 − T1)
−ϑ, 1}1{T2≤t/2n−1}(σ).

(5.3)
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By the Schwarz inequality we have

(5.4) E1 max{(T2 − T1)
−ϑ, 1}1{T2≤t/2n−1}(σ)

≤ (E1 max{(T2 − T1)
−2ϑ, 1}1{T2≤t/2n−1}(σ))1/2(E11{T2≤t/2n−1}(σ))1/2

Writing

{T2 ≤ t/2n−1} =
∞⋃

l≥[log2(2n−1/t)]

{1/2l+1 ≤ T2 − T1 < 1/2l}

we have

E1(T2 − T1)
−2ϑ1{T2≤t/2n−1}

≤
∞∑

l≥[log2(2n−1/t)]

2(l+1)2ϑP1(1/2
l+1 ≤ T2 − T1 < 1/2l).

Now we have to consider two cases. The first one when σT2 = 1− δ/4
and the second when σT2 = 1− 3δ/4. In the first case, by Lemma 3.2

P1(1/2
l+1 ≤ T2 − T1 < 1/2l) ≤P1−δ/2( sup

s∈[0,1/2l]

σs ≥ 1− δ/4)

≤c1e
−c22l

.

In the second case, by Lemma 3.3,

P1(1/2
l+1 ≤ T2 − T1 < 1/2l) ≤P1−δ/2( inf

s∈[0,1/2l]
σs ≤ 1− 3δ/4)

≤c1e
−c22l

.

In any case

(5.5) E1(T2 − T1)
−2ϑ1{T2≤t/2n−1} ≤ C.

Now we are left with the second expectation on the right hand side of
(5.4). But by Lemma 3.3

(5.6) E11{T2≤t/2n−1}(σ) ≤ P1( inf
[0,t/2n−1]

σs ≤ 1− δ/2) ≤ c2e
−c22n−1/t.

Now (5.6), (5.5), (5.4) and (5.3) prove that (5.2) is finite.
Now we consider the set B. Define two stopping times

T1 = inf{s ≤ t : σs = 2}, T2 = inf{T1 < s ≤ t : σs = 3/2}.
For k ≥ 0, let Ak = {σ : 2 + k < sups∈[0,T2] σs ≤ 3 + k}. Then clearly,

B ⊂ ⋃∞
k=0 Ak. Therefore,

|
∫ 1

0

E1X
Ipσ(t, 0)(x)m(Ia,η)

−11Ia,η(σt)1B(σ)dt| ≤
∞∑

k=0

|Ik|,
11



where

Ik =

∫ 1

0

E1X
Ipσ(t, 0)(x)m(Ia,η)

−11Ia,η(σt)1Ak
(σ)dt.

Our aim is to estimate |Ik|. By Theorem 4.1 for σ ∈ Ak we have

|XIpσ(t, 0)(x)| ≤ Ckmax{β1,β2}M(T2 − T1)
−ϑ.

Therefore, it is enough to estimate:

(5.7) m(Ia,η)
−1E1(T2 − T1)

−ϑ1Ia,η(σt)1Ak
(σ)

= m(Ia,η)
−1E1(T2 − T1)

−ϑ1Ak
(σ)E3/21Ia,η(bt−T2)

≤ CE1(T2 − T1)
−ϑ(t− T2)

−11Ak
(σ).

To obtain the above inequality we have used the Markov property. Now
we are going to estimate the right hand side of (5.7).

For n ≥ 1 and l ≥ 0, let Bn = {σ : t − t/2n−1 < T2(σ) ≤ t − t/2n}
and Cl = {1/2l+1 < T2 − T1 ≤ 1/2l}. First, given k, n, l we estimate
(5.7) on the set Bn ∩ Cl.

E1(T2 − T1)
−ϑ(t− T2)

−11Ak
(σ)1Bn(σ)1Cl

(σ)

≤2(l+1)ϑ2nE11Ak
(σ)1Bn(σ)1Cl

(σ)

≤2(l+1)ϑ2n(E11Ak
(σ))1/2(E11Bn(σ))1/4(E11Cl

(σ))1/4.

(5.8)

By Lemma 3.2

(5.9) E11Ak
(σ) ≤ c1e

−c2k2/t.

By Lemma 3.3 we have

(5.10) E11Bn(σ) ≤ P3/2( inf
s∈[0,t/2n−1]

σs ≤ 1) ≤ c1e
−c22n/t

and

(5.11) E11Cl
(σ) ≤ P2( inf

s∈[0,1/2l]
σs ≤ 3/2) ≤ c1e

−c22l

.

Summing up (5.8) over n and l and using estimates (5.9), (5.10) and
(5.11) we get that

(5.12) E1(T2 − T1)
−ϑ(t− T2)

−11Ak
(σ) ≤ c1e

−c2k2/t.

Finally, by (5.7) and (5.12) it follows that

|Ik| ≤ Ckmax{β1,β2}M
∫ 1

0

e−c2k2/tdt,

which shows that
∑∞

k=0 |Ik| is finite. ¤
12



Lemma 5.2. For every 1 > δ > 0 and for every multi-index I such that
|I| > 0 there exists a constant C such that for every (x, a) ∈ {a ≤ 1−δ}

(5.13) sup
0<η<δ/2

|
∫ ∞

1

E1X
Ipσ(t, 0)(x)m(Ia,η)

−11Ia,η(σ)dt| ≤ C.

Proof. We will consider two cases. The first one, when infs∈[0,t/2] σs ≤
1− δ and the second one when infs∈[0,t/2] σs > 1− δ.

Case 1. We define two stopping times:

T1 = inf{s < t/2 : σs = 1− δ/2},
T2 = inf{T1 < s < t/2 : σs = 1− δ/4 or σs = 1− 3δ/4}.

First we want to estimate the left hand side of (5.13) on the set Ω1 =
{infs∈[0,t/2] σs ≤ 1− δ}, i.e. the absolute value of the following integral,

I =

∫ ∞

1

E1X
Ipσ(t, 0)(x)m(Ia,η)

−11Ia,η(σt)1Ω1(σ)dt.

Since on Ω1 we have T2 ≤ t/2, by Theorem 4.2 and (4.5) we get that

|XIpσ(t, 0)(x)| ≤ C max{(T2 − T1)
−ϑ, 1}

(∫ 3t/4

t/2

σ−2(1−Q/D)
u du

)−D/4

,

where C depends on β1 and β2. Hence, by the Markov property and
Lemma 3.5,

|I| ≤C

∫ ∞

1

E1 max{(T2 − T1)
−ϑ, 1}1Ω1(σ)

×
(∫ 3t/4

t/2

σ−2(1−Q/D)
u du

)−D/4

Eσ3t/4
m(Ia,η)

−11Ia,η(bt/4)dt

≤C

∫ ∞

1

t−1E1 max{(T2 − T1)
−ϑ, 1}1Ω1(σ)

×
(∫ 3t/4

t/2

σ−2(1−Q/D)
u du

)−D/4

dt.

13



Now, by the Schwarz inequality and Lemma 3.1 we obtain

|I| ≤C

∫ ∞

1

t−1(E1 max{(T2 − T1)
−4ϑ, 1})1/4

×P1(Ω1)
1/4


E1

(∫ 3t/4

t/2

σ−2(1−Q/D)
u du

)−D/2



1/2

≤C

∫ ∞

1

t−1−Q/2(E1 max{(T2 − T1)
−4ϑ, 1})1/4dt.

But

E1 max{(T2 − T1)
−4ϑ, 1} ≤ 1 + E1(T2 − T1)

−4ϑ

≤ 2 +
∞∑

l=0

2(l+1)4ϑP1(1/2
l+1 ≤ T2 − T1 ≤ 1/2l)

and

P1(1/2
l+1 ≤ T2 − T1 ≤ 1/2l)

≤ P1−δ/2( inf
s∈[0,1/2l]

σs ≤ 1− 3δ/4) + P1−δ/2( sup
s∈[0,1/2l]

σs ≥ 1− δ/4).

Therefore, by Lemma 3.3 and Lemma 3.2,

E1 max{(T2 − T1)
−4ϑ, 1} ≤ 2 + c1

∞∑

l=0

2(l+1)4ϑe−c22l ≤ C.

Thus, |I| is finite and the proof of the first case is done.
Case 2. Now we are on the set Ω2 = {infs∈[0,t/2] > 1− δ}. For k ≥ 0

define the following sets:

Ak =

{
{σ : sups∈[0,t/2] σs ≥ 2} for k = 0,

{σ : 1 + 1/(k + 1) ≤ sups∈[0,t/2] σs < 1 + 1/k} for k ≥ 1.

Let

T1 = T1(k) = inf{0 < s < t/2 : σs = 1 + 1/2(k + 1)},
T2 = T2(k) = inf{T1 < s < t/2 : σs = 1 + 1/(k + 1)

or σs = 1 + 1/4(k + 1)}.
Now we want to estimate (5.13) on the set Ω2 ∩ Ak, i.e. the absolute
value of the following integral:

I =

∫ ∞

1

E1X
Ipσ(t, 0)(x)m(Ia,η)

−11Ia,η(σt)1Ω2(σ)1Ak
(σ)dt.

14



Since on Ak we have T2 ≤ t/2, by Theorem 4.2 and (4.5) we get that

|XIpσ(t, 0)(x)| ≤ C max{(T2 − T1)
−2ϑ, 1}(k + 1)Mβ

×
(∫ 3t/4

t/2

σ−2(1−Q/D)
u du

)−D/4

,

where β = max{β1, β2}.
Hence, by the Markov property and Lemma 3.5,

|I| ≤C(k + 1)Mβ

∫ ∞

1

E1 max{(T2 − T1)
−2ϑ, 1}1Ak

(σ)1Ω2(σ)

×
(∫ 3t/4

t/2

σ−2(1−Q/D)
u du

)−D/4

Eσ3t/4
m(Ia,η)

−11Ia,η(bt/4)dt

≤C(k + 1)Mβ

∫ ∞

1

t−1E1 max{(T2 − T1)
−2ϑ, 1}1Ak

(σ)

×
(∫ 3t/4

t/2

σ−2(1−Q/D)
u du

)−D/4

dt.

Now by the Schwarz inequality and Lemma 3.1 we obtain

|Ik| ≤C(k + 1)Mβ

∫ ∞

1

t−1(E1 max{(T2 − T1)
−4ϑ, 1})1/4

×P1(Ak)
1/4


E1

(∫ 3t/4

t/2

σ−2(1−Q/D)
u du

)−D/2



1/2

≤C(k + 1)Mβ

∫ ∞

1

t−1−Q/2(E1 max{(T2 − T1)
−4ϑ, 1})1/4

×P1(Ak)
1/4dt.

But, as in the proof of the previous case,

E1 max{(T2 − T1)
−4ϑ, 1} ≤ 2 +

∞∑

l=0

2(l+1)4ϑP1(1/2
l+1 ≤ T2 − T1 ≤ 1/2l)

and

P1(1/2
l+1 ≤ T2 − T1 ≤ 1/2l)

≤ P1+1/2(k+1)( inf
s∈[0,1/2l]

σs ≤ 1 + 1/4(k + 1))

+ P1+1/2(k+1)( sup
s∈[0,1/2l]

σs ≥ 1 + 1/(k + 1)).
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Therefore, by Lemma 3.3 and Lemma 3.2,

E1 max{(T2−T1)
−4ϑ, 1} ≤ 2+c1

∞∑

l=0

2(l+1)4ϑe−c22l/(k+1)2 ≤ C1(k+1)C2ϑ.

On the other hand by Lemma 3.4, P1(Ak) ≤ c1e
−c2

√
tk so we obtain

that

|Ik| ≤ C(k + 1)Mβ+C2ϑ

∫ ∞

1

t−1−Q/2e−c2
√

tkdt.

Since the left hand side of (5.13) is equal to |∑∞
k=0 Ik| the proof is

complete. ¤
Lemma 5.3. For every 1 > δ > 0 and for every multi-index I such
that |I| > 0 there exists a constant C such that for every (x, a) ∈ {a ≤
1− δ, |x| ≤ δ}

(5.14) sup
0<η<δ/2

|
∫ 1

0

E1X
Ipσ(t, 0)(x)m(Ia,η)

−11Ia,η(σ)dt| ≤ C.

Proof. Define two stopping times:

T1 = inf{s ≤ t : σs = 1− δ/2},
T2 = inf{T1 < s ≤ t : σs = 1− δ/4 or σs = 1− 3δ/4}.

By Corollary 4.3 and (4.5) we obtain

I :=

∫ 1

0

E1|XIpσ(t, 0)(x)|m(Ia,η)
−11Ia,η(σt)dt

≤ C

∫ 1

0

E1(T2 − T1)
−ϑm(Ia,η)

−11Ia,η(σt)dt.

For n ≥ 1, l ≥ 0, let Bn = {σ : t − t/2n−1 < T2(σ) ≤ t − t/2n} and
Cl = {1/2l+1 ≤ T2 − T1 ≤ 1/2l}. Then by the Markov property and
Lemma 3.5, we get

I ≤C

∫ 1

0

m(Ia,η)
−1E1(T2 − T1)

−ϑEσT2
1Ia,η(bt−T2)dt

≤C

∫ 1

0

E0(T2 − T1)
−ϑ(t− T2)

−1dt

≤C
∑

n≥1,l≥0

2n2(l+1)ϑ

∫ 1

0

t−1P1(Bn ∩ Cl)dt

≤C
∑

n≥1,l≥0

2n2(l+1)ϑ

∫ 1

0

t−1P1(Bn)1/2P1(Cl)
1/2dt.

16



But

P1(Bn) ≤ P1−δ/4( inf
s∈[0,t/2n−1]

σs ≤ 1− δ) + P1−3δ/4( inf
s∈[0,t/2n−1]

σs ≤ 1− δ)

and

P1(Cl) ≤ P1−δ/2( inf
s∈[0,1/2l]

σs ≤ 1−3δ/4)+P1−δ/2( sup
s∈[0,1/2l]

σs ≥ 1− δ/4).

Therefore, by Lemma 3.2 and Lemma 3.3,

I ≤ C

∞∑

n≥1,l≥0

2n2(l+1)ϑ

∫ 1

0

t−1e−c22n−1/te−c22l

dt ≤ C.

¤
Lemma 5.4. For every 0 < χ0 ≤ 1, 0 < r0 ≤ 1 and for every multi-
index I such that |I| > 0 there exists a constant C such that for every
χ ≤ χ0 and for every (x, a) ∈ {0 < a ≤ 1, r0 ≤ |x| ≤ 1},

(5.15) sup
0<η<1

|
∫ ∞

0

EχXIpσ(t, 0)(x)m(Ia,η)
−11Ia,η(σ)dt| ≤ C.

Proof. First we consider small time, i.e. t ≤ 1. Thus we have to show
that (5.15) holds with

∫∞
0

replaced by
∫ 1

0
. To do this we divide the set

of all trajectories of the Bessel process σt ∈ BESSχ(0) into two subsets:

A = {σ : sup
s∈[0,t/2]

σs ≤ χ + 2}, B = {σ : sup
s∈[0,t/2]

σs > χ + 2}.

Consider the set A. For k ≥ −1, let

Ak = {σ : χ + 1/2k+1 < sup
s∈[0,t/2]

σs ≤ χ + 1/2k}.

Then clearly, A =
⋃∞

k=−1 Ak. Therefore,
∫ 1

0

EχXIpσ(t, 0)(x)m(Ia,η)
−11Ia,η(σt)1A(σ)dt =

∞∑

k=−1

Ik,

where

Ik =

∫ 1

0

EχXIpσ(t, 0)(x)m(Ia,η)
−11Ia,η(σt)1Ak

(σ)dt.

Define two stopping times

T1 = T1(k) = inf{s ≤ t/2 : σs = χ + 1/2k+2},
T2 = T2(k) = inf{T1 < s ≤ t/2 : σs = χ + 1/2k+1 or σs = χ + 1/2k+3}.
Now, since χ ≤ χ0 ≤ 1 all the calculations from the proof of Lemma
5.1 in [10], for Ak, T1 and T2 defined as above remain valid.

17



On the set B we proceed by the same token as in the proof of Lemma
5.1 in [10]. We only need to replace the stopping times T1 and T2 defined
there by the following ones:

T1 = inf{s ≤ t/2 : σs = χ + 1},
T2 = inf{T1 < s ≤ t/2 : σs = χ + 3/2 or σs = χ + 1/2}.

Now we are left with t ≥ 1. So, we have to prove (5.15) with
∫∞
0

replaced by
∫∞

1
. In order do this it is enough to imitate the proof of

Lemma 5.2 in [10] with the following slight modifications of Ak, T1 and
T2 :

Ak =

{
{σ : sups∈[0,t/2] σs ≥ χ + 1} for k = 0,

{σ : χ + 1/(k + 1) ≤ sups∈[0,t/2] σs < χ + 1/k} for k ≥ 1.

The corresponding stopping times now are defined as

T1 = T1(k) = inf{0 < s < t/2 : σs = χ + 1/2(k + 1)},
T2 = T2(k) = inf{T1 < s < t/2 : σs = χ + 1/(k + 1)

or σs = χ + 1/3(k + 1)}.
¤

Lemma 5.5. For every 0 < δ < 1/2 and for every multi-index I such
that |I| > 0 there exists a constant C such that for every χ ≤ 1/2 − δ
and for every (x, a) ∈ {(1− δ)/2 ≤ a ≤ 1/2},

(5.16) sup
0<η<δ/4

|
∫ ∞

0

EχXIpσ(t, 0)(x)m(Ia,η)
−11Ia,η(σ)dt| ≤ C.

Proof. First we prove (5.16) with
∫∞
0

replaced by
∫ 1

0
. The proof is

virtually the same as the proof of Lemma 5.3. The only difference is
in the definition of the stopping times T1 and T2 :

T1 = inf{s ≤ t : σs = 1/2− 3δ/4},
T2 = inf{T1 < s ≤ t : σs = 1/2− 5δ/8 or σs = 1/2− 7δ/8}.

In order to prove (5.16) with
∫∞

0
replaced by

∫∞
1

it is enough to
rewrite the proof of Lemma 5.2 in [10] with new Ak, T1 and T2 :

Ak =

{
{σ : sups∈[0,t/2] σs ≥ χ + 1/2} for k = 0,

{σ : χ + 1/2(k + 1) ≤ sups∈[0,t/2] σs < χ + 1/2k} for k ≥ 1
18



and

T1 = T1(k) = inf{0 < s < t/2 : σs = χ + 1/4(k + 1)},
T2 = T2(k) = inf{T1 < s < t/2 : σs = χ + 1/2(k + 1)

or σs = χ + 1/8(k + 1)}.
¤

Lemma 5.6. Let k ≥ 1 be fixed. For every 1 > δ > 0 there exists
a constant C such that for every (x, a) ∈ {a ≤ 1 − δ} and for every
0 ≤ l ≤ k − 1,

sup
0<η<δ/2

|
∫ ∞

1

E1p
σ(t, 0)(x)∂l

am(Ia,η)
−1∂k−l

a 1Ia,η(σ)dt| ≤ Ca−k.

Proof. We have

(5.17) ∂l
am(Ia,η)

−1 = (−1)ll!m(Ia,η)
−(l+1)(2η)l, l ≥ 0

and for every χ > 0,

Eχ∂a1Ia,η(σt) = lim
h→0

h−1(Pχ(a + η ≤ σt ≤ a + η + h)

−Pχ(a− η + h ≤ σt ≤ a− η))

=pt(χ, a + η)(a + η)− pt(χ, a− η)(a− η),

(5.18)

where pt is the transition function (3.1). Formula (5.18) together with
(3.1) allow us to calculate Eχ∂l

a1Ia,η(σt) for l ≥ 2,

Eχ∂l
a1Ia,η(σt) =(2t)−1e−χ2/4t∂l−1

a (e−(a+η)2/4tI0(χ(a + η)/2t)(a + η)

− e−(a−η)2/4tI0(χ(a− η)/2t)(a− η)).

(5.19)

We have to estimate the absolute value of

(5.20) I large
l := lim

η→0

∫ ∞

1

E1p
σ(t, 0)(x)∂l

am(Ia,η)
−1∂k−l

a 1Ia,η(σt)dt.

Since limη→0
(2η)l

m(Ia,η)l = Ca−l, by Theorem 4.5, the Markov property and

Lemma 3.1 we get,

|I large
l | ≤C lim

η→0

∫ ∞

1

E1

(∫ t/2

0

σ−2(1−Q/D)
u du

)−D/2
(2η)l

m(Ia,η)l

× |Eσt/2
m(Ia,η)

−1∂k−l
a 1Ia,η(bt/2)|dt

=Ca−l

∫ ∞

1

t−Q/2 lim
η→0

|Eσt/2
m(Ia,η)

−1∂k−l
a 1Ia,η(bt/2)|dt.
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Using (5.18), (5.19) and the following formulae (cf. [7]):

d

dx
Iα(x) = Iα−1(x)− α

x
Iα(x) = Iα+1(x) +

α

x
Iα(x)

we get, after not difficult but a little tedious computation, that

(5.21) lim
η→0

|Eχm(Ia,η)
−1∂k−l

a 1Ia,η(bt/2)| ≤ Ct−k+l−2a−k+le−χ2/4te−a2/4t

×
∑

(w1,w2,w3,w4)∈W

cw1,w2,w3,w4χ
w1aw2tw3Iw4(χa/2t),

where

W = {(w1, w2, w3, w4) : 0 ≤ w1 ≤ k − l + 1, 0 ≤ w2 ≤ 2(k − l) + 1,

0 ≤ w3 ≤ k − l, w4 ∈ {0, 1} and w1/2 + w3 < k − l + 1}
and cw1,w2,w3,w4 are nonnegative real numbers. Assume now that a ≤ 1.
Then, by w1/2 + w3 < k − l + 1, using asymptotic behavior (3.2) of I0

and I1, we can estimate (5.21), independently of χ, as follows:

(5.22) lim
η→0

|Eχm(Ia,η)
−1∂k−l

a 1Ia,η(bt/2)|

≤ Ct−k+l−2a−k+l
∑

(w1,w2,w3,w4)∈A

cw1,w2,w3,w4a
w2tw1/2+w3 ≤ Ct−1a−k+l.

Thus,

|I large
l | ≤ Ca−k

∫ ∞

1

t−Q/2−1dt ≤ Ca−k.

So, the proof is complete. ¤

Lemma 5.7. Let k ≥ 1 be fixed. For every 1 > δ > 0 there exists a
constant C such that for every (x, a) ∈ {a ≤ 1 − δ, δ ≤ |x| ≤ 1} and
for every 0 ≤ l ≤ k − 1,

sup
0<η<δ/2

|
∫ 1

0

E1p
σ(t, 0)(x)∂l

am(Ia,η)
−1∂k−l

a 1Ia,η(σ)dt| ≤ Ca−k.

Proof. Define

Ismall
l := sup

0<η<δ/2

∫ 1

0

E1p
σ(t, 0)(x)∂l

am(Ia,η)
−1∂k−l

a 1Ia,η(σ)dt.

Divide the set of all trajectories of the Bessel process BESS1(0) into
two subsets:

A = {σ : sup
s∈[0,t]

σs > 2} and B = {σ : sup
s∈[0,t]

σs ≤ 2}.
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Consider the set A. Let T = inf{s : σs = 2}. Let, for n ≥ 1, An = {σ :
t/2n < T ≤ t/2n−1}. Then, by the Markov property and Theorem 4.5,

|Ismall
l |

≤C| lim
η→0

∞∑
n=1

∫ 1

0

E1

(∫ t/2n

0

σ−2(1−Q/D)
u du

)−D/2

× (2η)l

m(Ia,η)l
m(Ia,η)

−1∂k−l
a 1Ia,η(σt)1A(σ)dt|

≤Ca−l

∞∑
n=1

lim
η→0

∫ 1

0

|E1

(∫ t/2n

0

σ−2(1−Q/D)
u du

)−D/2

×m(Ia,η)
−1∂k−l

a 1Ia,η(σt)1{T≤t/2n−1}(σ)|dt

=Ca−l

∞∑
n=1

lim
η→0

∫ 1

0

E1

(∫ t/2n

0

σ−2(1−Q/D)
u du

)−D/2

× 1{sups∈[0,t/2n−1] σs≥2}(σ)|Eσt/2n−1m(Ia,η)
−1∂k−l

a 1Ia,η(bt−t/2n−1)|dt.

By (5.22) and the Schwarz inequality we get that

|Ismall
l | ≤ Ca−k+l

∞∑
n=1

∫ 1

0

t−1E1




(∫ t/2n

0

σ−2(1−Q/D)
u du

)−D



1/2

× E1

[
1{sups∈[0,t/2n−1] σs≥2}(σ)

]1/2

dt.

By Theorem 3.1 and Lemma 3.2 we obtain

|Ismall
l | ≤ Ca−k+l

∞∑
n=1

∫ 1

0

t−1(t/2n)−Q/2e−c2n−1/tdt ≤ Ca−k+l ≤ Ca−k.

Now we consider the set B. Notice that sups∈[0,t] σs ≤ 2 implies that
A(0, t) in (4.6) is less than or equal to Ct. Thus, using Theorem 4.4,
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the Markov property, Lemma 3.1 and (5.22),

|Ismall
l | ≤Ca−l lim

η→0
|
∫ 1

0

E1

(∫ t

0

σ−2(1−Q/D)
u du

)−D/2

× e−c/tm(Ia,η)
−1∂k−l

a 1Ia,η(σt)|dt

≤Ca−l lim
η→0

∫ 1

0

(∫ t/2

0

σ−2(1−Q/D)
u du

)−D/2

× e−c/tm(Ia,η)
−1|Eσt/2

∂k−l
a 1Ia,η(σt)|dt

≤Ca−k+l

∫ 1

0

e−c/tt−Q/2−1dt ≤ Ca−k.

¤

Lemma 5.8. Let k ≥ 1 be fixed. For every 1 > δ > 0 there exists a
constant C such that for every (x, a) ∈ {a ≤ 1 − δ, |x| ≤ δ} and for
every 0 ≤ l ≤ k − 1,

sup
0<η<δ/2

|
∫ 1

0

E1p
σ(t, 0)(x)∂l

am(Ia,η)
−1∂k−l

a 1Ia,η(σ)dt| ≤ Ca−k.

Proof. Define the following stopping time:

T = inf{s ≤ t : σs = 1− δ/2}.

Let Ismall
l be defined as in the previous lemma. Then by the Markov

property and Theorem 4.5,

|Ismall
l | = lim

η→0
|
∫ 1

0

E1p
σ(t, 0)(x)∂l

am(Ia,η)
−1∂k−l

a 1Ia,η(σ)dt|

≤Ca−l lim
η→0

∫ 1

0

E1(

∫ T

0

σ−2(1−Q/D)
u du)−D/2

× |EσT
m(Ia,η)

−1∂k−l
a 1Ia,η(σ)|dt.

By (5.22) and Lemma 3.1 we get

(5.23) |Ismall
l | ≤ Ca−k

∫ 1

0

t−1E1T
−Q/2dt.
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Now we are going to estimate the expectation above. For n ≥ 0, let
An = {σ : t/2n+1 < T ≤ t/2n}. Then, by Lemma 3.3,

E1T
−Q/2 ≤

∞∑
n=1

2(n+1)Q/2P1(An)

≤
∞∑

n=1

2(n+1)Q/2P1( inf
s∈[0,t/2n]

σs ≤ 1− δ/2)

≤c1

∞∑
n=1

2(n+1)Q/2e−c22n/t.

(5.24)

Now (5.23) and (5.24) complete the proof. ¤

The next two lemmas have in fact been proved between the lines
during the course of proving the previous lemmas. However, in order to
make the paper more transparent and to avoid complicated formulation
we decided to state them separately and to explain how they can be
deduced from the previous considerations.

Lemma 5.9. Let k ≥ 1 be fixed. For every 0 < χ0 ≤ 1, 0 < r0 ≤ 1
there exists a constant C such that for every χ ≤ χ0 and for every
(x, a) ∈ {0 < a ≤ 1, r0 ≤ |x| ≤ 1} and for every 0 ≤ l ≤ k − 1,

sup
0<η<1

|
∫ ∞

0

Eχpσ(t, 0)(x)∂l
am(Ia,η)

−1∂k−l
a 1Ia,η(σ)dt| ≤ Ca−k.

Proof. For small time (t ≤ 1) we proceed as in the proof of Lemma 5.7
changing the definitions of the sets A and B into

A = {σ : sup
s∈[0,t]

σs > χ + 2} B = {σ : sup
s∈[0,t]

σs ≤ χ + 2}

and setting T = inf{s ≤ t : σs = 2 + χ} on A.
For large time (t > 1) the proof of Lemma 5.6 works. ¤

Lemma 5.10. For every 0 < δ < 1/2 and for every multi-index I such
that |I| > 0 there exists a constant C such that for every χ ≤ 1/2 − δ
and for every (x, a) ∈ {(1− δ)/2 ≤ a ≤ 1/2},

sup
0<η<δ/4

|
∫ ∞

0

Eχpσ(t, 0)(x)∂l
am(Ia,η)

−1∂k−l
a 1Ia,η(σ)dt| ≤ Ca−k.

Proof. For small time imitate the proof of Lemma 5.8 with a new T =
inf{s ≤ t : σs = 1/2 − 3δ/4}. Of course in (5.24) we have to put
Pχ(sups∈[0,t/2n] σs ≥ 1/2− δ/2) instead of P1(infs∈[0,t/2n] σs ≤ 1− δ/2).

For large t, notice that proof of Lemma 5.6 works. ¤
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6. Estimates for derivatives of the Green function G
In this section we obtain pointwise estimates for derivatives of the

Green function (1.2) in the noncoercive case.
For a positive δ < 1/2 define

Tδ ={(x, a) ∈ N × R+ : 1− δ < a < 1 + δ, |x| < δ},
Q ={(x, a) ∈ N × R+ : |x| ≤ 1, a ≤ 1}.

Theorem 6.1. For a multi-index I = (i1, . . . , ik) and all operators

X I = X (i1)
1 . . .X (ik)

k , where X (ij)
j ∈ V

ij
j , with ‖X I‖ ≤ 1, there are con-

stants C such that

|X IG(x, a)| ≤





C(|x|+ a)−‖I‖−Q

×(1 + | log(|x|+ a)−1|)‖I‖0 for (x, a) ∈ (Q∪ Tδ)
c,

C for (x, a) ∈ Q \ Tδ,

where ‖I‖ =
∑k

j=1 ijdj, dj = Reλj, and ‖I‖0 =
∑k

j=1 ijDj, Dj =
dimVλj

− 1.

Theorem 6.2. For every nonnegative integer k, there is a constant C
such that

|∂k
aG(x, a)| ≤

{
Ca−k(|x|+ a)−Q for (x, a) ∈ (Q∪ Tδ)

c,

Ca−k for (x, a) ∈ Q \ Tδ.

Along with the operator L defined in (1.1) we consider the corre-
sponding operator L,

(6.1) L = a−2L = a−2
∑

j

Φa(Xj)
2 + a−2Φa(X) + ∂2

a + a−1∂a.

The Green function G for L is given by

G(x, a; y, b) =

∫ ∞

0

pt(x, a; y, b)dt,

where Ttf(x, a) =
∫

f(y, b)pt(x, a; y, b)dybdb is the heat semigroup on
L2(N × R+, dybdb) with the infinitesimal generator L.

On N × R+ we define dilations :

Dt(x, a) = (Φt(x), ta), t > 0.

It is not difficult to check that although the operator L is not left-
invariant it has some homogeneity with respect to the family of dila-
tions introduced above:

L(f ◦Dt) = t2Lf ◦Dt.
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This implies that

(6.2) G(x, a; y, b) = t−QG(Dt−1(x, a); Dt−1(y, b)).

It turns out (see (1.17) in [3]) that

G(x, a) = G(x, a; e, 1) = G∗(e, 1; x, a),

where G∗ is the Green function for the operator

L∗ = a−2
∑

Φa(Xj)
2 − a−2Φa(X) + ∂2

a + a−1∂a

conjugate to L with respect to the measure adxda. Moreover,

(6.3) G∗(e, 1; x, a) = lim
η→0

∫ ∞

0

E1p
σ(t, 0)(x)m(Ia,η)

−11Ia,η(σt)dt,

where the expectation is taken with respect to the distribution of the
Bessel process starting from 1 on the space C((0,∞), (0,∞)) and Ia,η =
[a− η, a + η]. All the above facts are proved in [3].

Now we are ready to give

Proof of Theorem 6.1. For r ≥ 0, define

Vr = {(x, a) ∈ N × R+ : |(x, a)| = r},
where |(x, a)| = |x|+ a.

Let 0 < δ < 1/2 and a multi-index I be fixed.
Case 1. We consider the set

S1 = Q \ Tδ.

We have to show that there exists a positive constant C such that

(6.4) |X IG(x, a)| = |X IG∗(e, 1; x, a)| ≤ C

for every (x, a) ∈ S1.
By (6.3) and results of Section 5: Lemmas 5.1, 5.2 and 5.3 it follows

immediately that we have (6.4) on S̃1 = S1 ∩ {(x, a) ∈ N × R+ : a ≤
1 − δ}. Therefore we are left with (x, a) ∈ S1 \ S̃1. But S1 \ IntS̃1 is a
compact set. Since G∗ is a continuous function we get (6.4) on S1.

Case 2. We consider the set

S2 = {(x, a) ∈ N × R+ : |x| ≥ 1, |x| ≥ a}.
(Of course, S2 ∩ Tδ = ∅.)

Every element (x, a) ∈ N × R+ can be written as

(x, a) = Dt(y, b), where (y, b) ∈ V1 and t = |(x, a)| = |x|+ a.
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By homogeneity of G (see (6.2)) and (2.4) we get

|X IG∗(e, 1; x, a)| =|X IG∗(Dt(e, t
−1), Dt(y, b))|

=|Φt−1(X I)(G∗ ◦Dt)(e, t
−1; y, b)|

≤t−‖I‖(1 + | log t−1|)‖I‖0
× sup

‖Y‖≤1

|YI(G∗ ◦Dt)(e, t
−1; y, b)|

≤(|x|+ a)−‖I‖−Q(1 + | log |(x, a)|−1|)‖I‖0
× sup

‖Y‖≤1

|YIG∗(e, |(x, a)|−1; y, b)|.

(6.5)

If (x, a) ∈ S2 then the corresponding (y, b) ∈ V1 has the property
|y| ≥ b. Indeed, x = Φt(y) and a = tb thus t|y| = |x| ≥ a = tb. The
above property and |y|+ b = 1 imply that b ≤ 1/2. Therefore,

(6.6) (y, b) ∈ V1 ∩ {(x, a) ∈ N × R+ : a ≤ 1/2}.
Let β = |(x, a)|−1. For (x, a) ∈ S2 we have β ≤ 1. Thus by (6.3) and
Lemma 5.4 we get

sup
‖Y‖≤1

|YIG∗(e, β; y, b)| ≤ C

for (y, b) as in (6.6). Thus by (6.5) we are done in this case.
Case 3. Finally we consider the set

S3 = {(x, a) 6∈ Tδ : a ≥ |x|, a ≥ 1}.
Because V1 ∩ Tδ 6= ∅ we write every element (x, a) ∈ N × R+ as a
dilation of some element from V1/2 :

(x, a) = Dt(y, b), where (y, b) ∈ V1/2 and t = 2|(x, a)| = 2|x|+ 2a.

By homogeneity, we can write analogously to (6.5),

(6.7) |X IG∗(e, 1; x, a)| ≤ 2−‖I‖−Q(|x|+ a)−‖I‖−Q

× (1 + | log |(x, a)|−1|)‖I‖0 sup
‖Y‖≤1

|YIG∗(e, β̃; y, b)|.

where β̃ = 2−1(|x|+a)−1. If (x, a) ∈ S3 then the corresponding (y, b) ∈
V1/2 has the property |y| ≤ b. Indeed, |x| = t|y| ≤ a = tb. This, together
with |y|+ b = 1/2 implies that b belongs to the interval [1/4, 1/2].

For (x, a) ∈ S3 we have β̃ ≤ (2+2δ)−1 := 1/2−δ̃. Indeed, this is clear
if a ≥ 1 + δ. But if a < 1 + δ then |x| ≥ δ. Thus by (6.3), using Lemma

5.5 if b ≥ (1− δ̃)/2 or Lemma 5.4 if b ≤ (1− δ̃)/2 (then |y| ≥ δ̃/2) we

get that there exists a constant C such that sup‖Y‖≤1 |YIG∗(e, β̃; y, b)|
in (6.7) is less than or equal to C. Thus the proof is complete. ¤
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Proof of Theorem 6.2. We may assume that k > 0 since for k = 0
this is exactly Theorem 1.4 in [13]. Let ge,β(x, a) := G∗(e, β; x, a). By
formula (6.3), for every nonnegative integer k,

(6.8) ∂k
age,β(x, a) =

k∑

l=0

(
k

l

)
lim
η→0

∫ ∞

0

Eβpσ(t, 0)(x)∂l
am(Ia,η)

−1∂k−l
a 1Ia,η(σt)dt.

Let Vr, S1, S2 and S3 be defined as in the proof of Theorem 6.1.
Case 1. We consider the set S1. We have to show that for every

integer k ≥ 1 there is a constant C such that

(6.9) |∂k
aG(x, a)| ≤ Ca−k for every (x, a) ∈ S1.

By (5.17), the last term in (6.8) corresponding to l = k for β = 1 is
equal to

(6.10) lim
η→0

(−1)kk!
(2η)k

m(Ia,η)k
G(x, a) = (−1)kCa−kG(x, a).

But by Theorem 1.4 in [13] G(x, a) ≤ C on S1. The remaining terms
in (6.8), i.e. for l = 0, 1, . . . , k − 1 are also estimated by Ca−k on
S1 ∩ {a ≤ 1 − δ} by results of Section 5: Lemmas 5.6, 5.7 and 5.8.
Since ∂k

aG(x, a) is a continuous function we get the estimate (6.9).
Case 2. Now we consider the set S2. By homogeneity of G (see

(6.2)) we get

(∂k
b G∗)(x, a; y, b) =t−Q∂k

b G∗(Dt−1(x, a); δt−1y, tb)

=t−Q−k(∂bG
∗)(Dt−1(x, a); δt−1 , t−1b).

(6.11)

As in the previous proof we write an arbitrary element (x, a) ∈ N×R+

as

(x, a) = Dt(y, b), where (y, b) ∈ V1 and t = |(x, a)| = |x|+ a.

By (6.11),

|∂k
aG(x, a)| =|(∂k

aG∗)(e, 1; x, a)| = |(∂k
aG∗)(e, 1; δty, tb)|

=|(x, a)|−Q−k|(∂k
aG∗)(e, |(x, a)|−1; y, b)|.(6.12)

If (x, a) ∈ S2 then the corresponding (y, b) ∈ V1 belongs to the set

(6.13) V1 ∩ {(x, a) ∈ N × R+ : a ≤ 1/2}
(see the previous proof). Let β = |(x, a)|−1. For (x, a) ∈ S2 we have
β ≤ 1. Thus, reasoning as in the Case 1, by (6.3) and Lemma 5.9 we
get

|(∂k
aG∗)(e, |(x, a)|−1; y, b)| ≤ Cb−k
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for (y, b) as in (6.13). Thus by (6.12) this case is done.
Case 3. We consider the set S3. We write every element (x, a) ∈

N × R+ as:

(x, a) = Dt(y, b), where (y, b) ∈ V1/2 and t = 2|(x, a)| = 2|x|+ 2a.

Again, homogeneity gives us

(6.14) |∂k
aG(x, a)| ≤ 2−Q−k|(x, a)|−Q−k|(∂k

aG∗)(e, β̃; y, b)|.
where β̃ = 2−1|(x, a)|−1. If (x, a) ∈ S3 then the corresponding (y, b) ∈
V1/2 has the property that b belongs to the interval [1/4, 1/2] (see proof
of Theorem 6.1).

Then the argument is the same as in the third case of the proof
of Theorem 6.1. The only difference is that in order to show that
|(∂k

aG∗)(e, β̃; y, b)| ≤ Ca−k we use (6.8) and Theorems 5.9 and 5.10
instead of 5.4 and 5.5 respectively. ¤
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formulae. Birkhäuser Verlag, 1996.

[3] E. Damek, A. Hulanicki, and R. Urban. Martin boundary for homogeneous
Riemannian manifolds of negative curvature at the bottom of the spectrum.
To appear in: Rev. Mat. Iberoamericana.

[4] E. Damek, A. Hulanicki, and J. Zienkiewicz. Estimates for the Poisson kernels
and their derivatives on rank one NA groups. Studia Math., 126(2):115–148,
1997.

[5] G.B. Folland and E. Stein. Hardy spaces on homogeneous groups. Princeton
Univ. Press, 1982.

[6] E. Heintze. On homogeneous manifolds of negative curvature. Math. Ann.,
211:23–34, 1974.

[7] N.N. Lebedev. Special functions and their applications. Dover Publications,
Inc., 1972.

[8] D. Revuz and M. Yor. Continuous martingales and Brownian motion. Springer-
Verlag, 1991.

[9] H. Tanabe. Equations of evolutions. London, Pitman, 1979.
[10] R. Urban. Estimates for derivatives of the Poisson kernels on homogeneous

manifolds of negative curvature. To appear in: Math. Zeit.
[11] R. Urban. Estimates for the Poisson kernels on homogeneous manifold of neg-

ative curvature and the boundary Harnack inequality in the noncoercive case.
To appear in: Probab. Math. Statist.

[12] R. Urban. Estimates for the Poisson kernels on NA groups. A probabilistic
method. PhD thesis, Wroclaw University, 1999.

[13] R. Urban. Noncoercive differential operators on homogeneous manifolds of neg-
ative curvature and their Green functions. Colloq. Math., 88(1):121–134, 2001.

28



[14] N.Th. Varopoulos, L. Saloff-Coste, and T. Coulhon. Analysis and geometry
on groups, volume 100 of Cambridge Tracts in Math. Cambridge Univ. Press,
1992.

Department of Mathematics, Louisiana State University, Baton Rouge,
LA 70803, USA

E-mail address: urban@math.lsu.edu

Institute of Mathematics, University of Wroclaw, Pl. Grunwaldzki
2/4, 50-384 Wroclaw, Poland

E-mail address: urban@math.uni.wroc.pl

29


