ESTIMATES FOR DERIVATIVES OF THE GREEN
FUNCTIONS FOR THE NONCOERCIVE
DIFFERENTIAL OPERATORS ON HOMOGENEOUS
MANIFOLDS OF NEGATIVE CURVATURE

ROMAN URBAN!

ABSTRACT. We consider the Green functions G for a second or-
der noncoercive differential operators on homogeneous manifolds
of negative curvature, being a semi-direct product of a nilpotent
Lie group N and A = R™. Estimates for derivatives of the Green
functions G with respect to the N and A-variables are obtained.

1. INTRODUCTION AND THE MAIN RESULTS.

In this paper we study the Green function for a second order nonco-
ercive differential operator £ on a connected, simply connected homo-
geneous manifold of negative curvature. Such a manifold is a solvable
Lie group S = NA, a semi-direct product of a nilpotent Lie group N
and an abelian group A = R*. Moreover, for an H belonging to the
Lie algebra a of A, the real parts of the eigenvalues of Adex, i |n, Wwhere
n is the Lie algebra of N, are all greater than 0. Conversely, every
such a group equipped with a suitable left-invariant metric becomes a
homogeneous Riemannian manifold with negative curvature (see [6]).

On S we consider a second order left-invariant operator

L=) Y +Y.
§=0
We assume that Yy, Yi,...,Y,, generate the Lie algebra s of S. We can
always make Y,...,Y,, linearly independent and moreover, we can
choose Yy, Y1, ..., Y, so that Yi(e),..., Y, (e) belong ton. Let 7 : S —
A = S/N be the canonical homomorphism. Then the image of £ under
7 is a second order left-invariant operator on R,

(a&l)2 — vad,,
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where v € R. £ = L, is noncoercive (there is no € > 0 such that £L+¢I
admits the Green function) if and only if v = 0.

Finally, the operator we are interested in, i.e. noncoercive one, can
be written in the form

(1.1) L= 0u(X;)”+ ®u(X) + a°0; + ad,,
J

where X, X;,...,X,, are left-invariant vector fields on N, Xi,...,X,,
linearly independent and generate n, ®, = Adexp(ioga)v, = elloga)ady, —
ellee)D D = ady, is a derivation of the Lie algebra n of the Lie group
N such that the real parts d; of the eigenvalues \; of D are positive.
By multiplying £, by a constant, i.e. changing Y, we can make d;
arbitrarily large (see [3]).

Let G(xa, yb) be the Green function for L. G is (uniquely) defined by
two conditions:

i) LG(-,yb) = =6, as distributions (functions are identified with
distributions via the right Haar measure),
ii) for every yb € S, G(-,yb) is a potential for L.

Let
(1.2) G(z,a) = G(xa;e),

where e is the identity element of the group S. In this paper we call
G(z,a) the Green function for L.

The main goal of this paper is to prove the following estimates for
derivatives of the Green function (1.2) for £ = Ly, i.e. in the nonco-
ercive case, with respect to x-variables (Theorem 6.1) and a-variable
(Theorem 6.2). For every neighborhood U of the identity e of N A there
is a constant C' such that we have
(1.3)

C(|z| + a)-111-@
|X'G(z,a)| < ¢ x(14 |log(|z] +a) Pl for (z,a) € (QUU)S,
C for (z,a) € Q\ U,

where || stands for a ”homogeneous norm” on N, Q = {|z| < 1,a < 1},
||| is a suitably defined length of the multi-index I and || ||y is a certain
number depending on [ and the nilpotent part of the derivation D. In
particular, ||I|o is equal to 0 if the action of A = R™ on N, given by
®,, is diagonal or, if I = 0. A, ..., X, is an appropriately chosen basis
of n. For the precise definitions of all the notions that have appeared

here see Section 2.
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For O*G(x,a), k > 0 we have the following estimate

(1.4) 96 (z, )| < {C’a:’;(m +a)~? for (z,a) € (QUU)",
Ca for (z,a) € Q\U.

Some comments should be made at this moment. First of all, it
should be said that the estimate (1.3), also from below, for / = 0 was
proved by the author in [13] but at that time it was impossible to prove
analogous estimate for derivatives. The reason was that we did not have
sufficient estimates for the derivatives of the transition probabilities of
the evolution on N generated by an appropriate operator which appears
as the "horizontal” component of the diffusion on N x Rt generated
by a 2L (cf. [3]). These estimates have been obtained by the author
in [10] and eventually led up to the estimate (1.3) that we are going to
present here.

Another remark is that the case v = 0 is essentially different from the
case v > 0 since the operator becomes noncoercive and, in particular,
the Ancona theory [1] is of no use.

The proofs of (1.3) and (1.4) require both analytic and probabilistic
techniques. Some of them have been introduced in [4, 3] and [13].

Guide to the paper. The structure of the paper is as follows. In
Section 2 we state precisely notation and all necessary definitions.

In Section 3 we recall a definition of the Bessel process which appears
as the "vertical” component of the diffusion generated by a=2£ on
N xRT (cf. [3]). Moreover, we state some lemmas about its properties
(without the proofs but we give references where they can be found).

In Section 4 we state the main estimates of the transition probabili-
ties of the evolution on N generated by an appropriate operator which
appears as the ”horizontal” component of the diffusion on N x R* men-
tioned above, as well as their derivatives. All results from this sections
are taken from [10] and [3].

In Section 5 we prove the main probabilistic lemmas, which are cru-
cial in the proofs of (1.3) and (1.4). This section heavily depends on
Sections 3 and 4.

Finally, in Section 6 we state precisely the estimates (1.3) (see The-
orem 6.1) and (1.4) (see Theorem 6.2) and we give their proofs.

2. PRELIMINARIES.

Let N be a connected and simply connected nilpotent Lie group. Let

D be a derivation of the Lie algebra n of N. For every a € Rt we define
3



an automorphism ®, of n by the formula
(I)a — 6(loga)D

Writing z = exp X we put
O, (z) = exp P, (X).
Let n® be the complexification of n. Define
ns = {X €n®: 3k > 0 such that (D — \I)* = 0}.

Then

(2.1) n= P W,
ImA>0

where

Vi=m@®nS)nn if Im\ # 0,
nSNn if Im\ = 0.

We assume that the real parts d; of the eigenvalues A; of the matrix D
are strictly greater than 0. We define the number

(2.2) Q=) Re)=> d

and we refer to this as a "homogeneous dimension” of N. In this paper
D = ady, (see Introduction). Under the assumption on positivity of
dj, (2.1) is a gradation of n.
We consider a group S which is a semi-direct product of N and the
multiplicative group A = Rt = {exptYy: t € R} :
S=NA={za:x € N,a € A}
with multiplication given by the formula

(za)(yb) = (x®4(y) ab).
In N we define a "homogeneous norm”, | - | (cf. [4, 3]) as follows. Let
(+,-) be a fixed inner product in n. We define a new inner product

! da

(23) <X7 Y> - q)a(X)a (I)a(y) _

0 a
and the corresponding norm

1X 1 = (X, X)V2.
We put
1X| = (inf{a > 0: | ,(X)|| > 1})".
One can easily show that for every Y # 0 there exists precisely one
a > 0 such that Y = ®,(X) with |X| = 1. Then we have |Y| = a.
4



Finally, we define the homogeneous norm on N. For x = exp X we
put
2] = |X].

Notice that if the action of A = RT on N (given by ®,) is diagonal the
norm we have just defined is the usual homogeneous norm on N and
the number @ in (2.2) is simply the homogeneous dimension of N (see
5)).

Having all that in mind we define appropriate derivatives (see also
[4]). We fix an inner product (2.3) in n so that Vy,, j = 1,...,k
are mutually orthogonal and an orthonormal basis Xj,..., A&, of n.
The enveloping algebra (n) of n is identified with the polynomials
in Xp,..., &, In Un) we define (X} ® ... X, )1 ®...0),) =
[Tj_1(X;,Y)). Let V] be the symmetric tensor product of 7 copies of

Vi, For I = (iy,...,ix) € (NU{0})" let
xP=x" ™ where X\ € VY.
Then for X' € V),
[@a(X)]| < cexp(d;loga + D;log(1 + |logal)),
\(Vhe;e dj = Re)j and D; = dim V), — 1, and so
2.4

k k
H(I) ()(I ’ < exp <Z Z] d 10g& + D 10g<1 -+ |10g a’ ) H HXJ‘(”)H
7j=1 P

Notation. The letter C' or ¢, possibly with a subscript number,
occurs in inequalities as a positive constant which is independent of the
important parameters of the formula, and may vary from statement to
statement, even in the same calculation.

3. BESSEL PROCESS.

Let b; denotes the Bessel process with a parameter a > 0 (cf. [8]), i.e.
a continuous Markov process with the state space [0,4+00) generated
by 92 + 29,

The transition function with respect to the measure y?**dy is given,
e.g. in [2, 8], by:

—x2—y2 T
5 eXP <Ty> I, (%) (x;)‘l for x,y > 0,

2
mexp< > fOI'ZU:O,y>0,
5
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where

B 0 (1‘/2)2k+a
La(e) = kz:% FT(k+a+1)

is the Bessel function (see [7]). Therefore for x > 0 and a measurable
set B C (0,00):

P.(b; € B) = / pe(z, y)y** T dy.
B

If b; is the Bessel process with a parameter « starting from z, i.e.
by = x, then we will write that b, € BESS,(«) or simply b, € BESS(«)
if the starting point is not important or is clear from the context.

The following lemmas concerning some properties of the Bessel pro-
cess are very well known and their proofs are rather standard. Their
proofs can be found e.g. in [3, 11, 12].

Lemma 3.1. Let b, € BESS(«), a > 0. Let D,~v,x > 0. There exists
a positive constant C' such that for everyt > s > 0,

-D

t
E, ( / bgds) < C(t — s)"P0+/2),

Proof. See e.g. Theorem 3.8 in [11]. d

Lemma 3.2. Let b, € BESS(«), a > 0. There exist constants ¢y, cs
such that for every x > 0, for every A > 0 and for every t > 0,

P.(sup by >z +\) < cre~ X/t
s€[0,t]

Proof. See e.g. Lemma 3.7 in [11]. O

Lemma 3.3. Let b, € BESS(«), a > 0. There exist constants ¢y, cs
such that for every x > 0, for every A > 0 and for every t > 0,

P,(inf b, <z —\) < e N/t
s€[0,t]

Proof. Imitate the proof of Lemma 3.7 in [11]. O

Lemma 3.4. Let b, € BESS(«), a > 0. There exist positive constants
c1, co such that for every for every x >0, r >0 and t > 0,

i
P.(sup b, <r) < cle_CQTt.
s€[0,t]

Proof. See Lemma 3.5 in [11] or Lemma 2.3 in [3]. O
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By a straightforward computation, using the definition of the tran-
sition function p(x,y) of the Bessel process (3.1) and the asymptotic
behavior of the Bessel function (see [7]):

(3.2) L(z) = d =Tz £ 70
: o\ ™Y _exp(x) T — 00

(271.1,)1/27 9
we get

Lemma 3.5. Let by € BESS(«), o > 0. There exists a constant C
independent of x such that

Py(a—n<b < a+n) < Ct O m(la—n,a+ ),
where m(B) = [, y** dy.

4. EVOLUTIONS.

Let X, Xy,...,X,, be as in (1.1). Let o : [0,00) — [0,00) be a
continuous function such that o(¢) > 0 for every ¢t > 0. We consider
the family of evolutions operators L, — 0;, where

(4.1) Loy = o(t)™ ( Z Do) ()7 + Py (X )) :

Since we may assume that Xi,...,X,, are linearly independent we
select X,,41,...,X, so that Xy,..., X, form a basis of n. For a multi-
index I = (i1,...,4,), 4; € Z* and the basis X,..., X, of the Lie
algebra n of N we write: X! = X' ... X/ and |I| =4, + ...+ i,. For
k=0,1,...,00 we define:

CP={f:X"feC(N), for [I| < k+ 1}

and
CF ={feC": lim X' f(x) exists for |I| < k + 1}.

For k < oo the space Ck is a Banach space with the norm

Iflex, = D IX Fllow:

<k

Let {U(s,t) : 0 < s <t} be the unique family of bounded operators
on Cy, = C% which satisfy
) UU(S78) =1,
i) U7 (s,m)U°(r,t) =U%(s,t), s <r <t
iii) O,U%(s,t)f = —LoU%(s,t) f for every f € C,
iv) Q.U (s,t)f = U%(s,t) Lo [ for every f € Cu,
v) U%(s,t): C2 — C2.
7



U‘(s,t) is a convolution operator. Namely, U%(s,t)f = f * p?(t,s),
where p?(t, s) is a smooth density of a probability measure. By ii) we
have p?(t,r) x p?(r,s) = p°(t,s) for t > r > s. Existence of the family
U?(s,t) follows from [9].

For s <t let
(42) fo(sat) = sup H(I)a(u)HuHm
U€E|[s,t]
(43) 770(3, t) = Sl[lp] ”(I);(lu) Hﬂ—m-
u€e|(s,t

It is not difficult to show (see [4]) that there exist 1, f2 > 2 and C' > 0
such that for every a > 0,

(4.4) [@a[nn < Cla™ + a™).
Therefore,

£7(s,t) <C((sup o(u))™ + (sup a(u))™),
<45) u€|[s,t] w€E|[s,t]

n°(s,t) <C(( inf o(u))™ + (inf o(u))™72).

u€ls,t] u€E|[s,t]
We define:
t

(4.6) A(s,t) = / o2 (u) + 072 (u)du,

where 3; and [ are as in (4.4).
Now we are ready to state the main estimates for the derivatives of
the evolution kernels p?(¢,0).

Theorem 4.1 ([10], Theorem 4.9). Let 0 < Ty < Ty < t. For every
multi-index I such that || X!|| < 1 and for every compact set K C N
which does not contain the identity e of N, there exist positive constants
&, C, M, 9 such that for every x € K and for every t > 0,
| X7p% (t,0)(x)] <Cmax{(Ty, —T1)"7,1}
X (14 &7(Ty, To) + 17 (Ty, Ty))M e &/ 400,
where A(s,t) is as in (4.6).

The constant D which is appearing in the next theorems is an ar-
bitrary constant between the local dimension and the dimension at
infinity of (N, Xq,...,X,,) (see [14]).

Theorem 4.2 ([10], Theorem 4.10). Let 0 < Ty < Ty < t. For every
multi-index I such that | X*|| < 1 there exist positive constants C, M, 9
8



and D < @ such that

t 7D/4
||XIp”(t, 0)]| L <Cmax{(T, — Tl)_ﬁ, 1} (/ o 2(1-Q/D) (u)du>

15
x (14 &7(T1, Tz) 4+ n° (Ty, To))™.

By the proof of Theorem 4.9 in [10], taking limit in (4.12) as « tends
to zero we immediately get the following corollary.

Corollary 4.3. Let 0 < 11 < Ty < t. For every multi-index I such
that || XT|| < 1 and for every compact set K C N, there exist positive
constants C, M, 4 such that for every x € K and for every t > 0,

| X p7(t,0)(z)| <Cmax{(T, — 7)1}
x (14 &9(Ty, Ty) 4+ n° (Ty, To))™.

The above estimates are not by any means optimal but they allow
us to proceed further.
The next two theorems will be used in the proof of Theorem 6.2.

Theorem 4.4 ([3], Theorem 4.1). For every compact set K C N which
does not contain the identity e of N, there exist positive constants C
and & such that for every x € K and for every t,

—DJ2

t
P (t,0)(z) < C ( / g;2<1—Q/D>du) /A0
0

In the proof of the above theorem the following estimate of the norm
|7 (t, 5)| oo (v) has been obtained:

Theorem 4.5. There exist positive constant C' and D < @) such that
for every s < t,

t
I ¢ = € ([ on2e-aPan)

—-D/2

5. PROBABILISTIC LEMMAS.

From now on we consider the Bessel process o, with a parameter
a = 0 (i.e. o, € BESS(0)). In this case oy = ||wy||, where w; is a
Brownian motion on R2.

In this section we prove some lemmas, which are our main tools in
writing estimates for derivatives of the Green function (1.2). The first
five lemmas will be used to prove Theorem 6.1. The next five are for

the proof of Theorem 6.2
9



In the whole section we use the following notation. For n > 0, I, ,
stands for the interval [a —n, a+mn]. p7 is the evolution kernel defined in
Section 4 corresponding to the operator (4.1). Finally, dm(a) = ada.

Lemma 5.1. For every 1 > 0 > 0 and for every multi-index I such
that |I| > 0 there exists a constant C such that for every (z,a) € {a <

1
(5.1) sup | / E, X7 (1, 0)(2)m(Luy) 11, (0)dt] < C.
0

0<n<é/2

Proof. Denote by I the integral in (5.1). We divide the set of all tra-
jectories of the Bessel process o, € BESS;(0) into two subsets:

A={o:sup 0, <2}, B={o: sup o, > 2}.
s€[0,¢] s€[0,t]

First we consider the set A. Define two stopping times:
Ty =inf{s <t:o,=1—-0/2}
To=inf{l1 <s<t:os=1—9/4oro,=1—36/4}.

By Theorem 4.1 applied to the stopping times defined above and the
fact that on the set A, A(0,t) < ct, we have:

1
(52) |1 < / By max{(Ty — T1) ™, 1m(Loy) 11, (o0)dt,
0

where ¢ is adjusted to the set {x € N : § < |z| < 1}. Now we are
going to deal with the expected value in (5.2). To do it, for n > 1,
let A, = {t/2" < Ty, < t/2""'}. Then by the Markov property and
Lemma 3.5,

E; max{(Ty — Tl)iﬁa 1}m(1a,77)7111a,n (o¢)

<> Ermax{(Ty — T1) ™", I pyijony(0)m(Lay) i, , (00)

n=1

(53) =Y Eimax{(Th = T1) ", 1} liz,<iy2n-1(0)

n=1
X Egt/wlm(Iam)flllm(o—t,t/%_l)
<Ct! Z E, max{(T, — T})~", L m<ijon-13(0).

n=2

10



By the Schwarz inequality we have
(5.4) E;max{(Ty — T1)"", 1}1{p</on-13(0)

< (Eymax{(Ty — T1) ™, 1} Ly <ijon13(0)) V2 (Ba L {gy<ypn11(0) /2
Writing
{1, <t/2r 1) = U {2 <n-1<1/2}
1>[logy(27~1/1)]
we have
E1 (TQ - T1)72191{T2§t/2n—1}
< > 2WEP (12T < Ty - T < 1/2).
>[logy(2n =1 /1)]

Now we have to consider two cases. The first one when oy, =1 —§/4
and the second when op, =1 — 3§/4. In the first case, by Lemma 3.2

P (12" < Ty — Ty < 1/2") <Py _sp0( sup o5 >1—5/4)
s€[0,1/21]

Scle"zﬂl.
In the second case, by Lemma 3.3,
P (12" < Ty — Ty <1/2") <Py _sp0( inf o, <1-35/4)

s€[0,1/21]
§cle_c22l.
In any case
(5.5) Ei(Ty — T1) " Ligy<ijen-1y < C.

Now we are left with the second expectation on the right hand side of
(5.4). But by Lemma 3.3

(56) Ell{T2<t/2”*1}(0-> S P1<[ 1/nf ]O's S 1-— 6/2) S C26_022n71/t.
- 0,t/2n—1

Now (5.6), (5.5), (5.4) and (5.3) prove that (5.2) is finite.
Now we consider the set B. Define two stopping times

Ty =inf{s <t:o,=2}, To=inf{T} <s<t:o,=23/2}.

For k >0, let Ay = {0 : 2+ k < sup,jo7,0s < 3+ k}. Then clearly,
B C U~y Ak. Therefore,

1 0
|| BaX 0 @ T) () ()t < 31T,
k=0

11



where

1
Ik:/ E X'p?(t,0)(z)m(I,,) 11, (1)1, (0)dt.
0

Our aim is to estimate |I|. By Theorem 4.1 for o € A}, we have
X7 (8, 0)(x)| < CRm= RNy —T7) 7,

Therefore, it is enough to estimate:

(5.7) m(Luy) "Ei(To — T1) "1y, (00) 14, (0)
= m(loy) Ei(To — T1) ™14, (0)Es21s,,, (be-1,)
< CE(Ty, — TY)(t — To) 14, (0).

To obtain the above inequality we have used the Markov property. Now
we are going to estimate the right hand side of (5.7).

Forn>1land >0, let B, ={c:t—t/2"! < Th(o) <t —1t/2"}
and C; = {1/2"1 < T, — Ty < 1/2'}. First, given k,n,[ we estimate
(5.7) on the set B, N C;.

E((Ty — 1) "(t — Tz) '1a,(0)1p,(0)1¢,(0)
(5.8) <292y 14, (0)15,(0)1¢,(0)
<2 By 14, (0) V(B 1, (0) Y (B Ly (),
By Lemma 3.2

(5.9) Eily, (0) < cre W/t
By Lemma 3.3 we have
(5.10) Eilg, (0) <Psp( inf o, <1) < e/
s€[0,t/2n—1]
and
(5.11) Eilg,(0) <Py( inf o, <3/2) <cre 2.
s€[0,1/2!

Summing up (5.8) over n and [ and using estimates (5.9), (5.10) and
(5.11) we get that

(5.12) Ey(Ty — 1)~ (t = T5) 14, (0) < cre= ¥/,
Finally, by (5.7) and (5.12) it follows that

1
|| < Ofmex{ffaiM / ety
0

which shows that ;- [1x| is finite. O
12



Lemma 5.2. For everyl > 6 > 0 and for every multi-index I such that
|I| > 0 there exists a constant C' such that for every (z,a) € {a < 1-0}

5.13 sup E, X 'p7(t,0)(x)m(1,,) 1z, (0)dt| < C.
s M

0<n<d/2 J1

Proof. We will consider two cases. The first one, when inf,cp /0 05 <
1 — ¢4 and the second one when infycp /9 0 > 1 — 9.
Case 1. We define two stopping times:

Ty =inf{s <t/2:0,=1—-0/2},
T =inf{T1 <s<t/2:0,=1—0/4oros=1—36/4}.

First we want to estimate the left hand side of (5.13) on the set ; =
{infscpo,/2) 05 < 1 =6}, i.e. the absolute value of the following integral,

I = /100 E X p? (t,0)(x)m(I,) "1y, , (0:) 1o, (0)dt.

Since on ; we have Ty < /2, by Theorem 4.2 and (4.5) we get that

3t/4 -D/4
(X p7(¢,0)(z)| < Cmax{(T, —T1)"",1} / o 20-Q/D) gy, :
/2

where C' depends on [3; and (3. Hence, by the Markov property and
Lemma 3.5,

1 gc/ By max{(Ty — T)~7, 1}1q, (o)
1

31/4 —D/4
« // o200y | By () M, (bt
t/2

SC/ t7 By max{(T, — T1)~7, 1}1q, (o)
1

3t/4 —D/4
X / o 21=Q/D) gy, dt.
t/2

13



Now, by the Schwarz inequality and Lemma 3.1 we obtain

1] gc/ t~H(Ey max{ (T, — T1)~%, 1})V/4

1

3t/4 -D/2
X P1<Ql)1/4 El / 052(17Q/D)du
t/2

1/2

gc/ t717Q2(By max{(T, — Ty) ™%, 1})V4dt.
1
But

E1 max{(T2 — Tl)_419, 1} S 1 + El(T2 — Tl)_419

<2+ ) 2P (12 < Ty - Ty < 1/2)
=0

and

P (12" <Ty, — T, <1/2))

<Pi52( inf 0,<1-36/4)+Pi_52( sup o5 >1—6/4).
s€[0,1/21] s€[0,1/21]

Therefore, by Lemma 3.3 and Lemma 3.2,

o0
Eymax{(Ty — T}) ", 1} <2+¢ » 2002 <.
=0

Thus, || is finite and the proof of the first case is done.
Case 2. Now we are on the set 2y = {inf,cjo/9) > 1 —9}. For k>0
define the following sets:

~JH{o i supygpo s > 2} for k=0,
k= {{0 t1+1/(k+1) <supgeuos <1+ 1/k} for k> 1.
Let
Ty =Ty(k) = inf{0 < s < t/2: 0, = 1+ 1/2(k + 1)},
To=Tyk)=inf{T} <s<t/2:0,=1+1/(k+1)
oro, =1+1/4(k+1)}.
Now we want to estimate (5.13) on the set Q3 N Ay, i.e. the absolute

value of the following integral:

[= /1 T B (4, 0) (@)m(Tay) L, (02) Loy (0) Lay (o).
14



Since on Aj we have Ty < t/2, by Theorem 4.2 and (4.5) we get that

| X p7(t,0)(2)| < Cmax{(Ty —Ty)"2, 1} (k + 1)MP

3t/4 —D/4
o / 6=21-Q/D) gy, 7
t/2
where = max{f, 02}

Hence, by the Markov property and Lemma 3.5,

1| <C(k+ 1)MP /Oo E; max{(T, — T1)"*’,1}14,(0)1q,(0)

1

—-D/4
3t/4
X ( //2 au2(1Q/D)du> Eo,,, m(lay) 11, (bya)dt
t

<CO(k + 1)Mﬁ/ t7 By max{(Ty, — T1) "%, 1} 14, (o)

1

3t/4 —D/4
X / o 21=Q/D) gy, dt.
t/2

Now by the Schwarz inequality and Lemma 3.1 we obtain

1| <C(k + 1)Mﬁ/ tHEy max{(Ty — Ty)~ %, 1})/4

1

3t/4 —D/2
X Pl(Ak)1/4 E1 / O',;2<17Q/D)du
t/2

1/2

<C(k + 1)Mﬁ/ t7 QB max{(T, — Th) "%, 1})V/*

1

x Py (Ay)Y4dt.

But, as in the proof of the previous case,

Eimax{(T, — 7)™, 1} <2+ 2009P, (12" < T, - T} < 1/2)
=0

and

P (12" < Ty, — T, <1/2)
<P inf o, <1+1/4(k+1
< 1+1/2(k+1)(86[101}1/21}0 = J4( )

+Piyijogesny( sup o5 > 1+1/(k+1)).
s€[0,1/21]

15



Therefore, by Lemma 3.3 and Lemma 3.2,

E, max{(TQ—Tl)_4’9, 1} < 2+4¢ ZQ(l+1)4196—0221/(k+1)2 < Ol(k_'_l)czﬁ‘
1=0

On the other hand by Lemma 3.4, P1(A;) < ce V% so we obtain
that

11| < C(k + 1)M5+C2’9/ Q2 eVik gy
1

Since the left hand side of (5.13) is equal to |y .-, Ix| the proof is
complete. O

Lemma 5.3. For every 1 > 0 > 0 and for every multi-index I such
that |I| > 0 there exists a constant C such that for every (z,a) € {a <

(5.14) sup \/1E1X1pa(t,0)(x)m([am)111M(U)dt] <C.
0<n<d/2
Proof. Define two stopping times:
Ty =inf{s <t:o,=1-6/2},
Thy=inf{T) <s<t:o;=1—-¢/4oro, =1—35/4}.
By Corollary 4.3 and (4.5) we obtain

1
- / EL X p°(t, 0)(@)|m(Luy) 1y, . (00)dt
0

1
S C/ El(TQ - Tl)iﬂm([ajn)illjam (O't)dt
0
Forn >1,1>0,let B, = {0 :t—1t/2""' < Ty(o) < t—t/2"} and

Cp = {1/21 < Ty, — Ty < 1/2'}. Then by the Markov property and
Lemma 3.5, we get

1
I<C / m(Loy) " Ey(Ty — T1) " Eop 15, (be—r, )dt
0
1
gc/ Eo(Ty — T)) " (t — Ty) " tdt
0

<C Z onot1)v / t'P(B, N C))dt

n>1,1>0

<C Z 2n2(l+1 / 1/2P (Cl>1/2dt

n>1,1>0



But
Pl(Bn) S P1,5/4< inf Og S 1-— 5) + P1,35/4( inf O <1-— 5)

s€[0,t/2n—1] s€[0,t/2n—1] o
and

Pl(Cl) S Pl,g/g( inf O S 1—35/4)+P1,5/2( sup 0Oy Z 1—5/4).
s€[0,1/21] s€[0,1/24]

Therefore, by Lemma 3.2 and Lemma 3.3,

¢} 1
I1<C Z ono(+1)9 / g2 ig—e? gy < (O,

n>1,1>0 0

O

Lemma 5.4. For every 0 < xo < 1, 0 < 19 < 1 and for every multi-
index I such that |I| > 0 there exists a constant C' such that for every
Y < Yo and for every (z,a) € {0 < a < 1,y < o] < 1},

(5.15) sup | E X'p7(t,0)(z)m(l,y,) 1y, (0)dt| < C.
0<n<1 0

Proof. First we consider small time, i.e. ¢ < 1. Thus we have to show
that (5.15) holds with [ replaced by [, . To do this we divide the set
of all trajectories of the Bessel process o, € BESS, (0) into two subsets:

A={o: sup o, <x+2}, B={o: sup os> x+2}.
s€[0,t/2] s€[0,t/2]

Consider the set A. For k > —1, let

Ap={o:x+1/2"" < sup o, < x+1/2").
s€[0,t/2]

Then clearly, A = (J;-_, Aj. Therefore,

/01 B X0 (1,0)(@)m (L) L, (o) La(o)dt = 3 Iy,
where
I = /01 B X7 (8, 0)(@)m(lay) " 11, (00) 14, (o) dt.
Define two stopping times
Ty =Ty(k) =inf{s < t/2: 0, = y + 1/28+2},

Ty = Ty(k) =inf{Ty < s <t/2:0,=x+ 1/2"" or o, = x + 1/2"}.

Now, since y < xo < 1 all the calculations from the proof of Lemma

5.1 in [10], for A, T1 and T3 defined as above remain valid.
17



On the set B we proceed by the same token as in the proof of Lemma
5.11in [10]. We only need to replace the stopping times 7} and 75 defined
there by the following ones:

Ty =inf{s <t/2:0,=x+1},
Ty =inf{T} <s<t/2:0,=x+3/20r 0, = x +1/2}.

Now we are left with ¢ > 1. So, we have to prove (5.15) with [
replaced by floo . In order do this it is enough to imitate the proof of
Lemma 5.2 in [10] with the following slight modifications of A, 77 and
T2 :

A, = {o: SUPge[0,¢/2] Os = X T 1} for k=0,
{o:x+1/(k+1) <supog0s < x+1/k} for k> 1.

The corresponding stopping times now are defined as

Ty=T(k)=inf{0<s<t/2:0,=x+1/2(k+1)},
To=Tyk)=inf{T1 <s<t/2:0,=x+1/(k+1)
oros=x+1/3(k+1)}.

t

Lemma 5.5. For every 0 < § < 1/2 and for every multi-index I such
that |I| > 0 there ezists a constant C' such that for every x < 1/2 -9
and for every (z,a) € {(1 —10)/2 <a < 1/2},

(5.16) sup |/ E X'p7(t,0)(z)m(l,,) 1y, , (0)dt| < C.
0

0<n<d/4

Proof. First we prove (5.16) with [;* replaced by fol. The proof is
virtually the same as the proof of Lemma 5.3. The only difference is
in the definition of the stopping times 7} and 75 :

Ty =inf{s <t:0,=1/2—30/4},
To=inf{T} <s<t:o,=1/2—50/8 or o5 =1/2 —76/8}.

In order to prove (5.16) with [;° replaced by [ it is enough to
rewrite the proof of Lemma 5.2 in [10] with new Ay, T} and 75 :

A, — {0 supseo /9 0s = X + 1/2} for k =0,
{o:x+1/2(k+1) <supepo0s < x +1/2k} fork>1
18



and
Ty=T(k)=inf{l0 <s<t/2:0,=x+1/4(k+ 1)},
Ty =To(k)=inf{Th <s<t/2:0,=x+1/2(k+1)
oro, =x+1/8(k+1)}.
U

Lemma 5.6. Let k > 1 be fized. For every 1 > 6 > 0 there exists
a constant C' such that for every (z,a) € {a < 1 —0} and for every
0<i<k-—-1,

sup ‘/00 Elp"(t,0)(x)@ém([a,n)_lﬁg_lhm(cr)dt] < Ca™".
o<n<é/2 J1
Proof. We have
(5.17) Om(I,,) " = (=D)m(I,,) " En)t, 1>0
and for every y > 0,
E,0.1;,,(0:) = }ILILI(I) h'(Pya+n<or<a+n+h)
(5.18) —P(a—n+h<o, <a—mn))
=pi(x; a+n)(a+n) —plx,a —n)a—mn),

where p; is the transition function (3.1). Formula (5.18) together with
(3.1) allow us to calculate E, 041y, , (0¢) for [ > 2,

(5.19)
E, 011, (00) =(2t)te XML (e @t AL (v (a + ) /2t) (a + 1)
— e @A (@ —n)/2t) (a — ).

We have to estimate the absolute value of
(o)

(5200 1=l [ Byt (1.0)(2)okm(L,,,) 0k, (o))
n— 1
Since lim,, o m((QIZ)l,)l = Ca™', by Theorem 4.5, the Markov property and

Lemma 3.1 we get,

oo t/2
’[llarge’ SC hm El (/ O.u2(1Q/D)du>
1 0

—-D/2

n—0

X B, m(Log) ~ 0411, , (byy2) |t

=Ca™' / t= @2 lim |E
1

n—0

m(L,) " OF 1y, (bye)|dt.

Ot/2

19



Using (5.18), (5.19) and the following formulae (cf. [7]):

) 0) = o) = 210) = o) + 21

we get, after not difficult but a little tedious computation, that

(5.21) lin%\Exm([am)*lasflhan(bm)’ < ORIkt =X /4t a4t
n— ’

w w w:
X : : C’LU1,11)2,’LU3,’LU4X 1a 2t SIU)AL (Xa/2t)7
(w1, w2,w3,ws)EW

where

W = {(wy,wy, w3, wy) : 0 <wy <k—1+1,0<wy <2(k—1)+1,
0<ws<k-—1IlLwse{0,1} and w1 /2 4+ w3 <k —1+1}
and Cu; wywsw, are nonnegative real numbers. Assume now that a < 1.

Then, by wy/2 4+ w3 < k — [ + 1, using asymptotic behavior (3.2) of I
and I;, we can estimate (5.21), independently of y, as follows:

(5.22) 7171_% |Exm(lam)7lasillla,n (be/2)]

S Ct—k+l—2a—k+l E Cwl,wg,w37w4aw2tw1/2+w3 S C’t_la_k+l.

(w1,w2,w3,wq)EA

Thus,
|1¢°| < Ca™* / Q2 4t < Ca*,

1
So, the proof is complete. O

Lemma 5.7. Let k > 1 be fixred. For every 1 > 9§ > 0 there exists a
constant C' such that for every (z,a) € {a < 1—10,0 < |z| < 1} and
for every 0 <1 <k —1,

1
sup \/ Eip?(t,0)(2)0m(1,,) " 0 "1y, (o)dt| < Ca™™.
o<n<s/2 Jo ’
Proof. Define
1
= qup / Eqip° (t,0)(z)0m(1,,) " 95"y, , (o)dt.
0<n<s/2Jo ’
Divide the set of all trajectories of the Bessel process BESS;(0) into

two subsets:

A={o: sup o, >2} and B={o: sup o, <2}.
5€[0,2] s€[0,]
20



Consider the set A. Let T' = inf{s : 0, = 2}. Let, forn > 1, A, = {0 :
t/2" < T < t/2"1}. Then, by the Markov property and Theorem 4.5,

‘[?mall ‘

1 v (1-Q/D) o
<C|lim / E, / o, 2@/ gy

(2n)l
m(Ia,n)l

00 1 t/2n
<Ca™ Z lim |Ey o 20=Q/D) gy,
n=1 =0 0 0 ’

X m([am)ila(l;illlam (O't)l{TSt/Qn—l} (U) ‘dt

0 1 t/2"
:CG—ZZ};E}%/O El (A U;Q(I_Q/D)du>

X 1{Supse 0,t/2n—1] 0s>2} (0_) |E0't/2n—l m([ayn)_lall;_l ]‘Ia,'r] (bt_t/zn_l) ‘dt

m(loy) ™ 05 11, (00) La(0)dt|

—D/2

—-D/2

By (5.22) and the Schwarz inequality we get that

1/2

00 1 t/2n -b
‘Ilsmall‘ < Ca—k’—i—l Z/ 75—1131 / 0;2(1—Q/D)du
n=1"0 0

1/2
>23(0 )] dt.

sefo,t/2n—1] 9s

X El |:1{sup

By Theorem 3.1 and Lemma 3.2 we obtain
’[smaH’ < Ca*k+l Z/ t/2n Q/2e*c2”—1/tdt < Ca*k+l < Cafk.

Now we consider the set B. Notice that sup,c,0s < 2 implies that

A(0,t) in (4.6) is less than or equal to Ct. Thus, using Theorem 4.4,
21



the Markov property, Lemma 3.1 and (5.22),

1 t —-D/2
|[lsmaH| SCCI,_I lim |/ E, </ 0.1:2(1—Q/D)du)
n—0 0 0

x e 'm(1,,) "ok "y, (0v)|dt

1 t/2
<Ca 'lim / o 21=Q/D) gy,

xe_c/tm(Ia,n)_1|E Ok_lllm(atﬂdt

Ot/27a

1
SC’a‘kH/ e~ =RP g < CaF,
0

—-D/2

O
Lemma 5.8. Let k > 1 be fized. For every 1 > 0 > 0 there exists a

constant C' such that for every (z,a) € {a < 1—0,|z| < d§} and for
every 0 <[ <k —1,

1
sup |/ Eip°(t,0)(z)0m(L,,) 05 "1y, (0)dt| < Ca™™.
0

0<n<d/2

Proof. Define the following stopping time:
T=inf{s<t:o,=1-7/2}.

Let I;™a! he defined as in the previous lemma. Then by the Markov
property and Theorem 4.5,

1
’[lsmaH’ — 71721(1) ’ /O E1p0<t’ O) (I)aém([am)flasfllla,n (U)dt‘

1 T
<Ca™"'lim El(/ o 21=Q/D) gy, =D/2
0 0

n—0

X |E0Tm(Iam)_185_l1[M(0)|dt.

By (5.22) and Lemma 3.1 we get

1

(5.23) |mell) < Ca™F / t B, T 924t
0
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Now we are going to estimate the expectation above. For n > 0, let
A, ={o:t/2"" < T <t/2"}. Then, by Lemma 3.3,

E, 7792 < Z 2(n+1Q/2p (A,)

n=1

(5.24) Z 2 HIQ2P, (inf g, <1-0/2)

s€[0,t/2”]

<e; Z 2(n+1)Q/2€—622"/t.

n=1

Now (5.23) and (5.24) complete the proof. O

The next two lemmas have in fact been proved between the lines
during the course of proving the previous lemmas. However, in order to
make the paper more transparent and to avoid complicated formulation
we decided to state them separately and to explain how they can be
deduced from the previous considerations.

Lemma 5.9. Let k > 1 be fizred. For every 0 < xo < 1,0 <1ry <1
there exists a constant C' such that for every x < xo and for every
(x,a) € {0 <a <1, <|z| <1} and for every 0 <1 <k —1,
sup | [ B (1,0)(@)dm (L) 051, ()dt] < Ca™.
0<n<1 0
Proof. For small time (¢ < 1) we proceed as in the proof of Lemma 5.7
changing the definitions of the sets A and B into

A={o:sup os>x+2} B={o: sup o, < x +2}

s€[0,] s€[0,t]
and setting T = inf{s <t:0,=2+ x} on A.
For large time (¢ > 1) the proof of Lemma 5.6 works. O

Lemma 5.10. For every 0 < 6 < 1/2 and for every multi-index I such
that |I| > 0 there ezists a constant C' such that for every x < 1/2—¢
and for every (z,a) € {(1 —10)/2 <a <1/2},

sup | [ B (00)(@)0m(1,,) 1041, (o) < Cat
0<n<dé/4 JO
Proof. For small time imitate the proof of Lemma 5.8 with a new T =
inf{s <t : 0, = 1/2 —30/4}. Of course in (5.24) we have to put
P, (supsepo,/2m s > 1/2 — §/2) instead of Py(infscjo 172 05 < 1—0/2).
For large t, notice that proof of Lemma 5.6 works. U
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6. ESTIMATES FOR DERIVATIVES OF THE GREEN FUNCTION G

In this section we obtain pointwise estimates for derivatives of the
Green function (1.2) in the noncoercive case.
For a positive § < 1/2 define

Ts ={(r,a) e NxRT:1-d<a<1+9,|z] <d},
Q ={(z,a) e N xR": |z|] <1,a < 1}.
Theorem 6.1. For a multi-index I = (i1,...,i) and all operators
xl=xm ..)c'k(i’“), where Xj(ij) € Vjij, with || X! < 1, there are con-
stants C' such that
C(|z] + a)-111-Q
|X1G (2, a)] < 3 x(1+ [log(|z] +a) P for (z,a) € (QUT5)",
C for (z,a) € Q\ Ty,

where |[I|| = Y% i;d;, d; = Re)j, and ||Illo = Y5, 4;D;, D; =
dimVAj — 1.

Theorem 6.2. For every nonnegative integer k, there is a constant C
such that

_k —Q .
105G (2, a)| < Caik(\x! +a) for (x,a) € (QUT5)C,
Ca for (z,a) € Q\ Ty.
Along with the operator £ defined in (1.1) we consider the corre-
sponding operator L,

(6.1) L=a’L=a7)Y Bu(X;)"+a*P(X)+0; +a 'O,
J

The Green function G for L is given by

G(x,a;y,b)Z/ pi(z,a;y,b)dt,
0

where T} f(z,a) = [ f(y,b)p:(z, a;y,b)dybdb is the heat semigroup on
L*(N x R*, dybdb) with the infinitesimal generator L.
On N x R* we define dilations:

Di(z,a) = (P4(x), ta), t>0.

It is not difficult to check that although the operator L is not left-
invariant it has some homogeneity with respect to the family of dila-
tions introduced above:

L(foD,) =t*Lf o D,.
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This implies that
(6.2) G(z,a;y,b) =t 9G(Dy-1(x,a); Dy1(y,b)).
It turns out (see (1.17) in [3]) that
G(z,a) = G(z,a;e,1) = G*(e, 1;x,a),
where G* is the Green function for the operator
L*=a) 04(X;)" = a00(X) + 92 + a0,

conjugate to L with respect to the measure adxda. Moreover,

(6.3) G*(e,1;z,a) = lin% E.p?(t,0)(z)m(lay,) 11, (00)dt,
Y% Jo
where the expectation is taken with respect to the distribution of the
Bessel process starting from 1 on the space C'((0, 00), (0,00)) and I, ,, =
[a — n,a + n]. All the above facts are proved in [3].
Now we are ready to give

Proof of Theorem 6.1. For r > 0, define
V., ={(z,a) € N xR" : |(x,a)] =},

where |(z,a)| = |z| + a.
Let 0 < § < 1/2 and a multi-index I be fixed.
Case 1. We consider the set

Sl = Q \ T(;.
We have to show that there exists a positive constant C' such that
(6.4) |X1G(2,a)| = |X'G* (e, Liw,a)| < C

for every (z,a) € 5.

By (6.3) and results of Section 5: Lemmas 5.1, 5.2 and 5.3 it follows
immediately that we have (6.4) on S; = S; N {(z,a) € N x Rt : a <
1 — 6}. Therefore we are left with (z,a) € Sy \ S;. But Sy \ IntS; is a
compact set. Since G* is a continuous function we get (6.4) on S.

Case 2. We consider the set
Sy ={(z,a) € N xR" : |z| > 1,|z| > a}.

(Of course, SoNTs=10.)
Every element (z,a) € N x Rt can be written as

(x,a) = Di(y,b), where (y,b) € V; and t = |(z,a)| = |z| + a.
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By homogeneity of G (see (6.2)) and (2.4) we get
|X1G* (e, L2, a)] =|X'G*(Dile, t™"), Di(y. b))]
=1 (X7)(G" 0 Dy)(e,t™"1y,0)|
St—IIIH(l + |log t—ly)llll\o
(6.5) x sup [VH(G* o Dy)(e,t™"1y,0)|
IyI<1
<] + @) =21 + [log | (x, a)| 7 )"l

x sup [V'G* (e, |(x,a)| 7"y, 0)].
e

If (x,a) € Sy then the corresponding (y,b) € V; has the property
ly| > b. Indeed, x = ®,(y) and a = tb thus t|ly| = |z| > a = tb. The
above property and |y| + b = 1 imply that b < 1/2. Therefore,
(6.6) (y,b) e Vin{(xz,a) € N xR" :a < 1/2}.
Let 3 = |(x,a)|™!. For (z,a) € Sy we have 8 < 1. Thus by (6.3) and
Lemma 5.4 we get

sup |V'G*(e, B;9,0)| < C

1VII<1
for (y,b) as in (6.6). Thus by (6.5) we are done in this case.

Case 3. Finally we consider the set
Sy ={(z,a) € Ts:a > |x|,a > 1}.

Because Vi N Ts # () we write every element (x,a) € N x Rt as a
dilation of some element from V;; :

x,a) = Di(y,b), where (y,b) € Vi, and t = 2|(x,a)| = 2|x| + 2a.
/

By homogeneity, we can write analogously to (6.5),
6.7) |X'G*(e,1;2,a)| < Q—HIII—Q(|x| i a)—H[H—Q

x (14 [log (2, a)| "Ml sup [Y1G*(e, B5y,0)|-
Vi<t

where § = 27(|z| +a)~1. If (z,a) € S; then the corresponding (y,b) €
Vi /9 has the property |y| < b. Indeed, |z| = t|y| < a = tb. This, together
with |y| + b = 1/2 implies that b belongs to the interval [1/4,1/2].

For (z,a) € S3 we have 3 < (2426)" := 1/2—4. Indeed, this is clear
ifa>1+46. Butif a < 1+ then || > 6. Thus by (6.3), using Lemma
5.5if b> (1 —4)/2 or Lemma 5.4 if b < (1 — §)/2 (then |y| > §/2) we
get that there exists a constant C' such that supjy; < \VIG*(e, B35y, b)]
in (6.7) is less than or equal to C. Thus the proof is complete. 0
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Proof of Theorem 6.2. We may assume that k£ > 0 since for £ = 0
this is exactly Theorem 1.4 in [13]. Let g, 3(z,a) := G*(e, 5;x,a). By
formula (6.3), for every nonnegative integer k,

(6.8) 8§ge7g(:c,a) =

k 00
Z (];) lim/ Egp? (t,0)(2)0m(Ly,) 05y, (0v)dt.
0

n—0
1=0

Let V,., S1, Sy and S5 be defined as in the proof of Theorem 6.1.
Case 1. We consider the set S;. We have to show that for every

integer k > 1 there is a constant C' such that

(6.9) |0¥G(2,a)| < Ca™" for every (x,a) € Si.

By (5.17), the last term in (6.8) corresponding to [ = k for § = 1 is
equal to

- kg (20)° kv —k

(6.10) 7171£r(1)(—1) k!m(lam)kg(x,a) = (—-1)"Ca™"G(z,a).
But by Theorem 1.4 in [13] G(z,a) < C on S;. The remaining terms
in (6.8), i.e. for [ = 0,1,...,k — 1 are also estimated by Ca™* on
SiN{a < 1— 06} by results of Section 5: Lemmas 5.6, 5.7 and 5.8.
Since 9%G(x,a) is a continuous function we get the estimate (6.9).

Case 2. Now we consider the set Sy. By homogeneity of G (see
(6.2)) we get

(0fG*)(x, a;y,b) :t_Qal’fG*(th (x,a); 8-1y,tb)
=t 9 H(0,G*)(Dy1 (2, a); 6,-1,t7'D).

As in the previous proof we write an arbitrary element (z,a) € N x R*
as

(6.11)

(x,a) = Dy(y,b), where (y,b) € V; and t = |(z,a)| = |z| + a.
By (6.11),
10,6 (2, a)| =|(0,G")(e, L,a)| = |(0,G")(e, 15 by, tD)]
=|(z,a)[7FI(@5G") e, |z, a)| Ty, D).
If (z,a) € Sy then the corresponding (y,b) € V; belongs to the set
(6.13) Vin{(z,a) € N xR":a<1/2}

(see the previous proof). Let 3 = |(x,a)|~!. For (z,a) € Sy we have
B < 1. Thus, reasoning as in the Case 1, by (6.3) and Lemma 5.9 we
get

(6.12)

(85G") (e, |(z, a)| 75y, b)| < CbF
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for (y,b) as in (6.13). Thus by (6.12) this case is done.
Case 3. We consider the set S3. We write every element (z,a) €
N x R" as:

(x,a) = Dy(y,b), where (y,b) € V15 and t = 2|(z,a)| = 2|z| + 2a.
Again, homogeneity gives us
(6.14) |05 G (2, a)| < 2797 (2, @) [7O7H(05G7) (e, iy, b)].

where 3 = 271 (z,a)|". If (z,a) € Ss then the corresponding (y,b) €
Vi /2 has the property that b belongs to the interval [1/4,1/2] (see proof
of Theorem 6.1).

Then the argument is the same as in the third case of the proof
of Theorem 6.1. The only difference is that in order to show that
1(0¥G*) (e, B;y,b)| < Ca™* we use (6.8) and Theorems 5.9 and 5.10
instead of 5.4 and 5.5 respectively. U
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