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1 Introduction

The notion of interacting Fock space (IFS) was introduced in [2] and ax-
iomatized in [3] where it was conjectured that the category of IFS could
play for general probability measures the same role played by the usual
Fock space for the Gaussian measures. The first confirmation of this con-
jecture came from the paper [1] of Accardi and Bozejko who showed that
the theory of one-mode interacting Fock spaces is canonically isomorphic
to the theory of orthogonal polynomials in one variable. The isomor-
phism is canonical in the sense that it carries the multiplication operator
by the independent variable to a linear combination of creation, anni-
hilation, and number operators on the corresponding interacting Fock
space.

The problem to extend the Accardi-Bozejko isomorphism to the case
of several variables has been recently solved by Accardi and Nahni [4]
and extended to the infinite dimensional case by Accardi, Kuo and Stan.
A new feature in the multi-mode case is that not all interacting Fock
spaces are canonically isomorphic to spaces of orthogonal polynomials.
Those being so are characterized in terms of a sequence of quadratic
commutation relations among finite dimensional matrices. Moreover, the
quantum decomposition of an arbitrary vector-valued random variable
with finite moments of any order can be easily written down as a sum of
creation, annihilation, and number operators.

This result opens the way to the program of coding the whole in-
formation of a probability measure into a set of as simple as possible
commutation relations in full analogy to what happens with the cod-
ification of the properties of a Gaussian measure into the Heisenberg
commutation relations plus the Fock property.

In this paper we begin to realize this program by showing how some
properties of a probability measure on R? are reflected by the actions of
its creation, annihilation, and number operators.

2 Fundamental identities

Let d € N be fixed. Let 1 be a probability measure on the Borel subsets
of R?. Throughout this paper we fix the canonical basis in R? and we
identify vectors z = (1, ...,xq) € R with ordered d-tuples of real num-
bers. However all the results below can be formulated in an intrinsic, i.e.
coordinate independent way and this will be discussed in a future paper.



We assume that p has finite moments of all orders, i.e. for all 1 < p < 00
and j € {1,2,...,d}, [pa|z;|Pp(dzr) < co. We denote the inner product
on L*(R?, 1) by ().

Let Fy = C-1 be the complex multiples of the constant function equal
to 1 in L2(R%, i), and for n > 1 let F, be the complex vector space of
all polynomial functions of variables x1, xs, ..., x4 of degree less than or
equal to n . We have:

FFCFCFcC---CFE,C---C L*(R% p).

Let Go = C-1 and for n > 1 let G,, be the orthogonal complement of
F,_1 in F,. Notice that F,_; and F, are finite dimensional (therefore
closed) subspaces of L*(R?, ;). Then the Hilbert spaces G, n > 0, are
orthogonal subspaces of L%(R%, 1). Let H denote the orthogonal direct
sum of G, n > 0:

H=PG, (Hilbert space sense). (2.1)

n>0

For any j € {1,2,...,d}, we denote by X; the multiplication by z;
operator. This operator is densely defined on H. Its domain contains
F,, Vn > 0, since y has finite moments of any order. Note that, for every
n > 0, X; maps F;, into F,;; and is a symmetric operator.

Lemma 2.1 For any j € {1,2,...,d} and n > 0, we have
X,;G, L Gy, Vk#n—1,n,n+1.

Proof. Let ¢ € G,,. Then X;¢ € F,, ;. Hence X;¢ L G}, for all k > n+2.
On the other hand, for any v € G}, with &k <n — 2, we have X;9 € F,,_;
hence, by the symmetry of X

(Xj0,0) = (o, Xj1) = 0.
Thus X;¢ L Gy, for all k <n —2. O
For any n > 0, let P, denote the orthogonal projection of H onto G,,.

Theorem 2.2 (Recurrence relations) For any j € {1,2,...,d} andn >
0 the following equality holds:

Xan - n+1Xan+PanPn+Pn,1Xan, (22)

where P_1 = 0 by convention.



Proof. Equation (2.2) is equivalent to
Xip =P X0+ P, X0+ P,_1X;0, Vo € Gy. (2.3)
Let ¢ € G,,. By Lemma 2.1, X;¢ can be written as
Xjp=u+v+w, (2.4)

where u € G,11, v € G, and w € G,_;. Apply P,;1 to both sides
of Equation (2.4). Since P, ju = u and P, v = P,jw = 0, we get
u = P,11X;¢. Similarly, we can apply P, and F,_; to both sides of
Equation (2.4) to get v = P, X;¢ and w = P,_1X;¢. Thus Equation
(2.3) is proved. O

Now for each j € {1,2,...,d} and n > 0 we define the following
operators:

D:(j) = Pn+1Xan : Gn B Gn+17 (25)
D2(j) = P.X;P,: G, — Gy, (2.6)
D;(]) = n—lXan . Gn — Gn—l- (27)

We define F__; and G_; to be the null space {0}.

Theorem 2.3 For anyi,j € {1,2,...,d} and n > 0 the following iden-
tities hold:

o Dl (i)Dy(j) = Dy () Dy (i), (2.8)
o D (i) (5) + Dy (i) Dy (j)
= D1 (J) D5 (i) + Dy (5) Dy (4), (2.9)

o D,y (i)Dy(j) + Dp(@) Dy (i) + D1 (i) Dy, (5)
= Dy (5) Dy (i) + Dy(5) Dy (i) + D, (7) Dy, (6). (2.10)
Proof. Apply P,12X; to both sides of Equation (2.2) to get
P2 XiX;P, = PooXi P X P, + Pryo X P X Py
+Pp 0 X Py 1 X P,

Observe that

ProXiPo1 X; P = D;{+1(Z’)D7J1r(j)a

P2 XiP,X; P, = P2 X:Py 1 X, P, = 0.
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Therefore, we obtain the equality:

Pra Xi X; Py = DIH(Z')D:(J'» (2.11)
Interchange the role of ¢ and j to get

P2 X;Xi P, = Dy (7) Dy (i) (2.12)

Since P, 12 X;X; P, = P,12X,;X;P,, Equations (2.11) and (2.12) yield the
identity in Equation (2.8).
Similarly, apply P,41X; to both sides of Equation (2.2) to get

Pn+1XinPn = Pn+1XiPn+1Xan + Pn—i—lXiPanPn
4P 1 Xi Py 1 X, P,
Observe that

P X;Po1 X;P, = DY, (i))D;f (),

Py1 X P, X; P, = D} (i)D2(5)
P, X;P, 1 X;P, =0.

Therefore, we obtain the equality:
P 1 XiX; P, = Dy, (1) D () + D (1) Dy (5).

Interchange the role of ¢ and j. Since P, X;X;P, = P11 X;X;P,, we
obtain the identity in Equation (2.9).

Finally, apply P,X; to both sides of Equation (2.2) and interchange
the role of ¢ and j to obtain the identity in Equation (2.10). i

Proposition 2.4 For any j € {1,2,...,d} and n > 0 the operators
D (j), D°(j), and D; (j) satisfy the identities:

(Dy ()" = Dyya(4),  (Dn(5))" = Dy(4)-
Proof. Since X7 = X; we have the equalities

(DTJ{(]))* = (Pn+1Xan)* = PanPnH = D;+1<j)>
(D2(5))" = (P.X;P,)" = P,X,;P, = D%(j),

which prove the proposition. O



For each j € {1,2,...,d}, we define the densely defined linear oper-
ators at(j), a®(j), and a=(j), on H, by

¢, =Df(), e, =D%5)., a ()la, =Dy (j), (2.13)

for all n > 0.
Equation (2.2) becomes now:

a*(j)

X;=a"(j)+a(G) +a (j), Vje{l,2,...,d}. (2.14)

Theorem 2.5 If ;1 is any probability measure on R having finite mo-
ments of any orders, then Vi,j € {1,2,...,d}

a(i)a™(j)=a (jla~(i);  a’(ia"(j) =a"(j)a"(i).  (2.15)

Proof. The equality a™(i)a™(j) = a™(j)a™ (i) is a restatement of Equa-
tion (2.8). Taking the adjoint in both sides of this relation we obtain
a”(j)a” (i) = a”(i)a”(j)- =

For all j € {1,2,...,d} and n > 1, we have a™(j) : G, — G,_;. The
constant polynomial 1 is called the vacuum vector. We have a~(j)1 = 0,

Vie{l,2,...,d}.

Lemma 2.6 Let j € {1,2,...,d}. We have a°(j)1 = 0 if and only if
(x)) = /Rd zp(dr) = 0. (2.16)
Proof. We have
DY) = PoX,; Pyl = (z;,1)1 = (/Rd xju(dx)) 1.

Thus a®(j)1 = 0 if and only if [pa z;u(dz) = 0. O

3 Polynomially symmetric measures

For any monomial xi'x% ...z}, we define its degree to be i1 +is+. .. +1q.

Definition 3.1 A measure i on R? is called polynomially symmetric if
all of its mized moments of odd order vanish, i.e. for all monomials

xixg ...z of odd degrees, we have [pa x1'x ... xiu(dx) = 0.



Definition 3.2 A measure 1 on R? is called symmetric if for any Borel
subset A of RY we have u(A) = p(—A), where —A = {—z | z € A}.

Observe that if p is symmetric, then p is also polynomially symmet-
ric. The converse is not true. In Example 1 from Section 5 we present a
polynomially symmetric measure that is not symmetric.

Let P be the set of all polynomials in the variables z1, x», ..., z4. Let
Weven be the vector subspace of P spanned by the set of all monomials
of even degree and W 44 the vector subspace of P spanned by the set of
all monomials of odd degrees.

Let us assume that p is polynomially symmetric. If f € Wevyen
and g € W qq, then, since p is polynomially symmetric, E[fg] = 0,
where E denotes the expectation with respect to u, i.e. the polynomi-
als f and g are orthogonal. Thus Weven 1 W 34 We may apply the
Grahm—Schmidt orthogonalization procedure first to Weyen and obtain
a complete orthonormal set S; for Weven. After this we may apply
the Grahm-Schmidt orthogonalization procedure to W 4 and obtain a
complete orthonormal set Sy for W 34. Since S1 C Weven, S2 C W44,
and Weven L Wodads we have S7; L S5. Thus S := 57 UJS, is a complete
orthonormal set for the space P of all polynomial functions. Using this
complete orthonormal set S for P, we can see that all polynomials in
G, when n is even, are linear combinations of monomials of even de-
gree. When n is odd all polynomials in G,, are linear combinations of
monomials of odd degree.

Theorem 3.3 If i is a probability measure on R, having finite moments
of all orders, then u is polynomially symmetric if and only if for all
je{1,2,...,d},

Xj=a"(j)+a (j).

This means that for all j € {1,2,...,d}, a°(j) = 0.

Proof. (=) Let us assume that p is polynomially symmetric. Let j €
{1,2,...,d}. To show that a°(j) = 0, we must prove that for any n > 0,
P,X;P, = 0. To prove this, we will show that for any polynomials f and
g, we have (P, X;P,f,g) =0.

Let n > 0 be fixed. Let f and g be two polynomials. Since P,f € G,
and P,g € G,, P,f and P,g are linear combinations of monomials that



are either all of even degree if n is even or all of odd degree if n is odd.
We have:

(P.X;Pof,g) = (X;P.f,P.g)
= E[X;(P.f)P.g]
= F {(% Z akl...kdxlfl .. de)(Z mxlll 3 ‘xfid)}
= E {Z po iy g T .x§d+ldj|

_ o ki+l kj41i+1 ka+l
—_— Zak1...kdbl1...ldE {1’11 1 ...Ij] J ...iL‘d d .

Observe that:

ki +l)+...+ ki +0+D) 4+ o+ (ka+ 1)
(k1 +...+k)+ (1 +...+1)+1

n(mod 2) + n(mod 2) + 1(mod 2)

(2n + 1)(mod 2)

= 1(mod 2).

Since p is polynomially symmetric, we have:

Elahth .x?ﬁljﬂ gkt =,
(<) Let p be a probability measure on R? having finite moments of all
orders, such that for all 1 < j < d, a°(j) = 0. We will prove by induction
on k that for all monomials m(x) = 222 ... 2%, of degree 2k + 1, we
have [pa m(z)p(dz) = 0.

For k = 0, the only monomials having degree 1 are m;(z) = z;, for
1 < j < d. Since a®(j)1 = 0, it follows that P,X;1 = 0. Since P
is the projection on the 1-dimensional vector space C for which 1 is an
orthonormal basis, we have Py X;1 = (z;,1)1. Thus (x;,1) = 0, which
means [pa z;p(dr) =0, for all 1 < j <d.

Let us assume now that the expectation of all monomials of odd degree
less than or equal to 2k — 1 is zero, where £ > 1. We want to prove
that the expectation of all monomials of degree 2k + 1 is 0. Let m(x) =
chak .xgd be a monomial such that iy +is + ... + 15 = 2k + 1. Let
us a choose a number j € {1,2,...,d} such that i; > 0. We can write
m(z) = x;q(x)r(x), where g(z) and r(z) are monomials of degree equal
to k. Let F} be the vector space spanned by the monomials of even
degree less than or equal to k. Let F} be the vector space spanned by
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the monomials of odd degree less than or equal to k. According to our
induction hypothesis F¢ and F? are orthogonal subspaces of L*(R%, p).
Thus if we choose an orthonormal basis {e; };c; of F¢ and an orthonormal
basis {f;}jes of FY, then {e;};cr U{f;}jes is an orthonormal basis of the
space Fj of all polynomials of degree less than or equal to k. Using
this particular basis for Fj, according to our induction hypothesis, we
can see that: Ppq(z) = q(x) — up_o(x) — up_4(z) — ... and Ppr(z) =
r(x) — vg_2(x) — vg_4(x) — ..., where u; and v; are linear combinations
of monomials of the same degree i.

Since a’(j) = 0, we have P, X;Pyq(z) = 0. Thus we obtain:

0

PeX;Peq(z),7(x))

X;Prq(), Per(x))

(g ( )—Uk 2(T) — up— 4(55) )y (@) = vp—o(®) — vp_a(T) —

x] ZE

where all the w(z) are monomials of odd degree less than or equal to
2k — 1. By the induction hypothesis E[w(z)] = 0. From the last equality
we obtain (z;q(x),r(z)) = 0. This means E[m(z)] = 0.

Thus we have proved by induction that the expectation of all monomials
of odd degree is zero. Hence p is polynomially symmetric. O

{
{
{
{

Definition 3.4 Let j be a probability measure on R and ¢ € R?. We
say that p is polynomially symmetric about ¢, if for any monomial m(z)
of odd degree, we have:

/]Rd m(z — c)u(dz) = 0.

Let us observe that if y is a polynomially symmetric probability mea-
sure on RY, then for any ¢ = (¢, co, . .., cq) € RY, the probability measure
te, defined by p.(B) := u(B — c¢), where B is a Borel subset of R? and
B —c:={x—c|x € B}, is polynomially symmetric about ¢. We do the
same construction for p. that we did for p, and call the corresponding
spaces G, n > 0, and the corresponding operators P,,n>0,a, a,
and a*. Since for any integrable function f with respect to u, we have

Jo f(x)p(dz) = [; f(z — c)pe(dz), we can see that a polynomial Q(z) be-
longs to G,, if and only if Q(x — ¢) belongs to G,,. Moreover, {e;(z)}icr is



an orthonormal basis for G, if and only if {e;(x — ¢)}ics is an orthonor-
rgal basis foz Gp. Since P, X;P, = 0, V1 < j < d, we conclude that
P,(X; —¢;)P, =0, V1 < j <d. Thus, for all n > 0, we have:
A (Na, = P.X;P,
= Pn<XJ — Cj)Pn +Can

= Can.
Hence a"(j) = ¢;1. Therefore, we obtain the following:

Theorem 3.5 If p1 is a probability measure on R?, having finite mo-
ments of all orders, then p is polynomially symmetric about the point
c=(ci,ca,...,cq) €RY if and only if for all j € {1,2,...,d}, we have:

a(j) = ¢l (3.1)

4 Polynomially factorizable measures

Definition 4.1 If ;1 is a probability measure on the Borel subsets of RY,
having finite moments of any order, then we say that p is polynomially
factorizable if for any non-negative integers iy, is, ..., iqg we have:

Btz . 2] = Bz E[z?]... ElzY].
In the above definition £ denotes the expectation with respect to pu.

Observe that if 1 is polynomially factorizable, then for any polynomial

functions fi(z1), fa(x2), ..., fa(xq), we have:
E[fi(x1) f2(x2) ... fa(@a)] = E[fi(z1)]E[fo(x2)] . . . E[fa(za)]-
If there exist d probability measures p1, po, ..., g on R, such that

for all By, Bs, ..., By Borel subsets of R,

p(By X By X ... X Bg) = puy(B1)p2(Bz) . . . pra(Ba),

then p is polynomially factorizable. The converse is not true. In Example
2 from Section 5 we present a polynomially factorizable measure that is
not a product measure.

Let p be a polynomially factorizable measure on the Borel subsets of
R For any i € {1,2,...,d}, let H; be the closure of the space P;, of
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all polynomial functions of the variable x;, in the space L2(R?, u). Every
function in P; is a polynomial function depending only on the variable
x;. Let H be the closure of the space P, of all polynomial functions

of d variables: w1, xa, ..., 74, in the space L?(R?, ). The multilinear
function T : Py X Py X ... x Py — P, defined by T(f1, fa, ..., fa) = f,
where f(z1,z9,...,2q4) = fi1(z1)fa(22) ... fa(zq), generates a linear map

U between the algebraic tensor product P; @ Po ®...® Py and the space
P. Because p is polynomially factorizable, U preserves the inner product.
Indeed, for any fi, g1 € P1, f2, g2 € P2, ..., fa, ga € Pa, we have:

U ief@...© fa),U@1®gp®...04gi))
= (filw1)folw2) ... fa(®a), g1(21)g2(22) - - - ga(Ta))
= Elfi(z1)g1(z1) fo(r2)g2(22) - . . fa(ra)ga(za)]
= Elfi(z1)gi(z)] £ [fo(22)g2(22)] - . . E[fa(ra)Fa(za)]
= (f1,91)(f2, 92) - - - (fa, 9a)
= (1®h®..®f,006p®... g

U is onto since any monomial belongs to its range. Since P1RPo®...QP,
is dense in the Hilbert space Hq1 ® Ho ® ... ® Hy and P is dense in H,
the operator U can be uniquely extended to a unitary operator U from
Hi ® Ho ® ... ® Hq onto H. Thus we may identify the Hilbert spaces
HiQHs ® ... Hg and H.

For any i € {1,2,...,d} and k a non-negative integer, let F,gi) be the
vector space spanned by the polynomial functions 1, z;, 22, ..., z¥. Let
G’,(:) be the orthogonal complement of F; ,5?1 into F, ,Ei), where FU = {0}.
To compute this orthogonal complement we consider F,gl_)l and F,gi) as
being subspaces of the Hilbert space H;. We denote by P,gi) the projec-
tion operator from H; onto G,(f) and by Xi(i) the densely defined operator
on H; given by the multiplication by the polynomial function x;.

For any ¢ € {1,2,...,d} and n a non-negative integer, we define the
operators D, ;, D°. and D; ., from H; into H;, in the following way:

n,8) n,.’ n,8)

Dy, =PY xOp0 po. = pixDp0 and DS, = PY, XD PO,

Lemma 4.2 Let p be a polynomially factorizable probability measure on
the Borel subsets of R%. If we identify the space H with the space H, ®

11



Ho ® ... R® Hy, then, for any n > 0, we have:
1 2 d
P, = > PVeprPe..oPY (4.1)
11+i2+...+ig=n
In the above sum all the indices i; are considered to be non-negative.

Proof. Since the tensor product of orthogonal projections is an orthog-
onal projection, it follows that each term Pi(ll) ® PZ-(QZ) ®...® Pi(dd) is an
orthogonal projection. If i; # k;, then PZ(]])P,g) = 0 and thus the terms
in the sum from the right-hand side of (4.1) are orthogonal (i.e. the com-
position of any two different terms is zero). Thus the right-hand side of
(4.1) is an orthogonal projection. If P and ) are two orthogonal projec-
tions of the same Hilbert space H, then we say that P > @ if the range
of P contains the range of Q. If iy + iy + ... + iy =n and f(x) € F,_1,
then f(2) = Y aj, .00 2% . 2% with ji 4 jo + ...+ jg < n — 1.
Thus there exists k € {1, 2, ..., d} such that 7, > j; and so Pi(ll) ®...0
P (27! ...2%") = 0. Hence PZ-(11)®. . .®Pi(dd) (x) = 0. Therefore the range

d
of Pi(ll) ®...0® Pi(dd) is orthogonal to the space F;,_;. It is obvious that the
range of Pz»(ll) ®...0 Pi(dd) is contained in F;,. Thus P, > Pi(ll) ®...® Pi(d).
Therefore P, > @,, where @), denotes the right-hand side of (4.1). If
i1+ ...+1iq =n then Pi(ll) ®...® Pi(dd)(xil1 calt)y =28 2’ Therefore
the range of the right hand side of (4.1) contains all monomials of degree
n. Hence @, > P,. Thus P, = Q,. O

Let 4 be a polynomially factorizable measure on R?. If we identify
the space ‘H with the space H; ® Ho ® ... ® Hy, then, for any 1 < 7 < d,
we have the operatorial relation:

where [}, is the identity operator of the space Hy, for any k # j.

Theorem 4.3 Let i be a polynomially factorizable measure on R%. If
we identify the space H with the space Hi ® He ® ... ® Hy, then for all
1 <7< dandn >0 the following three operatorial relations hold:

. | . B o .

pi) = % Moo r oD, 0o R
Zl++7,d:n

' ! -1 j+1 d

D) = > Ple..eprlVeD! Pl Ve. .ePY
i1+...+ig=n

) 1 j—1 j+1 d

i) = ¥ Ple..epriVen eriVe. epr
i1+...Fig=n
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Proof. We will check only the first relation. The other two will be proved
similarly. We have:

D, (j)
= Pnlean
_ Pn,l(h@...@XJ(j)@...@Id)
> Ple..oPV®..opPY
i1+...+ig=n

= Py Y (hPY)e..o(XPP)) ... (LP)
11+...+Fig=n
= Y PVe.ePP%..oPY
kEi4..+kg=n—1
> pPle..e(xPM)e.. P
i1+...+ig=n

- ¥ > [(PYRY) .. e (P xR
ki+..+kg=n—1i1+...+ig=n ! ’

Observe that if

(PYPM) @ o (PYXP PN o .. 0 (POPY) #0,

71 J

then il = k’l, Cey ij,1 = k'jflv ijJrl = Rj4+1, -+ id = k’d. Since 21+ . +Zd =
nand ky + ...+ kg =n — 1, it follows that ¢; = k; + 1. Thus we obtain:

o o .
D) = Y Ple..e(P?xPrPP)e. . epPy
i1+...+ig=n
= Y PVe.eD ,®..aP
i1+...+ig=n

|

Theorem 4.4 Let p be a polynomually factorizable probability measure
on the Borel subsets of RY. Then, for all j # k, we have:

a (ja* (k) = a*(k)a”(j), (4.3)
a"(j)a* (k) = a*(k)a"(j), (4.4)
a’(j)a” (k) a(k)a"(j). (4.5)
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Proof. To check the commutation relation a™(j)a™ (k) = at(k)a=(j), we
need to check that for all n > 0, we have D, () D} (k) = D;\_,(k)D,, ().
Let us assume that j < k. The case 7 > k can be treated similarly or by
duality. From the previous theorem we know that:

D, .1 (7)D; (k)
— Z P(l) Q... P(] 1) ® D— R P(H—l) R...Q P(d)
T1 Tit1 T
1 trg=na1 " ¢
> PPe.ePfVeD ePflVe. oPY

Sk—1 k+1
s1+...+sq4=n

= Xy [(FOR)e..e(D,P)

r1+...+rg=n+1 si1+...+s4=n
®... (PPD] ) @... @ (POPD)].

Td Sd

To have P! l)P #0,foralll € {1,...,d}\ {j,k}, we must have r; = s,
for all [ € {1 LdY\{J, k}.

Since D;j,jpgj) = PV XTI POPY) if Dy ;PY 0, then r; = s;. If
r; = s;, then D P(J = D’

Since P® DY | = P<k>P§j)+ X( PSk ), if PMDE
If r), = sk - 1 then PR D} =D}
Thus we obtaln

D, (J) Dy (k)

1 — d
= > PY®.®D;;®..D},®.. . 0PY
$1+...+sqg=n

# 0, then r, = s + 1.

Sk,k*

In the same way, we can show that:

Dy (k) Dy (4)
= Y prPYe..eD;

S]?j
S1+...+sq=n

Thus D, 1(j) D} (k) = Dy (k)
The commutation relationships

d
®...9D}  ®... 0P

j).

D, (
(4.4) and (4.5) are proved similarly. O

Proposition 4.5 If i is a probability measure on R? such that for any
Jj # k, the operators a=(j) and a*(k) commute, then for any j, k €
{1,2,...,d} we have:

a’(j)a’(k) = a’(k)a"(j). (4.6)



Proof. Let j, k € {1,2,...,d} be fixed.
If j =k, then it is obv1ous that a°(j) and a°(k) commute.
If j # k, then, according to Equation (2.10), for any n > 0, we have:

D, 1 (7)D; (k) + Dy (5) Dy (k) + Dy, () D,, (k)
= D, (k)D;}(j) + D) (k)D)(j) + Dy, (k) D, ().

Since a™(j)a™ (k) = a™(k)a

D, 1 (§) Dy (k) = Dy (k) Dy (j)-
Since at(j)a™ (k) = a”(k)a™(j) it follows that
(

Dy 1 () Dy (k) = Dy (R) Dy (5).

~(4) it follows that

Thus we obtain
Dy (§)Dy (k) = Dy (k) Dy (5)-

Since this is true for all n > 1, we obtain a°(j)a’(k) = a®(k)a’(j). o
Proposition 4.6 Let u be a probability measure on R having finite mo-

ments of any order. Let j, k € {1,2,...,d}. Then the following two
statements are equivalent:

1. a°(j)a* (k) = a™(k)a’(j) and a®(j)a’(k) = a®(k)a"(j).
2. (lo(j)Xk = Xka0<j)

Proof. (1. = 2.) Let us assume that a°(j)a™(k) = a™(k)a(j) and
a’(j)a’(k) = a°(k)a(j). Taking the adjoints in both sides of the first
equality we obtain a~(k)a®(j) = a®(j)a™ (k). Thus:

a’() Xk = d°(j)la* (k) +a"(k) +a” (k)]
= a’(j)a* (k) + a’(j)a’(k) + a"(j)a” (k)
= a*(k)a"(j) + a’(k)a°(j) + a” (k)a"(j)
= [a"(k) +a’(k) + a” (K)]a°(5)
= Xiad"(j)

(2. = 1.) Let us assume now that a"(j) Xy = X3a’(j). Let n > 0 be
fixed. For any ¢ € G,, we have a’(j)Xpp = X3a’(j)p. This means

a’(j)a* (k)p +a’(j)a’ (k)¢ + a"(j)a” (k)¢
a*(k)a’(j)¢ + a’(k)a"(j)¢ + a” (k)a’(j)e.

15



Since a°(j)a™ (k)¢ € G,y and a+( )a®(j )go € Gn+17 (])ao(k)go € G,

and a’(k)a’(j)p € Gn, and a®(j)a™(k)p 1 and a”(k)a(j)p €

Gp-1, and the spaces G,1, Gy, and G, are orthogonal we obtain:
) pr—

a’(j)a* (k) = a*(k)a"(j), a®(j)a’(k) = a®(k)a’(j), and a’(j)a”(k) =
a=(k)a®(5). O

Combining Theorem 4.4, Proposition 4.5, and Theorem 2.5 we obtain
the following;:

Corollary 4.7 Let i be a polynomially factorizable probability measure
on the Borel subsets of RE. If j, k € {1,2,...,d} and j # k, then for
any Y € {a™(j),a’(j),a*(j)} and Z € {a™(k),a’(k),a*(k)}, we have:

YZ=17Y.

Theorem 4.8 If i is a polynomially factorizable probability measure on
the Borel subsets of RY, then for all i, j, k € {1,2,...,d}, we have:

(D).l (). a*W)]] = 0. (4.7)

Proof. We analyze three cases:

Case I. If j # k, then Theorem 4.4 implies [a™(j),a™ (k)] = 0. Thus
[a%(2), [a=(5), a* (k)] = O.

Case II. If j = k and i # j, then according to Theorem 4.4, a°(i)
commutes with both operators a(j) and a™(j). Thus a°(:) commutes
with the commutator of a™(j) and a™ ().

Case III. If i = 5 = k, then according to Theorem 4.3, for any n > 0,
we have:

a"(j)la”(j),a*()]ic.

1 — — d
= > RVe..eD, (DDl - DiayDi,) @ e
Lh+..+lg=n

We also have:
[a™(5),a* ()]a"(4)ic.
1 _ _ d
= Y PRVe..o(Dj.,;Df,—-Df D) D e P,

Li+...+lg=n
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'D?j ;j and DZ;HJ.DZJ;J — Dlj_l’le;j are 'linear operators from the space
GU) into itself. Since the vector space GY) has dimension at most 1, any
two linear operators from G into GY) commute. Thus, we have:

D+

ljmj -

D}, (D

+ -\ _ -
l]+17.]DlJ7.7 Dljfla]Dl]J) - (D

+ - 0

Therefore, we obtain:
a®(7)la™(7), a* (Nie. = la™(5), a™(1)]a’ (4
for all n > 0. Thus [a°(5), [a™(4),a™(5)]] = 0. O

We prove now the converse of Theorem 4.4.

Theorem 4.9 Let i be a probability measure on the Borel subsets of RY
such that, for all j # k, we have:

a(jla™(k) = a"(k)a"(j),
a’(j)a*(k) = a*(k)a’(j).

Then p is polynomially factorizable.

Proof. Since for all j # k, a®(j)a™ (k) = a*(k)a’(j), taking the adjoints in
both sides of this equation, we obtain: a~(k)a’(j) = a°(j)a~ (k). Because
for all j # k, the operators a~(j) and a™(k) commute, according to
Proposition 4.5, for any r, s € {1,2,...,d}, the operators a’(r) and a°(s)
commute, too. Using Theorem 2.5, we conclude that, for all j # k, any
operator from the set {a=(j),a%(j),a"(j)} commutes with any operator
from the set {a~(k),a’(k),a™(k)}.

For any 1 < j < d and n > 1, we define a j-word of length n, to be any
operator of the form w = a“(j)a®(j)...a(j), where ¢; € {—,0,+},
V1 < i < n. The operators a*(j), a®(j), ..., a™(j) are called the letters
of the word w.

The identity operator I, of L2(R%, 1), is considered to be a j-word of
length 0, for any 1 < j <d.
Let m(x) = 7'z ...z} be a monomial. Let ¢ = 1 be the vacuum vector
(the constant polynomial function 1). We have
m(x)
= Xp'X2...XJio
= (¢ (1) +a"(1) +a" (1) ... (a (d) +a"(d) + a*(d))"¢

= Y (at()at(1)...a (). <a€‘f(d)a65(d) B .a%(d)> s,

17



where €& € {—,0,+}, forall 1 < s <dand 1 <r <iz Thus

m(z) = Zwle L Wed,

where w; is a j-word of length i;, V1 < j < d. According to our hypoth-
esis, if j # k, then any j-word commutes with any k-word.

Since for any 1 < j < d and any integer n, a™(j)p, : 5, — Fn—1, We say
that a~(j) represents one step backward. Similarly we say that a™(j)
represents one step forward, while a®(j) represents a neutral step. Thus
a~(j) is considered to be a negative letter, a*(j) a positive letter, and
a’(j) a neutral letter. If n is a negative integer, then we declare F), to
be the null space {0}. We define the signum s(w) of a word w, to be the
number of positive letters of w minus the number of negative letters of
w. If w* denotes the adjoint of w, then s(w*) = —s(w).

All the terms wyws . . . wq¢, containing at least one word w, that has
more negative letters than positive letters, are equal to 0. Indeed, for
such a term,

wiws . .. U)d¢ =W1... Wjg—1Wjp41 - - - wd(wj0¢) = 0,

since wj,¢ = 0, because we start from the vacuum space and do more
steps backward than we do forward. Thus m(z) = Y wiw, . .. we¢, where
each term contains only words having the number of negative letters less
than or equal to the number of positive letters. Hence:

Elm(z)] = (m(z),¢)
Z (wy ... wa, @)

s(w1)>0,...,5(wq)>0

=Y

_ 3 (B, . W),

s(w1)=0,...,5(wq) >0

Observe that in the last sum all the terms, for which at least one of
the words {w,}1<j<q4 has a positive signum, are equal to zero. This is
true, because if there exists j € {1,2,...,d} such that s(w;) > 0, then
s(w;) < 0 and, it follows, as before, that wy...wj¢ = 0. Therefore we
have:
E[m(z)] = > (Wi ... wad, d).
5(w1)=0, (1) =0

Observe that, since s(wq) = 0, wqgp € Fy, and thus wyp = Py(wed) =
(wed, Py = FElwgpld. Applying wy_1 to both sides of the equality:

18



wep = Elwgdlo, we get wyg_1wep = Elwgp|Ewg_16]¢. Iterating this
process we obtain finally:

wy .. waé = Elwyd] . .. Elwidé.
Thus we obtain:
E[m(z)] = (wiwsy ... wad, §)
= (Elwag|Elwa-19] . .. E[wi¢]¢, §)
_ Elwig) Elwa-16] ... Elung](¢, )
_ Elwi¢]Elws¢] ... Elwag]

S(wl ):015(w2):07 75(wd)70

= > Elwel Y, Elw]... Y Elws.

s(w1)=0 s(w2)=0 s(wd) 0
Applying the last equality to the particular monomials m,(z) = T
mo(z) = 22, ..., mg(z) = 2%, we can see that: E[z}'] = > s(wn)=o Elw1],
B3] = Yy Blwad], .., Eleg] = Y=o Elwag)]. Thus:

E[m(z)] = Ela}|E[2%]. .. Elxg].
Therefore pu is polynomially factorizable. O

From Proposition 4.6, Theorem 4.4, and Theorem 4.9 we obtain the
following;:

Theorem 4.10 A probability measure i on R?, having finite moments
of any order, is polynomially factorizable if and only if for all 5,k €
{1,2,...,d}, such that j # k, the commutators [a~(j),a™ (k)] and
[a°(j), X3] are both equal to zero.

Corollary 4.11 A polynomially symmetric about a point probability mea-
sure on R? is polynomially factorizable if and only if for all j # k we have

a”(j)a* (k) = a*(k)a™(j).
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5 Examples

In this section we will give an example of a polynomially symmetric prob-
ability measure that is not symmetric and an example of a polynomially
factorizable probability measure that is not a product measure.

Let us consider the following function, introduced by Stieltjes in [12]:
f:(0,00) =R, f(t) =t msin(2mInt).

Claim: For all non-negative integer n, we have:

Amﬂvgyﬁ _ (5.1)

We present below the proof of this claim as it appears in [11]. Indeed, for

any non-negative integer n, making the change of variable t = e“*"TH,

we have:
Amfvumt
= /OOO "t " sin(2 Int)dt
- /Ren(wnTﬂ)e_(uwTHy sin (27r (U + n; 1)> S du

_ () /Re’“2 [sin(27u) cos((n + 1)) + cos(2mu) sin((n + 1)7)] du

n+1

= (—1)”+1e(T)2/e_“2 sin(2mu)du
= 0.

The last integral is zero since the integrand is an odd function.

Example 1. Let p be the probability measure on R given by the
density function g : R — [0, 00), defined by:

cff(x) if x>0
g(x) = 0 it =0
cf~(—x) if z <0,

where at = max(a,0), a~ = —min(a,0), Va € R, and ¢ is a positive

constant chosen such that [, g(x)dx = 1.
It is easy to see that p has finite moments of any order.
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Claim: p is polynomially symmetric.
Indeed, if n is an odd natural number, then we have:

/R 2 u(dr) = /R 2 g(x)dx
_ C/Ooo x"f-(—x)da:+c/0°o 2 (@) da
_ c/ooo(—t)"f‘(t)dtJrc/Ooo £ (1) dt
= —c/ooo t”f_(t)dt+c/ooo t"f(t)dt
g T OE RO

— c/oo £ F (1) dt
0
= 0.
Claim: p is not symmetric.
Indeed, for any interval [a, b] contained in the set: {x > 0| f(z) > 0} we
have [” g(z)dz = ¢ [° f+(z)dz > 0, but [ g(z)dz = ¢ [ f~(x)dz = 0.
Thus ju([a, B) # u([~b, —al).

Let f1 : (0,00) — [0,00), fi(t) = t~"™1 + sin(2rInt)] and fy :

(0,00) — [0,00), fo(t) =t~ ™1 —sin(27 Int)]. Since, according to (5.1),
Joe t"t ™t sin(2m Int)dt = 0, for any non-negative integer n, we have:

/°° " (dt = /°° 1" fo(t)dt, Vn € NU{0}. (5.2)
0 0
In particular for n =0, let k := [5° f1(t)dt = [~ f2(t)dt.

Example 2. Let p be the probability measure on R? given by the
density function h : R? — [0, 00), defined by:

% [fl(z) sin?y + fo(z) cos? y] eV if >0andy>0
0 otherwise.

h(z,y) = {
For any non-negative integers m and n, we have:

/R LTy p(dxdy)

1 00 00 00
= %/0 yme Y {sinzy/o 2" fi(x)dx 4+ coszy/o x”fg(x)da:] dy
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(sin®y 4 cos? y)dy

_ /yey
= [ s

Thus we obtain:

/Oooxnfl(:c)dx
/ y"e Ydy.

/}R2 "y u(dedy) = ]1 {/Doo :Enfl(x)dx] /Ooo y"e Vdy.

In particular for m = n = 0, we obtain:

[/OOO fi (x)dx} /OOO e Ydy

k1

1

lu(dedy) = =
/RQH(in) ?
1
k
1

Hence p is a probability measure on R
Taking m = 0 in formula (5.3), we can see that:

/R2 2" u(dzdy) = % /Ooo 2" fi(x)dx /OOO e Ydy
= %/OO " fi(z)dz
0

Hence:

[ty = L [*anie

Taking n = 0 in formula (5.3), we can see that:

1 e’} e’}
/ y"u(drdy) = -+ / fi(z)dx / y"e Vdy
R2 k Jo 0
1 [e%e)
- . k/ me=y J
2 0 ye Yy

= / y"e Ydy.
0

Hence:

/ y"u(dzdy) = / y"e dy.
R2 0

22
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From formulae (5.3), (5.4), and (5.5), we can see that:

/}R2 2"y u(dxedy) = /OOO 2" u(dxdy) /OOO Y™ u(dxdy). (5.6)

Thus p is polynomially factorizable.

Claim: p is not a product measure.

Let us assume that two probability measures, p; and po, on R, exist,
such that for any two Borel subsets B; and B, of R, we have u(B; X
By) = u1(By)pa(B2). Since p is absolutely continuous with respect to
the Lebesgue measure on R?, it follows that p; and s are absolutely
continuous with respect to the Lebesgue measure on R. If v and v are
the density functions of p; and s, respectively, then we must have for
almost all (z,y) € R? h(x,y) = u(z)v(y), which is impossible since
h(x,y) cannot be written as a function of x times a function of y.
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