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ABSTRACT. The classical theory of dynamical systems arose in the context of
the study of differential equations. In recent years the study of these systems
has been extended beyond discrete or continuous (real) phase groups or semi-
groups to the theory of flows of more general topological groups or semigroups.

Let S be a semitopological semigroup, not necessarily discrete. An action of
S on a compact phase space can then be extended to a compactification associ-
ated to the space of left norm continuous functions on S such that all minimal
flows are flow isomorphic to quotients of this compactification. Furthermore
we can associate a subgroup of the maximal group to each minimal flow. In [7]
a new topology is defined on this extended acting semigroup such that these
associated subgroups are precisely the closed subgroups in this topology. Since
these subgroups are of significant importance in tower constructions of flows,
in this paper we will look at pertinent structural thorems in the context of this
new topology.

1. INTRODUCTION

In papers [5], [6], and [7] we developed a highly semigroup theoretic approach to
the study of flows of an arbitrary topological semigroup S on compact phase spaces.
This approach involved realizing transitive S-flows as quotients of an appropriate
semigroup compactification S of S, where the quotient equivalence relations are
precisely the closed left congruences on S. In the case that the S-flow is a minimal
flow, the flow may be recovered from the restriction of the corresponding congruence
to an arbitrarily chosen minimal left ideal of S. This approach establishes an
intrinsic semigroup machinery for the study of flows of more general topological
semigroups beyond the classical discrete or continuous phase groups. In [7] we
considered general topological semigroups and extended this approach to study the
isotropy groups associated with minimal flows in the minimal ideal of an appropriate
compactification(refered to as the LUCky compactification in [7] ) of the acting
semigroup. By further constructing a new topology on the compactification, the
isotropy groups were realized precisely as the closed subgroups of a maximal group
in the minimal ideal. These isotropy groups associated with minimal flows are
important in towered constructions of flows. In this paper, we will revisit the
compactification and the topology defined in [7] and prove important structure
theorems related to these constructions.
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2. THE v-TOPOLOGY

Throughout the remainder of this paper S denotes a topological semigroup (a
Hausdorff space equipped with a continuous associative multiplication). An action
of S on a compact space X (we will always assume that the phase space is compact
Hausdorff) is a continuous map n: S x X — X satisfying n(st,z) = n(s,n(t,z))
for all s,t € S, z € X; we further require that 7(1,z) = z for all z € X if S has an
identity 1. The triple (S, X, 7) is called an S-flow; we often denote the flow simply
by X. We also often write w(s,z) as sz. A (flow) homomorphism is a continuous
map f : X — Y between S-flows which is equivariant (f(sz) = s(f(z)) for all
se S, zeX).

Definition 2.1. A (monoidal) compactification of a topological semigroup S is a
pair (7, j) such that
(1) T is a compact Hausdorff right topological (all right translations are con-
tinuous) semigroup with identity ;
(2) jis a continuous homomorphism from S to T' such that (s,t) — j(s)t: S x
T — T is continuous;
(3) 7(S)uU {1} is dense in T}
(4) j carries the identity of S to the identity of T, provided S has an identity.

It is well known that for a given semigroup S there exists an universal monoidal
compactification of S which is a monoidal compactification (S, j) such that if (T, )
is a monoidal compactification of .S, then there exists a unique continuous identity-
preserving homomorphism F: § — T with i = F o j. In [2] it is shown (with the
proviso that one may need to attach a discrete identity in our setting) that this
semigroup compactification arises as the compactification associated to the space
LUC(S) of left norm continuous functions on S.

Definition 2.2. An action 7 : S x X — X is said to extend to the compactification
(S, ) if there is a function (called an extended action) 7 : S x X — X satisfying
(1) w(j§(s),z) = w(s,z) for all s € S;
(2) the identity of S acts as the identity on X;
(3) #(st,z) = 7(s,7(t,z)) for all s,t € S, z € X;
(4) s+ 7(s,z): 5 — X is continuous for all z € X (i.e., the extended action
is right continuous).
It is standard from the universal properties of S that an action of S on a compact
space X extends uniquely to an extended action 7 of S on X (see e.g. [6]). It

follows from the standard theory of compact semigroups (see e.g. [2]) that S has a
unique smallest ideal, called the minimal ideal, and that this ideal decomposes into
a disjoint union of closed minimal left ideals. Furthermore, each minimal left ideal
may be written uniquely as a disjoint union of maximal subgroups of S , all of the
form e§e, where e ranges over the idempotents in the minimal left ideal (but these
subgroups are in general no longer closed).

Let X be a minimal S-flow (one for which there are no non-trivial invariant
closed subsets) and let © € X. Extend the action to S and define an equivalence
relation on S by s ~ t if sz = tx. From the right continuity of the action it follows
that ~ is closed (as a subset of S x §) Also a ~ b implies sa ~ sb for s,a,b € §, SO
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~ is a closed left congruence. Let L be a closed minimal left ideal in S. Then La
is a closed invariant subset of X and hence by minimality Lz = X. The mapping
s — sxr: L — X is easily verified to be a surjective flow-homomorphism, and it
then follows quickly that the S-flow L/ ~ is flow isomorphic to X. Thus (up to
flow-isomorphism) the minimal S-flows all arise by fixing a minimal left ideal L in
S restricting all closed left congruences on S to L, and forming the corresponding
quotient flows (with elements of the phase space being the congruence classes).
Let S be a topological semigroup with LUCky compactification S. Fors € S ,
we typically denote its image j(s) € S simply by s (the notational simplification
outweighing the potential resulting confusion).

Given an S-flow on a compact space X, there is a naturally associated S-flow
given by (s, A) — sA on the space 2% of non-empty compact subsets equipped with
the Vietoris topology. One verifies directly that this action is indeed continuous.
There is then a (unique) extended flow S x 2% — 2X. We denote this flow by
(u, A) — uo A. As a matter of convenience we extend this action to the set P(X)
of all non-empty subsets by defining u o A := uwo A. We develop basic features of
the extended flow on the non-empty subsets of a given S-flow X.

Lemma 2.2. For alls € S and A € P(X), so A=sA=sA.

Proof. Note that by compactness and continuity of o we have sA = sA, and thus
soA=s0A=sAsince o is a flow extension. O

Proposition 2.3. Forue S and ) # A C X,

uoA = Q{MV, an open subset of S}
=({(VNS)A:ueV, an open subset of S}

Proof. By definition uo A = uo A. Let s, be a net in S (identified with j(S)) with
So — 1. Then s, 04 — uoA. Let V C S be open with u € V and pick 3 such that
Sq € V for a > . Then since convergence in the Vietoris topology is liminf-limsup
convergence,

uoAC | JsaoAd=|]s.AC(VNS)ACVA
a>f azf

This establishes that u o A is contained in the second intersection, which in turn is
contained in the first intersection. R

Conversely, suppose y € (J{VA : u € VandV C Sisopen}. Consider the
directed set of all a := (V,W) where V' and W are open neighborhoods of v and
y respectively ordered by coordinatewise reverse inclusion. For each a = (V, W),
there exists v, € V and a, € A such that V,a, € W. Also, by right continuity,
there is s, € V N S such that spa, € W. Note that s, = w and that spaq — y.
Now, s, 04 - uo A and s, 0 A = s, A. Since s,a4 € 564 =5,0A - uo A and
8404 — Y, we conclude that y € uo A =wuo A, Thus VA Cuo A. O

Corollary 2.4. Foru € S and 0 #AC X,
y€eEuoA <& Juy, = u, ay, € A such that uga, — ¥y
& Hsa} C 8, sq = u,aq € A such that spa, — y.

Proposition 2.5. For all u € S and for all non-empty A,B C X:
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4 FOT‘all’I‘SEST‘(SOA)CTO(SOA):(T‘S)OA;

Proof.

(1) ]_i:y the preceding corollary, y € w o {z} if and ouly if there is u, — w and
aq € {x} such that uqa, — y, that is, uaz — y. By right continuity v,z — uz,
and hence y = uz. (2) For V C S open and u € V, A C B implies VA C VB. Thus
by Proposition 3.2, uo A C uo B. (3) Note by (1) and (2) that {z} C A implies
{uz} =uo{zx} CuoA, and thus ud CuoA. (4) By (3),r(s0oA) Cro(soA), and
since o is an action 7o (so A) = (rs)o A. (5) By (2), (uo A)U(uo B) Cuo(AUB).
To see the other inclusion, let y € uwo (AU B) and let {ua} C S with uq — u and

Co € AU B such that ugc, — y. Then cofinally ¢, € A or ¢, € B. It follows that
ycuoAoryecuobB. O

We consider the S-flow on S itself given by (s,t) = j(s)t : S x S > S, and
denote the extended flow S x 25 — 25 by (u, A) — uo A.

Definition 2.6. Let e be an idempotent in S. We define a topology v on eSe as
follows. For all A C eSe,

Aisu—closed@A:eOAﬁegeﬁA:ﬂ{m:VggopenandeeV}ﬂege.

Proposition 2.7. The v- closed sets form the closed sets for a topology. Further—
more, for any nonempty A C eSe the v-closure of A is equal to eo AN eSe.

Proof. The equality eo (AU B) = eo AUe o B implies closure under finite unions.
Suppose A = () A, where each A, is v-closed. Then A = eA Ceo A C VA,
where e € V and V is open in S. Hence

AC ﬂﬂme§eg ﬂmﬁege:Aa

since A, is v-closed. Thus A C VAN eSe C NAq = A, implying that A =
NVAN e§e, and hence that A is v-closed.

Let A be a non-empty subset, of e§e, and let B := eo ANeSe. Then B = eB C
e o BN eSe. Conversely

eOBﬂe:S’\egeO(eOA)ﬂe§e:ezoAﬂe§e:B
Thus B is v-closed. Note that A =eA Ceo AN eSe = B. Thus 4" C B. On the
other hand, R R
B:eOAﬁeSegeOZVﬂeSe:ZV,
where the last equality follows from the fact A" is closed. Thus B = A”. O

Prop051t10n 2.8. Lete=¢? € S and let T denote the topology on S.

i) If A C eSe and y 1is in the T-closure of A, then ey is in the v-closure ofA Thus
a net xy in A whzch T-converges to some x € S also v- converges to ex € eSe.

it) The space (eSe,y) is compact and T .

iti) The identity map from (6§6,T) to (e§e,l/) is continuous.



STRUCTURES ON THE ISOTROPY GROUPS OF MINIMAL FLOWS 5

) For t € eSe, the right translation © — xt : (eSe,v) — (eSe, v) is continuous.

Proof. i) We have y € §e, since the latter is compact, hence closed, since multipli-
cation is right continuous. Thus ey € eSe. We have also ey € eA C eo A = e o A.
Thus ey € ec AN e§e which by the previous proposition is the v-closure of A. The
second assertion is a stralghtforward topological consequence of the first assertion.

ii) Let Tq be a net in eSe. Since (S, 7) is compact, some subnet converges to
some z € S. By part i), this subnet then v-converges to ex. Thus eSeis v- compact.
Since for any y € eSe, {y} = {ey} = eo {y}, it follows that the singleton set {y} is
v-closed. Hence eSe equipped with the v-topology is T7.

iii) This part follows immediately from part i), since ex = x for = € eSe.

iv) Let A be a non-empty subset of eSe and let y be in the v-closure of A, i.e.,
y€EeoAN eSe. By Corollary 3.3 there exists a net u, — e and a net a, in A such
that uqa, — y. By right continuity ugant — yt. Since ayt € At, we conclude from
Corollary 3.3 that yt € eo (At) N e§e, the v-closure of At. Thus right translation
by t is continuous on eSe. ]

The v-topology on eSe has close connections with closed left congruences on S
and hence with S-flows.

Proposition 2.9. Let ~ be a closed left congruence on S. Then the intersection
of any congruence class with eSe is v-closed. Conversely any v-closed subgroup of
eSe containing e is such an intersection for some closed left congruence.

Proof. Let A = [z]. N e§e, where ~ is a closed left congruence relation, z € ege,
and [z]. is its equivalence class. It suffices to show that A = eo ANeSe C A, since
the other inclusion is automatic. Let y € eo AN eSe. By Corollary 3.3 there exist
nets u, — e and a, € A such that u,a, — y. Then a, ~ x implies uga, ~ un,
and thus y ~ ex = x since the relation ~ is closed. Thus y € [z]. N eSe=A

Conversely suppose that A is a v-closed subgroup of the group eSe containing
e. Let L = Se and consider the extended flow (u,A) = uoA: Sx 2L 2L Let ~
denote the left congruence defined by ¢ ~ v if and only if o (eo A) = uo (eo A);
it is straightforward to check that this is a closed left congruence on S. Let s € A;
A=5A=5"14=cAsince A is a subgroup. Since A is v-closed, A =eo AN eSe.
Then

eoA=eco(sA)Ceo(soAd)=s0A=s50(s"A) Cso(s'oA)=eoA;

it follows that eo (eo A) = eo A =s0A = (se)o A =s50(eoA). Hence e ~ s.
Therefore, A C [e]. NeSe. On the other hand, if ¢ € [e]. N eSe, we see that

{t} ={te} =to{e} CtoANeSe=coANeSe = A,
since A is v-closed. O
The following two propositions are immediate consequences of Proposition 2.5.

Proposition 2.10. Let A C eSe. Then
(1) c,A=c¢e(eoc A)
(2) (eoAa) =(eoA)a
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Proposition 2.11. Let K be a v-closed subgroup of eSe. Then
(1) Ifa € K thenaoK =eo K.
(2) If p,g € Se. Thenpo K =qoK if and only if ¢ € po K.

3. GENERAL STRUCTURES

Proposition 3.1. Let f?> = f be in Se. Then the map t — fx of eSe onto f§e 18
v -isomorphism.

Proof. Clearly, the map is a group isomorphism. We first note that f = fe and
ef = e. It then sufffices to show that it is closed. Let C be a v-closed subset of
eSe. Then,C = efC =effC Ce(fo fC) Ce(fofoC)=e(foC)=-ee(foC)C
e(eofol)=e(eoC)=C. So,e(fofC)=C and f(fo fC)= fC, implying that
fC is v-closed in f§e.

O

Proposition 3.2. Let A and B be v-closed subsets of eSe. Then AB is v-closed

Proof. Let a € (eOAB)ﬁege. Then by Corollary 2.4 there exist nets a; € A, b; € B
and t; — e such that ¢;a;b; — «. Assume t;a; — p € Se. Then a € po B and
p € eoB. Thusepla € (eOB)ﬂege = B so that « € epB. Since ep € e(eoA) = A,
we get a € AB.

O

Definition 3.3. Let K be a subgroup of eSe. We define N = {V C eSe :
Vopenande € V} and Ny ={VNK:V € N}

Proposition 3.4. Multiplication in eSe is separately continuous with respect to
the v topology.

Proof. Let a € eSe and let A be a v-closed subset of eSe. It suffices to show that
Aa = Cl,(Aa) and aA = Cl,(aA). To see that aA = Cl,(aA), we simply note
that aA C Cl,(aA) = e(e o aA) C e(eo (a0 A)) = e(ao A) = (a0 A) NeSe = aA.
Which implies that oA = Cl,aA. Similarly, by Proposition 2.10 Cl, Aa = e(e o
Aa) =e(eo A)a = (e(eo A))a = Aa O

Proposition 3.5. Let K be a closed subgroup of eSe. Let H CK. Then Cl,H =
ﬂ{Vle Ve NK}

Proof. Let * € Cl,H and V € Ng. Then Ve N H # () and x € V"'H. Now
suppose x € V" 1H for all V € Ng. Let x € W for some W € Ng. Then there is
aV € Nk such that Vo C W. Therefore, since x € V1H, we get Va N H # () or
equivalently, W N H # (. O

The following proposition yields compact hausdorff topological groups as quo-
tients of v-closed subgroups and shows that for any v-closed subgroup K, there is
a smallest normal subgroup D of K such that K/D is Hausdorff.

Proposition 3.6. Let K be a closed subgroup of eSe and let D = N{cl,V :V €
Nk}. Then
(1) D is a v closed normal subgroup of K and is invariant under all topological
automorphisms of K.
(2) K/D with the quotient topology is a compact Hausdorff topological group.
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(3) If B is any other v closed subgroup of K, then K/B is a Hausdorff space if
and only if D C B

Proof. (1) To see that D is a semigroup, let V € Ng. We claim that ¢l,V)D C cl, V.
Let x € D and y € cl,V. Then for all W € Ng, WynNV # () and wy € V for
some w € W. Also, since V is open there is U € Nk such that wyU C V. Now,
wycl,U) C cl,(wyU) C cl,V implying that wyz € cl,V or yz € wtcl,V C
W—tel, V. So by....(cl,V)D C cl,V as claimed. Moreover, since D C cl,,V we get
D? C D and that D is a semigroup. Furthermore 2D is a v-closed subsemigroup
and as such, D must contain the identity. It is then immediate that D is a group.
Also, if 5 is an automorphism of K and V' € Nk then there exists a U € Nk such
that n(U) C V which in turn implies n(cl,U) C ¢,V and n(D) C D. Particularly,
since the map B — gBg~! for g € G defines a topological automorphism of K, D is
normal in K. (2) Suppose zD # yD then y ¢ Dz. So, pick V,W € Nk such that
yr~! ¢ cl,V. By proposition..pick W € Ng such that yz=! ¢ W='cl,V so that
Wyz~tNel,V =0. Since cl,V)D C cl,V, we get Wyz=1DnN(cl,V)D = . It then
follows that WyD N VxD = (). Thus F/D is Hausdorff. Moreover, since F/D is
semitopological, Ellis’ theorem gurantees that F'/D is a topological group. (3) Let
z € D. Then for every V,, € Ng,z € cl,V,. By Proposition 3.5 z € V1V, so
that Vo NV, # 0. Let yo € Vox NV,. Then y, — z and y, — e. Hence in K/ B,
YoB = xB and y, B — B. But, if K/B is Hausdorff, zB = B,i.ez € Band D C B.
Conversely, if D C B we can consider the canonical homomorphism K/D — K/B
whose kernel, B/D, is closed. Then, since K/D is a compact topological group, it
is immediaate that K /B is Hausdorff.

O
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