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Abstract

No matter how a positive semidefinite polynomial f € R[X1,..., X},] is represented
(according to E. Artin’s 1926 solution to Hilbert’s 17th problem) in the form f =
S pir? (with 0 < p; € R and r; € R(X1,...,X,)), the p; and the coefficients of
the r; cannot be chosen to depend in a C'* (i.e., infinitely differentiable) manner
upon the coefficients of f (unless deg f < 2); formal powers series variation is
also impossible. This answers a question we had raised in 1990 (Contemp. Math.,
Vol. 155, AMS, 1994, pp. 107-17), where we had already shown that real analytic
variation was impossible; and Gonzalez-Vega and Lombardi (Math. Z. 225(3) (1997),
427-51) then showed that for every fixed, finite » € N, C7 variation is possible,
improving upon their and the author’s result that continuous, piecewise-polynomial
variation is possible.
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1. Introduction

Suppose n € N :={0,1,...}, X :=(Xy,...,X,) are indeterminates, and
[ € R[X] is psd (positive semidefinite), i.e., Vo := (z1,...,z,) € R", f(x) > 0.
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(dated June 1999).
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Hilbert’s 17th problem [Hil900] was to prove that we can always write such
an f in the form

f:ZriZ?

for some r; € R(X).

E. Artin solved this problem in [A1926], and went on to prove that if K C R
is a subfield, f € K[X], and f is psd, then we can write

f=> pir?, (1.0.1)

for some r; € K(X) and p; € K such that p; > 0.

Parametrization of Hilbert’s 17th problem: Now let d € N, let m := m,q =
("+d), let C := (C4,...,C,,) be indeterminates, and let f,q = fa(C;X) €

n

Z|C; X| be the general polynomial of degree d in X with coefficients C:

fnd = Z Cj(a)Xaa

lo|<d

where o = (aq,...,a,) € N*, Jo| = Y a;, X = X{"--- X% and j is any
fixed bijection:

Ji=Jna:{a|la <d} —{1,...,m}.

Writing ¢ = (¢1, ..., ¢n) € R™, let

Pua={c€R™| fra(c; X) is psd in X }.2 (1.0.2)

Let B be any subring of the ring of all functions R™ — R.

Question 1.1. For which subrings B can we solve Hilbert’s 17th problem
so that the p; and the coefficients of the r; in (1.0.1) are functions in B?
(Obviously, we seek B as small as possible.)

Precisely, for which B is the following true?

2 P,q is a closed, convex, semialgebraic cone; its interior P?, consists of those
¢ € P, such that the X-homogenization (in R[X7,...,Xp, Xpt1]) of f(e; X) is
positive at all (x1,..., 2y, Tpe1) € R*\ {(0,...,0)}; and Py = P?,. But we do
not need these facts here.




For all n,d € N, there exist s € N, py,...,ps € B,and ¢1,...,9s, h1,...,hs
€ B[X] such that

m e o (gila X))
Ve e R™, fualc; X) = ;pz(c) (hAc;X)) ; (1.1.1)
Ve € Py, Vi, pi(c) >0; and (1.1.2)
Ve € Pnd7 if fnd(c; X) 7é 0e R[X], 3 then VZ, hl(C, X) 7é 0. (113)

Note 1.2. If we write g; = >, gi o X* With g;, € B, for finitely many o € N”,
then g;(c; X') means Y, gio(c)X® € R[X]. Similarly for h;(c; X).

When seeking function rings B that satisfy the conditions of Question 1.1,
we prefer those B such that for all p € B and for all subfields K C R, p takes
values in K at K-rational points, i.e., p(K™) C K; such B give a parametrized
version of the full force of Artin’s result (1.0.1), “uniformly” for all K C R.
On the other hand, if we show that some function ring B does not satisfy
the conditions of (1.1), then it is immaterial whether all functions in B take
values in K at K-rational points.

Remark 1.3. (1.1.1) is equivalent to:

Ve € R™, h(c; X)? fralc; X) sz c)gi(c; X)? (1.1.1)

where h = hy -+ hy € B[X] is a common denominator, and

gzl‘ :gith-

JF

With this alternative notation, (1.1.3) is then equivalent to

Ve € P, if fra(c; X) # 0, then h(c; X) # 0. (1.1.3")

The main result of this paper is that the ring B in Question 1.1 may not be
taken to be C°(R™), the ring of C'*° (i.e., infinitely differentiable) functions
p:R™ — R:

Theorem 1.4. Forn > 1 and d > 4, there exists no C'* varying solution to
the 17th problem. L.e., there exist no s € N, no pq,...,ps € C°(R™), and no
g1, .-+, 9s, h € C®°(R™)[X] such that (1.1.1"), (1.1.2), and (1.1.3") hold.

This will follow immediately from Theorem 1.5 below, which deals with the
following simpler situation:

3 Note that for all c € R™, fq(c; X) # 0 € R[X] if and only if ¢ # (0,...,0) € R™.




From now on let m = 2, let C := (Cy,C,), let ¢ := (c1,¢2) € R?, and let
f(C,Xl) :Xil + 01X12 + 02
1 2 1
_(v2 2
= (X7 + 5(11) +(Co - ch). (1.4.1)

Let P={ceR?| f(c; X}) is psd in X }; this is a 2-dimensional cross-section
of the 5-dimensional set P; 4 of (1.0.2). Then

. R? [c1 >0 A cg>0]or (14.2)
=4 CE 4.
[c1 <0 A g > 2/4]
since, e.g.,
(&) if C1 2 0
%J;le(c 7) = {02 — ic% if ¢; <0, (1.4.3)

by (1.4.1). (These minima are achieved for x = 0 or x = /—¢;/2 € R,
respectively.)

C2

-

PN

Co =

0 C1

Let U C R? be any open neighborhood of (0,0), and let C>*(U) =
{C> functions U — R }. We now restrict (1.1.1"), (1.1.2), and (1.1.3") to
U, and replace f,q by f, obtaining, respectively:

Ve e U, h(c; X1)*f(c; X)) sz c)gi(e; X1)%; (1.1.17)
Vee PNU, Vi, pi(c)>0; and (1.1.2")
Vee PNU, h(c;X;)#0.4 (1.1.3")

4 In (1.1.3') we required (for any given ¢ € P,4) the hypothesis that f,q(c; X)
0 € R[X]; when f,q is replaced by f in (1.1.3"), this hypothesis becomes f(c; X1)

”
[ #
0 € R[X1], which is satisfied for all ¢ € R2.



Theorem 1.5. There exist no open neighborhood U C R? of (0,0), no s € N,
no pi,...,ps € C2(U), and no g1, ...,g9s,h € C°(U)[X1] satisfying (1.1.17),
(1.1.2"), and (1.1.3"). Le., there are no germs at (0,0) of C* functions of
c1, ¢y that provide the weights and the coefficients of a representation of X +
c1X? + ¢y as a weighted sum of squares in R(X;) (as in (1.1.1")), where the
weights are nonnegative for (ci,c2) in (the germ at (0,0) of ) P.

(Taking U = R? in (1.5), we prove (1.4).)

We shall prove Theorem 1.5 in section 6 below, after first proving (5.2)
that formal power series variation is also impossible in Artin’s theorem. Both
of these results require some review of well-known facts about C'*° functions
(83) and formal power series (§4). First, however, we review earlier work on
Question 1.1 in §2 below.

2. Review of earlier answers to Question 1.1

Artin’s theorem itself (1.0.1) may be considered to be a trivial “parametri-
zation,” for it says that we may take B in (1.1) to be the ring (here denoted by
Rgfm)) of all functions from R™ to R with values in K at K-rational points?®;
in other words, Artin did not consider whether the variation of the sum-of-
squares representation in (1.0.1) (or in (1.1.1)) could be continuous, or could
have other interesting properties.

The first non-trivial parametrization of (1.0.1) was by Henkin [Hen1960],
who found that the variation can be given by Z-piecewise-polynomial func-
tions, here denoted by PWP(R™); i.e., P,q (or R™) can be decomposed into
Z-semialgebraic “pieces” Sy U ---U Sk, on each of which the p; and the coef-
ficients of the r; in (1.0.1) are given by functions in Z[C]. van den Dries gave
another proof of this in [vdD1977].

Shortly thereafter, Kreisel [Krel1962] asked whether this variation could
even be polynomial (i.e., with only one piece Sy), or at least continuous. We
showed [D1982] that for d > 4, polynomial variation is impossible, i.e., that

5 Actually, the usual statement of Artin’s theorem (1.0.1) gives only functions p :
P,g — R (with p(P,gNK™) C K); but these functions may be extended to the rest
of the desired domain R™ (i.e., for ¢ € R™\ P,4) so as to continue to satisfy (1.1.1"),
using the identity f = (%)2 + (—1)(%)2 (which also appeared in [A1926]).
Condition (1.1.2) is still (vacuously) satisfied with pa(c) = —1 for ¢ € R™ \ P,q,
since the p; need be nonnegative only for ¢ € P,4; and (1.1.3) is also obvious under
this extension (where h(c; X) =2 # 0 for ¢ € R™\ P,g).



we may not take B = R[C].% We also showed [D1980-84] that for all d > 0,
continuous (even continuous “Z-semialgebraic”) variation is possible; i.e., we
may take B = CSAp  (R™), the ring of Z-semialgebraic functions p : R™ — R
whose restrictions to P,y are continuous.” A (Z-)semialgebraic function is
defined to be one with a (Z-)semialgebraic graph; such a function will usually
not take values in K at K-rational points ¢ € P,y N K™ (where K C R is
as in (1.0.1)), unless K is real closed (e.g., when K is R, or the real algebraic
numbers). This makes semialgebraic functions unsatisfactory for parametriz-
ing Artin’s theorem over non-real-closed fields K, such as Q (Hilbert actually
considered the case K = Q in his Grundlagen der Geometrie [Hil899], and
even emphasized the need to allow arbitrary K C R when he formulated the
17th problem in his famous list of 23 problems [Hi1900]).

Thus the above result answered Kreisel’s question about continuous vari-
ation in Artin’s theorem only over real closed subfields K C R ®; the an-
swer to his question over arbitrary X' C R was not found until [D1989-93]
(and re-discovered (using a different method) by Gonzalez-Vega and Lom-
bardi [GL1993]; see also our joint article [DGL1993], and the treatments in
[DM1995] and [PD2001]): the p; and the coefficients of the r; in (1.0.1) may be
taken from the ring SIPD(R™) of “sup-inf-polynomially definable” functions

6 For d < 2, however, we may even take B = Z[C] (C R[C] C O(R™) C C*®(R™));
see [D1980-82]. In fact, when d = 2, we may even take the common denominator h
in (1.1.1") to be in Z[C] (and not merely in Z[C; X]); thus, psd quadratic forms can
be continuously represented as nonnegatively weighted sums of squares of X-linear
forms (and not merely rational functions as in (1.1.1)). Admittedly, the continuity
result for h € Z[C] was established only for ¢ € P, 3, and not necessarily for all

c € R(). Upper and lower bounds for the number of such continuously varying
squared linear forms needed for this are in [D1987].

T Actually, [D1980-84] constructed only functions p : P,q — R (continuous and
Z-semialgebraic). To extend such p from P, to all of R™ (to conform to the for-
mulation of the problem in Question 1.1) we need only add the trick, mentioned in
footnote 5 above, for discontinuously extending the sum-of-squares representation
(1.1.1) to the rest of R™. But the only way we know to get functions defined and
continuous even outside of P4 that answer Question 1.1 is to show that we may
even take B = SIPD(R™) (C CSAp,,(R™)), as in the next paragraph.

8 Actually, a Boolean combination of Z-polynomial inequalities defining a Z-
semialgebraic set such as P4 over R also defines a corresponding set P,qr € R™,
where R is any real closed field. Likewise, the Z-polynomial inequalities defining
a Z-semialgebraic function such as any p € CSA(P,4) also define a corresponding
function pr : P r — R. And for any subfield K C R, pgr will take values in K
at K-rational points of P4 r provided K, too, is real closed. Consequently, Ques-
tion 1.1 has sometimes been formulated with R replaced by an arbitrary real closed
field R; then the continuous semialgebraic variation in Artin’s theorem constructed
in [D1980-84] is seen to work uniformly over all real closed fields R. Similarly for
the SIPD variation discussed later in the above sentence.



Summary of answers to Question 1.1
B can be any of the following rings (except those crossed out):

= all functlons p: R™ — R with

) C K recall footnote 5);
Artln A1926

PWP(R™) CSAp, ,(R™) (Z-semialgebraic func-
(piecewise- Z—poly- tlons contmuous on P,4; recall
nomial functions) \ / footnote 7); [D1980-84].
Henkin [Hen1960]

SIPD(R™) (= {sup;inf; p;; | pi; € Z[C] });
‘ [D1989 93]; Gonzalez-Vega,

Lombardi [GL1993]; [DGL1993].

C"(R™) N SIPD(R™), for any fixed r € N.
Gonzalez-Vega, Lombardi [GL1997].
(Idea: sup{0, p;(c)}* ' € C?".)

(Eé@ (or RE€])) (for d > 4; recall footnote 6);

Theorems 1.4 & 5.2 in this paper.

M (for d > 4; recall footnote 6); [D1991-94].

M (for d > 4; recall footnote 6); [D1982].

(i.e., functions of the form sup; inf; p;;(c), for finitely many polynomial func-
tions p;; € Z[C]). Such functions are not only continuous, but also piecewise-
polynomial (with integer coefficients); thus for any K C R, they take values
in K at K-rational points ¢ € K™, as Hilbert would have wanted. Thus this
result combines the best features of [Hen1960] and [D1980-84] above.

In the 1990’s, Question 1.1 was studied for various function-rings B bigger
than R[C] (where the answer is no, as mentioned above), and/or smaller than
SIPD(R™) (where the answer is yes). First, in [D1991-94] we showed that in
(1.1), B can not be taken to be O(R™), the ring of real analytic functions on
R™ 9 we then asked whether B could be taken to be C*°(R™). Meanwhile,
Gonzalez-Vega and Lombardi [GL1997] showed that for each fixed r € N, B
may be taken to be C"(R™) N SIPD(R™) (where C"(R™) denotes the ring of

9 This contrasts with the situation for Euler’s theorem [E1754/55] that every pos-
itive rational number r is the sum of four squares of rationals: Heilbronn [Heil964]
showed that those four rational numbers can be chosen to vary analytically in r,
answering another question of Kreisel; a similar result [D1985] holds for Siegel’s gen-
eralization [Si1921] of Euler’s theorem, that in every number field K, every totally
positive element is the sum of four squares in K.



functions p : R™ — R all of whose rth-order partial derivatives exist and are
continuous), improving upon the earlier result about SIPD(R™). They also
considered a weakening of Question 1.1 obtained by replacing “Ve € P,4”
with “Ve € P2,” in (1.1.3') (recall footnote 2); i.e., they considered allowing
the “denominator” h in (1.1.1") to vanish for ¢ on the boundary 9P,q of P,
and outside P,4. They then showed that B may be taken to be either (a) the
subring of functions that are continuous and semialgebraic on R™, Nash on
P?,, and zero outside Py;; or (b) the subring of functions that are C'*° on R™,

T

analytic on Py, and zero outside Py;.

Our question about C*°(R™) (with the original version of (1.1.3")), however,
remained unanswered until now; Theorem 1.4 above states that for d > 4, B
may not be taken to be C*°(R™) in (1.1).

At the moment we have no further candidates for function-rings B to con-
sider in Question 1.1; so perhaps this line of investigation into the possible
kinds of variation in Artin’s theorem is finally complete.

Review of continuity results in other sum-of-squares representations.

The real Nullstellensatz and Positivstellensatz (both due originally to Kri-
vine [Kril964], and re-discovered by Dubois, Prestel, Risler, and Sten-
gle; or see, e.g., [PD2001]) also admit continuous versions in certain cases:
[Sc1989], [D1989-93], [GL.1993], [DGL1993]. While psd quartic polynomials in
R[ X, X5] are sums of squares of quadratic polynomials in R[X;, X5], ! such
(denominator-free) sum-of-squares representations must vary discontinuously
[D1980-82]. On the other hand, for every d > 0, a continuously varying rep-
resentation of psd f € R[X;] of degree < d as sums of squares in R[X;] was
explicitly constructed by M. Ziegler in 1988 (unpublished); see Cornelson’s
master’s thesis [C1998] for an exposition. That thesis also presents Prestel’s
continuously varying representation of (most of) those f € R[X;] that are
sums of 2mth powers in R(X;) (for any m > 1) as sums of 2mth powers.
Finally, Cornelsen’s thesis also presents T. Backmeister’s (unpublished) proof
of continuous variation in the weak isotropy of torsion quadratic forms over
R(Xy,...,X,) (weak isotropy is presented in [PD2001, §3.5]). Finally, Reznick
[Re1995] considered certain subsets of P,4, in which even Q-linear variation
is possible in Artin’s theorem.

10 Hilbert [Hi1888]; modern expositions have been given by Choi and Lam [CL1977],
Swan (1993, unpublished), and Rajwade [Ral1993].



3. Taylor series of C*° functions

For m > 1, let U C R™ be any open neighborhood of 0 := (0,...,0).
C>°(U) denotes the ring of functions p : U — R whose partial derivatives of
all orders exist on U. We write 7¢(p), or simply p, for the Taylor (or Maclaurin)
series of p at 0 in the indeterminates C', viz.,

Z 1 oIy
senm D1l B! o - D

(0)C”.

7¢ is an R-algebra homomorphism ' C>(U) — R[[C]] (= the ring of formal,
i.e., not necessarily convergent, power series in C' := (Cy,...,C,,)). Borel’s
lemma !? states that 7 is surjective; we shall not use this fact. We say that p
is flat at O if p belongs to the (prime) ideal ker 7¢; i.e., if p = 0. 7¢ extends
to an R-algebra homomorphism C*(U)[X]| — R][[C]][X] by

(S paX") = TmXT (o € CVO)).

For m = 1 we consider also half-open sets U C R! of the form U = [0, ),
d > 0. Then C*°([0,)) denotes the ring of functions p : [0,0) — R all of whose
derivatives exist on [0,4), where, at ¢; = 0, we refer only to the right-hand
derivatives of p. For p € C*(]0, ¢)) we still have the “right-hand” Taylor series
p € R[[Cy]] of p at ¢; = 0.

4. An ordering on R((7T")), and its real closure

Let T be a single indeterminate, and write a typical element a := a(T) :=

2y a;T" € R[[T]]\{0}, with a; € R, k € N, and a;, # 0. We extend the unique
field ordering > on R to a ring-order on R[[T]] by defining a > 0 < a; > 0.
We further extend > (uniquely) to the field of fractions

R((T)) = { S o T

i=k

keZ, a; e R }, and thence to the real closure

" Here, the fact that 7¢(pq) = 7¢(p)7c(q), for p,q € C°°(U), is the Leibniz product-
rule for higher-order partial derivatives.

12 Emile Borel proved this for m = 1 in [B1895, p. 44]; I thank Prof. Armand Borel
for this reference. I do not know whether E. Borel ever stated this result for m > 1.
At any rate, proofs (for all m > 1) can be found, e.g., in [N1985, p. 30].



R((TV¢)). We write

o
i
-

o
Il
—

R[[T"¢]] (a valuation ring), with maximal ideal

=
[
-

o
Il
—

M= 7RIV

={a € R | a(0) is defined and a(0) =0 }.

Lemma 4.1. Suppose S is an indeterminate, ¢ > 0, ¢ € C*([0,¢)), e €
Nt = {1,2,...}, §:= 75(q) € R[[S]], and 0 < @(T**) (€ V). Then there
exists a 0 € (0,&°) such that for allt € (0,6), q(t'/¢) > 0.

Proof. Write g = >22, ¢;S, with k € N, ¢; € R, ¢ # 0; then in fact g > 0.
Introducing the variable s = t'/¢, we get

(/e / ()
i 4 o ds) g 4(8)
{0+ thle s—0+ ksk—1 s—0t+ k!

=q; > 0. O

Lemma 4.2. The order > on R restricts to a dense order on M. In fact, for
each e € N*, TVeR[TV*] is (order-)dense in TY°R[[T'¢]].

Proof. Given a,b € TY¢R[[T"/¢]] such that a < b, we are to find 71,72, 73 €
TYeR[T'¢] such that v, < a < 72 < b < 3. For this, take truncations
a,b € TYeR[T'*] of a and b sufficiently long so that & < b, and then let
v=a-T, yp=(a+b)/2 and 3 =b+T. O

5. Impossibility of formal power series variation
in solutions to Hilbert’s 17th problem

Write

R%0 = {(T\7), (=T,7) |y € M}U{(0,T), (0,~T)}.

Thus the elements (o, ) € R%o,o) are “standard” parametrizations of the
algebroid curve germs of type [0,0) at (0,0), in which one of the coordinates
(the first one, whenever possible) is chosen to be T or —T.

Recalling the ordering > on M C R (§4), it then makes sense to speak
of those (a1, as) € Rf ) (or even those (a1, az) € M x M) that satisfy some

10



Boolean combination of inequalities p(ay, ) > 0, for various p € R[[CY, Cy]].
Specifically, we write

T,y)|veM, y>0}U
~T,y)|yEM, y>T?/4}U (5.0.1)
0,7

Recalling (1.4.2), P, is therefore the set of algebroid curve germs in R%o,o)
that “stay in P.” The next lemma is the algebroid-curve-germ analog of (1.4.2).

Lemma 5.1. With f as in (1.4.1),

Pooy={ (o, a2) € 2 |V§€M flag,a:6) >0}
—{(0417042)€R ) IVE e R, flar,az8) >0},

Proof. Asin (1.4.3), for any (a1, a2) € Rf ),

?El}a f(al,&zéf) :rgg}alf(@l,o@;f)
{062 if (03] 2 0

ay —3ai if a; <0.

(These minima are achieved for £ = 0 or £ = (/—a1/2 € M C R, respec-
tively. 13 ) Thus the nonnegativity of this minimum in R is equivalent to the
condition that (v, ) € Py, by (5.0.1). O

Theorem 5.2. With f as in (1.4.1), there exist no s € N, no py,...,ps €
R[[Cy, C5]], and no g1,...,gs, h € R[[Cy, Ca][X1] such that

h(C1, Co; X1))2f(Ch, Ca; X1) = > pi(Ci, Ca)gi(Ch, Ca; X1)?, (5.2.1)
i=1

V(ay,az) € Poygy, Vi€ {1,...,s}, pi(oaq,0) >0 € M, and (5.2.2)

h(0,0; X)) # 0 € R[X,].

The proof will use the following three lemmas.

BAnd \/—a1/2 = \/g-Tl/2 if a1 < 0, since we are assuming that (a1, ) € R%O,O)'

11



Lemma 5.3. Suppose 0 # p € R[[C4, Cy]]. Then

J
p(C1, Co) = CF - u(Cy, Cs) H (C1, Ca)™ (5.3.1)

where b, J € N; e; € N, w € R[[Cy,Co)]*  (i.e., u(0,0) # 0); and the
q; are distinct zrreduczble “Cy-Weierstrass polynomzals” e R[[C1]][C4] (i-e.,
g = Cy +7, yﬂ(C'l)C';, some s; € N, y; € Cp - R[[C4]]). These data
(except for the order of the q; and e;) are uniquely determined by p.

Proof. First choose b maximal such that C?|p in (the UFD) R[[C}, Cy]].
Then p' := p(Cy,Cy)/CY € R[[C},Cy]] is “regular with respect to Cy,” i.e.,
P'(0,C%) # 0 € R[[C5]]. Therefore we may apply the Weierstrass preparation
theorem to p’ to get p’ = up”, for uniquely determined u € R[[C, Cs]]* and
Cy-Weierstrass polynomial p” € R[[C1]][Cy].

Now write p” = Hq;j for (up to order) uniquely determined Ch-monic,
pairwise non-associate, irreducible ¢; € R((C}))[Cs] (= a UFD), and ¢; € N*.
Actually, we have ¢; € R[[C}]][Cs], by Gauss’ lemma; and every Cy-monic
factor v € R[[C1]][C4] of a Co-Weierstrass polynomial is again a Co-Weierstrass
polynomial. O

Lemma 5.4. Suppose 0 # p € R[[Cy, Cy]]. Then

P TC= Tl 16 TG = O TI[C = ? + ) (5.41%)
p(=T. Co) = (=T)'u(=T,C5) [](C = )% T[[(Co = m ) 4+ 07 " (5417)

where b, K* L* € N; e, fi- € N*; u € R[[Cy,Co]]%; the ¢ are distinct
elements of M, as are the ¢ ; and the ordered pairs (n;",v;") are distinct
elements of M x (M \ {0}), as are the (n; ,v; ). The above data are unique
up to order. Finally, for each Cy-linear or irreducible Cy-quadratic factor F
displayed in (5.4.1%), there exists a unique j < J such that F|q;(£T,Cy) in
RI[Cy); moreover, for this j, e; equals the multiplicity (= ei or fi) of F in
(5.4.1%). (Here, J,qj,¢; are as in (5.3.1).)

Proof. (5.4.1%) comes from (5.3.1) upon replacing C; by 7', and then fac-
toring each ¢;(£7, C3) into irreducible factors € R[Cs]; these new factors will
have C5-degree < 2, since R is real closed.
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The last statement of (5.4) (about multiplicities) follows from the separa-
bility of the extension R/R((7)). O

Lemma 5.5%. Given the notation in (5.4), we may (and shall) re-index
the e and (i so that for some K'* € {0,1,...,K*} and some K'~ €
0,1,..., K},

e? e ,e}t(,i are odd,
ef{,iﬂ, e ,ef{i are even, and
(< < (e (5.5.1%)
Then
K/i
p(ET, Co) = (E1) u(£T, Co)[a™(Ca)* + BE(Co)* T] (Co — ), (5.5.2%)
k=1

where o, 3% € V[Cy).

Proof. (5.5.2%) follows from (5.4.1%) via the two-square identity:

(a* +0*)(* + d*) = (ac + bd)* + (ad — bc)*. O

Remark 5.6. In (5.5%) we may actually choose a*, 3* € M|C,] provided
L* > 0.

Proof of (5.2). Suppose s, p;, g;, h satisfy (5.2.1-3); we seek a contradiction.
We may assume each p; # 0. Fix ¢ < s, and apply (5.3) and (5.5%) with

p; in place of p, obtaining the odd Cs-roots ffl < e < Cii i+ € M of

pi(£T,Cy) € R[[T, Cs]], for some K/* € N.

Claim 5.7. Vk~ € {1,..., K] }, (- #1T”

Proof. Otherwise, there exists a unique j < J such that ¢;(—7, iTz) =0,
and for this j, e; (=e,_) is odd (where J, g;, e;, €, are as in (5.3) and (5.4)).
Then g; must be the irreducible Cy-Weierstrass polynomial Cy — iC’f. Then
there exists a unique k™ € {1,..., K/} such that ¢/, = 7%, and for this
kT, el (=e;) is odd (again by (5.4)). Pick 417,75 € M such that

0 <~ and (5.7.1)
1
T << ETQ = Gler <9 <Gl (5.7.2)

13



for all k" € {1,...,k* —1} and for all k" € {k* 4+ 1,..., K!"}; this is possible
by (4.2) and (5.5.17). Then p;(T,~;") and p;(T,~5) have opposite signs, by
(5.7.2) and (5.5.2%); and (T',~;") and (T, ~3) both belong to Po ), by (5.7.1-2)
and (5.0.1). This violates (5.2.2), proving (5.7). O

Claim 5.8. V&~ € {1,..., K[}, (- <3T*

Proof. Otherwise, (;;- > 1T? for some k™, by (5.7); let k= be minimal with
respect to this property. Pick 77,75, € M such that

_ 1 L -
Gp < ZTQ < <G <7 < G (5.8.1)

forall ¥ € {1,...,k~—1} and for all ¥” € {k~+1,..., K["} ((4.2), (5.5.17)).
Then p;(—=T,~; ) and p;(—T, 7, ) have opposite signs, by (5.8.1) and (5.5.27);
and (=T,v; ) and (=T, 7, ) both belong to P), by (5.8.1) and (5.0.1). This
violates (5.2.2), proving (5.8). O

Returning to the proof of (5.2) itself, we “unfix” i € {1,...,s} and choose
v € M such that

. 1,
Com <7 <47 (5.9.1)

for all ¢ such that K]~ > 0; this is possible by (4.2) and (5.8). Thus for all 1,
pi(—=T,v) > 0, by (5.5.27), (5.0.1), and (5.2.2). Therefore for all £ € R,

>_pi(=T.7)gi(=T,7:€)* = 0. (5.9.2)

As for the lefthand side of (5.2.1), note that h(=T,7; X;) # 0 € V[X{],
by (5.2.3) (since 7(0) = 0). Therefore h(—T7,v; X;) has only finitely many
Xi-roots £ € R. Therefore for all I € N* sufficiently large,

h(—T,y; \/ng/Q + T’) L0eV.

It remains to examine the sign of f under these substitutions. Recalling
(1.4.1),

1 1 21 712 1
T _T1/2 Tl) — |:( _T1/2 Tl) . _T:| - _T2
f ( Vi \[2 + ST+ ST+ (=417
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= (%T + V2T T %Tf +(v- iTQ)

_ <2T2l“ + 22735 4 T4l) + (’y _ iTz)7

an element of M that is negative for [ sufficiently large, by (5.9.1).

Thus the lefthand side of (5.2.1) is negative under these substitutions, vi-
olating (5.9.2), and proving (5.2). O

6. Proof of Theorem 1.5

Recalling Theorem 1.5, suppose U C R? is an open neighborhood of (0, 0),
seN, p1,...,ps € C®(U), and gy,...,9s,h € C°(U)[X;]; and suppose that
all of these satisfy (1.1.17), (1.1.2"”), and (1.1.3"). We seek a contradiction.
Taking Taylor series at (0,0) in (1.1.1"7), we get

h(CY, Cs; X1)2f(01, Cy; X1) = ZE(Cl, C3)Gi(C1, Co; X1)2

in R[[C, Cy]][X1]; this is of the form (5.2.1). Note that h(0,0; X;) # 0 € R[X;]
(5.2.3), by (1.1.3”). The desired contradiction will then follow from (5.2) once
we verify (5.2.2) for py; i.e., that

V(an, az) € Py, Vi, Di(ag,a0) >0 € V.

So suppose p;(a1, ) < 0 for some i and some (o, a2) € Po0); we seek a
contradiction. Pick e € N* such that oy € R[[T¢]].

Case 1: a; = —T'. Then ay > iTz (5.0.1).

Subcase 1(a): as = ;T2 Then 3§ > 0 such that V¢ € (0,6), p;(—t, 1t*) <0,
by (4.1), violating (1.1.2").

Subcase 1(b): ay > iTQ. There exists an open interval I C M containing o
such that VB € I, p;(—T,5(T)) < 0, by (5.5.27). Shrinking [ if necessary, we
may arrange that V3 € I, 8> 177 (ie., (—=T,0) € Poy)), since ap > T2
Pick 3 € INR[TY¢] (4.2). Let v € R[S] (S a new indeterminate) such
that B(T) = ~v(T"¢). For s € R, define q(s) = p;(—s° 7(s)); then ¢ is C* in
s. Moreover, g(S) = pi(—5¢,7(5)), by the chain-rule for higher-order partial
derivatives. So

q(T°) = pi(=T.4(T"))
pi(=T, B(T)) < 0.

15



Apply (4.1) to ¢; we get 6 > 0 such that

Vt € (0,6), 0> q(t¥) = p;(—t, B(t)). (6.0.1)

Apply (4.1) similarly to y(s) — 3% € C>(R): B(t) > 3t* for t € (0,6’), some
8 € (0,0); thus (—t, 3(t)) € P. This, together with (6.0.1), violates (1.1.2").

Cases 2 and 3: «1 =T and oy = 0, respectively. These cases are easier
than Case 1.

The three cases, taken together, prove (1.5). O

7. Postscript on work of Broglia and Pernazza

Theorem 1.4 above implies our earlier result [D1991-94] that analytic vari-
ation is impossible in Artin’s theorem (i.e., that B in Question 1.1 cannot be
taken to be O(R™)). The latter result had originally been deduced (easily)
from the fact that the closed semianalytic set P C R? in (1.4.2) is not “ba-
sic” closed semianalytic (at the origin (0,0)); i.e., for every open neighborhood
U C R?of (0,0), and for every s € N, and for every choice of py,...,p, € O(U):

PNU#{ceU|pi(c)>0,...,ps(c) >0}.1

We had at one time hoped that Theorem 1.4 could be deduced in a sim-
ilar (easy) way from the following statement. Suppose U C R? is an open

neighborhood of (0,0), s € N, py,...,ps € C®(U), and

PNU={ceU|p(c)>0,...,ps(c) >0}; (7.0.1)

then for at least one i < s, p; is flat at (0,0) (recall §3). I asked Francesca
Acquistapace and Fabrizio Broglia whether this statement is true; they (to-
gether with Ludovico Pernazza) succeeded in proving a more general version
of this statement (but for open rather than closed semianalytic sets, with the
obvious analog for the definition of “basic” open semianalytic):

Theorem 7.1 ([BP2002]). Let S C R™ be an open semianalytic set whose

14 This easy deduction goes as follows. We take as known the fact that P is not
basic. Then P,  is not basic (for d > 4). Now if B in (1.1) could be taken to be
O(R™), we would conclude that P = {c € R™ | pi(c) > 0,...,ps(c) > 0}, where
the p; € O(R™) are given in (1.1.1-2) (C by (1.1.2), and D by (1.1.1)). Le., P is
basic, after all—contradiction.
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germ Sp at 0 := (0,...,0) is not basic open semianalytic, and suppose that
for some open neighborhood U C R™ of 0, there are ¢; € C°(U) such that

SNU={ceU]|¢i(c)>0,...,¢s(c) >0}.

Then for at least one i < s, ¢; is flat at 0.

Unfortunately, the fact for every choice of p; € C*(U) satisfying (7.0.1),
p; must be flat at (0,0) for some i, does not seem to lead easily to the results
of this paper. For example, if some of the p; in (1.1.1”) are flat, then some of
the summands on the righthand side of (1.1.1”) will be flat; but this does not
seem to lead to the desired contradiction, since the lefthand side could also be
flat (depending on h).
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