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Abstract

P%lya proved that if a real, homogeneouspolynomial is positive on the
nonnegative orthant (except at the origin), then it is the quotient of two
homogeneouspolynomials with no negative coetcients. We generalize
this from polynomials to signomials with arbitrary rational exponerts; we
alsoshow that P§lya's theorem doesnot generalizeto arbitrary signomials
(i.e., with irrational (real) exponerts).

1 Intro duction

X® = XPeeeX O, Let x = (X1;:::;%Xn) 2 R, MWe write R, = [0;1) and
R+ = (0;1), and we write ¢, = fx 2 R} j X; = 1g for the closed,
(nj 1)-dimensional simplex.

SupposeF 2 R[X] is homogeneousf degreed. SupposealsoF > 0on ¢ ,;
sinceF is homogeneousthis assumptionis equivalernt to assumingthat F > 0on

[P8ilya, 1928],in its weak and strong forms:

Theorem 1.1 (Weakform of Pflya's' theorem). Let F be as albove. Then F is
the quotient of two homaen®us polynomials G;H 2 R[X] (H 6 0) with every

1This theorem had been proved by Poincar§ [1888] for n = 2, and by Meissner [1911] for
n = 3. According to [Hardy, et al, 1934{91, p. 57], Meissner's method is applicable in principle
for n > 3, though his method (unlik e P§lya's) doesnot lead to the stronger conclusion in (1.2)
below.



coexcient being strictly 2 positive: HF = G. O

Theorem 1.2 (Strong form of P@lya's theorem). Let F be as atove. Then for
all sutciently largep2 N,

(X1 + ¢+ X)PF (X i Xn) = G(X 10 Xn); (1.2.1)

for some (necessarily real, homayen®us polynomial) G with every coetcient
being strictly positive (recall footnote 2). O

Thesetheoremsare also proved in [Hardy, et al, 1934{91, pp. 57{60].

In this paper we consider the question of whether (1.1) and/or (1.2) ad-
mit reasonableextensionsfrom polynomials to arbitrary signomials, which can
be de ned roughly as \real pglynomials with arbitrary real exponerts" (such
as3X X5 IX 9 i 5X1 X} 2X5?). A signomial with no negative coexcients is
known as a posynomial; thus the G and H in (1.1) and (1.2) above are posy-
nomials.

Our three main results are:

2 that (1.2) doesnot extend to signomialswith non-integer exponerts (4.1);
2 that (1.1) extendsto signomialswith rational exponerts (5.1); and

2 that (1.1) doesnot extend to arbitrary signomials (i.e., signomials with
arbitrary irrational exponerts) (6.1). Speci cally, for every 2 2 (j 1;1), let
F:(X1;X2) be the homogeneoussignomial X 7 j Xi**X31 “ + X3. Then
we show that

1. F- > 0on ¢, but
2. F: is the quotient of two posynomialsif and only if 2 is rational.

It is remarkable that for a signomial F that is positive on ¢ ,,, the (semi-)
algebaic condition that F be the quotient of two posynomialsis closelyrelated
to the arithmetic condition that the exponerts of F be rational.

In section 2 we begin with careful de nitions of the vocabulary of (formal)
signomials (as elemeris of the group ring R[R"]). Then we considervarious ele-
merntary algebraic properties of this ring: for example, it is an integral domain,
but not a unique factorization domain or a Noetherian domain. In section 3, we
considerthe function f : R7, ! R (denoted by f (x)) determined by a formal
signomial f (X ). We show that di®eren formal signomialsf (X) determine dif-
ferent signomial functions f (x) (3.1), and that a signomial function is algebraic
over R(X) (2.4) if and only if all its exponerts are rational (3.3). We alsoinves-
tigate whenthe composition of signomial functions is a signomial function ((3.5)
and (3.6)). In sections4{6 we prove our three main results (already listed in the
previous paragraph). Finally, in section 8, we summarizewhat has beenknown

2).e., for every ® 2 N" with k®k = degG, the coezcient of X ® in G is positive (and not
merely nonnegative); and similarly for H. Seealso Remark 5.4 below.



(for along time) about * := minyz¢, F(X); this minimum is one of the parame-
tersin upper boundson the \P%lya exponert" pr := minf p2 Nj (1:2:1) holdsg
(see(5.3) below); our point hereis that P§lya's original method of constructing
p and G in (1.2) is e®ectiwe, despite impressions (suggestedby some) to the
cortrary.

Signomials have been largely neglected by real algebraic and real analytic
geometers. Yet signomials have played a role in various branches of mathemat-
ics:

2 Signomialsin onevariable arise as solutions of certain classicaldi®erertial
equations (see(3.2) below). They also appear in Méntz's theorem:

2 Posynomialsin more than one variable seemto have been'rst studied by
Zener [1961],who shaoved how to usethe arithmetic-geometric inequality
to nd the minimum of a posynomialf overR}, (atleastwhenf hasn+1
terms). [Duzxn, et al, 1967], however, seemsto be the rst publication to
have coinedthe word \p osynomial” itself, asan abbreviation for \p ositive
polynomial." 3

A posynomial function f neednot be corvex, soit is not clear, a priori ,
that a local minimum of f on a suitable domain is a global minimum.

all of R") is corvex. Thus every \p osynomial program" is equivalert to a
convex program, i.e., the problem of minimizing a convex function over a
convex domain; and in sud problems, every local minimizing point is a
global minimizing point.

It was not until [Passy et al, 1967]that signomials (then called \gener-
alized polynomials™) in more than one variable were studied; the word
\signomial,” however (which seemso comefrom the words \signum" and
\p olynomial" used by Passy and Wilde) did not appear in print until
[Duxn, et al, 1973],apparertly.

Signomialsand especially posynomialsare usedin geometric programming
[Duzxn, et al, 1967],which has diverseapplications to chemical engineer-
ing, managemenm science,structural engineering, water-quality manage-
mernt, nuclear engineering,transportation planning, production planning,
and regional economics.Recent applications have beenmadeby electrical
engineersmodeling analogintegrated circuits (see[Daems,et al, 2001]and
[2002)).

In most engineeringand other applications, the signomials actually used
have xed exponerts that are rational; cf., e.g.,[Sherali, 1998]. Soin case

SWhile [Du#n, et al, 1967] de nes a \p ositive polynomial* to be a posynomial (i.e., with
arbitrary real exponents, and with positive coetcients), real algebraists de ne (somewhat
vaguely) a \p ositive polynomial" to be a polynomial (i.e., with exponents in N) that takes
only positiv e values on a prescribed subset of R"; cf., e.g., the titles of [Marshall, 2000] and
[Prestel, et al, 2001]. Thus P%lya's theorem 1.1 above, and our theorem 5.1 below, may be
viewed as establishing connections between these two de nitions, when the exponents are in
N or Q, respectively.



P@lya's theorem, or our extensionthereof (5.1), someday nd engineering
applications, the restriction to rational exponerts in (5.1) should not be
a problem.

2 Miller [1994]considereda classof functionsf : R" ! R that properly con-
tains the classof (extensionsby 0 to R" of) signomial functions. Specif-
ically, he consideredterms built up (in a formal language) from variable
symbols x1; X2;::: (an arbitrary one of which we denote by x) and from
constarts in R by the usual operation symbols +, j , and ¢, together with
the classof operation symbolsf x" jr 2 Rg; the symbol x" indicates the
function R! R de ned by

x" ifx>0
0 ifx- O

X 7!

He consideredthe structure
RE, = (Ri<; +5i 5 6.0,L,(X )r2r; (Mf 2rtx ngn2n);

where ()¢ 2rix ngn2n denotesa certain classof functions f~: R" I R
that are analytic on [j 1;1]". He proved that the theory of RR, admits
guarti er-elimination and analytic cell-decompsition, and is universally
axiomatizable, o-minimal, and polynomially bounded. Note that Miller's
classof functions is, by its de nition, closedunder composition, while the
classof signomial functions (even if we extend them, by 0, from their usual
domain RY, to all of R") is not: for example,(x1+ 1)12 is not a signomial
function (3.5).

2 [Wang, 2004] extended Descartes'rule of signsto arbitrary signomialsin
one variable. (Actually, he consideredonly signomials with nonnegative
real exponerts; but Wang'sresult is easilyextendedto arbitrary signomials
f in onevariable, asclaimed, sincewe may apply hisresult to the \essential
part" f. of f (dened in (2.3) below), in just the sameway that we use
f+ in (5.1) below.)

In a future paper we shall give a version of the Fourier-Budan theorem (on
courting the roots of f 2 R[X;] in an interval (a;b]) for 1-variable signomial
functions f (here we must assumethat a, 0).

In another paper, we shall investigate the extent to which Krivine's Posi-
tivstellensatz and Schmédgen's Positivstellensatz [1991] (which can be derived
from Pfilya's theorem, as Scweighofer shaved in [2002] and [submitted]), as
well as a similar (1-variable) theorem of Pfilya-Sze@Aextend from polynomials
to signomials.

I thank Jeds Ruiz, whosepenetrating questions helped me discover, even-
tually, a mistake in my earlier work on this topic. And | thank William Adkins,
Walter Daems, GeorgesGielen, Chris Miller, Alexander Prestel, Bruce Reznid,
and Peter Wolenski for helpful commerts.



2 Generalities on formal signomials

We keepthe samenotations asin section 1, except that from now on we allow
the multi-exp onert ® to be an arbitrary elemen of R".

De nitions 2.1. A formal signomial (or simply a signomial, when no confusion
canresult) is an elemen of the group ring R[R"]; the latter is de ned to be the
set of "nite formal sums

X
f=f(X)= ¢X®; (2.1.1)
i=1

wherem 2 N, the \coezcients" ¢; of f are nonzeroelemens of (the ring) R,

(the additive group) R"; here X denotesn indeterminates as above (thus we
may call f asignomial\in X ," for clarity). We call a singleterm ¢;X ® aformal
(gemealized) monomial; the X; -degree of ¢ X® (assumingc 6 0) is de ned
to be ®; , while its degree is de ned to be k®k = &1 + ¢¢¢+ ®,, . Wecall f
homayen@us (of degreed 2 R) if eath of its monomials has degeed. We de ne
the supprt suppf of f to bef ® j¢ 6 0g.

De nition  2.2. A formal signomial eat of whose coezcients is nonnegative
is called a (formal) posynomial.

(Thus ead signomial is the di®erenceof two posynomials.)

We resene the term \(real) polynomial® for a formal signomial f with
suppf % N" % R". As usual, we corntinue to denote the ring of polynomi-
als by R[X] (rather than by R[N"]), and its "eld of fractions by R(X). The
ring operations on R[R"] are straightforward generalizationsof the operations
on R[X].

[Gilmer, 1984]provides a comprehensie preseration of the algebraic prop-
erties of (semi)group rings at various levels of generality and abstraction. Below
we mertion somealgebraic properties of our particular group ring, R[R"].

For n > 0, R[R"] is isomorphic to the iterated group ring (R[R"' 1][R],
by writing X©°:= (X1;:::;Xn; 1) (sothat X = (X%X,)), and by writing

f1(XYX, + ee+ i (XOYX % ; (2.2.1)

for someK 2 N, some ; < ¢¢¢< ¢ in R, and somef, 2 R[R" 1] nf0g.

The units of the ring R[R"] are the nonzero (generalized) monomials cX ®,
for c2 RE and ® 2 R". Indeed, the inverseof cX® is ¢ 1X i ®; conversely for
f;g 2 R[R"], if f g is a nonzeromonomial (such as 1), then both f and g are
monomials. The latter fact can be seenby writing f asin (2.2.1) and writing
g similarly asgy(X9X,* + ¢¢¢+ g (X YX ¢, and then consideringthe terms in
f g of X,,-degree 1 + °1, and the terms in f g of X ,-degree ¢ + °_, to conclude
that K = L = 1; then useinduction on n to concludethat f;g; 2 R[R" 1] is
also a monomial.



By a similar argumert, we alsoseethat R[R"] is an integral domain, i.e., for
f;g92 R[R"],
[f 6 0andg6 0]) fgé O:
We denote the "eld of fractions of R[R"] by R(R"); then R(X) is a sub eld of
R(R").
For n > 0, R[R"]is not a unique factorization domain and it is not Noethe-
rian, as seen,for example, by the (nontrivial) factorizations

X1i 1= (X{72+ D(X;720 1)
(X7 + DOGTH DG D
= ¢C¢:

De nitions  2.3. First we de ne a partial order? on R" asfollows: for ®;, 2
R", wedene ®'! ~ to meanthat ® - 1;:::;®, - . Then, for f 2
R[R"]nfOg we de ne & 2 R" to be the greatest lower bound (with respect
to 1) of suppf. Finally, we de ne the essential part f. (X) of f(X) to be
Xi®f(X).

Thusf (X) = X® f,(X), suppf = & + suppf., and suppf. % R?. For
For example, (re)consider
e a4y 2uP3
f(X1;X2;X3) = 3X7X5 X0 5Xi4X)2X, % then® = (j 4 2;0) and
1, P
fo(X1;X2;X3) = 3XFTXIXT ) BXIXIX, %

De nitions 2.4. For formal signomialsf ; g with g 6 0, we say that the (formal)
quotient f=g 2 R(R") is algebmic over R(X) (or simply algebaic) if there

algebraic, then we call it transendental. We call f essentialy algebaic if f . is
algebraic (recall (2.3)).

As usual, the relative algebraicclosureof R(X ) in R(R") (i.e., the setof those
guotients of signomialsthat are algebraic), forms a sub eld of R(R"). In (3.3)
below, we shall seethat a signomial f is algebraicif and only if suppf %2 Q".

3 Generalities on signomial functions

P
Each formal signomialf (X) = i”ll ¢ X ®determinesa function (also denoted
by f) from R}, to R, denedbyf(x)= |, ¢ix® . Sud a function is called a



signomial function; and if f (X) is a formal posynomial, then the function f (x)
determined by it is called a posynomial function. Writing the multi-exp onert

boundary of R}, for which ®; , 0;thusf (x) canbe de ned at least* on

[
RY n fx2R}jx = 0g;

® ;<0

which we call the natural domain of f . (Here, in casefor somej, ®; , 0, and
for somei, ®; = 0, we de ne f (x) whenx; = 0 accordingto the corvertion
that 0° = 1.) In particular, since suppf. % R?, f,(X) determinesa real-
valued function on all of R}, and for all x 2 R}, , sgnf (x) = sgnf. (x).

Every signomial function is real analytic on R}, ; and its extension to its
natural domain (1 RY) is cortinuous.

fj(X) = fja(X9X it + ¢ee+ fia, (XOXn' ™75
for someK; 2 N, some ;1 < ¢6¢< ~j, in R, and somefj; 2 R[R" '] nf0g.
For n = 1, note that ead fj is just a nonzeroconstart. Sofor ead j,

fim 1100)

x1! +1 K
X
1

10 _j;Kjili_J;Kv

= lim. (Fax ™ et i axg P+ fix,)="fjx, 60

x1! +1
and we are done. For n > 1, apply induction to nd x°2 R} ! such that for
ead j, fjx, (x9 6 0. Then apply the 1-variable caseto eat f;(x%X,) 2
R[R] nfO0g. O

In view of the casee = 1 of the lemma, we need no longer distinguish
carefully, in every case,betweenf (X)) and f 1(x).

Remark 3.2 (on di®ereriial equations). Every signomial function y = f (x1) in
one variable is a solution of a suitable Cauchy-Euler di®erenial equation, i.e.,
a d'th-order di®erenial equation of the form

agy + arx1y%+ apx2y%%+ ¢ee+ agxly@ = o; (3.2.1)
4In certain cases we may even extend f to points x 2 R" with xj < O for cer-
tain j. Specically, recall that if x; < 0, then the complete set of values of xj®”J is

@ e TIRKA) ® ; : i ;
fix;j~u ¢e™ i W jk 2 Zg; this set contains a real number if and only if (2k + 1)®;;
is an integer, for somek 2 Z. Thus we may allow negative xj in f if and only if for all i, ®;;
is a rational number with an odd denominator.



for d 2 N and real constarts a. To seethis, supposewe are given a signomial
function y = f (X1) = Cox,° + ¢¢¢+ cyx,* with o < ¢¢¢< . Recallthat (3.2.1)
can be solved either by substituting x; = €' (which transforms (3.2.1) into a
di®erenial equation with constart coextcients), or by substituting y = xj, and
solving the following polynomial equation (of degreed) for r:

ao+ air + axr(rj 1)+ ¢+ agr(rj 1)(rj 2)¢ee(rj d+ 1)=0: (3.2.2)
Sincethe polynomials
Lir;r(rj 1);r(rj )(ri 2); ::5r(rj D(rj 2)¢ee(ri d+ 1)

form a basisfor the real vector spaceof all real polynomials of degree: dinr,

“4) = 0. Then for ead i, y = x;' will satisfy (3.2.1), whencesowill y = f (x1).
The claim is proved.

The converseis false (except for d = 1). For example,to solve y + x1y°+
x2y%= 0, wetry y = x1, for someunknown r. Wegetr(rj 1)x}+rx}+x} =0,
whencer? + 1= 0. This suggeststhe two complex solutions
Si e "TThx - cosln x; + pi_lsinlnxl and

X
i TT= g PTInx = cosinxgi "7 Tsinin
1 = = 11 i 1sIinin Xq;

which lead to the two (R-linearly independert) real solutionsy; = cosln x; and
y» = sinln x4, neither of which is a signomial function (becausee.qg.,they both
oscillate in nitely oftenasx; ! +1). O

As promised after (2.4) above, we now state and prove
Prop osition 3.3. A signomial f 2 R[R"] is algebaic if and only if suppf %
Q".
Proof. Suppose Tst that suppf % Q". Any rational power X P, for p;q2 Z

with > 0, is algebraic, since P (X ;ijzq) = 0, where P(Xj;Y) = Y9 ij 2
R(X)[Y]. Sincef is an R-linear combination of products of such powers, it, too,
is algebraic.

(2.2.1). We needa lemma.
Lemma 3.4. Supmsethat P (X ;f (X)) = 0, for someP 2 R[X][Y]nf0g. Write
P(X;Y) = po(X) + ¢ee+ p (X)Y! + ¢ee+ pg(X)Y? (3.4.1)
xa ¢ .
= P(X%Xn;Y) = ij;o(xo)"' ¢+ pj;l(xo)xrl1 + 000+ Py (XX Y
j=0

for somed;e 2 N and somep;, 2 R[X] and p;; 2 R[XY; for thosej with
P 6 O, chooseg sothat pj.e; 6 0. Let

= +i k)
D = max (e +] «);

p; 60



wher "¢ is asin (2:2:1). Let

X _
Po(X%X,:Y) = Pie, (XX YD (3.4.2)
p; 60
e+ k=D
Then
(3:4:3) Pp 6 O;

(3:4:4) Pp (X% X fi (X9X ¥ ) consists precisely of thoseterms in
P(X%Xn:f(X%X,)) with X,-degree D (before any cancel-
lation); and hene

(3:4:5) Pp (X% X fi (X9YX %) = 0.

Proof of Lemma 3.4. (3.4.3) holds sincethere is somejo sud that p;, 6 0 and
8,+Jjo k = D, andpj,,, 6 Oby the choiceof g ,. (3.4.4) follows from (3.4.2)
and

P(X%Xn; f(X%Xp)) =

- ¢ . ¢
"B0(X 9 + 006+ pe (XOXE  F1 (XXt + 606+ Fi (X)X % 5 (3.4.6)
j=0

and (3.4.6), in turn, follows from (3.4.1) and (2.2.1). (3.4.5) follows from (3.4.4)
and the hypothesisthat P(X;f (X)) = 0. This provesthe lemma. O

Returning to the proof of the corverseof (3.3), supposef is algebraic. We
must shaw that ead exponert occurring in f is rational. ThereisaP asin the
hypothesis of (3.4). From (3.4.5) we concludethat Pp (X% X;fx (XX ,¢) =
0. For later referencewe remark that sincePp 6 0 (3.4.3), we have so far
shown that

f (X9X %, and hencef (X YX,* + €6+ fy, 1(XYX % 1, is algebraic.
(3.4.7)
Now we use induction on n. For n = 1, note that fyx is just a nonzero
constart. The above paragraph shaws that Pp (X1;fk X;*) = 0. And by
(3.4.4), every term in the expansionof Pp (X1;fk X,*) (before cancellation,
that is) has (X 1-)degreeD. In order for cancellation of nonzeroterms to occur,
the number of such terms must be at least two; i.e., there exist j; < j» in the

Therefore
= d1l 825 g
J2i )1
as required. If K = 1, we are done for the casen = 1; if K > 1, we usea
separateinduction on K.

Now assumen > 1 and that every algebraic signomial in R[R"1 1] has only



and Pp (x%Xn;Y) 6 02 R[X,;Y]; this is possible by applying Lemma 3.1
(with n replaced by nj 1) to fx and the (X,;Y)-coetcients pj., (X9 2
R[X 9 % R[R" 1] of Pp, not all of which are zeroin R[R" 1], by (3.4.3). Then
Pp (X% X, f(x%X,)) = 0. Now by the 1-variable caseabove, " is rational.
Thus X .« is algebraic, whencef x (X9 is, too (using (3.4.7)). By the inductive
hypothesis, every exponert occurring in fx (X9 is rational. Thus, if K = 1,
we are done. If K > 1, repeat the above argumert for f;(X Xt + ¢oe+
fr; 1(X9YXn""*, considering(3.4.7). Thus all the exponerts occurring in f are
rational, and (3.3) is proved. O

Thus we sometimesrefer to a signomial all of whoseexponerts are rational
asan \algebraic signomial”; the others can be called transcendenal signomials.

Example 3.5. The classof signomialfunctions is not closedunder composition.
For example,the composition of f (x1) = xi:z and g(xy1) = xp+ 1is(f xg)(x1) =
f (g(x1)) = (x1 + 1)¥2, which is not a signomial function. (Proof: Suppose

(X1 + 1)¥2 = hyx,* + 66¢+ hex,® 2 R[R];
with 71 < ¢¢¢< "¢ and h; 2 Rnf0g. Then
X1+ 1= (hyx," + 60+ hex,®)?:

But the right hand side is either a monomial (in casee = 1), or it contains at
least three terms, of degrees?2 1 < 1+ < 2 ¢, in casee> 1.)

Remark 3.6 (on composition). While the class of signomial functions is not
closedunder arbitrary composition, usually we may plug monomials into a sig-
nomial function, and still have a signomial function, asfollows. Let f (X) denote

a formal signomial asin (2.1.1). Let Y denote new indeterminates (Y1;:::;V})
(somel 2 N), and let byY *;:::;bY » be n formal monomialsin Y, where
b 2Rand | == (Gj.1;::5 7 j4) 2 R Wethen de'ne

G ¢b(1®|: 1 ¢¢¢b?i;n Yl®|: 1 11+ CCE®yn o1 ¢¢¢Y|®i; 11+ CCE® Ty :
i=1

which will be a formal signomial in R[R'] provided that ead power q®“" is real
(which will be the caseif either j > 0, or ®; is a rational number with odd
denominator, and where 0° is consideredto be 1).

4 Imp ossibilit y of extending the strong form of
P%lya's theorem to arbitrary signomials
We rst note that already for n = 2 (the “rst nontrivial case),the strong form of

P8ilya's theorem (1.2) doesnot extend to signomialswith arbitrary, non-integer
exponerts. To state this precisely rst write (X;Y) instead of (X 1;X>).

10



Theorem 4.1 (Falsity of (1.2) for arbitrary signomials). For n = 2 there exists
a homageneus signomial F 2 R[R?] suchthat F > 0on ¢ ,, butfor everyp 2 N,
(X + Y)PF(X;Y) is not a posynomialli.e., it hasa negative coetcient. (We
may eventake suchan F to haverational expnents)

Before beginning the proof, we need
Lemma 4.2. For any22 R, let
Fo(X;Y)= X2 XMyli®4+vy2 (4.2.1)

If j2j < 1, thenF. > 0on ¢, :=f(x;y) 2 R2 jx+ y = 1g (and hene on the
rest of R2 nf(0;0)g, since F is homaenaus).

Proof of Lemma4.2. F: determinesa cortinuousfunction f (x; 2) := Fz(x; 1j X)
of two variableson ([0; 1]1£ [i 1;1]) nf(0;i 1);(1;1)g, sincethere we avoid the
expressionQP. It su+cesto show that f > 0 on this region (which includes the
region [0; 1] £ (i 1;1)).

For eath x 2 (0; 1),

% =i xInx)@ i )M+ XL )M TIn(L i x)
=x™'@i )Y n@i x)i Inx):
Therefore for all 25 2 [j 1;1],

8

2>0 for0< x< %;
@(x;20)>=0 for x = 1, and

" <0 fori<x<iL

Sofor x 2 (0; ),

Smin £062) = 061 D= )P X0 )%+ (@ %= x2> 0

Similarly, for x 2 (1;1),

Jmin £062) =1 1) = x2i x3(1i x)°+ (1j x)?= (1 x)?> 0

For x = % we have, for all 22 [ 1;1],

3 ’ 3 7 3 7

1 172 %1 w2%1 52 %172 %172 %172 12 g
f 52 =5 i 5 5 t 5 = 5 0 5 t 5 =->0
2 2 2 2 2 2 2 2 2
Finally,

forall22 (j 1;1; f(0;2)=0%j 0**°1Yi*+ 1°= 1> 0; and
forall22 [j 1;1); f(1;2)=12; 11*°0li*+0°= 1> O O
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Proof of (4.1). We shall shov that we may take F in (4.1) to be the F: in
(4.2.1), for any 2 2 (j 1;1) other than O (whether rational or not). The previous
lemma shows that then F > 0on ¢ ,. It remainsto show that for every p2 N,
(X + Y)PF(X;Y) has at least one negative coexcient. For this, obsene rst
that

(X + Y)PE(X;Y) = (X + Y)P(X2 XTPyliZ 4 v?)
= (X +Y)P(X2+Y2) | (X + Y)PeXIVE T (422)

Next obsene that noneof the terms cortributed by (X + Y)P(X 2+ Y ?) to (4.2.2)

can o®setany of the (negative) terms cortributed by j (X + Y)P ¢X1**y1i *,
since all the terms in the “rst product have integer exponerts, while all the
terms in the secondproduct have non-integer exponerts. |

Having thus ruled out the possibility of extending the strong form (1.2) of
Ptilya's theoremto arbitrary signomials,weturn next, in sections5 and 6 below,
to the question of the extendability of the weak form (1.1) of P§lya's theorem.

5 Extension of the weak form of P%lya's
theorem to essertially algebraic signomials

Theorem 5.1 (Weakform of P§lya for essetially algebraic signomials) Sup-
poseF is a homaggeneus signomial in R[R"]. Supmsealsothat F is essentialy
algebmic (2:4), i.e., that the essentialpart F. of F (recall (2:3)) is algebaic|
equivalently, that suppF. 2 Q" (recall (3:3)). Finally, supmsethat F. > 0 on
homaen®us posynomials (2:2) G andH in R[R"]nf0g: HF = G.

Proof. Let g 2 N nfOg be the least common denominator of the exponerts
occurring in F.. De ne a new signomial F* as follows:

Fo(X1;::5Xn) = Fe (XX ) (5.1.1)

with all coexcients strictly positive (recall footnote 2 to Theorem 1.1), such
that
H(X ;00 Xn)Fo(X g0 X0) = GP(X ;i Xn); (5.1.2)

by (1.1). (We may even take H" to be (X1 + ¢¢¢+ X,,)P for suxciently large
p2 N, by (1.2).) Replacingeac X; in (5.1.2) by lezq, we get

HE(X % X EO R (X% X B9y = Go (X790 X FFy: (5.1.3)

12



De ning
GAXq;:ii;Xn) = GH(Xy % X9 and (5.1.4)
HOX 10000 X)) i= HE(X % X F9) (5.1.5)

by (3.6), we seethat G° and H° are nonzero posynomials® Recalling (5.1.1)
and (5.1.3){(5.1.5), we get

Multiplying both sidesby X ® (recalling (2.3)), we get
HOYX)(X® Fy (X)) = X® GYX):
Finally, recalling that F(X) = X ® F, (X), we get
HYX)F(X) = X® GYX):
Thus we may take G(X) = X ® GYX) and H(X) = HYX) in (5.1). O

Remark 5.2 (on H). The above proof actually shows that we may take H (X)
in (5.1) to be

(X179 00t+ X27P 2 RIX;% XA %RIQ%RR"; (5.2.1)

whereg2 NnfQg is asin the proof, and wherep 2 N is sutciently large.

Remark 5.3 (on bounds). Given a particular F asin (1.2), let us call the min-
imum p 2 N for which (1.2.1) holds, the P§ilya expnent of F; we denoteit by
pr. Then [de Loera, et al, 1996,2001]shaved that

2 T
DF - w + nd; (5.3.1)
where, as before,d = degF, the ¢ areasin (2.1.1), and

1:=1(c):= XT‘Ln F(x): (5.3.2)

[Powers, et al, 2001]improved this, as follows. Letting

3
AR 5! |
c= max ®,1-®,2dl¢¢¢®,n Hiai
they showed
- d(dé D6l de 1 (5.3.3)

5In fact, for every ® 2 %N” % Q" with k® = degG?, the coetcient of X ® in GOis strictly

positive, and similarly for H? Recall footnote 2 to Theorem 1.1 above, and seeRemark 5.4
below.

13



which is sharp at least for d = 2 and for certain valuesof 1. Thesetwo bounds
obviously apply equally well to the minimum possiblep 2 N in (5.2.1), upon
replacing! by
1%:= min F%(x)
x2¢ ,

(recall (5.1.1)).

Remark 5.4 (on strictly positive coexcients). For n = 2, is \every" coez-
ciert of, for example, the homogeneousgpolynomial G := X 2X, + X3 positive?
l.e., should one ignore the \missing" monomials X3 and X;X2? In [Hardy,
et al, 1934{91, p. 57], Plilya introduced his theorem(s) by noting that they
\assert. . .that a positive form can be represened in a manner which renders
its positive character intuitiv e.” If we interpret P§lya's theorems as allowing
G to omit some monomials of degreedegH + degF (or p + degF), then the
conclusion of those theorems would be too weak to represett F in a manner
making its positive character obvious. For example,taking F = XX, + X3 in
(1.1) above, we would be able to take H = 1 and G = F; even though G has
no negative coexcients, G is not positive at (1;0) 2 ¢ ,. (And in general, for
anyn, lande, 1, areal form G of degreeein X with no negative coezx-
ciert is positive on ¢ ,, if and only if the coexcients in G of all the monomials

every ®2 N" with k® = degG, the coexcient of X ® in G is positive (and not
merely nonnegative); and similarly for H in (1.1). (In fact, [Hardy, et al, 1934{
91] states this clari cation explicitly in Appendix |, and notes its importance
in the application of P§lya's theoremto proving Habicht's theorem on Hilb ert's
17th problem.)

On the other hand, it is easyto prove (the correct interpretation of) Pilya's
theoremsfrom the looseinterpretation thereof. Namely, let 2 be any real number
such that 0< 2< 1 (5.3.2), and apply the looseinterpretation of (1.1) or (1.2)

(5.4.1)
where the right hand side obviously has strictly positive coezcients on all
monomials of degreedegG, as required. For (1.2), we are done, since there
H = (X1 + ¢¢+ X,)P, which also has all possible coexcients positive. For
(1.1), however, we are not quite done, since (5.4.1) doesnot seemto guarartee
that the coexcient in H of each monomial of degreep := degH is positive; but it

positive, and this is enoughto render the positive character of H on ¢ ,, obvious.
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6 Imp ossibilit y of extending the weak form of
P%lya's theorem to arbitrary (transcenden tal)
signomials

Theorem 6.1 (Falsity of (1.1) for arbitrary signomials). For n = 2 there exists

a homagen®us signomial F 2 R[R?] suchthat F > 0 on ¢ ,, but F is not the
guotient of any two (nonzei) posynomials.

Proof. Write (X;Y) instead of (X 1;X2). Let
Fo(X;Y)= X2 XM°yli®4+vy2 (6.1.1)

Thenforall22 (j 1;1), F- > 0on ¢ ,, by (4.2). We shall shaw that for all irr a-
tional (real) 2, however, F: is not the quotient of any two nonzeroposynomials;
then we will be able to take F in (6.1) to be Fz, forany 22 (j 1;1)nQ.

So supposethat

HOGY)X 2 XYLz +v2) = G(X;Y); (6.1.2)

for some2 2 R and someposynomialsG and H (6 0); we shall deducefrom
this that 22 Q.

We may assumethat G and H are homogeneousptherwise, extract from G
and H the homogeneouscomponerts of lowest degrees.Let d = degH (2 R).
Write

G(X;Y) = agX®y2rdi @ 4 g,x ®2y2+di ® 4 ¢og+ g, X ® Y2+ di @ gnd
H(X;Y) = X 1Y% 14+ X 2Y9% 2 4 ¢g¢+ by X mYdi m; (6.1.3)
wheren; m 2 N nfQg,

® < ®; < CC< ®y;
1< <t Ty (all in R);
and eat a;;b 2 R+ . From (6.1.1) and (6.1.3) we get
H(X;Y)F(X;Y)
= (X Y9 14+ X 2YY 24 g0t by X Y S ) (X2 XYL+ v?)
= X Y914 X 22y 2 4 gee+ by X mt2Y Ao,
i blx_1+1+ 2Ydi T+l Zi bzx_2+1+ 2Ydj T+l 2i ¢¢¢i bmx_m +1+ 2Ydi Tmtli2
+ X Y2 g X2y a2t 4 ge o X Y 2 (6.1.4)
We need
Lemma 6.2. Under the alove assumptions,for eachi 2 f1;2;:::; mg,
either ;+ 1+2= 7 + 2, for somej 211;2;:::;ij 1g;
and/or ;+ 1+ 2="; for somek 2 fi+ 1;i + 2;:::;mg:
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Proof of Lemma 6.2. According to (6.1.1) and (6.1.2), we are assuming that
HF: is a posynomial. Therefore, the negative term j bX i1+ 2ydi i+1i 2 jp
(6.1.4) must be o®setby somepositive term(s) with the sameexponert. Exam-
ining (6.1.4), we seethat sud a positive term can only be either by X ir2ydio

or X «Ydi «*2 for somej or k asin (6.2). Now compareX -exponerts. [

Returning to the proof of (6.1), we have

either
or g

(1)

SN (6.2.1)

follows. Let i; = 1. For |, 1, oncei; hasbeendetermined, de ne i;+; to be

that j 2 f1,2:::50f 1gst. ;= 5 + (i 1+ 2), if sudh aj exists; otherwise,
that k2 fij+ 1;:::;mgst. =75, + (1 + 2):
By (6.2.1), i;+1 is well de ned by the above instructions.
Thus
either ., = i, + (i 1+32)
or _i|+1 = _i| + (1+ 2):
Thereforefor all | |, 1,
Ti= Tt mi(i 1+ )+ mL+ 2); (6.2.2)

for somem;;mP?2 N such that m; = m$ = Oand for all | , 1,

either (mjs1 = my + 1and m%; = m?)
or (m+1 = mandm?,; = mP+ 1):

(Therefore, for all 1, 1,

m+ml=1; 1 (6.2.3)
by induction onl.) Sincejf1;2;:::;mgj = m, after - m + 1 steps, we nd
i, =iy, forsomely < Iy (l3;122 f1;2;:::;m+ 1g). Then _i,l = _ilz’ whence
by (6.2.2),

_i1 + m|1(i 1+ 2) + m|01(1+ 2) = _i1 + mlz(i 1+ 2) + m|02(1+ 2):
Therefore
((m|1 + mlol) i (mlz + rnloz))2 =im, + mloz i (I my, + mlol)v

whenceby (6.2.3),
m,i mdi m,+md
(i i (27 1)
Sincel; 6 |,, we concludethat 2 2 Q. O

2 =
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7 Polya's theorem with \fewsignomials" G and
H

Note: This section was still in preparation asof October 3, 2003.

As before, let F be a signomial that is homogenousof degreed 2 R in

F arerational. Then we concludedin Theoremb5.1abovethat HF = G, for some
nonzerohomogeneouposynomialsG; H. Now suppose,in addition, that q2 N*

is a common denominator of the exponerts of F. We sav in Remark 5.2 that

we may then eventake G and H to bein R[X1 %:::; X % % R[Q"] %2 R[R"].
As the exponernts of F .. ..

Theorem 7.1. ....

[Note: The above sectionwas still in preparation as of October 3, 2003.]

8 The e®ectiveness of PHlya's original metho d

The boundsfor the P§lya exponert pr of F in (5.3) above are expressedn terms
of the minimum * of F on ¢, (5.3.2). The question therefore arises: what do
we know alout 1 ? Over the years, | have heard a few lectures where it was
assertedthat we know \nothing" about !, or at least that the problem of the
determination of * is so mysterious asto render Pflya's original method non-
constructive, and therewith also Habicht's method [1940]for solving Hilb ert's
17th problem in the caseof a strictly de nite homogeneougpolynomial (Habicht
relied on Pflya's theorem). On the other hand, in [1982]l had asserted,without
proof, that Habicht's (and, implicitly , P§lya's) method is constructive. We shall
now shaw that * can, in principle, be computed from n, d, and c, in a strong
sensemade precisebelow.

First, x nanddin N, and let f = f,q 2 Z[C;X] denote the general
homogeneougolynomial ?f degrged in X with indeterminate coetcients C :=
(C1;::::Cn), whereN = d;inill :

X

f(C;X) = Co X ®;

®2N"

k®k= d
where® is any xed bijection of f ®2 N" j k®& = dgonto f1;2;:::;Ng. Asin
(5.3.2), for c2 RN, let

1(c) := min f(c;x): (8.0.1)

x2¢

Actually, it is enoughfor most purposesto considerc on the unit sphere

SNil:=fc2RVjcZ+ ¢te+ & = 1g:
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The fact that ! (c) exists and is unique for all c2 RN follows from the compact-
nessof ¢ ,,, as doesthe fact that * is cortinuous on RN (and henceuniformly
cortinuouson SN 1), We shall return to these obsenations below.

As usual,afunction A! B (whereA and B are subsetsof Euclidean spaces)
is called semialgebaic if its graph (in the product space)is a semialgebraicset.

Prop osition 8.1. The function ! is semialgebaic on RN .

Proof. The de nition (8.0.1) can be expressedoy ©, which is de ned by

[(Bx2¢n(f(cx), ) ™ (8, >% x2¢,(f(cx)<,) (81.1)

this is easily corverted into a formula in the language of ordered rings (and
below, we shall allow such informalities in other formulae). By [Tarski, 1930{67],
we can construct (primitiv e recursively, from n and d alone) (1) a quanti er-free
formula 2 de ned by

3 cpiiion;t) $ 7 qi(ct); (8.1.2)

A 1

8c1;:iion;t (©(criiiien:t) $ 3 cniinon;t)): (8.1.4)
Thus (8.1.2){(8.1.3) constitute a semialgebraicdescription of 1. O

The statemert that * is well de ned on RN can be expressedsemi)formally
as:
8c9!t ©(c;1): (8.1.5)
And the statemert that ! is uniformly cortinuouson SNi 1 can be expressed
as:
82> 09+> 0-( % 1); (8.1.6)

where - is the formula de ned by

A 1
G+ 0ot 2 =1 40t Q=1 (P cj< ¥

5

! i(©(C:1)"©(C°;1°)) N 1j<2¢3 (8.1.7)
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(8.1.5) and (8.1.6) may be proved via easy\transcendental” methods (basedon
the Dedekind-completenesof|the order on| R). For a secondkind of proof,
sincethe formulae (8.1.5) and (8.1.6) have no free variables, if we apply Tarski's
theorem to them, we will get equivalent formulae (respectively) in the language
of ordered rings that not only have no quanti ed variables, but also have no
free variables; such formulae are just Boolean combinations of equations and
inequalities involving terms built up from 0 and 1 by the ring operations +, j ,
and ¢, and henceare trivially decidable. Since(8.1.5) and (8.1.6) hold over a
model of the axioms for real closed elds (viz., R), we can predict that the deci-
sion procedurewill produce, primitiv e recursively, formal, \elementary”" (messy)
proofs of (8.1.5) and (8.1.6) (as opposedto proofs of their negations), purely
from the axioms of real closed(ordered) "elds (without usingthe completeness
axiom). One could seeka third kind of proof (which, like the previouskind, does
not usethe completenessaxiom) by a direct algebraicapproacd that exploits the
particular properties of (8.1.1), (8.1.5), and (8.1.6), rather than relying on the
general,all-purp osemethod provided by Tarski; this third approad would com-
ply with the philosophical requiremerts of the program described in [Brum el,
1979, Intro duction].

Anyway, the fact that * is uniformly continuous and semialgebraicmakes
it theoretically computable in the following sense. First, for ead i in (8.1.2),
de ne the formula £; by

Ei(cr;iiien) B 9t ai(cy;iinien:t): (8.1.8)

Again by Tarski's theorem, we can construct, primitiv e recursively, a quanti er-
freeformula ” ; de ned by

H A l
Tieiinon) 0 sik(© =07 (tika(c)> 0) (8.1.9)
k |
(for somes;x and tix 2 Z[Cy;:::;Cn]), and a formal proof of
8cy;iion (Ei(ersiiison)$ Ti(eniiiion)): (8.1.10)

Write S§; = fc2 SNitj"i(c)g. ThensSNil= Si Si, by (8.1.2){(8.1.5) and
(8.1.8){(8.1.10).

If the coexcients ¢ 2 SNi ! happen to be rational (or even real algebraic),
then we may compute sk () and tix ; (c) exactly, and determine with certainty
thosei for which c2 S;. For any sud i, there must be exactly one! 2 R suc
that 2 (c;1), by (8.1.2){(8.1.5) and (8.1.8){(8.1.10). We could take 2 j(c;*)
as a reasonabledescription (obtained primitiv e recursively from n, d, and c) of
(the real algebraic number) . Alternativ ely, we could describe * by meansof
primitiv e recursive functions %3;% : N! Q and %2 : N! N (constructed from
n, d, and c using Tarski's theorem, combined with an interval-bisection seart
for a real root of p;) such that for all | 2 N, %(l) is the code for a formal proof
(from the axioms of real closedordered elds) of the statemert ¥, de ned by

3 ,
¥ 92 i(a1) A ()<< %)~ )i K0 5
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asfollows. De ne a function g: R+ ! (0;1] by
g(®) = supf £2 (0;1]j -( % ¥) g

By argumerts similar to those above, g is well de ned and semialgebraic,and
-( % 9(2)) holds for all 2> 0. Moreover, we may construct a primitiv e recursive
function ¥2 : NnfOg! NnfOg sud that for all 1 2 NnfOQg,

3 3

L < 1. whence - it .
wi 9T ()

I

Now, if we want to approximate * (c) to accuracy 1=I (for somel 2 N nfO0g),
then for eadh i for which ¢; is irrational (or at least non-real-algebraic),we nd

arational number ¢ such that jc®j cj < 1=(2%(1)). (Presumably the irrational

real number ¢; is presenied assomekind of limit of rational numbers, whether by
a Cauchy sequencea Dedekind cut, or anin nite decimal, etc.) Then successie
rational approximations ¢ and c®°to ¢ will di®erfrom ead other by

3

1 1 1 1
< + = <g T
2a(l)  2%(l) %) [

0<

Eventhough successie approximations c® and c®may oscillate, say, betweensS;,
and S;, (for two (or more) distinct i, andi,), we know that the successie values
of 1 (c® and t (c®Y convergeto  (c), since?! is cortinuous;i.e., j* (%Y *(cAj <
1=l, by (8.1.6){(8.1.7), asdesired.

The paragraphsabove show that * can, in principle, be e®ectively computed
from F, using Tarski's theorem. We note, also, that approximations to ! can
be found very exciently by modern methods of optimization, sud as that of
Lasserre[2001](simplied by [Scweighofer, submitted]).

References

[Benedetti, et al, 1990] R. Benedetti, J.-J. Risler, Real algebaic and semi-
algebaic sets, Actualit §sMath., Hermann, Paris, 1990.

[Brum'el, 1979] G.W. Brum'el, Partial ly Ordered Rings and Semialgebaic Ge-
ometry, Lect. Notes London Math. Soc., Cambridge Univ. Press,1979.

[Daems,et al, 2001] W. Daems, G. Gielen, W. Sansen, Simulation-based au-
tomatic generation of signomial and posynomial performance models for
analog integrated circuits, in: IEEE/A CM Digest of Technical Papers:
IEEE/A CM Internat. Conf. on Computer Aided Design, Nov. 4{8, 2001,
Doubletree Hotel, San Jose, CA (ICCAD 2001), IEEE, 70{4.

[Daems,et al, 2002] W. Daems, G. Gielen, W. Sansen,An ezcient optimiza-
tion-based technique to generate posynomial performance models for ana-
log integrated circuits, in: Proc. 39th Design Automation Conf., Ernest

20



N. Morial Convention Center, New Orleans, LA, June 10{14, 2002, As-
soc. Computing Machinery, 2002,431{6.

[Delzell, 1982] C.N. Delzell, Case distinctions are necessaryfor represering
polynomials as sums of squares,in Proc. Herbrand Symp. Logic Collog.
1981, J. Stern, ed., North-Holland, 1982, pp. 87{103.

[Dutn, et al, 1967] R.J. Duxn, C. Zener, and E.L. Peterson, Geometric Pro-
gramming: Theory and Application, John Wiley & Sons,1967.

[Duzn, et al, 1973] R.J. Dutn and E.L. Peterson, Geometric programming
with signomials,J. Optimization Theory Appl. 11 (1973), 3{35.

[Gilmer, 1984] Robert W. Gilmer, Commutative semigroup rings, Univ. of
Chicago Press,1984.

[Habicht, 1940] W. Habicht, Bber die Zerlegung strikte de niter Formen in
Quadrate, Commentarii Math. Helvetici 12 (1940), 317{22. Seealso Ap-
pendix | of the post-1940editions of [Hardy, et al, 1934{91].

[Hardy, et al, 1934{91] G.H. Hardy, J.E. Littlew ood, and G. Pflya, Inequalities,
2nd ed., Cambridge Univ. Press,1934,1952,..., 1991.

[Khovanskii. 1991] A.G. Khovanskii, Fewnomials, Translations of Math. Mono-
graphs, Vol. 88, Amer. Math. Scc., 1991.

[Lasserre,2001] Jean B. Lasserre, Global optimization with polynomials and
the problem of momerts, SIAM J. Optim. 11(3) (2001), 796{817.

[de Loera, et al, 1996,2001] J.A. de Loera and F. Sartos, An e®ecti\e version
of P@lya's theorem on positive de nite forms, J. Pure Appl. Algeba 108
(1996), 231{40. Seealso Erratum, JPAA 195 (2001), 309{10.

[Marshall, 2000] M. Marshall, Positive Polynomials and sums of squaes, Dot-
torato de Ricercain Matematica, Dept. di Mat., Univ. Pisa, 2000.

[Meissner,1911] E. Meissner,@ber positive Darstellung von Polynomen, Math.
Ann. 70 (1911), 223{35.

[Miller, 1994] Chris Miller, Expansions of the real "eld with power functions,
Ann. Pure Appl. Logic 68 (1994), 79{94.

[Passy et al, 1967] U. Passyand D.J. Wilde, Generalizedpolynomial optimiza-
tion, SIAM J. App. Math. 15(5) (1967), 1344{56.

[Poincarg, 1888] H. Poincar§, Sur les §quations algg§briques, Comptes Rendus
97 (1888), 1418{9.

[Pllya, 1928] G. Pfilya, Bber positive Darstellung von Polynomen, Viertel-
jahrschrift der Naturforschenden Ges. Zévich 73 (1928), 141{5. Also in
Coll. Papers, Vol. 2, MIT Press, 1974, pp. 309{13. Seealso [Hardy, et al,
1934{91, pp. 57{60].

21



[P8lya, et al, 1976] G. P§lya and G. Sze@/\Problemsand Theoremsin Analysis
II', Springer, 1976.

[Powers, et al, 2000] V. Powers and B. Reznik, Polynomials that are positive
on an interval, Trans. Amer. Math. Sac. 352 (2000), 4677{92.

[Powers, et al, 2001] V. Powersand B. Reznidk, A new bound for Pflya's theo-
rem with an application to polynomials that are positive on polyhedra, J.
Pure Appl. Algebia 164 (2001), 221{9.

[Prestel, et al, 2001] A. Prestel and C.N. Delzell, Positive Polynomials: From
Hilbert's 17th Problem to Real Algebim, Springer Monographs in Math.,
2001.

[Rockafellar, 1970] R.T. Rockafellar, Convex Analysis, Princeton Univ. Press,
1970.

[Schmidgen, 1991] K. Schmédgen, The K -momert problem for compact semi-
algebraic sets, Math. Ann. 289 (1991), 203{6.

[Schweighofer 2002] M. Schweighofer, An algorithmic approad to Schmédgen's
Positivstellensatz, J. Pure Appl. Algebia 166 (2002), 307{19.

[Schweighofer, submitted] M. Scweighofer, Optimization of polynomials on
compact semialgebraicsets, submitted; cf.
http://www.uni-konstanz.de/FuF/mathe/homepages/schweigh/

[Sherali, 1998] H.D. Sherali, Global optimization of noncorvex polynomial pro-
gramming problems having rational exponerts, J. Global Optim. 12(3)
(1998), 267{283.

[Sturmfels, 2002] B. Sturmfels, Solving systemsof polynomial equations, CBMS
Regional Conf. SeriesMath., Vol. 97, Amer. Math. Scc., 2002.

[Tarski, 1930{67] A Decision Procedure for Elementary Algebia and Geometry,
Rand Corp., 1948;UC Press,Berkeley, 1951;announcedin Ann. Scc. Pol.
Math. 9 (1930; published 1931),206{7; and in Fund. math. 17 (1931), 210{
39. Page proofs of The completenessof elementary algeba and geometry
were prepared in 1940for Actualit®s Sci. Indust., but not published until
1967,by Inst. B. Pascal.

[Wang, 2004] XiaoshenWang, A simple proof of Descartes'rule of signs, Amer.
Math. Monthly, to appear.

[Zener,1961] C. Zener, A mathematical aid in optimizing engineeringdesigns,
Proc. Nat. Acad. Sci. USA 47 (1961), 537{9.

22



