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Abstract

P¶olya proved that if a real, homogeneouspolynomial is positive on the
nonnegative orthant (except at the origin), then it is the quotient of two
homogeneouspolynomials with no negative coe±cients. We generalize
this from polynomials to signomials with arbitrary rational exponents; we
also show that P¶olya's theorem doesnot generalizeto arbitrary signomials
(i.e., with irrational (real) exponents).

1 In tro duction

Let n 2 N := f 0; 1; 2; : : : g, let X := (X 1; : : : ; X n ) be indeterminates, let ® :=
(®1; : : : ; ®n ) 2 Nn be a multi-exp onent, and let k®k = ®1 + ¢¢¢+ ®n . Write
X ® = X ®1

1 ¢¢¢X ®n
n . Let x := (x1; : : : ; xn ) 2 Rn . We write R+ = [0; 1 ) and

R++ = (0; 1 ), and we write ¢ n = f x 2 Rn
+ j

P
i x i = 1g for the closed,

(n ¡ 1)-dimensional simplex.
SupposeF 2 R[X ] is homogeneousof degreed. Supposealso F > 0 on ¢ n ;

sinceF is homogeneous,this assumptionis equivalent to assumingthat F > 0 on
all of Rn

+ nf (0; : : : ; 0)g. We can now state|the conclusionof|P¶ olya's theorem
[P¶olya, 1928], in its weak and strong forms:

Theorem 1.1 (Weak form of P¶olya's1 theorem). Let F be as above. Then F is
the quotient of two homogeneous polynomials G; H 2 R[X ] (H 6= 0) with every

1This theorem had been proved by Poincar¶e [1888] for n = 2, and by Meissner [1911] for
n = 3. According to [Hardy , et al, 1934{91, p. 57], Meissner's metho d is applicable in principle
for n > 3, though his metho d (unlik e P¶olya's) doesnot lead to the stronger conclusion in (1.2)
below.
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coe±cient being strictly 2 positive: H F = G.

Theorem 1.2 (Strong form of P¶olya's theorem). Let F be as above. Then for
all su±ciently large p 2 N,

(X 1 + ¢¢¢+ X n )pF (X 1; : : : ; X n ) = G(X 1; : : : ; X n ); (1.2.1)

for some (necessarily real, homogeneous polynomial) G with every coe±cient
being strictly positive (recall footnote 2).

Thesetheoremsare also proved in [Hardy, et al, 1934{91, pp. 57{60].
In this paper we consider the question of whether (1.1) and/or (1.2) ad-

mit reasonableextensionsfrom polynomials to arbitrary signomials,which can
be de¯ned roughly as \real polynomials with arbitrary real exponents" (such
as 3X ¼

1 X ¡ 1
2 X 0

3 ¡ 5X ¡ 4
1 X ¡ 2

2 X
p

2
3 ). A signomial with no negative coe±cients is

known as a posynomial; thus the G and H in (1.1) and (1.2) above are posy-
nomials.

Our three main results are:

² that (1.2) doesnot extend to signomialswith non-integer exponents (4.1);

² that (1.1) extends to signomialswith rational exponents (5.1); and

² that (1.1) does not extend to arbitrary signomials (i.e., signomials with
arbitrary irrational exponents) (6.1). Speci¯cally, for every ² 2 (¡ 1; 1), let
F² (X 1; X 2) be the homogeneoussignomial X 2

1 ¡ X 1+ ²
1 X 1¡ ²

2 + X 2
2 . Then

we show that

1. F² > 0 on ¢ 2, but

2. F² is the quotient of two posynomialsif and only if ² is rational.

It is remarkable that for a signomial F that is positive on ¢ n , the (semi-)
algebraic condition that F be the quotient of two posynomialsis closely related
to the arithmetic condition that the exponents of F be rational.

In section 2 we begin with careful de¯nitions of the vocabulary of (formal)
signomials(as elements of the group ring R[Rn ]). Then we considervarious ele-
mentary algebraic properties of this ring: for example, it is an integral domain,
but not a unique factorization domain or a Noetherian domain. In section3, we
consider the function f : Rn

++ ! R (denoted by f (x)) determined by a formal
signomial f (X ). We show that di®erent formal signomials f (X ) determine dif-
ferent signomial functions f (x) (3.1), and that a signomial function is algebraic
over R(X ) (2.4) if and only if all its exponents are rational (3.3). We alsoinves-
tigate when the composition of signomial functions is a signomial function ((3.5)
and (3.6)). In sections4{6 we prove our three main results (already listed in the
previous paragraph). Finally, in section 8, we summarizewhat has beenknown

2 I.e., for every ® 2 Nn with k®k = degG, the coe±cien t of X ® in G is positiv e (and not
merely nonnegativ e); and similarly for H . Seealso Remark 5.4 below.
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(for a long time) about ¹ := minx 2 ¢ n F (x); this minimum is oneof the parame-
ters in upper boundson the \P¶olya exponent" pF := minf p 2 N j (1:2:1) holdsg
(see(5.3) below); our point here is that P¶olya's original method of constructing
p and G in (1.2) is e®ective, despite impressions(suggestedby some) to the
contrary .

Signomials have been largely neglectedby real algebraic and real analytic
geometers.Yet signomialshave played a role in various branchesof mathemat-
ics:

² Signomialsin onevariable ariseassolutions of certain classicaldi®erential
equations (see(3.2) below). They also appear in MÄuntz's theorem:

² Posynomialsin more than onevariable seemto have been¯rst studied by
Zener [1961],who showed how to usethe arithmetic-geometric inequality
to ¯nd the minimum of a posynomial f over Rn

++ (at leastwhen f hasn+ 1
terms). [Du±n, et al, 1967],however, seemsto be the ¯rst publication to
have coinedthe word \p osynomial" itself, asan abbreviation for \p ositive
polynomial." 3

A posynomial function f neednot be convex, so it is not clear, a priori ,
that a local minimum of f on a suitable domain is a global minimum.
However, Rockafellar [1970] observed that ln f (ex 1 ; : : : ; ex n ) (de¯ned on
all of Rn ) is convex. Thus every \p osynomial program" is equivalent to a
convex program, i.e., the problem of minimizing a convex function over a
convex domain; and in such problems, every local minimizing point is a
global minimizing point.

It was not until [Passy, et al, 1967] that signomials (then called \gener-
alized polynomials") in more than one variable were studied; the word
\signomial," however (which seemsto comefrom the words \signum" and
\p olynomial" used by Passy and Wilde) did not appear in print until
[Du±n, et al, 1973],apparently .

Signomialsand especially posynomialsare usedin geometricprogramming
[Du±n, et al, 1967],which has diverseapplications to chemical engineer-
ing, management science,structural engineering, water-quality manage-
ment, nuclear engineering,transportation planning, production planning,
and regional economics.Recent applications have beenmadeby electrical
engineersmodeling analogintegrated circuits (see[Daems,et al, 2001]and
[2002]).

In most engineeringand other applications, the signomials actually used
have ¯xed exponents that are rational ; cf., e.g., [Sherali, 1998]. So in case

3While [Du±n, et al, 1967] de¯nes a \p ositiv e polynomial" to be a posynomial (i.e., with
arbitrary real exponents, and with positiv e coe±cien ts), real algebraists de¯ne (somewhat
vaguely) a \p ositiv e polynomial" to be a polynomial (i.e., with exponents in N) that tak es
only positiv e values on a prescribed subset of Rn ; cf., e.g., the titles of [Marshall, 2000] and
[Prestel, et al, 2001]. Th us P¶olya's theorem 1.1 above, and our theorem 5.1 below, may be
viewed as establishing connections between these two de¯nitions, when the exponents are in
N or Q, respectively.
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P¶olya's theorem, or our extensionthereof (5.1), someday ¯nd engineering
applications, the restriction to rational exponents in (5.1) should not be
a problem.

² Miller [1994]considereda classof functions f : Rn ! R that properly con-
tains the classof (extensionsby 0 to Rn of) signomial functions. Specif-
ically, he consideredterms built up (in a formal language) from variable
symbols x1; x2; : : : (an arbitrary one of which we denote by x) and from
constants in R by the usual operation symbols +, ¡ , and ¢, together with
the classof operation symbols f x r j r 2 R g; the symbol x r indicates the
function R ! R de¯ned by

x 7!

(
x r if x > 0
0 if x · 0:

He consideredthe structure

RR
an := (R; <; + ; ¡ ; ¢; 0; 1; (x r )r 2 R; ( ~f )f 2 Rf X ;n g;n 2 N);

where ( ~f )f 2 Rf X ;n g;n 2 N denotes a certain class of functions ~f : Rn ! R
that are analytic on [¡ 1; 1]n . He proved that the theory of RR

an admits
quanti¯er-elimination and analytic cell-decomposition, and is universally
axiomatizable, o-minimal, and polynomially bounded. Note that Miller's
classof functions is, by its de¯nition, closedunder composition, while the
classof signomial functions (even if we extend them, by 0, from their usual
domain Rn

++ to all of Rn ) is not: for example,(x1 + 1)1=2 is not a signomial
function (3.5).

² [Wang, 2004]extended Descartes' rule of signs to arbitrary signomials in
one variable. (Actually , he consideredonly signomials with nonnegative
real exponents; but Wang'sresult is easilyextendedto arbitrary signomials
f in onevariable, asclaimed,sincewemay apply his result to the \essential
part" f + of f (de¯ned in (2.3) below), in just the sameway that we use
f + in (5.1) below.)

In a future paper we shall give a version of the Fourier-Budan theorem (on
counting the roots of f 2 R[X 1] in an interval (a;b]) for 1-variable signomial
functions f (here we must assumethat a ¸ 0).

In another paper, we shall investigate the extent to which Krivine's Posi-
tivstellensatz and SchmÄudgen's Positivstellensatz [1991] (which can be derived
from P¶olya's theorem, as Schweighofer showed in [2002] and [submitted]), as
well as a similar (1-variable) theorem of P¶olya-SzegÄo, extend from polynomials
to signomials.

I thank Jes¶us Ruiz, whosepenetrating questionshelped me discover, even-
tually , a mistake in my earlier work on this topic. And I thank William Adkins,
Walter Daems,GeorgesGielen, Chris Miller, Alexander Prestel, Bruce Reznick,
and Peter Wolenski for helpful comments.

4



2 Generalities on formal signomials

We keepthe samenotations as in section 1, except that from now on we allow
the multi-exp onent ® to be an arbitrary element of Rn .

De¯nitions 2.1. A formal signomial (or simply a signomial, whenno confusion
can result) is an element of the group ring R[Rn ]; the latter is de¯ned to be the
set of ¯nite formal sums

f := f (X ) :=
mX

i =1

ci X ®i ; (2.1.1)

where m 2 N, the \coe±cients" ci of f are nonzero elements of (the ring) R,
and the (multi-) \exp onents" ®i := (®i; 1; : : : ; ®i;n ) of f are distinct elements of
(the additiv e group) Rn ; here X denotesn indeterminates as above (thus we
may call f a signomial \in X ," for clarit y). We call a singleterm ci X ®i a formal
(gemeralized) monomial; the X j -degree of ci X ®i (assuming ci 6= 0) is de¯ned
to be ®i;j , while its degree is de¯ned to be k®i k = ®i; 1 + ¢¢¢+ ®i;n . We call f
homogeneous (of degreed 2 R) if each of its monomials has degeed. We de¯ne
the support suppf of f to be f ®i j ci 6= 0g.

De¯nition 2.2. A formal signomial each of whosecoe±cients is nonnegative
is called a (formal ) posynomial.

(Thus each signomial is the di®erenceof two posynomials.)
We reserve the term \(real) polynomial" for a formal signomial f with

suppf ½ Nn ½ Rn . As usual, we continue to denote the ring of polynomi-
als by R[X ] (rather than by R[Nn ]), and its ¯eld of fractions by R(X ). The
ring operations on R[Rn ] are straightforward generalizationsof the operations
on R[X ].

[Gilmer, 1984]provides a comprehensive presentation of the algebraic prop-
erties of (semi)group rings at various levelsof generality and abstraction. Below
we mention somealgebraic properties of our particular group ring, R[Rn ].

For n > 0, R[Rn ] is isomorphic to the iterated group ring (R[Rn ¡ 1])[R],
by writing X 0 := (X 1; : : : ; X n ¡ 1) (so that X = (X 0; X n )), and by writing
f (X 1; : : : ; X n ) 2 R[Rn ] as

f 1(X 0)X ¯ 1
n + ¢¢¢+ f K (X 0)X ¯ K

n ; (2.2.1)

for someK 2 N, some¯ 1 < ¢¢¢< ¯ K in R, and somef k 2 R[Rn ¡ 1] n f 0g.
The units of the ring R[Rn ] are the nonzero (generalized) monomials cX ®,

for c 2 R£ and ® 2 Rn . Indeed, the inverseof cX ® is c¡ 1X ¡ ®; conversely, for
f ; g 2 R[Rn ], if f g is a nonzero monomial (such as 1), then both f and g are
monomials. The latter fact can be seenby writing f as in (2.2.1) and writing
g similarly as g1(X 0)X ° 1

n + ¢¢¢+ gL (X 0)X ° L
n , and then consideringthe terms in

f g of X n -degree¯ 1 + ° 1, and the terms in f g of X n -degree¯ K + ° L , to conclude
that K = L = 1; then use induction on n to conclude that f 1g1 2 R[Rn ¡ 1] is
also a monomial.
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By a similar argument, we alsoseethat R[Rn ] is an integral domain, i.e., for
f ; g 2 R[Rn ],

[f 6= 0 and g 6= 0] ) f g 6= 0:

We denote the ¯eld of fractions of R[Rn ] by R(Rn ); then R(X ) is a sub¯eld of
R(Rn ).

For n > 0, R[Rn ] is not a unique factorization domain and it is not Noethe-
rian, as seen,for example,by the (nontrivial) factorizations

X 1 ¡ 1 = (X 1=2
1 + 1)(X 1=2

1 ¡ 1)

= (X 1=2
1 + 1)(X 1=4

1 + 1)(X 1=4
1 ¡ 1)

= ¢¢¢:

De¯nitions 2.3. First we de¯ne a partial order ¹ on Rn as follows: for ®; ¯ 2
Rn , we de¯ne ® ¹ ¯ to mean that ®1 · ¯ 1; : : : ; ®n · ¯ n . Then, for f 2
R[Rn ] n f 0g we de¯ne ®f 2 Rn to be the greatest lower bound (with respect
to ¹ ) of suppf . Finally, we de¯ne the essential part f + (X ) of f (X ) to be
X ¡ ®f f (X ).

Thus f (X ) = X ®f f + (X ), suppf = ®f + suppf + , and suppf + ½ Rn
+ . For

each j 2 f 1; : : : ; ng, there exists an ® 2 suppf + (= (suppf ) ¡ ®f ) with ®j = 0.
For example, (re)consider

f (X 1; X 2; X 3) := 3X ¼
1 X ¡ 1

2 X 0
3 ¡ 5X ¡ 4

1 X ¡ 2
2 X

p
2

3 ; then ®f = (¡ 4; ¡ 2; 0) and

f + (X 1; X 2; X 3) = 3X 4+ ¼
1 X 1

2 X 0
3 ¡ 5X 0

1 X 0
2 X

p
2

3 :

De¯nitions 2.4. For formal signomialsf ; g with g 6= 0, wesay that the (formal)
quotient f =g 2 R(Rn ) is algebraic over R(X ) (or simply algebraic) if there
exists a polynomial P 2 R(X 1; : : : ; X n )[Y ] n f 0g involving a single additional
indeterminate Y such that

P
³

X 1; : : : ; X n ;
f (X 1; : : : ; X n )
g(X 1; : : : ; X n )

´
= 0:

(In this casewe may actually take P 2 R[X 1; : : : ; X n ][Y ] n f 0g.) If f =g is not
algebraic, then we call it transcendental. We call f essentially algebraic if f + is
algebraic (recall (2.3)).

As usual, the relativealgebraicclosureof R(X ) in R(Rn ) (i.e., the setof those
quotients of signomials that are algebraic), forms a sub¯eld of R(Rn ). In (3.3)
below, we shall seethat a signomial f is algebraic if and only if suppf ½ Qn .

3 Generalities on signomial functions

Each formal signomial f (X ) =
P m

i =1 ci X ®i determinesa function (also denoted
by f ) from Rn

++ to R, de¯ned by f (x) =
P

i ci x®i . Such a function is called a
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signomial function ; and if f (X ) is a formal posynomial, then the function f (x)
determined by it is called a posynomial function . Writing the multi-exp onent
®f of (2.3) as (®f ;1; : : : ; ®f ;n ), we extend f (x) to those facesf x j = 0g of the
boundary of Rn

++ for which ®f ;j ¸ 0; thus f (x) can be de¯ned at least4 on

Rn
+ n

[

®f ;j < 0

f x 2 Rn
+ j x j = 0g;

which we call the natural domain of f . (Here, in casefor somej , ®f ;j ¸ 0, and
for somei , ®i;j = 0, we de¯ne f (x) when x j = 0 according to the convention
that 00 = 1.) In particular, since suppf + ½ Rn

+ , f + (X ) determines a real-
valued function on all of Rn

+ , and for all x 2 Rn
++ , sgnf (x) = sgnf + (x).

Every signomial function is real analytic on Rn
++ ; and its extension to its

natural domain (µ Rn
+ ) is continuous.

Lemma 3.1. Suppose f 1; : : : ; f e are nonzero formal signomials. Then there
existsan x 2 Rn

++ suchthat f 1(x); : : : ; f e(x) are all nonzero real numbers. More
precisely, there exists x0 := (x1; : : : ; xn ¡ 1) 2 Rn ¡ 1

++ such that for all su±ciently
large xn 2 R++ , f 1(x0; xn ); : : : ; f e(x0; xn ) are all nonzero real numbers.

Proof. As in (2.2.1), for each j 2 f 1; : : : ; eg write

f j (X ) = f j ;1(X 0)X ¯ j ; 1
n + ¢¢¢+ f j ;K j (X 0)X

¯ j ;K j
n ;

for someK j 2 N, some¯ j ;1 < ¢¢¢< ¯ j ;K j in R, and somef j ;k 2 R[Rn ¡ 1] n f 0g.
For n = 1, note that each f j ;k is just a nonzeroconstant. So for each j ,

lim
x 1 ! + 1

f j (x1)

x
¯ j ;K j
1

= lim
x 1 ! + 1

(f j ;1x
¯ j ; 1 ¡ ¯ j ;K j
1 + ¢¢¢+ f j ;K j ¡ 1x

¯ j ;K j ¡ 1 ¡ ¯ j ;K j
1 + f j ;K j ) = f j ;K j 6= 0;

and we are done. For n > 1, apply induction to ¯nd x0 2 Rn ¡ 1
++ such that for

each j , f j ;K j (x0) 6= 0. Then apply the 1-variable caseto each f j (x0; X n ) 2
R[R] n f 0g.

In view of the case e = 1 of the lemma, we need no longer distinguish
carefully, in every case,betweenf 1(X ) and f 1(x).

Remark 3.2 (on di®erential equations). Every signomial function y = f (x1) in
one variable is a solution of a suitable Cauchy-Euler di®erential equation, i.e.,
a d'th-order di®erential equation of the form

a0y + a1x1y0+ a2x2
1y00+ ¢¢¢+ adxd

1y(d) = 0; (3.2.1)
4 In certain cases we may even extend f to points x 2 Rn with x j < 0 for cer-

tain j . Speci¯cally , recall that if x j < 0, then the complete set of values of x
® i;j
j is

f jx j j® i;j ¢e¼
p

¡ 1(2 k +1) ® i;j j k 2 Z g; this set contains a real number if and only if (2k + 1)®i;j
is an integer, for some k 2 Z. Th us we may allow negative x j in f if and only if for all i , ®i;j
is a rational number with an odd denominator.
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for d 2 N and real constants ai . To seethis, supposewe are given a signomial
function y = f (x1) = c0x ¯ 0

1 + ¢¢¢+ cdx ¯ d
1 with ¯ 0 < ¢¢¢< ¯ d. Recall that (3.2.1)

can be solved either by substituting x1 = et (which transforms (3.2.1) into a
di®erential equation with constant coe±cients), or by substituting y = x r

1, and
solving the following polynomial equation (of degreed) for r :

a0 + a1r + a2r (r ¡ 1) + ¢¢¢+ adr (r ¡ 1)(r ¡ 2) ¢¢¢(r ¡ d + 1) = 0: (3.2.2)

Sincethe polynomials

1; r; r (r ¡ 1); r (r ¡ 1)(r ¡ 2); : : : ; r (r ¡ 1)(r ¡ 2) ¢¢¢(r ¡ d + 1)

form a basis for the real vector spaceof all real polynomials of degree· d in r ,
there exist (unique) a0; : : : ; ad 2 R such that (3.2.2) is (r ¡ ¯ 0)( r ¡ ¯ 1) ¢¢¢(r ¡
¯ d) = 0. Then for each i , y = x ¯ i

1 will satisfy (3.2.1), whenceso will y = f (x1).
The claim is proved.

The converse is false (except for d = 1). For example, to solve y + x1y0 +
x2

1y00= 0, we try y = x r
1, for someunknown r . We get r (r ¡ 1)x r

1 + r x r
1 + x r

1 = 0,
whencer 2 + 1 = 0. This suggeststhe two complex solutions

x
p

¡ 1
1 = e

p
¡ 1 ln x 1 = cosln x1 +

p
¡ 1sin ln x1 and

x ¡
p

¡ 1
1 = e¡

p
¡ 1 ln x 1 = cosln x1 ¡

p
¡ 1sin ln x1;

which lead to the two (R-linearly independent) real solutions y1 = cosln x1 and
y2 = sin ln x1, neither of which is a signomial function (because,e.g., they both
oscillate in¯nitely often as x1 ! + 1 ).

As promised after (2.4) above, we now state and prove

Prop osition 3.3. A signomial f 2 R[Rn ] is algebraic if and only if suppf ½
Qn .

Proof. Suppose¯rst that suppf ½ Qn . Any rational power X p=q
j , for p;q 2 Z

with q > 0, is algebraic, sinceP(X j ; X p=q
j ) = 0, where P(X j ; Y ) = Y q ¡ X p

j 2
R(X )[Y ]. Sincef is an R-linear combination of products of such powers, it, too,
is algebraic.

For the converse,we continue to write X 0 = (X 1; : : : ; X n ¡ 1). Write f as in
(2.2.1). We needa lemma.

Lemma 3.4. Supposethat P(X ; f (X )) = 0, for someP 2 R[X ][Y ]nf 0g. Write

P(X ; Y ) = p0(X ) + ¢¢¢+ pj (X )Y j + ¢¢¢+ pd(X )Y d (3.4.1)

= P(X 0; X n ; Y ) =
dX

j =0

¡
pj ;0(X 0) + ¢¢¢+ pj ;l (X 0)X l

n + ¢¢¢+ pj ;e j (X 0)X ej
n

¢
Y j ;

for some d;ej 2 N and some pj 2 R[X ] and pj ;l 2 R[X 0]; for those j with
pj 6= 0, chooseej so that pj ;e j 6= 0. Let

D = max
0· j · d
pj 6=0

(ej + j ¯ K );
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where ¯ K is as in (2:2:1). Let

PD (X 0; X n ; Y ) =
X

pj 6=0
ej + j ¯ K = D

pj ;e j (X 0)X ej
n Y j : (3.4.2)

Then

(3:4:3) PD 6= 0;

(3:4:4) PD (X 0; X n ; f K (X 0)X ¯ K
n ) consists precisely of those terms in

P(X 0; X n ; f (X 0; X n )) with X n -degree D (before any cancel-
lation ); and hence

(3:4:5) PD (X 0; X n ; f K (X 0)X ¯ K
n ) = 0.

Proof of Lemma 3.4. (3.4.3) holds sincethere is somej 0 such that pj 0 6= 0 and
ej 0 + j 0¯ K = D, and pj 0 ;ej 0

6= 0 by the choiceof ej 0 . (3.4.4) follows from (3.4.2)
and

P(X 0; X n ; f (X 0; X n )) =
dX

j =0

¡
pj ;0(X 0) + ¢¢¢+ pj ;e j (X 0)X ej

n

¢¡
f 1(X 0)X ¯ 1

n + ¢¢¢+ f K (X 0)X ¯ K
n

¢j
; (3.4.6)

and (3.4.6), in turn, follows from (3.4.1) and (2.2.1). (3.4.5) follows from (3.4.4)
and the hypothesis that P(X ; f (X )) = 0. This provesthe lemma.

Returning to the proof of the converseof (3.3), supposef is algebraic. We
must show that each exponent occurring in f is rational. There is a P as in the
hypothesisof (3.4). From (3.4.5) we concludethat PD (X 0; X n ; f K (X 0)X ¯ K

n ) =
0. For later referencewe remark that since PD 6= 0 (3.4.3), we have so far
shown that

f K (X 0)X ¯ K
n , and hencef 1(X 0)X ¯ 1

n + ¢¢¢+ f K ¡ 1(X 0)X ¯ K ¡ 1
n , is algebraic.

(3.4.7)
Now we use induction on n. For n = 1, note that f K is just a nonzero

constant. The above paragraph shows that PD (X 1; f K X ¯ K
1 ) = 0. And by

(3.4.4), every term in the expansion of PD (X 1; f K X ¯ K
1 ) (before cancellation,

that is) has (X 1-)degreeD. In order for cancellation of nonzeroterms to occur,
the number of such terms must be at least two; i.e., there exist j 1 < j 2 in the
set f 0; : : : ; dg such that ej 1 + j 1¯ K = ej 2 + j 2¯ K (and pj 1 (X 1)pj 2 (X 1) 6= 0).
Therefore

¯ K =
ej 1 ¡ ej 2

j 2 ¡ j 1
2 Q;

as required. If K = 1, we are done for the casen = 1; if K > 1, we use a
separateinduction on K .

Now assumen > 1 and that every algebraic signomial in R[Rn ¡ 1] has only
rational exponents. Pick x0 := (x1; : : : ; xn ¡ 1) 2 Rn ¡ 1 such that f K (x0) 6= 0

9



and PD (x0; X n ; Y ) 6= 0 2 R[X n ; Y ]; this is possible by applying Lemma 3.1
(with n replaced by n ¡ 1) to f K and the (X n ; Y )-coe±cients pj ;e j (X 0) 2
R[X 0] ½ R[Rn ¡ 1] of PD , not all of which are zero in R[Rn ¡ 1], by (3.4.3). Then
PD (x0; X n ; f (x0; X n )) = 0. Now by the 1-variable caseabove, ¯ K is rational.
Thus X ¯ K

n is algebraic, whencef K (X 0) is, too (using (3.4.7)). By the inductiv e
hypothesis, every exponent occurring in f K (X 0) is rational. Thus, if K = 1,
we are done. If K > 1, repeat the above argument for f 1(X 0)X ¯ 1

n + ¢¢¢+
f K ¡ 1(X 0)X ¯ K ¡ 1

n , considering(3.4.7). Thus all the exponents occurring in f are
rational, and (3.3) is proved.

Thus we sometimesrefer to a signomial all of whoseexponents are rational
asan \algebraic signomial"; the others can be called transcendental signomials.

Example 3.5. The classof signomial functions is not closedunder composition.
For example,the composition of f (x1) := x1=2

1 and g(x1) := x1+ 1 is (f ±g)(x1) =
f (g(x1)) = (x1 + 1)1=2, which is not a signomial function. (Proof: Suppose

(x1 + 1)1=2 = h1x ¯ 1
1 + ¢¢¢+ hex ¯ e

1 2 R[R];

with ¯ 1 < ¢¢¢< ¯ e and hi 2 R n f 0g. Then

x1 + 1 = (h1x ¯ 1
1 + ¢¢¢+ hex ¯ e

1 )2:

But the right hand side is either a monomial (in casee = 1), or it contains at
least three terms, of degrees2¯ 1 < ¯ 1 + ¯ 2 < 2¯ e, in casee > 1.)

Remark 3.6 (on composition). While the class of signomial functions is not
closedunder arbitrary composition, usually we may plug monomials into a sig-
nomial function, and still have a signomial function, asfollows. Let f (X ) denote
a formal signomial as in (2.1.1). Let Y denote new indeterminates (Y1; : : : ; Yl )
(some l 2 N), and let b1Y ¯ 1 ; : : : ; bn Y ¯ n be n formal monomials in Y , where
bj 2 R and ¯ j := (¯ j ;1; : : : ; ¯ j ;l ) 2 Rl . We then de¯ne

f (b1Y ¯ 1 ; : : : ; bn Y ¯ n ) :=
mX

i =1

ci ¢b®i; 1
1 ¢¢¢b®i;n

n Y ®i; 1 ¯ 1; 1 + ¢¢¢+ ®i;n ¯ n; 1
1 ¢¢¢Y ®i; 1 ¯ 1;l + ¢¢¢+ ®i;n ¯ n;l

l ;

which will be a formal signomial in R[Rl ] provided that each power b®i;j
j is real

(which will be the caseif either bj > 0, or ®i;j is a rational number with odd
denominator, and where 00 is consideredto be 1).

4 Imp ossibilit y of extending the strong form of
P¶oly a's theorem to arbitrary signomials

We ¯rst note that already for n = 2 (the ¯rst nontrivial case),the strong form of
P¶olya's theorem (1.2) doesnot extend to signomialswith arbitrary , non-integer
exponents. To state this precisely, ¯rst write (X ; Y ) instead of (X 1; X 2).

10



Theorem 4.1 (Falsity of (1.2) for arbitrary signomials). For n = 2 there exists
a homogeneoussignomial F 2 R[R2] suchthat F > 0 on ¢ 2, but for everyp 2 N,
(X + Y)pF (X ; Y ) is not a posynomial|i.e., it has a negative coe±cient. (We
may even take such an F to haverational exponents.)

Before beginning the proof, we need

Lemma 4.2. For any ² 2 R, let

F² (X ; Y ) = X 2 ¡ X 1+ ² Y 1¡ ² + Y 2: (4.2.1)

If j²j < 1, then F² > 0 on ¢ 2 := f (x; y) 2 R2
+ j x + y = 1g (and hence on the

rest of R2
+ n f (0; 0)g, since F is homogeneous).

Proof of Lemma 4.2. F² determinesa continuousfunction f (x; ²) := F² (x; 1¡ x)
of two variables on ([0; 1] £ [¡ 1; 1]) n f (0; ¡ 1); (1; 1)g, since there we avoid the
expression00. It su±ces to show that f > 0 on this region (which includes the
region [0; 1] £ (¡ 1; 1)).

For each x 2 (0; 1),

@f
@²

= ¡ x1+ ² (ln x)(1 ¡ x)1¡ ² + x1+ ² (1 ¡ x)1¡ ² ln(1 ¡ x)

= x1+ ² (1 ¡ x)1¡ ² (ln(1 ¡ x) ¡ ln x):

Therefore for all ²0 2 [¡ 1; 1],

@f
@²

(x; ²0)

8
><

>:

> 0 for 0 < x < 1
2 ;

= 0 for x = 1
2 , and

< 0 for 1
2 < x < 1:

So for x 2 (0; 1
2 ),

min
² 2 [¡ 1;1]

f (x; ²) = f (x; ¡ 1) = x2 ¡ x0(1 ¡ x)2 + (1 ¡ x)2 = x2 > 0:

Similarly, for x 2 ( 1
2 ; 1),

min
² 2 [¡ 1;1]

f (x; ²) = f (x; 1) = x2 ¡ x2(1 ¡ x)0 + (1 ¡ x)2 = (1 ¡ x)2 > 0:

For x = 1
2 , we have, for all ² 2 [¡ 1; 1],

f
³ 1

2
; ²

´
=

³ 1
2

´ 2
¡

³ 1
2

´ 1+ ² ³ 1
2

´ 1¡ ²
+

³ 1
2

´ 2
=

³ 1
2

´ 2
¡

³ 1
2

´ 2
+

³ 1
2

´ 2
=

1
4

> 0:

Finally,

for all ² 2 (¡ 1; 1]; f (0; ²) = 02 ¡ 01+ ² 11¡ ² + 12 = 1 > 0; and

for all ² 2 [¡ 1; 1); f (1; ²) = 12 ¡ 11+ ² 01¡ ² + 02 = 1 > 0:

11



Proof of (4.1). We shall show that we may take F in (4.1) to be the F² in
(4.2.1), for any ² 2 (¡ 1; 1) other than 0 (whether rational or not). The previous
lemma shows that then F > 0 on ¢ 2. It remains to show that for every p 2 N,
(X + Y)pF (X ; Y ) has at least one negative coe±cient. For this, observe ¯rst
that

(X + Y)pF (X ; Y ) = (X + Y)p(X 2 ¡ X 1+ ² Y 1¡ ² + Y 2)

= (X + Y)p(X 2 + Y 2) ¡ (X + Y)p ¢X 1+ ² Y 1¡ ² : (4.2.2)

Next observe that noneof the terms contributed by (X + Y)p(X 2+ Y 2) to (4.2.2)
can o®setany of the (negative) terms contributed by ¡ (X + Y)p ¢X 1+ ² Y 1¡ ² ,
since all the terms in the ¯rst product have integer exponents, while all the
terms in the secondproduct have non-integer exponents.

Having thus ruled out the possibility of extending the strong form (1.2) of
P¶olya's theorem to arbitrary signomials,we turn next, in sections5 and 6 below,
to the question of the extendability of the weak form (1.1) of P¶olya's theorem.

5 Extension of the weak form of P¶oly a's
theorem to essentially algebraic signomials

Theorem 5.1 (Weak form of P¶olya for essentially algebraic signomials). Sup-
poseF is a homogeneous signomial in R[Rn ]. Supposealso that F is essentially
algebraic (2:4), i.e., that the essentialpart F+ of F (recall (2:3)) is algebraic|
equivalently, that suppF+ ½ Qn (recall (3:3)). Final ly, supposethat F+ > 0 on
¢ n (and hence on the rest of Rn

+ n f (0; : : : ; 0)g). Then F is the quotient of two
homogeneous posynomials (2:2) G and H in R[Rn ] n f 0g: H F = G.

Proof. Let q 2 N n f 0g be the least common denominator of the exponents
occurring in F+ . De¯ne a new signomial F ¤ as follows:

F ¤(X 1; : : : ; X n ) = F+ (X q
1 ; : : : ; X q

n ) (5.1.1)

(recall (3.6)). Then F ¤ is even a polynomial 2 R[X ], homogeneousof degree
q ¢degF+ . Also, F ¤ > 0 on Rn

+ n f (0; : : : ; 0)g ¾ ¢ n , since for any x 2 Rn
+ n

f (0; : : : ; 0)g, F ¤(x) = F+ (xq
1; : : : ; xq

n ) > 0. So there exist G¤; H ¤ 2 R[X ] n f 0g,
with all coe±cients strictly positive (recall footnote 2 to Theorem 1.1), such
that

H ¤(X 1; : : : ; X n )F ¤(X 1; : : : ; X n ) = G¤(X 1; : : : ; X n ); (5.1.2)

by (1.1). (We may even take H ¤ to be (X 1 + ¢¢¢+ X n )p for su±ciently large
p 2 N, by (1.2).) Replacing each X j in (5.1.2) by X 1=q

j , we get

H ¤(X 1=q
1 ; : : : ; X 1=q

n )F ¤(X 1=q
1 ; : : : ; X 1=q

n ) = G¤(X 1=q
1 ; : : : ; X 1=q

n ): (5.1.3)

12



De¯ning

G0(X 1; : : : ; X n ) := G¤(X 1=q
1 ; : : : ; X 1=q

n ) and (5.1.4)

H 0(X 1; : : : ; X n ) := H ¤(X 1=q
1 ; : : : ; X 1=q

n ) (5.1.5)

by (3.6), we seethat G0 and H 0 are nonzero posynomials.5 Recalling (5.1.1)
and (5.1.3){(5.1.5), we get

H 0(X 1; : : : ; X n )F+ (X 1; : : : ; X n ) = G0(X 1; : : : ; X n ):

Multiplying both sidesby X ®F (recalling (2.3)), we get

H 0(X )(X ®F F+ (X )) = X ®F G0(X ):

Finally, recalling that F (X ) = X ®F F+ (X ), we get

H 0(X )F (X ) = X ®F G0(X ):

Thus we may take G(X ) = X ®F G0(X ) and H (X ) = H 0(X ) in (5.1).

Remark 5.2 (on H ). The above proof actually shows that we may take H (X )
in (5.1) to be

(X 1=q
1 + ¢¢¢+ X 1=q

n )p 2 R[X 1=q
1 ; : : : ; X 1=q

n ] ½ R[Qn ] ½ R[Rn ]; (5.2.1)

where q 2 N n f 0g is as in the proof, and where p 2 N is su±ciently large.

Remark 5.3 (on bounds). Given a particular F as in (1.2), let us call the min-
imum p 2 N for which (1.2.1) holds, the P¶olya exponent of F ; we denote it by
pF . Then [de Loera, et al, 1996,2001]showed that

pF ·
nd2 maxi jci j

¹
+ nd; (5.3.1)

where, as before,d = degF , the ci are as in (2.1.1), and

¹ := ¹ (c) := min
x 2 ¢ n

F (x): (5.3.2)

[Powers, et al, 2001] improved this, as follows. Letting

c = max
i

³ ®i; 1! ®i; 2! ¢¢¢®i;n !
d!

jci j
´

;

they showed

pF ·
d(d ¡ 1)

2
¢

c
¹

¡ d + 1; (5.3.3)

5 In fact, for every ® 2 1
q Nn ½ Qn with k®k = degG0, the coe±cien t of X ® in G0 is strictly

positiv e, and similarly for H 0. Recall footnote 2 to Theorem 1.1 above, and seeRemark 5.4
below.

13



which is sharp at least for d = 2 and for certain valuesof ¹ . Thesetwo bounds
obviously apply equally well to the minimum possiblep 2 N in (5.2.1), upon
replacing ¹ by

¹ ¤ := min
x 2 ¢ n

F ¤(x)

(recall (5.1.1)).

Remark 5.4 (on strictly positive coe±cients). For n = 2, is \every" coe±-
cient of, for example, the homogeneouspolynomial G := X 2

1 X 2 + X 3
2 positive?

I.e., should one ignore the \missing" monomials X 3
1 and X 1X 2

2 ? In [Hardy,
et al, 1934{91, p. 57], P¶olya intro duced his theorem(s) by noting that they
\assert. . . that a positive form can be represented in a manner which renders
its positive character intuitiv e." If we interpret P¶olya's theorems as allowing
G to omit somemonomials of degreedegH + degF (or p + degF ), then the
conclusion of those theorems would be too weak to represent F in a manner
making its positive character obvious. For example, taking F = X 2

1 X 2 + X 3
2 in

(1.1) above, we would be able to take H = 1 and G = F ; even though G has
no negative coe±cients, G is not positive at (1; 0) 2 ¢ 2. (And in general, for
any n ¸ 1 and e ¸ 1, a real form G of degreee in X with no negative coe±-
cient is positive on ¢ n if and only if the coe±cients in G of all the monomials
X e

1 ; : : : ; X e
n are strictly positive.) Thus P¶olya's intention was to assert that for

every ® 2 Nn with k®k = degG, the coe±cient of X ® in G is positive (and not
merely nonnegative); and similarly for H in (1.1). (In fact, [Hardy, et al, 1934{
91] states this clari¯cation explicitly in Appendix I, and notes its importance
in the application of P¶olya's theorem to proving Habicht's theorem on Hilb ert's
17th problem.)

On the other hand, it is easyto prove (the correct interpretation of) P¶olya's
theoremsfrom the looseinterpretation thereof. Namely, let ² beany real number
such that 0 < ² < ¹ (5.3.2), and apply the looseinterpretation of (1.1) or (1.2)
to F (X 1; : : : ; X n ) ¡ ²(X 1 + ¢¢¢+ X n )d (whoseminimum on ¢ n is ¹ ¡ ² > 0, by
the de¯nition of ¢ n ). We get

H (X 1; : : : ; X n )(F (X 1; : : : ; X n ) ¡ ²(X 1 + ¢¢¢+ X n )d) = G(X );

for someG and H with no negative coe±cients, whence

H (X 1; : : : ; X n )F (X 1; : : : ; X n ) = ²(X 1 + ¢¢¢+ X n )dH (X 1; : : : ; X n ) + G(X );
(5.4.1)

where the right hand side obviously has strictly positive coe±cients on all
monomials of degreedegG, as required. For (1.2), we are done, since there
H = (X 1 + ¢¢¢+ X n )p, which also has all possible coe±cients positive. For
(1.1), however, we are not quite done, since(5.4.1) doesnot seemto guarantee
that the coe±cient in H of each monomial of degreep := degH is positive; but it
doesguarantee at least that the coe±cient in H of each monomial X p

1 ; : : : ; X p
n is

positive, and this is enoughto render the positive character of H on ¢ n obvious.
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6 Imp ossibilit y of extending the weak form of
P¶oly a's theorem to arbitrary (transcenden tal)
signomials

Theorem 6.1 (Falsity of (1.1) for arbitrary signomials). For n = 2 there exists
a homogeneous signomial F 2 R[R2] such that F > 0 on ¢ 2, but F is not the
quotient of any two (nonzero) posynomials.

Proof. Write (X ; Y ) instead of (X 1; X 2). Let

F² (X ; Y ) = X 2 ¡ X 1+ ² Y 1¡ ² + Y 2: (6.1.1)

Then for all ² 2 (¡ 1; 1), F² > 0 on ¢ n , by (4.2). We shall show that for all irr a-
tional (real) ², however, F² is not the quotient of any two nonzeroposynomials;
then we will be able to take F in (6.1) to be F² , for any ² 2 (¡ 1; 1) n Q.

So supposethat

H (X ; Y )(X 2 ¡ X 1+ ² Y 1¡ ² + Y 2) = G(X ; Y ); (6.1.2)

for some² 2 R and someposynomials G and H (6= 0); we shall deducefrom
this that ² 2 Q.

We may assumethat G and H are homogeneous;otherwise, extract from G
and H the homogeneouscomponents of lowest degrees.Let d = degH (2 R).
Write

G(X ; Y ) = a1X ®1 Y 2+ d¡ ®1 + a2X ®2 Y 2+ d¡ ®2 + ¢¢¢+ an X ®n Y 2+ d¡ ®n and

H (X ; Y ) = b1X ¯ 1 Y d¡ ¯ 1 + b2X ¯ 2 Y d¡ ¯ 2 + ¢¢¢+ bm X ¯ m Y d¡ ¯ m ; (6.1.3)

where n; m 2 N n f 0g,

®1 < ®2 < ¢¢¢< ®n ;

¯ 1 < ¯ 2 < ¢¢¢< ¯ m (all in R);

and each ai ; bi 2 R++ . From (6.1.1) and (6.1.3) we get

H (X ; Y )F² (X ; Y )

= (b1X ¯ 1 Y d¡ ¯ 1 + b2X ¯ 2 Y d¡ ¯ 2 + ¢¢¢+ bm X ¯ m Y d¡ ¯ m )(X 2 ¡ X 1+ ² Y 1¡ ² + Y 2)

= b1X ¯ 1 +2 Y d¡ ¯ 1 + b2X ¯ 2 +2 Y d¡ ¯ 2 + ¢¢¢+ bm X ¯ m +2 Y d¡ ¯ m

¡ b1X ¯ 1 +1+ ² Y d¡ ¯ 1 +1 ¡ ² ¡ b2X ¯ 2 +1+ ² Y d¡ ¯ 2 +1 ¡ ² ¡ ¢¢¢¡ bm X ¯ m +1+ ² Y d¡ ¯ m +1 ¡ ²

+ b1X ¯ 1 Y d¡ ¯ 1 +2 + b2X ¯ 2 Y d¡ ¯ 2 +2 + ¢¢¢+ bm X ¯ m Y d¡ ¯ m +2 : (6.1.4)

We need

Lemma 6.2. Under the above assumptions,for each i 2 f 1; 2; : : : ; mg,

either ¯ i + 1 + ² = ¯ j + 2; for somej 2 f 1; 2; : : : ; i ¡ 1g;

and/or ¯ i + 1 + ² = ¯ k ; for somek 2 f i + 1; i + 2; : : : ; mg:
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Proof of Lemma 6.2. According to (6.1.1) and (6.1.2), we are assuming that
H F² is a posynomial. Therefore, the negative term ¡ bi X ¯ i +1+ ² Y d¡ ¯ i +1 ¡ ² in
(6.1.4) must be o®setby somepositive term(s) with the sameexponent. Exam-
ining (6.1.4), we seethat such a positive term can only be either bj X ¯ j +2 Y d¡ ¯ j

or bk X ¯ k Y d¡ ¯ k +2 , for somej or k as in (6.2). Now compareX -exponents.

Returning to the proof of (6.1), we have

either ¯ j = ¯ i + (¡ 1 + ²)

or ¯ k = ¯ i + (1 + ²);
(6.2.1)

by the lemma. Now form a sequencei 1; i 2; : : : ; i l ; i l +1 ; : : : 2 f 1; 2; : : : ; mg, as
follows. Let i 1 = 1. For l ¸ 1, oncei l has beendetermined, de¯ne i l +1 to be

that j 2 f 1; 2; : : : ; i l ¡ 1g s.t. ¯ j = ¯ i l + (¡ 1 + ²), if such a j exists; otherwise,

that k 2 f i l + 1; : : : ; mg s.t. ¯ k = ¯ i l + (1 + ²):

By (6.2.1), i l +1 is well de¯ned by the above instructions.
Thus

either ¯ i l +1 = ¯ i l + (¡ 1 + ²)

or ¯ i l +1 = ¯ i l + (1 + ²):

Therefore for all l ¸ 1,

¯ i l = ¯ i 1 + ml (¡ 1 + ²) + m0
l (1 + ²); (6.2.2)

for somem l ; m0
l 2 N such that m1 = m0

1 = 0 and for all l ¸ 1,

either (m l +1 = ml + 1 and m0
l +1 = m0

l )

or (ml +1 = ml and m0
l +1 = m0

l + 1):

(Therefore, for all l ¸ 1,
ml + m0

l = l ¡ 1; (6.2.3)

by induction on l.) Since jf 1; 2; : : : ; mgj = m, after · m + 1 steps, we ¯nd
i l 1 = i l 2 , for somel1 < l2 (l1; l2 2 f 1; 2; : : : ; m + 1g). Then ¯ i l 1

= ¯ i l 2
, whence

by (6.2.2),

¯ i 1 + ml 1 (¡ 1 + ²) + m0
l 1

(1 + ²) = ¯ i 1 + ml 2 (¡ 1 + ²) + m0
l 2

(1 + ²):

Therefore

((ml 1 + m0
l 1

) ¡ (m l 2 + m0
l 2

)) ² = ¡ m l 2 + m0
l 2

¡ (¡ m l 1 + m0
l 1

);

whenceby (6.2.3),

² =
ml 1 ¡ m0

l 1
¡ ml 2 + m0

l 2

(l1 ¡ 1) ¡ (l2 ¡ 1)
:

Sincel1 6= l2, we concludethat ² 2 Q.
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7 Poly a's theorem with \fewsignomials" G and
H

Note: This section was still in preparation as of October 3, 2003.

As before, let F be a signomial that is homogenousof degreed 2 R in
X := (X 1; : : : ; X n ). SupposeF > 0 on ¢ n , and all the exponents occurring in
F arerational. Then weconcludedin Theorem5.1abovethat H F = G, for some
nonzerohomogeneousposynomialsG; H . Now suppose,in addition, that q 2 N+

is a common denominator of the exponents of F . We saw in Remark 5.2 that
we may then even take G and H to be in R[X 1=q

1 ; : : : ; X 1=q
n ] ½ R[Qn ] ½ R[Rn ].

As the exponents of F . . . .

Theorem 7.1. . . . .

. . . .

[Note: The above section was still in preparation as of October 3, 2003.]

8 The e®ectiv eness of P¶oly a's original metho d

The boundsfor the P¶olya exponent pF of F in (5.3) aboveareexpressedin terms
of the minimum ¹ of F on ¢ n (5.3.2). The question therefore arises: what do
we know about ¹ ? Over the years, I have heard a few lectures where it was
assertedthat we know \nothing" about ¹ , or at least that the problem of the
determination of ¹ is so mysterious as to render P¶olya's original method non-
constructive, and therewith also Habicht's method [1940] for solving Hilb ert's
17th problem in the caseof a strictly de¯nite homogeneouspolynomial (Habicht
relied on P¶olya's theorem). On the other hand, in [1982]I had asserted,without
proof, that Habicht's (and, implicitly , P¶olya's) method is constructive. We shall
now show that ¹ can, in principle, be computed from n, d, and c, in a strong
sensemade precisebelow.

First, ¯x n and d in N, and let f := f n;d 2 Z[C; X ] denote the general
homogeneouspolynomial of degreed in X with indeterminate coe±cients C :=
(C1; : : : ; CN ), where N =

¡ d+ n ¡ 1
n ¡ 1

¢
:

f (C; X ) =
X

®2 Nn

k®k= d

Cº (®) X
®;

where º is any ¯xed bijection of f ® 2 Nn j k®k = dg onto f 1; 2; : : : ; N g. As in
(5.3.2), for c 2 RN , let

¹ (c) := min
x 2 ¢ n

f (c; x): (8.0.1)

Actually , it is enoughfor most purposesto considerc on the unit sphere

SN ¡ 1 := f c 2 RN j c2
1 + ¢¢¢+ c2

N = 1g:
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The fact that ¹ (c) exists and is unique for all c 2 RN follows from the compact-
nessof ¢ n , as does the fact that ¹ is continuous on RN (and henceuniformly
continuous on SN ¡ 1). We shall return to theseobservations below.

As usual, a function A ! B (where A and B are subsetsof Euclidean spaces)
is called semialgebraic if its graph (in the product space)is a semialgebraicset.

Prop osition 8.1. The function ¹ is semialgebraic on RN .

Proof. The de¯nition (8.0.1) can be expressedby ©, which is de¯ned by

©(c; ¹ ) :$ ©n;d (c1; : : : ; cN ; ¹ ) :$

[(8x 2 ¢ n (f (c; x) ¸ ¹ )) ^ (8¸ > ¹; 9x 2 ¢ n (f (c; x) < ¸ ))]; (8.1.1)

this is easily converted into a formula in the language of ordered rings (and
below, weshall allow such informalities in other formulae). By [Tarski, 1930{67],
we can construct (primitiv e recursively, from n and d alone) (1) a quanti¯er-free
formula ª de¯ned by

ª( c1; : : : ; cN ; ¹ ) :$
_

i

ª i (c; ¹ ); (8.1.2)

where each ª i is de¯ned by

ª i (c1; : : : ; cN ; ¹ ) :$
µ

pi (c1; : : : ; cN ; ¹ ) = 0 ^
^

j

(qi;j (c1; : : : ; cN ; ¹ ) > 0)
¶

(8.1.3)

(for somepi and qi;j 2 Z[C1; : : : ; CN ; M ], where M is also an indeterminate),
and (2) a formal proof, from the axioms of real closed(ordered) ¯elds, of

8c1; : : : ; cN ; ¹ (©(c1; : : : ; cN ; ¹ ) $ ª( c1; : : : ; cN ; ¹ )) : (8.1.4)

Thus (8.1.2){(8.1.3) constitute a semialgebraicdescription of ¹ .

The statement that ¹ is well de¯ned on RN can be expressed(semi)formally
as:

8c9! ¹ ©(c; ¹ ): (8.1.5)

And the statement that ¹ is uniformly continuous on SN ¡ 1 can be expressed
as:

8² > 0 9± > 0 ­( ²; ±); (8.1.6)

where ­ is the formula de¯ned by

­( ²; ±) :$ 8c1; : : : ; cN 8c0
1; : : : ; c0

N 8¹; ¹ 0

·µ
c2

1 + ¢¢¢+ c2
N = 1 ^ c0

1
2 + ¢¢¢+ c0

N
2 = 1 ^

^

i

(jc0
i ¡ ci j < ±)

¶

!
¡
(©(c; ¹ ) ^ ©(c0; ¹ 0)) ! j¹ 0 ¡ ¹ j < ²

¢
¸
: (8.1.7)
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(8.1.5) and (8.1.6) may be proved via easy\transcendental" methods (basedon
the Dedekind-completenessof|the order on| R). For a secondkind of proof,
sincethe formulae (8.1.5) and (8.1.6) have no free variables, if we apply Tarski's
theorem to them, we will get equivalent formulae (respectively) in the language
of ordered rings that not only have no quanti¯ed variables, but also have no
free variables; such formulae are just Boolean combinations of equations and
inequalities involving terms built up from 0 and 1 by the ring operations +, ¡ ,
and ¢, and henceare trivially decidable. Since (8.1.5) and (8.1.6) hold over a
model of the axioms for real closed¯elds (viz., R), we can predict that the deci-
sion procedurewill produce,primitiv e recursively, formal, \elementary" (messy)
proofs of (8.1.5) and (8.1.6) (as opposed to proofs of their negations), purely
from the axioms of real closed(ordered) ¯elds (without using the completeness
axiom). One could seeka third kind of proof (which, like the previouskind, does
not usethe completenessaxiom) by a direct algebraicapproach that exploits the
particular properties of (8.1.1), (8.1.5), and (8.1.6), rather than relying on the
general,all-purposemethod provided by Tarski; this third approach would com-
ply with the philosophical requirements of the program described in [Brum¯el,
1979, Intro duction].

Anyway, the fact that ¹ is uniformly continuous and semialgebraicmakes
it theoretically computable in the following sense. First, for each i in (8.1.2),
de¯ne the formula £ i by

£ i (c1; : : : ; cN ) :$ 9¹ ª i (c1; : : : ; cN ; ¹ ): (8.1.8)

Again by Tarski's theorem, we can construct, primitiv e recursively, a quanti¯er-
free formula ¨ i de¯ned by

¨ i (c1; : : : ; cN ) :$
_

k

µ
si;k (c) = 0 ^

^

l

(t i;k ;l (c) > 0)
¶

(8.1.9)

(for somesi;k and t i;k ;l 2 Z[C1; : : : ; CN ]), and a formal proof of

8c1; : : : ; cN (£ i (c1; : : : ; cN ) $ ¨ i (c1; : : : ; cN )) : (8.1.10)

Write Si = f c 2 SN ¡ 1 j ¨ i (c) g. Then SN ¡ 1 =
S

i Si , by (8.1.2){(8.1.5) and
(8.1.8){(8.1.10).

If the coe±cients c 2 SN ¡ 1 happen to be rational (or even real algebraic),
then we may compute si;k (c) and t i;k ;l (c) exactly, and determine with certainty
those i for which c 2 Si . For any such i , there must be exactly one ¹ 2 R such
that ª i (c;¹ ), by (8.1.2){(8.1.5) and (8.1.8){(8.1.10). We could take ª i (c;¹ )
as a reasonabledescription (obtained primitiv e recursively from n, d, and c) of
(the real algebraic number) ¹ . Alternativ ely, we could describe ¹ by meansof
primitiv e recursive functions ½1; ½2 : N ! Q and ½3 : N ! N (constructed from
n, d, and c using Tarski's theorem, combined with an interval-bisection search
for a real root of pi ) such that for all l 2 N, ½3(l ) is the code for a formal proof
(from the axioms of real closedordered ¯elds) of the statement ¥ l de¯ned by

¥ l :$ 9¹
³

ª i (c; ¹ ) ^ ½1(l ) < ¹ < ½2(l ) ^ ½2(l ) ¡ ½1(l ) ·
1
2l

´
:
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If, on the other hand, someof the c1; : : : ; cN are irrational, then we proceed
as follows. De¯ne a function g : R++ ! (0; 1] by

g(²) = supf ± 2 (0; 1] j ­( ²; ±) g:

By arguments similar to those above, g is well de¯ned and semialgebraic,and
­( ²; g(²)) holds for all ² > 0. Moreover, we may construct a primitiv e recursive
function ½4 : N n f 0g ! N n f 0g such that for all l 2 N n f 0g,

0 <
1

½4(l )
< g

³ 1
l

´
; whence ­

³ 1
l
;

1
½4(l )

´
:

Now, if we want to approximate ¹ (c) to accuracy 1=l (for some l 2 N n f 0g),
then for each i for which ci is irrational (or at least non-real-algebraic),we ¯nd
a rational number c0

i such that jc0
i ¡ ci j < 1=(2½4(l )). (Presumably the irrational

real number ci is presented assomekind of limit of rational numbers,whether by
a Cauchy sequence,a Dedekind cut, or an in¯nite decimal, etc.) Then successive
rational approximations c0

i and c00
i to ci will di®er from each other by

<
1

2½4(l )
+

1
2½4(l )

=
1

½4(l )
< g

³ 1
l

´
:

Then we compute ¹ (c) := ¹ (c0
1; : : : ; c0

N ) and ¹ (c00) as in the previous paragraph.
Even though successive approximations c0 and c00may oscillate, say, betweenSi 1

and Si 2 (for two (or more) distinct i 1 and i 2), we know that the successive values
of ¹ (c0) and ¹ (c00) convergeto ¹ (c), since¹ is continuous; i.e., j¹ (c00) ¡ ¹ (c0)j <
1=l, by (8.1.6){(8.1.7), as desired.

The paragraphsabove show that ¹ can, in principle, be e®ectively computed
from F , using Tarski's theorem. We note, also, that approximations to ¹ can
be found very e±ciently by modern methods of optimization, such as that of
Lasserre[2001](simpli¯ed by [Schweighofer, submitted]).
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