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Abstract

Pélya proved that if a real, homogeneous polynomial is positive on the
nonnegative orthant (except at the origin), then it is the quotient of two
homogeneous polynomials with no negative coefficients. We generalize
this from polynomials to signomials with arbitrary rational exponents; we
also show that Pdlya’s theorem does not generalize to arbitrary signomials
(i.e., with irrational (real) exponents).

1 Introduction

Let n € N:={0,1,2,...}, let X := (X3,...,X,) be indeterminates, let a :=
(a1,...,a,) € N be a multi-exponent, and let ||«| = a3 + -+ + «a,. Write
X* =X X%, Let x := (x1,...,2,) € R". We write R; = [0,00) and
Ryt = (0,00), and we write A, = {z € R} | > ,x; = 1} for the closed,
(n — 1)-dimensional simplex.

Suppose F' € R[X] is homogeneous of degree d. Suppose also F' > 0 on A;
since F' is homogeneous, this assumption is equivalent to assuming that F > 0 on
all of R\ {(0,...,0)}. We can now state—the conclusion of —Pélya’s theorem
[Pélya, 1928], in its weak and strong forms:

Theorem 1.1 (Weak form of Pélya’s! theorem). Let F' be as above. Then F is
the quotient of two homogeneous polynomials G, H € R[X] (H # 0) with every

IThis theorem had been proved by Poincaré [1888] for n = 2, and by Meissner [1911] for
n = 3. According to [Hardy, et al, 1934-91, p. 57], Meissner’s method is applicable in principle
for n > 3, though his method (unlike Pélya’s) does not lead to the stronger conclusion in (1.2)
below.



coefficient being strictly? positive: HF = G. O

Theorem 1.2 (Strong form of Pélya’s theorem). Let F' be as above. Then for
all sufficiently large p € N,

(X1 4+ + X )PF(X,..., X)) = G(X1, ..., X0), (1.2.1)

for some (necessarily real, homogeneous polynomial) G with every coefficient
being strictly positive (recall footnote 2). O

These theorems are also proved in [Hardy, et al, 1934-91, pp. 57-60].

In this paper we consider the question of whether (1.1) and/or (1.2) ad-
mit reasonable extensions from polynomials to arbitrary signomials, which can
be defined roughly as “real polynomials with arbitrary real exponents” (such
as 3XT X, ' X9 — 5Xf4X52X§/§). A signomial with no negative coefficients is
known as a posynomial; thus the G and H in (1.1) and (1.2) above are posy-
nomials.

Our three main results are:

e that (1.2) does not extend to signomials with non-integer exponents (4.1);
e that (1.1) extends to signomials with rational exponents (5.1); and

e that (1.1) does not extend to arbitrary signomials (i.e., signomials with
arbitrary irrational exponents) (6.1). Specifically, for every € € (—1,1), let
F.(X1,X3) be the homogeneous signomial X? — X; X7 + X2. Then
we show that

1. F. > 0 on Ay, but

2. F. is the quotient of two posynomials if and only if € is rational.

It is remarkable that for a signomial F that is positive on A, the (semi-)
algebraic condition that F' be the quotient of two posynomials is closely related
to the arithmetic condition that the exponents of F' be rational.

In section 2 we begin with careful definitions of the vocabulary of (formal)
signomials (as elements of the group ring R[R"]). Then we consider various ele-
mentary algebraic properties of this ring: for example, it is an integral domain,
but not a unique factorization domain or a Noetherian domain. In section 3, we
consider the function f: R, — R (denoted by f(z)) determined by a formal
signomial f(X). We show that different formal signomials f(X) determine dif-
ferent signomial functions f(x) (3.1), and that a signomial function is algebraic
over R(X) (2.4) if and only if all its exponents are rational (3.3). We also inves-
tigate when the composition of signomial functions is a signomial function ((3.5)
and (3.6)). In sections 4-6 we prove our three main results (already listed in the
previous paragraph). Finally, in section 8, we summarize what has been known

2T.e., for every o € N™ with ||| = deg G, the coefficient of X in G is positive (and not
merely nonnegative); and similarly for H. See also Remark 5.4 below.



(for a long time) about p := mingea, F(z); this minimum is one of the parame-
ters in upper bounds on the “Pélya exponent” pp := min{p € N | (1.2.1) holds }
(see (5.3) below); our point here is that Pélya’s original method of constructing
p and G in (1.2) is effective, despite impressions (suggested by some) to the
contrary.

Signomials have been largely neglected by real algebraic and real analytic
geometers. Yet signomials have played a role in various branches of mathemat-
ics:

e Signomials in one variable arise as solutions of certain classical differential
equations (see (3.2) below). They also appear in Miintz’s theorem:

e Posynomials in more than one variable seem to have been first studied by
Zener [1961], who showed how to use the arithmetic-geometric inequality
to find the minimum of a posynomial f over R} , (at least when f has n+1
terms). [Duffin, et al, 1967], however, seems to be the first publication to
have coined the word “posynomial” itself, as an abbreviation for “positive
polynomial.”3

A posynomial function f need not be convex, so it is not clear, a priori,
that a local minimum of f on a suitable domain is a global minimum.
However, Rockafellar [1970] observed that In f(e*,...,e") (defined on
all of R™) is convex. Thus every “posynomial program” is equivalent to a
convex program, i.e., the problem of minimizing a convex function over a
convex domain; and in such problems, every local minimizing point is a
global minimizing point.

It was not until [Passy, et al, 1967] that signomials (then called “gener-
alized polynomials”) in more than one variable were studied; the word
“signomial,” however (which seems to come from the words “signum” and
“polynomial” used by Passy and Wilde) did not appear in print until
[Duffin, et al, 1973], apparently.

Signomials and especially posynomials are used in geometric programming
[Duffin, et al, 1967], which has diverse applications to chemical engineer-
ing, management science, structural engineering, water-quality manage-
ment, nuclear engineering, transportation planning, production planning,
and regional economics. Recent applications have been made by electrical
engineers modeling analog integrated circuits (see [Daems, et al, 2001] and
[2002]).

In most engineering and other applications, the signomials actually used
have fixed exponents that are rational; cf., e.g., [Sherali, 1998]. So in case

3While [Duffin, et al, 1967] defines a “positive polynomial” to be a posynomial (i.e., with
arbitrary real exponents, and with positive coefficients), real algebraists define (somewhat
vaguely) a “positive polynomial” to be a polynomial (i.e., with exponents in N) that takes
only positive values on a prescribed subset of R™; cf., e.g., the titles of [Marshall, 2000] and
[Prestel, et al, 2001]. Thus Pdlya’s theorem 1.1 above, and our theorem 5.1 below, may be
viewed as establishing connections between these two definitions, when the exponents are in
N or Q, respectively.



Pélya’s theorem, or our extension thereof (5.1), some day find engineering
applications, the restriction to rational exponents in (5.1) should not be
a problem.

e Miller [1994] considered a class of functions f : R™ — R that properly con-
tains the class of (extensions by 0 to R™ of) signomial functions. Specif-
ically, he considered terms built up (in a formal language) from variable
symbols x1,Zs,... (an arbitrary one of which we denote by x) and from
constants in R by the usual operation symbols +, —, and - , together with
the class of operation symbols {z” | r € R }; the symbol 2" indicates the
function R — R defined by

' ifxz>0
€T —
0 ifz<O.

He considered the structure
RIEn = (R, < F =t ,0, ]-7 (xT)TERa (f)fER{X,n},neN)a

where (f)feR{X,n},neN denotes a certain class of functions f : R* — R
that are analytic on [—1,1]". He proved that the theory of RE admits
quantifier-elimination and analytic cell-decomposition, and is universally
axiomatizable, o-minimal, and polynomially bounded. Note that Miller’s
class of functions is, by its definition, closed under composition, while the
class of signomial functions (even if we extend them, by 0, from their usual
domain R, to all of R™) is not: for example, (z1+1)/2 is not a signomial
function (3.5).

o [Wang, 2004] extended Descartes’ rule of signs to arbitrary signomials in
one variable. (Actually, he considered only signomials with nonnegative
real exponents; but Wang’s result is easily extended to arbitrary signomials
f in one variable, as claimed, since we may apply his result to the “essential
part” fi of f (defined in (2.3) below), in just the same way that we use
f+ in (5.1) below.)

In a future paper we shall give a version of the Fourier-Budan theorem (on
counting the roots of f € R[X7] in an interval (a,b]) for 1-variable signomial
functions f (here we must assume that a > 0).

In another paper, we shall investigate the extent to which Krivine’s Posi-
tivstellensatz and Schmiidgen’s Positivstellensatz [1991] (which can be derived
from Pélya’s theorem, as Schweighofer showed in [2002] and [submitted]), as
well as a similar (1-variable) theorem of Pélya-Szego, extend from polynomials
to signomials.

I thank Jests Ruiz, whose penetrating questions helped me discover, even-
tually, a mistake in my earlier work on this topic. And I thank William Adkins,
Walter Daems, Georges Gielen, Chris Miller, Alexander Prestel, Bruce Reznick,
and Peter Wolenski for helpful comments.



2 Generalities on formal signomials

We keep the same notations as in section 1, except that from now on we allow
the multi-exponent « to be an arbitrary element of R”™.

Definitions 2.1. A formal signomial (or simply a signomial, when no confusion
can result) is an element of the group ring R[R"[; the latter is defined to be the
set of finite formal sums

fr=f(X)=> X, (2.1.1)
i=1

where m € N, the “coefficients” ¢; of f are nonzero elements of (the ring) R,
and the (multi-) “exponents” «; = (a;1,..., ;) of f are distinct elements of
(the additive group) R™; here X denotes n indeterminates as above (thus we
may call f a signomial “in X,” for clarity). We call a single term ¢; X% a formal
(gemeralized) monomial; the X;-degree of ¢; X (assuming c¢; # 0) is defined
to be oy j, while its degree is defined to be |la;|| = ;1 + -+ + @i n. We call f
homogeneous (of degree d € R) if each of its monomials has degee d. We define
the support supp f of f to be {«; | ¢; #0}.

Definition 2.2. A formal signomial each of whose coefficients is nonnegative
is called a (formal) posynomial.

(Thus each signomial is the difference of two posynomials.)

We reserve the term “(real) polynomial” for a formal signomial f with
supp f € N C R™. As usual, we continue to denote the ring of polynomi-
als by R[X] (rather than by R[N"]), and its field of fractions by R(X). The
ring operations on R[R"] are straightforward generalizations of the operations
on R[X].

[Gilmer, 1984] provides a comprehensive presentation of the algebraic prop-
erties of (semi)group rings at various levels of generality and abstraction. Below
we mention some algebraic properties of our particular group ring, R[R"].

For n > 0, R[R"] is isomorphic to the iterated group ring (R[R"~1])[R],
by writing X’ := (X3,...,X,-1) (so that X = (X’;X,)), and by writing
f(X1,...,X,) € RIR"] as

XX 4+ fre(XDXPE, (2.2.1)

for some K € N, some ; < --- < fk in R, and some f; € R[R"71]\ {0}.

The units of the ring R[R"] are the nonzero (generalized) monomials ¢X ¢,
for ¢ € R* and o € R™. Indeed, the inverse of cX® is ¢~ X ~%; conversely, for
f,g € RIR"], if fg is a nonzero monomial (such as 1), then both f and g are
monomials. The latter fact can be seen by writing f as in (2.2.1) and writing
g similarly as g1 (X)Xt +-- -+ g1, (X’) X%, and then considering the terms in
fg of X,,-degree 81 +1, and the terms in fg of X,-degree Ok + L, to conclude
that K = L = 1; then use induction on n to conclude that f1g; € R[R"!] is
also a monomial.



By a similar argument, we also see that R[R"] is an integral domain, i.e., for
f7 g E R[R"]’
[f #0and g # 0] = fg #0.
We denote the field of fractions of R[R™] by R(R™); then R(X) is a subfield of
R(R™).
For n > 0, R[R"] is not a unique factorization domain and it is not Noethe-
rian, as seen, for example, by the (nontrivial) factorizations

X, —1=X+1)(x7-1)
= (PN e -

Definitions 2.3. First we define a partial order < on R" as follows: for o, 8 €
R™, we define a <X § to mean that ay < (1,...,a, < B,. Then, for f €
R[R”] \ {0} we define ay € R™ to be the greatest lower bound (with respect
to <) of supp f. Finally, we define the essential part fi(X) of f(X) to be

X1 f(X).

Thus f(X) = X/ f4.(X), supp f = ay + supp f4, and supp f C R’}. For
each j € {1,...,n}, there exists an o € supp f+ (= (supp f) — ay) with o; = 0.
For example, (re)consider

F(X1, Xo, X3) = 3XT X5 ' X9 — 5X7*X;2Xy?; then ap = (—4,—2,0) and
Fr(X1, X, X3) = 3XH7 X1 X0 — 5X0X0xY2.

Definitions 2.4. For formal signomials f, g with g # 0, we say that the (formal)
quotient f/g € R(R™) is algebraic over R(X) (or simply algebraic) if there
exists a polynomial P € R(Xy,...,X,)[Y]\ {0} involving a single additional
indeterminate Y such that

P(Xl,...,Xn;M) —0.

(In this case we may actually take P € R[X1q,..., X, ][Y]\ {0}.) If f/g is not
algebraic, then we call it transcendental. We call f essentially algebraic if fy is
algebraic (recall (2.3)).

As usual, the relative algebraic closure of R(X) in R(R™) (i.e., the set of those
quotients of signomials that are algebraic), forms a subfield of R(R™). In (3.3)
below, we shall see that a signomial f is algebraic if and only if supp f C Q™.

3 Generalities on signomial functions

Each formal signomial f(X) =" ¢;X* determines a function (also denoted

by f) from R% | to R, defined by f(x) =), c;z®*. Such a function is called a



signomial function; and if f(X) is a formal posynomial, then the function f(x)
determined by it is called a posynomial function. Writing the multi-exponent
ay of (2.3) as (af1,...,07,), we extend f(z) to those faces {z; = 0} of the
boundary of R} , for which ay ; > 0; thus f(x) can be defined at least® on

B\ | (zeRy |z =0},

ay ;<0

which we call the natural domain of f. (Here, in case for some j, ay;; > 0, and
for some ¢, «;; =0, we define f(z) when z; = 0 according to the convention
that 0° = 1.) In particular, since supp f4 C R%, fy(X) determines a real-
valued function on all of R, and for all z € R, sgn f(x) = sgn f4 ().

Every signomial function is real analytic on R”} ,; and its extension to its
natural domain (C R?) is continuous.

Lemma 3.1. Suppose f1,...,fe are nonzero formal signomials. Then there
exists an x € RY} | such that fi(x),..., fe(x) are all nonzero real numbers. More
precisely, there exists ' := (x1,...,Tp—1) € Ri:_l such that for all sufficiently
large xp, € Ry, fi1(a',xy),. .., fe(a';2,) are all nonzero real numbers.

Proof. Asin (2.2.1), for each j € {1,..., e} write
. Bjxs
Fi(X) = [a(XDXP 4+ fir, (XD X",

for some K; € N, some ;1 <--- < fj k, in R, and some f; € R[R"1]\ {0}.
For n =1, note that each f;; is just a nonzero constant. So for each j,

1¥4
lim fJ(‘ )
xr1——+00 foK]‘
. Bi1—Bj K Bk —1—0B,K;
T 11rfl~_oo(fj,lx1j SR fj,Kj—ll‘lJ ! "+ fix;) = fix; #0,
1%

and we are done. For n > 1, apply induction to find 2’ € R’};l such that for
each j, fjk,;(z') # 0. Then apply the 1-variable case to each f;(z'; X,) €
R[R] \ {0}. O

In view of the case e = 1 of the lemma, we need no longer distinguish
carefully, in every case, between f1(X) and f1(z).

Remark 3.2 (on differential equations). Every signomial function y = f(z1) in
one variable is a solution of a suitable Cauchy-Euler differential equation, i.e.,
a d’th-order differential equation of the form

aoy + a1z1y’ + aszly’ + - + agaiy@ =0, (3.2.1)

4In certain cases we may even extend f to points * € R™ with z; < 0 for cer-

tain j. Specifically, recall that if z; < 0, then the complete set of values of m;!” is

{|zj]@3 - e™/=1@k+Dei 5 | k€ 7 this set contains a real number if and only if (2k+1)c,;
is an integer, for some k € Z. Thus we may allow negative z; in f if and only if for all 4, o ;
is a rational number with an odd denominator.



for d € N and real constants a;. To see this, suppose we are given a signomial
function y = f(21) = cox® +- -+ cqz?* with By < --- < 84. Recall that (3.2.1)
can be solved either by substituting 21 = ! (which transforms (3.2.1) into a
differential equation with constant coefficients), or by substituting y = 27, and
solving the following polynomial equation (of degree d) for r:

ag+arr+agr(r—1)+---4agr(r—1)(r—2)---(r—d+1)=0. (3.2.2)

Since the polynomials
L,r,r(r=1,rr=1)F-=2),. .., rr=)r-=2)-(r—d+1)

form a basis for the real vector space of all real polynomials of degree < d in r,
there exist (unique) ao, ..., aq € R such that (3.2.2) is (r — Go)(r — f1) -+ (r —
B4) = 0. Then for each i, y = z7* will satisfy (3.2.1), whence so will y = f(z1).
The claim is proved.

The converse is false (except for d = 1). For example, to solve y + x1y’ +

22y” = 0, we try y = 7, for some unknown r. We get r(r —1)a +rz} + 27 = 0,
whence 72 + 1 = 0. This suggests the two complex solutions

/1 ST .
Y T =e Iz — coslnag + vV—1sinlnz, and
—v/—=1 = .
x] =e Tinzy =coslnz; — v—1sinlnz,

which lead to the two (R-linearly independent) real solutions y; = cosInz; and
y2 = sinln zq, neither of which is a signomial function (because, e.g., they both
oscillate infinitely often as x1 — +00). O

As promised after (2.4) above, we now state and prove
Proposition 3.3. A signomial f € R[R"] is algebraic if and only if supp f C
Q.
Proof. Suppose first that supp f C Q™. Any rational power X;’/q, for p,q € Z
with ¢ > 0, is algebraic, since P(Xj,Xf/q) =0, where P(X;,Y) =Y7 - X7 €
R(X)[Y]. Since f is an R-linear combination of products of such powers, it, too,
is algebraic.

For the converse, we continue to write X' = (X1,...,X,_1). Write f as in
(2.2.1). We need a lemma.

Lemma 3.4. Suppose that P(X; f(X)) =0, for some P € RIX]|[Y]\{0}. Write

P(X;Y) = po(X) + - +p;(X)Y7 + -+ pa(X)Y* (3.4.1)
d
=P(X",Xn;Y) = (pjo(X") 4+ pju(X) X, + -+ pje, (X)X )Y,
§=0

for some d,e; € N and some p; € R[X] and p;; € R[X']; for those j with
p; # 0, choose e; so that pj., # 0. Let

D= Orgfgd(ej +7BKk),

p;#0



where g is as in (2.2.1). Let

Po(X', Xu;YV) = > pie, (X)XTYY. (3.4.2)
p; 70
ej+jBx=D
Then
(3.4.3) Pp #0;

(3.4.4) Pp(X', Xy; fx(X")XPx) consists precisely of those terms in
P(X', Xp; f(X', X)) with X,,-degree D (before any cancel-
lation); and hence

(345) PD(XI,XTL; fK(X/)XﬁK) =0.

Proof of Lemma 8.4. (3.4.3) holds since there is some jg such that p;, # 0 and
€jo +JjoBr = D, and pj, ¢, # 0 by the choice of e;,. (3.4.4) follows from (3.4.2)
and

P(X’,Xn;f(XﬂXn)) =

d .
D (0io(X) + -+ pie, XNX) (XX + -+ fe(X)XP<)5 (3.4.6)
j=0

and (3.4.6), in turn, follows from (3.4.1) and (2.2.1). (3.4.5) follows from (3.4.4)
and the hypothesis that P(X, f(X)) = 0. This proves the lemma. O

Returning to the proof of the converse of (3.3), suppose f is algebraic. We
must show that each exponent occurring in f is rational. There is a P as in the
hypothesis of (3.4). From (3.4.5) we conclude that Pp(X', X,,; fx(X')XPx) =
0. For later reference we remark that since Pp # 0 (3.4.3), we have so far
shown that

fr (X)) XP% and hence fi(X" )X + -+ fr 1 (X')XPx=1 s algebraic.
(3.4.7)

Now we use induction on n. For m = 1, note that fx is just a nonzero
constant. The above paragraph shows that PD(Xl;fKXl’GK) = 0. And by
(3.4.4), every term in the expansion of Pp(X1; fx X %) (before cancellation,
that is) has (X;-)degree D. In order for cancellation of nonzero terms to occur,
the number of such terms must be at least two; i.e., there exist j; < js in the
set {0,...,d} such that e;, + j1fx = €j, + j2Br (and pj, (X1)p;,(X1) # 0).
Therefore

ﬂK = ej:l _ejz € @7
J2 —J1

as required. If K = 1, we are done for the case n = 1; if K > 1, we use a
separate induction on K.

Now assume n > 1 and that every algebraic signomial in R[R"~!] has only
rational exponents. Pick 2’ := (z1,...,7,_1) € R ! such that fx(2') # 0



and Pp(a’,X,;Y) # 0 € R[X,;Y]; this is possible by applying Lemma 3.1
(with n replaced by n — 1) to fx and the (X,;Y)-coefficients p;. (X') €
R[X'] € R[R""] of Pp, not all of which are zero in R[R"~!], by (3.4.3). Then
Pp(2’, Xy; f(2', X)) = 0. Now by the 1-variable case above, [k is rational.
Thus X/« is algebraic, whence fx (X') is, too (using (3.4.7)). By the inductive
hypothesis, every exponent occurring in fx(X’) is rational. Thus, if K = 1,
we are done. If K > 1, repeat the above argument for fi(X')XP + ... +
fr—1 (X)) X< considering (3.4.7). Thus all the exponents occurring in f are
rational, and (3.3) is proved. O

Thus we sometimes refer to a signomial all of whose exponents are rational
as an “algebraic signomial”; the others can be called transcendental signomials.

Example 3.5. The class of signomial functions is not closed under composition.
For example, the composition of f(z1) := z}/2 and g(x1) 1= x1+11s (fog)(z1) =
f(g(x1)) = (z1 + 1)/2, which is not a signomial function. (Proof: Suppose

(21 + 1)V? = hya’ + -« + hoal € R[R],
with 81 < -+ < B and h; € R\ {0}. Then
x1+ 1= () + -+ heal*)2.

But the right hand side is either a monomial (in case e = 1), or it contains at
least three terms, of degrees 231 < 81 + B2 < 2., in case e > 1.)

Remark 3.6 (on composition). While the class of signomial functions is not
closed under arbitrary composition, usually we may plug monomials into a sig-
nomial function, and still have a signomial function, as follows. Let f(X) denote
a formal signomial as in (2.1.1). Let Y denote new indeterminates (Y1,...,Y))
(some [ € N), and let b Y"1 ..., b,Y?" be n formal monomials in Y, where
bj € Rand B; := (Bj1,...,0;:) € Rl. We then define

fOYPr, b, Y PR =

m

Z ci - btllm . bzi,nYlai,lﬁl.l"l‘""'l‘ai,nﬂn,l . }/lai,lﬁl,l+"'+ai,7Lﬁrz,l7
=1

which will be a formal signomial in R[R!] provided that each power b;”’j is real
(which will be the case if either b; > 0, or a; ; is a rational number with odd
denominator, and where 0° is considered to be 1).

4 Impossibility of extending the strong form of
Podlya’s theorem to arbitrary signomials
We first note that already for n = 2 (the first nontrivial case), the strong form of

Pélya’s theorem (1.2) does not extend to signomials with arbitrary, non-integer
exponents. To state this precisely, first write (X,Y) instead of (X1, X5).

10



Theorem 4.1 (Falsity of (1.2) for arbitrary signomials). For n = 2 there exists
a homogeneous signomial F € R[R?] such that F > 0 on As, but for everyp € N,
(X +Y)PF(X,Y) is not a posynomial—i.e., it has a negative coefficient. (We
may even take such an F to have rational exponents.)

Before beginning the proof, we need
Lemma 4.2. For any e € R, let
F.(X,)Y)=X? - X'yl 4 v2 (4.2.1)

If el < 1, then F. > 0 on Ay := {(z,y) € RZ |z +y =1} (and hence on the
rest of R2 \ {(0,0)}, since F is homogeneous).

Proof of Lemma 4.2. F. determines a continuous function f(x,¢) := Fe(x,1—x)
of two variables on ([0,1] x [-1,1]) \ {(0,—1),(1,1)}, since there we avoid the
expression 0°. It suffices to show that f > 0 on this region (which includes the
region [0, 1] x (—1,1)).

For each z € (0,1),

0
a—f = 2" (nz)1 —2)' + 21 —2) " In(1 — 2)
€
=271 - 2)"¢(In(1 — z) — Inx).
Therefore for all ¢y € [—1,1],

o7 >0 f0r0<:li<%,
E(x,eo) =0 forz =3, and
<0 for%<x<1.

So for z € (0, 3),

I[ni{ll]f(m’E) =flo,-1) =2 -2"01—2)* +(1-2)* =22 >0.
ec|—1,

Similarly, for z € (1,1),

er[rli?ll fxe)=flz, 1) =2? -2’1 -2) +(1-2)? =(1-2)? >0.

For x = %, we have, for all € € [-1,1],

1 18 2 1N I4e /1y 1—€ 18 2 18 2 18 2 1n2 1
1(39-G) -G G) @) =G -G +GE) =3
Finally,

forall e € (=1,1], f(0,e) =0* —=0'""1'"¢ +12=1>0, and
forall e € [-1,1), f(l,e)=12—1"T0'""c+0*=1>0. O
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Proof of (4.1). We shall show that we may take F' in (4.1) to be the F. in
(4.2.1), for any € € (—1, 1) other than 0 (whether rational or not). The previous
lemma shows that then F' > 0 on As. It remains to show that for every p € N,
(X +Y)PF(X,Y) has at least one negative coefficient. For this, observe first
that

(X +Y)PPF(X,Y) = (X +Y)P(X%2 = X'Tyl—c 4 Y?)
= (X +Y)P(X7+Y?) — (X +Y)P- Xyl (422)

Next observe that none of the terms contributed by (X +Y)?(X2+Y?2) to (4.2.2)
can offset any of the (negative) terms contributed by —(X + Y)P . Xiteyl-e
since all the terms in the first product have integer exponents, while all the
terms in the second product have non-integer exponents. O

Having thus ruled out the possibility of extending the strong form (1.2) of
Pdlya’s theorem to arbitrary signomials, we turn next, in sections 5 and 6 below,
to the question of the extendability of the weak form (1.1) of Pélya’s theorem.

5 Extension of the weak form of Pélya’s
theorem to essentially algebraic signomials

Theorem 5.1 (Weak form of Pélya for essentially algebraic signomials). Sup-
pose F is a homogeneous signomial in R[R™]. Suppose also that F is essentially
algebraic (2.4), i.e., that the essential part F of F (recall (2.3)) is algebraic—
equivalently, that supp F. C Q" (recall (3.3)). Finally, suppose that F > 0 on
A, (and hence on the rest of R \ {(0,...,0)}). Then F' is the quotient of two
homogeneous posynomials (2.2) G and H in RR"]\ {0}: HF = G.

Proof. Let ¢ € N\ {0} be the least common denominator of the exponents
occurring in Fy. Define a new signomial F* as follows:

F*(X1,...,X,) = F(X2,..., X% (5.1.1)

(recall (3.6)). Then F* is even a polynomial € R[X], homogeneous of degree
q-deg Fy. Also, F* > 0 on R} \ {(0,...,0)} D A,, since for any z € R} \
{(0,...,0)}, F*(z) = Fy(21,...,2%) > 0. So there exist G*, H* € R[X] \ {0},
with all coefficients strictly positive (recall footnote 2 to Theorem 1.1), such
that

H (X1, .., Xp)F*(X1,..., Xn) = G*(X1,..., X), (5.1.2)
by (1.1). (We may even take H* to be (X; + --- + X,,)P for sufficiently large
p € N, by (1.2).) Replacing each X; in (5.1.2) by X;/q, we get

HY (X9, XMops(xe XMy =g(x[/9. . XYy (5.1.3)

12



Defining
G'(X1,...,X,) == G*(X}/7 .. X}9) and (5.1.4)
H'(Xy,...,X,) = H (X7, ... X} (5.1.5)

by (3.6), we see that G’ and H' are nonzero posynomials.> Recalling (5.1.1)
and (5.1.3)—(5.1.5), we get

H (X1, X)) Fe (X1, X)) = G (X1, Xn).
Multiplying both sides by X*¥ (recalling (2.3)), we get
H(X)(X“FF (X)) = X*"G'(X).
Finally, recalling that F(X) = X** F, (X), we get
H(X)F(X)=X*"G"(X).

Thus we may take G(X) = X*FG'(X) and H(X) = H'(X) in (5.1). O
Remark 5.2 (on H). The above proof actually shows that we may take H(X)
in (5.1) to be

(X1 + . 4 XM e RIX, ... X1/ c R[QY] € R[R™, (5.2.1)

where ¢ € N'\ {0} is as in the proof, and where p € N is sufficiently large.

Remark 5.3 (on bounds). Given a particular F as in (1.2), let us call the min-
imum p € N for which (1.2.1) holds, the Pdlya exponent of F; we denote it by
pr. Then [de Loera, et al, 1996, 2001] showed that

d? ilci
pp < PEmaxilel (53.1)
7!

where, as before, d = deg F', the ¢; are as in (2.1.1), and

= p(c) = wrénAn F(z). (5.3.2)

[Powers, et al, 2001] improved this, as follows. Letting

_ a;rlagal !
¢ = max leil ),
i d!

they showed
dd—1) ¢
dd-1) ¢ —d+1, (5.3.3)
2 1
51n fact, for every o € %N" C Q" with ||a|| = deg G, the coefficient of X in G’ is strictly
positive, and similarly for H’. Recall footnote 2 to Theorem 1.1 above, and see Remark 5.4
below.

pr <

13



which is sharp at least for d = 2 and for certain values of . These two bounds
obviously apply equally well to the minimum possible p € N in (5.2.1), upon
replacing p by
* = : F*
pt = min F(z)
(recall (5.1.1)).

Remark 5.4 (on strictly positive coeflicients). For n = 2, is “every” coeffi-
cient of, for example, the homogeneous polynomial G := X7 X5 + X3 positive?
Le., should one ignore the “missing” monomials X3 and X;X3? In [Hardy,
et al, 1934-91, p. 57], Pélya introduced his theorem(s) by noting that they
“assert. . .that a positive form can be represented in a manner which renders
its positive character intuitive.” If we interpret Polya’s theorems as allowing
G to omit some monomials of degree deg H + deg F' (or p + deg F'), then the
conclusion of those theorems would be too weak to represent F' in a manner
making its positive character obvious. For example, taking F' = X7 X5 + X3 in
(1.1) above, we would be able to take H = 1 and G = F; even though G has
no negative coefficients, G is not positive at (1,0) € As. (And in general, for
any n > 1 and e > 1, a real form G of degree e in X with no negative coeffi-
cient is positive on A, if and only if the coefficients in G of all the monomials
X§¢,...,X¢ are strictly positive.) Thus Pélya’s intention was to assert that for
every a € N" with ||«|| = deg G, the coefficient of X in G is positive (and not
merely nonnegative); and similarly for H in (1.1). (In fact, [Hardy, et al, 1934—
91] states this clarification explicitly in Appendix I, and notes its importance
in the application of Pdlya’s theorem to proving Habicht’s theorem on Hilbert’s
17th problem.)

On the other hand, it is easy to prove (the correct interpretation of) Pélya’s
theorems from the loose interpretation thereof. Namely, let € be any real number
such that 0 < e < p (5.3.2), and apply the loose interpretation of (1.1) or (1.2)
to F(X1,...,X,) — (X1 + -+ X,)¢ (whose minimum on A,, is g — € > 0, by
the definition of A,,). We get

H(X1, .., X)) (F(Xy,. ., Xn) — (X1 + -+ X,)%) = G(X),
for some G and H with no negative coefficients, whence

H(X1,...,Xn)F(X1,..., X)) = (X1 + -+ X)) H(Xy,. .., X,) + G(X),

(5.4.1)
where the right hand side obviously has strictly positive coefficients on all
monomials of degree deg G, as required. For (1.2), we are done, since there
H = (X; +--- 4+ X,,)P, which also has all possible coefficients positive. For
(1.1), however, we are not quite done, since (5.4.1) does not seem to guarantee
that the coefficient in H of each monomial of degree p := deg H is positive; but it
does guarantee at least that the coefficient in H of each monomial X7, ... XP? is
positive, and this is enough to render the positive character of H on A,, obvious.
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6 Impossibility of extending the weak form of
Pdlya’s theorem to arbitrary (transcendental)
signomials

Theorem 6.1 (Falsity of (1.1) for arbitrary signomials). Forn = 2 there exists

a homogeneous signomial F' € R[R?] such that F > 0 on Ay, but F is not the
quotient of any two (nonzero) posynomials.

Proof. Write (X,Y) instead of (X1, Xs). Let
F.(X,Y)=X? - Xxlteyl-c 1 y2 (6.1.1)

Then for all e € (—1,1), F. > 0on A, by (4.2). We shall show that for all irra-
tional (real) €, however, F, is not the quotient of any two nonzero posynomials;
then we will be able to take F' in (6.1) to be F¢, for any e € (—1,1) \ Q.

So suppose that

H(X,Y)(X? - XTy!l=c 1 v?) = G(X,Y), (6.1.2)

for some € € R and some posynomials G and H (# 0); we shall deduce from
this that € € Q.

We may assume that G and H are homogeneous; otherwise, extract from G
and H the homogeneous components of lowest degrees. Let d = deg H (€ R).
Write

G(Xa Y) =a; XM Y2+d7a1 4 aZXagy2+dfoz2 N anXany2+d7an and
H(X)Y)= leﬂlyd*ﬁl + bQXﬁzydfﬁQ N meﬁmydfﬁm, (6.1.3)
where n,m € N\ {0},
ay < ag < - < Qp,
B < P2 << B (all in R),
and each a;,b; € Ry ;. From (6.1.1) and (6.1.3) we get
H(X,)Y)F.(X,Y)
= (leBl Yd761 + bQXﬁZYdiﬁz + e+ meﬂmYdfﬂm)(XQ _ X1+6Y176 + Y2)
= b1X51+2yd—51 + b2X52+2yd—52 +oe gt meBm+2Yd—5m

_py XPrtlreyd—Bitloc_p xhtlteyd—fatloc_ . _p  xButlteyd—Butl-c

+ by XPry a2 gy Py d=Fet2 o X Oy d=Bm 2 (6.1.4)
We need

Lemma 6.2. Under the above assumptions, for each i € {1,2,...,m},

either B; + 1+ €= (3; + 2, for some j € {1,2,...,i— 1},
and/or B; + 1+ € = By, for some k€ {i+1,i+2,...,m}.
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Proof of Lemma 6.2. According to (6.1.1) and (6.1.2), we are assuming that
HF, is a posynomial. Therefore, the negative term —b; X% t1+eyd=Fitl—c ip
(6.1.4) must be offset by some positive term(s) with the same exponent. Exam-
ining (6.1.4), we see that such a positive term can only be either b; XA +2y =5
or b XPrYd=Pr+2 for some j or k as in (6.2). Now compare X-exponents. [

Returning to the proof of (6.1), we have

either §; = 6, + (—1+¢)

or B = B+ (1+ €, (6.2.1)

by the lemma. Now form a sequence i1,1s,...,4,4+1,-.- € {1,2,...,m}, as
follows. Let ¢; = 1. For [ > 1, once i; has been determined, define 7;41 to be

that j € {1,2,...,4 — 1} s.t. B; = B;, + (=1 +¢€), if such a j exists; otherwise,
that k € {iy +1,...,m} s.t. By =B, + (1 +¢).

By (6.2.1), ;41 is well defined by the above instructions.
Thus

either 3;,,, = B;, + (=1 +¢)
or 5il+1 = ﬁiz + (1 + 6)'
Therefore for all [ > 1,
Bi, = Biy + mu(=1+¢€) +my(1+e), (6.2.2)
for some m;, mj € N such that m; =m} =0 and for all [ > 1,
either (my41 =my +1 and my,; = my)
or (myy1 =my and my, | =my + 1).

(Therefore, for all I > 1,
m+m;=1-1, (6.2.3)

by induction on [.) Since |[{1,2,...,m}| = m, after < m + 1 steps, we find
i1, = 1y,, for some Iy <l (l1,lo € {1,2,...,m +1}). Then 51’11 = ﬂiw whence
by (6.2.2),
Biy +mu, (=1 +€) +my, (1 +€) = Bi, +mu, (=1 + €) +my, (1 +€).
Therefore
((ma, +my,) = (mu, +my,))e = —my, +my, — (=my, +my,),

whence by (6.2.3),
my, —my —my, +my,
(h—1) = (2 —1)
Since l; # la, we conclude that € € Q. O

€ =
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7 Polya’s theorem with “fewsignomials” G and
H

Note: This section was still in preparation as of October 3, 2003.

As before, let F' be a signomial that is homogenous of degree d € R in
X = (Xy,...,X,). Suppose F' > 0 on A,, and all the exponents occurring in
F are rational. Then we concluded in Theorem 5.1 above that HF = G, for some
nonzero homogeneous posynomials G, H. Now suppose, in addition, that ¢ € NT
is a common denominator of the exponents of F. We saw in Remark 5.2 that
we may then even take G and H to be in R[Xll/q, e ,X}L/q] C R[Q"] C R[R"].
As the exponents of F ....

Theorem 7.1. ....

[Note: The above section was still in preparation as of October 3, 2003.]

8 The effectiveness of Pdlya’s original method

The bounds for the Pdlya exponent pr of F in (5.3) above are expressed in terms
of the minimum g of F' on A, (5.3.2). The question therefore arises: what do
we know about n? Over the years, I have heard a few lectures where it was
asserted that we know “nothing” about u, or at least that the problem of the
determination of y is so mysterious as to render Pélya’s original method non-
constructive, and therewith also Habicht’s method [1940] for solving Hilbert’s
17th problem in the case of a strictly definite homogeneous polynomial (Habicht
relied on Pélya’s theorem). On the other hand, in [1982] I had asserted, without
proof, that Habicht’s (and, implicitly, Pélya’s) method is constructive. We shall
now show that p can, in principle, be computed from n, d, and ¢, in a strong
sense made precise below.

First, fix n and d in N, and let f := f, 4 € Z[C; X] denote the general
homogeneous polynomial of degree d in X with indeterminate coefficients C' :=
(C1,...,Cn), where N = (d+"71):

n—1

f(C:X) = > CoaX*,
fold

where v is any fixed bijection of {a € N” | ||a|]| = d} onto {1,2,...,N}. As in
(5.3.2), for c € RV let
= mi ;). .0.1
ple) = min f(c;x) (8.0.1)
Actually, it is enough for most purposes to consider ¢ on the unit sphere

SN=L—fceRN|E+---+A =1}
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The fact that p(c) exists and is unique for all ¢ € RY follows from the compact-
ness of A, as does the fact that u is continuous on RY (and hence uniformly
continuous on S™V~1). We shall return to these observations below.

As usual, a function A — B (where A and B are subsets of Euclidean spaces)
is called semialgebraic if its graph (in the product space) is a semialgebraic set.

Proposition 8.1. The function u is semialgebraic on RY.
Proof. The definition (8.0.1) can be expressed by ®, which is defined by
D(c;u) = Ppaler,...,enjp) e
(2 € A (fe:2) > @) A (WA > o, T € Ay (f(es2) < A (8-11)

this is easily converted into a formula in the language of ordered rings (and
below, we shall allow such informalities in other formulae). By [Tarski, 1930-67],
we can construct (primitive recursively, from n and d alone) (1) a quantifier-free
formula ¥ defined by

Uler,. ensp) o\ Wile p), (8.1.2)
where each W; is defined by

\Ili(cla"'7CN;/’[’) e

(pi(cl, coeni ) =0 A /_\(qm-(cl, CL S CNG ) > O)) (8.1.3)

(for some p; and ¢; ; € Z[Ch,...,Cn; M|, where M is also an indeterminate),
and (2) a formal proof, from the axioms of real closed (ordered) fields, of

Ver, oo eny i (D(eq, .. ensp) < Uler, ... ens ). (8.1.4)
Thus (8.1.2)—(8.1.3) constitute a semialgebraic description of . O

The statement that y is well defined on R can be expressed (semi)formally
as:
Ve ud(c; p). (8.1.5)

And the statement that g is uniformly continuous on S™V~1 can be expressed
as:
Ve > 036 > 0Q(e, 9), (8.1.6)

where 2 is the formula defined by
Qe,8) = Ver,...,en Ve, ... ey Y, i/
Kﬁ+m+%=1Aqﬂw~mﬁ=1AAW#q<®)

~ (@) ABE) — -l <9 317
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(8.1.5) and (8.1.6) may be proved via easy “transcendental” methods (based on
the Dedekind-completeness of—the order on—R). For a second kind of proof,
since the formulae (8.1.5) and (8.1.6) have no free variables, if we apply Tarski’s
theorem to them, we will get equivalent formulae (respectively) in the language
of ordered rings that not only have no quantified variables, but also have no
free variables; such formulae are just Boolean combinations of equations and
inequalities involving terms built up from 0 and 1 by the ring operations +, —,
and - , and hence are trivially decidable. Since (8.1.5) and (8.1.6) hold over a
model of the axioms for real closed fields (viz., R), we can predict that the deci-
sion procedure will produce, primitive recursively, formal, “elementary” (messy)
proofs of (8.1.5) and (8.1.6) (as opposed to proofs of their negations), purely
from the axioms of real closed (ordered) fields (without using the completeness
axiom). One could seek a third kind of proof (which, like the previous kind, does
not use the completeness axiom) by a direct algebraic approach that exploits the
particular properties of (8.1.1), (8.1.5), and (8.1.6), rather than relying on the
general, all-purpose method provided by Tarski; this third approach would com-
ply with the philosophical requirements of the program described in [Brumfiel,
1979, Introduction].

Anyway, the fact that p is uniformly continuous and semialgebraic makes
it theoretically computable in the following sense. First, for each ¢ in (8.1.2),
define the formula ©; by

@i(ch...,cN) = H/L\Ifi(ch...,CN,/L). (818)

Again by Tarski’s theorem, we can construct, primitive recursively, a quantifier-
free formula Y; defined by

Yi(ery...,en) \/(slk(c) =0 A /\(ti’k,l(c) > 0)> (8.1.9)
1

k
(for some s;  and t; 5 € Z[C1,...,Cn]), and a formal proof of
VCl, ...,CN (@i(cl, ey CN) — Ti(cl, ce ,CN)). (8110)

Write S; = {¢ € S¥=1 | T;(c)}. Then S¥=1 =, S;, by (8.1.2)~(8.1.5) and
(8.1.8)—(8.1.10).

If the coefficients ¢ € SNV ~! happen to be rational (or even real algebraic),
then we may compute s; ,(c) and t;  ;(c) exactly, and determine with certainty
those ¢ for which ¢ € S;. For any such i, there must be exactly one p € R such
that W;(c, u), by (8.1.2)—(8.1.5) and (8.1.8)—(8.1.10). We could take ¥;(c, i)
as a reasonable description (obtained primitive recursively from n, d, and ¢) of
(the real algebraic number) p. Alternatively, we could describe p by means of
primitive recursive functions p1,p2 : N — Q and p3 : N — N (constructed from
n, d, and c using Tarski’s theorem, combined with an interval-bisection search
for a real root of p;) such that for all [ € N, p3(1) is the code for a formal proof
(from the axioms of real closed ordered fields) of the statement Z; defined by

e du (‘I’i(c; ) A prl) <p<p2(l) A p2(l) = pr(l) < %)
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If, on the other hand, some of the ¢y, ..., cy are irrational, then we proceed
as follows. Define a function g : Ry — (0,1] by

g(e) =sup{d € (0,1] | Q(e,9) }.

By arguments similar to those above, g is well defined and semialgebraic, and
Q(e, g(e)) holds for all € > 0. Moreover, we may construct a primitive recursive
function py : N\ {0} — N\ {0} such that for all [ € N\ {0},

p41(l)<g<%>’ whence Q(%’p%(lﬂ

Now, if we want to approximate p(c) to accuracy 1/l (for some I € N\ {0}),
then for each i for which ¢; is irrational (or at least non-real-algebraic), we find
a rational number ¢} such that |} —¢;| < 1/(2p4(1)). (Presumably the irrational
real number ¢; is presented as some kind of limit of rational numbers, whether by
a Cauchy sequence, a Dedekind cut, or an infinite decimal, etc.) Then successive
rational approximations ¢, and ¢} to ¢; will differ from each other by

0<

<+ i = gD
204() * 2pa()  pa) " I\T)

Then we compute u(c) := u(cl,. .., y) and u(c”) as in the previous paragraph.
Even though successive approximations ¢’ and ¢’ may oscillate, say, between S;,
and S;, (for two (or more) distinct ¢; and i2), we know that the successive values
of u(c") and p(c”) converge to u(c), since p is continuous; i.e., |u(c”) — u(d)| <
1/1, by (8.1.6)—(8.1.7), as desired.

The paragraphs above show that u can, in principle, be effectively computed
from F', using Tarski’s theorem. We note, also, that approximations to u can
be found very efficiently by modern methods of optimization, such as that of
Lasserre [2001] (simplified by [Schweighofer, submitted]).
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