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Let ¢ be a function defined on L2(0,1). In 1922 P. Lévy introduced the Laplacian
A1 ¢ of ¢ for harmonic analysis on the space L2(0,1) by
N U
A¢(z) = Jim 3 (6" (@)en, en),
n=1

where {en;n > 1} is an orthonormal basis for L2(0,1). This Laplacian, called
the Lévy Laplacian, has no finite dimensional analogue. It is intrinsically infinite
dimensional and possesses peculiar properties. In 1975 T. Hida introduced white
noise theory which can be used to study Lévy’s functional analysis. In this paper we
study recent progress on some properties of the Lévy Laplacian from the white noise
viewpoint, e.g., its relationships to the Lévy group, the spherical mean, Wiener
processes, Gross Laplacian, and the Fourier transform. More significantly, we
discuss K. Sait6’s novel idea on the diagonalization of the Lévy Laplacian operator
to construct a domain of this operator and to find semigroups and stochastic
processes generated by the Lévy Laplacian. We present some of recent results
due to Sait6 and his collaborators.

1. Introduction

Let H be an infinite dimensional real separable Hilbert space. Suppose
a real-valued function f defined on H is twice Fréchet differentiable such
that f”(z) is a trace class operator of H. Gross®® introduced in 1967 the
Laplacian Ag f of f defined by

Agf(z) = tracey f”(z).

Thus for any orthonormal basis {e,;n > 1} for H, we have

oo

Aaf@) = S (F @)ens en)- (1)

n=1
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Obviously, this Laplacian operator A¢ is an infinite dimensional analogue
of the finite dimensional Laplacian operator. However, the topology of H is
too strong for this Laplacian operator. For example, consider the function
f(x) = |z|?, where |-| is the norm on H . The second Fréchet derivative of f
is given by f”(x) = 2I with I being the identity operator of H. Hence Ag f
is not defined. This was one of the motivations for Gross?® to introduce
the concept of abstract Wiener space in 1965. For example, let K be a
Hilbert-Schmidt operator of H and consider the function

g(x) = |Kzl*, =eH. (2)
Then ¢"(x) = 2K*K and so Agg is given by
Agg(z) = 2tracey K*K.

Note that Agg(z) being defined is reflected by the fact that |Kz| is a
measurable semi-norm, see Gross?® and Kuo®®. Let || - || be a measurable
norm on H and let B be the completion of H with respect to || -||. The pair
(H, B) is called an abstract Wiener space. Let p be the standard Gaussian
measure on B and define

A—x )
i)
Then for any bounded Lipschitz function f on B, the function u(t,x) =
fB f(y) pe(z, dy) satisfies the heat equation:

% = %Agu, u(0,2) = f(z). (4)
Thus p;(z, ) is a fundamental solution of the heat equation on the abstract
Wiener space (H, B). Moreover, the measures {p;(z,-); t > 0,z € B} are
the transition probabilities of a Wiener process on B.

On the other hand, let H be the real Hilbert space L?(0,1). Take
h € L'(0,1). The function

pilw, 4) = u( (3)

1
o) = / W)zt dr, =€ L2(0,1), (5)

can be regarded as the infinite dimensional analogue of the function
flzi, ... zn) = Yp_  agzi on R™. Since Af(zy,...,z,) = 2> 1 ak,
the corresponding infinite dimensional Laplacian of ¢ is given by

1
Apg(r) =2 /0 h(t) dt. (6)
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Obviously, this Laplacian is different from the Gross Laplacian. In fact, we
have the second derivative of ¢ given by

(@ (2)E,m) = / WOE@(E) dt, €. € L(0,1).

If an orthonormal basis {e,;n > 1} for L?(0,1) is uniformly bounded and
equally dense (see the next section for definition,) then it is a fact that

N
Apg(z) = IEHOONZ z)en, en). (7)

The Laplacian as defined in Eq. (7) was introduced by Lévy™ in 1922.
Observe that if the Gross Laplacian Ag¢(z) exists, then the Lévy Laplacian
Ar¢(x) vanishes. Moreover, let h(-) = 1, then the function ¢(z) in Eq. (5)
is given by ¢(z) = |z|?. In this case, the Gross Laplacian Ag¢(x) does not
exist, while we have the Lévy Laplacian Ap¢(z) = 2.

Recall that the expression Ap¢(z) in Eq. (6) is motivated by the finite
dimensional function f(z1,...,2z,) = > r_, axzs on R™, which has the
Laplacian Af(z1,...,2,) = 2 ,_, ar. However, the Lévy Laplacian as
defined by Eq. (7) has no finite dimensional analogue. In this sense, the
Lévy Laplacian is an intrinsically infinite dimensional object.

In 1975 Hida3! introduced the white noise theory. One of the main
motivations for this theory was to interpret Lévy’s functional analysis by
using the white noise language. Within this theory, we can clearly see that
the Lévy Laplacian vanishes on ordinary white noise functions and is a
rather interesting operator acting on generalized white noise functions.

Another approach to study the Lévy Laplacian has been carried out by
M. N. Feller'2=28 in a series of papers. In particular, he has studied the
harmonic analysis associated with the Lévy Laplacian. See also the book
by Polishchuk®®.

The Lévy Laplacian has been discovered to be closely related to many
mathematical objects, e.g., the infinite dimensional rotation group in the
work of Hida*!42 and Obata”:82, and Yang-Mills equations in the papers
by Accardi! and his collaborators?~# and by Léandre and Volovich”'. The
differential equations involving the Lévy Laplacian have been studied by
M. N. Feller as mentioned above, by Chung-Ji-Sait6'®, and by Léavicka™.
The semigroups generated by the Lévy Laplacian and associated stochastic
processes have been constructed and studied by Saitp?!:93:94.98=104 and his

collaborators“ 69,68,76,77,105—107
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In this paper we will briefly explain the white noise approach to the
Lévy Laplacian in Section 2. Some important results will be reviewed in
Section 3. In Section 4 we will make some observations which lead to
the novel discovery of Saitdo on the diagonalization and domains of the
Lévy Laplacian in Section 5. Finally we will discuss the semigroups and
stochastic processes associated with the Lévy Laplacian in Section 6.

2. White Noise Approach

Let S denote the Schwartz space of real-valued rapidly decreasing functions
on R. The space § is a nuclear space with the family {|-|,; p > 0} of norms
defined by

|f|p = ‘Apf|07 f S 87 (8)

where A = —d?/dx? + 22+ 1 and | - | is the L?(R)-norm. Thus we have a
Gel’fand triple

S c L*R) c &, (9)

where &’ is the dual space of S. Let u be the standard Gaussian measure
on §'. The probability space (S’, ) is called a white noise space.

Let (L?) denote the complex Hilbert space L?(S’, 11). By the Wiener-Ito
theorem, each ¢ € (L?) has a unique decomposition

$(x) =3 L(fa)(x) =Y (a®": fo), fo€L*R"),  (10)
n=0 n=0

where I, is the multiple Wiener integral of order n and : %" : is the n-th
order Wick tensor of z € &' (see page 33 in the book by Kuo%.) Moreover,
the (L?)-norm of ¢ is given by

00 1/2
l6lo = (Zn! |fn|i2<w>> . ()
n=0

Note that the Hilbert space (L?) is unitarily equivalent to the Fock
space I'(L?(R)) of L?(R) by the correspondence

(anfla"' 7fna~~~) AE— ZIn(fn)

n=0

For each p > 0 and ¢ as given in Eq. (10), define ||¢||, by

o] 1/2
16, = (Zn! |<AP>®nfn|i2(Rn)) ,

n=0
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Note that ||¢]|, = [T (A”)¢|lo with I'(AP) being the second quantization
of the operator AP. Let (S), = {¢; ||¢|l, < co}. Then (S), is a complex
Hilbert space with norm || - [|,.

Let (S) = Np>0 (S), with topology given by the family {||-||,; p > 0} of
norms. It can be checked that (S) is a nuclear space and (S) C (L?). Let
(8)* be the dual space of (S). Then we have a Gel’'fand triple

(S) € (L*) c (5)" (12)
Here the identification of (L?) with its dual space is given by the conjugate,

i.e., the bilinear pairing ((-,-)) of (S)* and (S) and the inner product (-, -)
of (L?) are related by the equality

(o) = (6,9), ¢ € (L), ¥ e(S).

It turns out that (S)* = Up>o (S)—p. Here (S)_, being the completion of
(L?) with respect to the norm

0 1/2
16l = (Zn! (A-p>®"fn|%2(w>) . (13)
n=0

The nuclear space (S) serves as the space of test functions on the white
noise space S’. Its dual space (S)* is the corresponding space of generalized
functions on S'.

Let S, denote the complexification of S. For each & € S., we define
the renormalization of ("¢ to be the function : e{¢) : = {6 ~2(6:€) The
function :e!"4: is a test function and has the Wiener-Ité6 decomposition

oo 1
celml) . — L e®n. c@n /
e\ = E m(.ac 589, ze 8 (14)

n=0

A generalized function @ in (S)* can be represented by
(oo}
o= (%" F,), F,eSRY, (15)
n=0

and there exists a positive number p depending on ® such that | ®|_, as
defined in Eq. (13) is a finite number.

An important tool in white noise theory is the S-transform introduced
by Kubo and Takenaka®3~56. The S-transform of a generalized function ®
in (S)* is defined to be the following function on S,

S®(E) = (@, :e89:) = e EO2(p, HO) €8,
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If @ is given by Eq. (15), then in view of Eq. (14) we have

_ = 1 n\ __ — XN

SB(¢) = ;)m@n —£om) = T;)wn, €M, ceS.  (16)

The S-transform uniquely specifies a generalized function, i.e., S® =

SV implies that & = W. The next fundamental theorem due to Potthoff

and Streit® gives a characterization of generalized functions in the space

(8)* in terms of their S-transforms. This theorem has been extended to

other spaces of generalized functions. See the survey paper by Kuo® and
references therein.

Theorem 2.1. A complex-valued function F' on S, is the S-transform of a
generalized function in the space (S)* if and only if it satisfies the following
two conditions:

(a) For any &, € S, the function F(§ + zn) is an entire function of
z e C.
(b) There exist constants K,a,p > 0 such that

F(9)] < Kexp [al¢f2], vees..

The stochastic process B(t,x) = (x, 1)) for x € &’ and ¢ > 0 and
= —(x, 1,0)) for x € S’ and t < 0 is a Brownian moti.on. Thus an element
x in the white noise space (S’, u) can be regarded as B. Moreover, for each
t € R, B(t) is a generalized function in the space (S)* and its S-transform
is given by

S(B(t)(€) =£&(t), €€S..

In white noise theory the family {B(t); t € R} is taken as a continuum
system of coordinates. The renormalization : B(t)? : of B(t)?, defined as
the limit of (e ' (B(t +€) — B(t)))2 — ¢! in the space (S)* as € — 0, is a
generalized function and has the S-transform S(: B(t)2:)(€) = £(t)2, € € S..
For any h € L*(R), the function

@:/Rh(t):B(t) :dt

is a generalized function with the S-transform
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which is the white noise setup of the function in Eq. (5). On the other
hand, the white noise setup of the function in Eq. (2) is given by

96 = [ HenEs®dsat, €.

where k € L?(R?). This function g is the S-transform of the function

¢= [ k(s t)dB(s)dB(t) = / k(s,t) :B(s)B(t): dsdt,
R2 R2
which belongs to the space (L?) of ordinary Brownian functions.
Now, let F' = S® be the S-transform of a generalized function ® € (S)*.
By condition (b) in Theorem 2.1 F' has functional derivatives of all order.
Suppose the second functional derivative is given by

(Fen.0) = [ Filgsomecwde+ [ F (€ om(s)C() dsdt.

where F!(&;+) € LY(R) and F/(&;-,-) € LY(R?). The functions F? and F
are the singular and regular parts of F", respectively.

Let T be a finite interval on R. If the function [, F!'(¢;t)dt, € € S,
satisfies the conditions in Theorem 2.1, then we define the Lévy Laplacians
of F and ¢ by

ALF(E) = ﬁ /T FUEhdt, €€ S, (17)

1
ALd = Sl(m/TF;’(-;t) dt).

Furthermore, if the regular part F(;s,t) is the kernel function
of a trace class operator F”(£) of L?(R) such that the function ¢
tracep2r) Fy'(§) satisfies the conditions in Theorem 2.1, then we define
the Volterra Laplacians of F' and ® by

AvF(f) = traceLz(R) FT/,(E) e s,
Ayd = St (traceLz(R) F;‘/())

Note that the Volterra Laplacian is an extension of the Gross Laplacian
to generalized functions. In this paper we will not discuss the Volterra
Laplacian and simply refer to the book by Kuo®* for more information.

The definition of the Lévy Laplacian in Eq. (17) is related to the one
given in Eq. (7) as follows. Suppose an orthonormal basis {e,;n > 1} for
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L?(T) is equally dense, i.e.,
1 & 1
=Y en(t) — — in L¥(T),
N 2 i

and uniformly bounded, i.e., sup,>;sup,cr len(t)] < oo. Then for any
function F satisfying the above conditions we have
N

ApF(§) = %/TF:(S;t)dt:]\;im —Z(F”(x)emen>, £es..

n=1

For the proof of this fact, see page 212 in the book by Kuo%.

3. Properties of the Lévy Laplacian

In this section we will explain some important properties concerning the
Lévy Laplacian. In particular, we will state several theorems which show
that the Lévy Laplacian is closely related to other objects.

3.1. The Lévy group

Let N denote the set of natural numbers. A permutation o of N is called a
Lévy permutation if it satisfies the condition:

3 1 . J—
A}gnooﬁ‘{ngN, o(n) >N}’ =0,

where |A| is the cardinality of A. Note that for any two Lévy permutations
o1 and o9, we have

‘{ngN; g102(n) >N}‘ < ‘{nSN; o1(n) >N}‘
—|—}{n§N; o2(n) >N}‘.

Thus the set Pr(N) of all Lévy permutations forms a group, which we call
the Lévy permutation group. Examples of non-Lévy permutations are easy
to construct. For example, consider the following disjoint partition of N,

N=A UBiUAsUByU---UA,UB,U---,
where A,’s and B,,’s are ordered sets given by
Ay ={1,2}, Bi = {3,4},
As ={5,6,7,8}, By ={9,10,11, 12},
As ={13,14,... ,24}, B; = {25,26,...,36},
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Here |A,| = |B,| for all n > 1 and |4, | = 2(|A1\ +|Ag| 4+ + |An_1|) for
n > 2. Thus the cardinality of A, is given by

A1 =2, |A,|=4-3""2 n>2.
Let o be the permutation taking A,, to B,, and B,, to A,, for each n while
the order is kept. Then obviously we have

. 1 1
llﬁljélopﬁ‘{ngN; o(n) >N}’ =3

Thus o is not a Lévy permutation.

Recall the Gel'fand triple S C L?(R) C &’ in Eq. (9). Let O(S, L*(R))
denote the collection of all unitary operators U of L*(R) such that the
restriction of U to & is a homeomorphism of S. The set O(S, L*(R))
is a group under the composition of operators. This group is an infinite
dimensional rotation group introduced by Yoshizawa!?®. Many interesting
subgroups of (’)(S, LQ(R)) have been discovered by Hida3!:34=37:41,42 " Ope
of them is the Lévy group.

Let {e,;n > 1} C S be an orthonormal basis for L?(R). For each
o € Pr(N), let g, denote the linear operator of L%(R) defined by

T = Z(m,en)en — ol = Z(x,eg_1(n)>en.
n=1 n=1
Obviously, g, is a unitary operator of L?(R) for each o € Pr(N). The Lévy
group is defined to be

Gr = {ga ;0 €Pr(N)and g,: S — Sis a homeomorphism}.

It is a subgroup of the infinite dimensional rotation group (9(8 ,L? (R)) For
each g € G, its restriction to S can be extended to the complexification
S, of §. Thus we can define an operator U, acting on functions F' defined
on the space S. by

UgF(€) = F(g7'¢), €€S.

Theorem 3.1. (Hida and Sait6°°) The Lévy Laplacian Ap, commutes with
Uy for all g in the Lévy group Gr, ti.e., if F is a function so that ApF
exists, then the Lévy Laplacian of UyF also exists and the equality holds

ALU,F = U,ALF.

For further properties of the Lévy permutations and the Lévy group,
see the papers by Obata’8~8082,
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3.2. Spherical mean and the Lévy Laplacian

The concept of spherical mean for functionals defined on the space L?(0,1)
was introduced by P. Lévy™. It is closely related to the Lévy Laplacian.
We will explain this relationship from the papers by Obata®!, Kuo-Obata-
Sait6%?, and the book by Kuo®. Functionals defined on L2(0,1) will be
replaced by those functions defined on S, which are the S-transforms of
generalized functions in (S)*.

Let {e,;n > 1} C S be an orthonormal basis for L?(R). For each n > 2,
let A(»=1) denote the uniform probability measure on the unit sphere S"~!
of R™ and define a mapping #,, from S™~! into the space S by

On(21,22,... ,&,) = T161 + To€s + Tpey.
Let F be a function defined on S.. The spherical mean of F at £ € S,
with radius p is defined by
MF(&p) = lim F(&+ pOn(x)) A"V (@),

n—0o0 Jon—1
provided that the limit exists. The next theorem has appeared in the papers

by Obata’:8! and Kuo-Obata-Saito 7. For the proof, see Theorem 12.27
in the book by Kuo®.

Theorem 3.2. Suppose F is a function defined on S. and satisfies the
conditions:

(a) F(&+n)=F(&)+ (F'(&), n) + 5(F"(&)n, m) + o(|nl3). (Here |-|o
is the L*(R)-norm.)
(b) F has the spherical mean MF(&; p) for all small p > 0.

Then we have

in the sense that if one side exists, then the other side also exists and the
equality holds.

A function F' defined on S, is said to satisfy the mean value property if
for any £ € S, there exists pg such that

MF(&p)=F() forall 0<p< pp.

It is shown in Obata®! that all S-transforms F = S¢ for ¢ € (L?) satisfy
the mean value property. On the other hand, suppose F' satisfies the mean
value property. Then by the above theorem we have ApF = 0, namely,
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the function F is Ar-harmonic. In particular, all functions in (L?) and
their S-transforms are Ap-harmonic. This is an interesting property of the
Lévy Laplacian. For comparison, the Gross Laplacian is a densely defined
operator on the space (L?).

3.3. Associated stochastic processes

Let 4 be the white noise measure on &’. Define p;(z, A) = p((A — 2)/V't)
as in Eq. (3) for an abstract Wiener space. Then the probability measures
{pe(z,-); t > 0,z € S8’} are the transition probabilities of an S’-valued
standard Wiener process W (t).

For an orthonormal basis {e,;n > 1} C S for L?(R), the Wiener process
W (t) can be represented by

oo
W(t) = Z(W(t)7en>en.
n=1
For fixed t, it follows from Theorem 3.1 in It6°? that this series converges
almost surely as an §’-valued random variable. For each n, the stochastic
process (W (t),e,) is an one-dimensional Brownian motion.

Let | - |-, be the dual norm of | - |, in Eq. (8), i.e., |f|l-p = [A7Pf|o
and let S_,, be the completion of L?(R) with respect to the norm | - |_,.
Then (L*(R),S-,) is an abstract Wiener space for any p > 1/2. Hence
the Wiener process W(t) is actually supported in S_, for any p > 1/2. By
Eq. (4) the Gross Laplacian Ag is the infinitesimal generator of the Wiener
process W (t).

Note that for each N, the stochastic process Zf:[:l<W(t),en>en is a
Brownian motion in the space spanned by {e1,ez,... ,en}. Consider the
weighted Brownian motion

N

Wi (t (W (1), en)en. (18)

oL
VN

The stochastic process WN (t) is related to the Lévy Laplacian by the next
theorem from Theorem 12.28 in the book by Kuo%.

Theorem 3.3. Let F be the S-transform of a generalized function in (S)*.
Then

ALF(€) =2 Jim lim E(F(E+ Wftv(t)) — F(¢)
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in the sense that if one side exists, then the other side also exists and the
equality holds.

In fact, it is easy to check that for any N we have

o L E(F(E+Wn()) —
t—0 t

F&) 1,
= § L (Eenen)

and so the equality in the above theorem follows from Eq. (7).

The sequence {WN (t); N > 1} of weighted Brownian motions has rather
peculiar properties as N — oo. If we regard Wy (t), N > 1, as L?(R)-valued
stochastic processes, then by the strong law of large numbers we have

N
Z(W(t), en)? —t almost surely,

n=1

1

WO = +

and

Therefore, the sequence {Wy(t); N > 1} does not converge almost surely
in L?(R) as N — oc.

On the other hand, we can also regard Wy (t), N > 1, as S_p-valued
stochastic processes. Take e, to be the Hermite function of order n — 1,
then Ae, = 2ne,, n > 1. Hence for p > 1/2 we have

N
W (B2, = % > (2;)2P<W(t),en>2

n=1

— 0 almost surely.

Hence WN(t) converges to 0 almost surely in S_, as N — oo for any
p>1/2.
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3.4. Relationship to the Gross Laplacian

A relationship between the Gross and Lévy Laplacian was discovered
by Kuo-Obata-Sait6%” in 1990. Their idea has been pursued further by
Paycha®®:37 and Zhang!'®?. In §12.6 of the book by Kuo® a more general
setup has been discussed, namely, consider the question as to whether it is
possible to find operators J. and positive numbers ¢(e) such that

ALF = 11H(1) C(G)Ag(F o Je) ? (19)

Note that the question is to express the Lévy Laplacian in terms of a
renormalization of the Gross Laplacian. Consider the function

F©) = [ s0s0Rdes | atsnee)e dsar

where f € LY(T) and g € L*(T?). If the equality in Eq. (19) holds for this
particular function F, then as derived in §12.6 of the book by Kuo®® the
following two equalities must hold

()3 [ ol ora = [ s (20)

e—0

lim ¢(€) Z / 9(s,t)(Jeen)(s)(Jeen)(t) dsdt = 0. (21)
=0 n=1 T

It can be easily shown that the equality in Eq. (20) is satisfied if {e,,; n > 1}
is uniformly bounded and

o

(&) (Jeen) ()2 — ﬁ in L2(T). (22)

n=1

In particular, we can integrate t over T to get

: 2 2 _
lim c(e) | Jel|7s = lim c(e) Z [ Jeenld =1, (23)
where || - ||gs denotes the Hilbert-Schmidt operator norm. On the other

hand, the equality in Eq. (21) is satisfied if
tim c()[1; 7|5 = 0. (24)
We may take c(e) = ||J.|| ;% so that Eq. (23) is automatically satisfied and
Eq. (24) becomes
lim [Tl 7E Tell s = 0. (25)
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In fact, the conditions in Egs. (22) and (25) together with the condition
that J. — I strongly on L?(R) are also sufficient for the equality in Eq. (19)
to hold. This is the next theorem from §12.6 of the book by Kuo%.

Theorem 3.4. Let {J.; € > 0} be a family of continuous linear operators
from 8" into S satisfying the following conditions:

(a) J. — I strongly on L*(R) as € — 0.

(b) lime_o ”JeHI:T?S‘”J:JeHHS =0.

(¢) There exists a uniformly bounded orthonormal basis {en; n > 1}
for L3(T) such that

oo

. _ 1,
lg% HJEHH%? (Jeen)(t)2 = m m LQ(T)-

n=1

Then for any S-transform F with AL F being defined as in Eq. (17) we
have the equality

ALF = lim | T 5 Ac(F o Jo).

3.5. Fourier transform and commutators

The Fourier transform F® of a generalized function ® in (S)* is defined to
be the generalized function with S-transform given by

(SF®)(€) = (SB)(—i€)e 269, ¢ e .. (26)

The Fourier transform F is a continuous linear operator from (S)* into
itself. It is proved in Hida-Kuo-Obata?” that F is the unique (up to a

*

constant multiple) continuous linear operator from (S)* into itself such

that for any £ € S the following equalities hold:
FD¢ = iQe¢F, FQ¢ =iDeF, (27)

*

where 55 is the continuous extension to (S)* of the differential operator
Dy, in the direction of £, acting on (S) and @5 is the continuous extension
to (S)* of the multiplication operator Q¢ by (-,£) acting on (S).

The Dirac delta function 0, at x € S’ was introduced in white noise

theory by Kubo and Yokoi®”, namely,
{0z, 0) = d(x), @€ (S),

where the unique continuous version of ¢ is taken. The S-transform of ¢,
is given by

(S8,)(€) = e@8=2E0 1 e e 8, (28)
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In particular, when z = 0, we see from Egs. (26) and (28) that F1 = do.
Thus F is the unique linear operator from (S)* into itself satisfying the
equalities in Eq. (27) and F1 = do.

The next theorem is an interesting relationship between the Fourier
transform and the Lévy Laplacian discovered by Hida and Sait6°C.

Theorem 3.5. The Lévy Laplacian and the Fourier transform are related
by the following equality:

F(au+4) = ~(Ar+ 37

The Lévy Laplacian is related to the adjoint AZ of the Gross Laplacian
and the number operator IV by the equalities:

[AL, Ag] =21, [Ap, N] =24y,

where [A, B] = AB — BA is the commutator of A and B, and N is the
number operator defined by

V(S ) = S ntati )

n=0 n=1

The number operator is continuous as an operator from (S) into itself and
from (S)* into itself. For more commutator identities, see the books by
Hida-Kuo-Potthoff-Streit*® and by Kuo%.

4. Special elementary functions

The Lévy Laplacian is a very peculiar operator. For example, although it is
defined from the second derivative, it has the derivation property, namely,
for any F and G with Ay F and A G being defined, we have

AL(FG) = (ALF)G+ F(ALG).
In terms of generalized functions, let ' = S® and G = SV¥. Then
AL(@ o \I/) = (AL(I)) oV +do (AL\I/),

where ¢ denotes the Wick product, i.e., S(® o ¥) = (SP)(SV).

There are several classes of special elementary functions on which the
Lévy Laplacian operates in particular ways. The third class below is of
great importance since it can be used to define various domains of the Lévy
Laplacian with nice properties.
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4.1. Normal functionals
Lévy considered the normal functionals, i.e., functions of the form
F&) = | flur,... un)€(ur)™ - E(un)’ dus - duy,
R’Vl

where f € LY(R") and ji,...,j, > 0 are integers. This function is the

*

S-transform of the generalized function in (S)

®= | flur,... un):Blur) - Blup)™: duy - dun,
Rn,

where : - : denotes the renormalization. The Lévy Laplacian ApF exists,
but the expression is somewhat complicated to be manageable.

4.2. Gaussian functionals

For a complex number ¢ # 1/2, consider the Gaussian functional ®. which
is the multiplicative renormalization

®. = Nexp {c /R B(t)th]. (29)

The S-transform of @, is given by

F, = exp [1_620 /Rg(t)2dt], ces.. (30)

In 1984 we observed in the lecture notes (later published in 1993 as Nagoya
University Lecture Notes®?) a fact about the Lévy Laplacian

2c
1-—2c

ApF. = F..

For any complex number z # —1, we can choose ¢ = z/2(1 + z) so that
ApLF,. = zF,. Thus F, is an eigenfunction of A; with eigenvalue z. On the
other hand, as ¢ — oo in Eq. (30) we get the function

Fooexp{;/Rg(t)zdt], &eS..

By Theorem 2.1 F, is the S-transform of a generalized function, denoted
by @, in (S)*. We can check that ApF,, = —F, and so F is an
eigenfunction with eigenvalue —1. Hence every complex number z is an
eigenvalue of the Lévy Laplacian. The corresponding eigenfunctions are
the Gaussian functionals.
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4.3. FExponential functions

In recent years Sait6 has come up with a novel idea to start from the
elementary exponential functions to construct a domain space on which
the Lévy Laplacian can operate any number of times. This will produce
many interesting objects related to the Lévy Laplacian, e.g., a semigroup
whose infinitesimal generator is the L’evy Laplacian.

An elementary exponential function is a function of the form

F(f) = f(uh o ’un)eialg(ul)“F"'*‘rill»,zg(un) duy - - - duy,
TTL

where f € LY(T™) and ay, ... ,a, € C. It is easy to verify that F satisfies
the conditions in Theorem 2.1 and so is the S-transform of a generalized
function ® in (S)* which can be denoted by

d = flug, ... up) i1 B(w)+Fian Bun) . duy - - - duy,. (31)
Tﬂ.
A direct computation shows that the singular part F' of F”' is given by

F'(&t) = —a? / f(t ug, ... uy)et@s®Fiaat(ua)todiant(n) gy . dy,,

n—1

— ai/ flug,... 7un_l’t)eiale(ul)+---+z‘an_1£(un_1)+z‘an5(t) duy - dug,_1.
Tn—1
Integrating the above equation over the t-variable to get
1
ALF(E) = o [ Bl
7| Jr
1
= 7(*0%1?(5) - *aiF(f))
IT|
2 2
aj+---+a
- OE s P,
T
Therefore, the Lévy Laplacians of F' and ® are given by

2 DY 2
ai + +anF7
T

2 .« .. 2
uq)'
|T|

ALF = —

ApL® = — (32)
This equality, obtained by Sait6 and Tsoi'®®, is the starting point of Saito’s
idea to construct various domains for the Lévy Laplacian, which we will
explain in the next section.
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5. Diagonalization and domains of the Lévy Laplacian

In order to study the Lévy Laplacian Aj we need to construct a space
which can serve as a domain for Ay such that the powers A% and the
exponential e~ are all continuous operators on this space. In this section
we will explain Sait6’s novel idea for constructing various domains for the
Lévy Laplacian.

From now on, we fix a Lévy diagonalization function h, i.e., a continuous
function h : R — C such that there exists a stochastic process X (t) with

BemX(t) = th(n) - e R (33)

For example, h(r) = —|r|”, 1 < v < 2, is such a function. In this case,
we have the v-stable process X (t).

The following table shows a comparison of the construction for one-
and infinite-dimensional cases. The Schwartz space S is constructed from
the space L?(R) and the operator A = —d?/dx? + x? + 1, while the space
D_, . (see Step 4 below) is constructed from the space (S)_, and the Lévy
Laplacian Ap.

Table 1. Comparison of one- and infinite-dimensional cases.

space | operator | eigenvalues powers domain
one-dim | L2(R) A 2k + 2 An (2K +2)7 S
oo-dim (S)-p Ar h(A) A, h(W)™ D_p,oo

Step 1. E, : The space of elementary exponential functions

For each A € R, let E) be the linear space spanned by generalized
functions of the form in Eq. (31), i.e,

D = flur, ... up) i1 B(ur)++ian Blun) duq -+ - duy,
T’!L
where n > 1, f € L}*(T") and ay, ... ,a, € C satisfy the conditions:

(a) a1+ +a,=+|T|
(b) a2 +---+ a2 = —|T|h(N).

Here condition (b) is motivated by Eq. (32) so that h(\) is an eigenvalue
for these functions, while condition (a) is required for the uniqueness of the
representation in Lemma 5.3 below.
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Lemma 5.1. For each A € R, we have

(1) Ex C(S)—p for anyp > 5/12.

(2) Ex#{0}.
(3) Ap®=h(\)® for all ® € Ey.

Step 2. E, _, : The completion of Ex with respect to || - || —p

Let p > 5/12 be fixed from now on. In view of the fact (1) in Lemma
5.1, we can complete the space Ey with respect to the (S)_p-norm | - ||,
defined in Eq. (13). Let E5 _, denote the completion.

Lemma 5.2. For each X\ € R, we have

(1) Ex_p C(S)—p for any p > 5/12.
(2) Ex _, is a Hilbert space.
(8) AL® =h(\)® for all® € Ey _,.

Step 3. D_, v : The space of Pettis integrals of Ex _, over A

Suppose a weakly measurable function ® : R — (S)* is Pettis integrable
(see page 243 in the book®®.) Then the Pettis integral [, ®()) dA exists and

*

is a generalized function in (§)*. The next lemma is from the papers by
Kuo-Obata-Sait6®:%°. The condition (a) in Step 1 is needed for the proof
of this lemma (see the papers®®:69.)

Lemma 5.3. Let &, U : R — (S)* be Pettis integrable. Assume that
B(N), U(N) € Ex—p for almost all X € R and [, ®(X)dX = [ U(\)dA.
Then ®(X) = U(X) for almost all A € R.

Let N > 0 be an integer. Consider a Pettis integral ® given by
P = / O(N)dX, PN €Ey_, ae. (N (34)
R

For such a generalized function ®, define

o]y = | [ ¢<A>||2p(é|h<x>|2") o - (35)

Obviously, 0 < [®]_, y < oco. Observe that [®]_, n is well-defined by
Lemma 5.3. Moreover, see the infinite-dimensional case in Table 1 for the
motivation of the definition for [®]_, .
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Now, let D_,, x denote the space of all Pettis integrals ® = [, ®(X) dA
with ®(\) € Ey _,, Aa.e., and [®]_, v < co. Observe that by Lemma 5.3
each element ® in D_, x can be uniquely represented as a Pettis integral
as in Eq. (34).

Lemma 5.4. For any integer N > 0, we have
(1) D_, N is a Hilbert space with norm [-]—p n-
(2) D—p,N+1 C D_pJv.
(3) AL(fR D(N) d)\) = [z R(A)P(X) dA.

(4) Ap:D_, nt1 — D_, N is a continuous linear operator.

Note that the assertion (3) in this lemma gives the diagonalization of
the Lévy Laplacian with h being the diagonalization function. The next
theorem is from the papers by Kuo-Obata-Sait6%%:69.

Theorem 5.1. The Lévy Laplacian Ar, when restricted to D_, i1, i a
densely defined self-adjoint operator on D_, Ny for any p > 5/12 and any
integer N > 0.

We point out something related to Eq. (35) and Table 1. For ® given

as in Eq. (34), define
= ( [1eoe,a)"

Then we can use the fact (3) in Lemma 5.4 to express the norm [®]_, n
in Eq. (35) as follows:

N 1/2
[@]_py = (Z ||Az<1>||2p) .
n=0

Step 4. D_, o : The projective limit of {D_, n; N > 0}
From Step 3 we have the following chain with continuous inclusions:
""" D_pnt1 CDpny C - CDp1 CTD_po C(S)—p.

Finally, we define D_,, o, to be the projective limit of {D_, n; N > 0}.
Note that D_, o = NF_,D_, v and the topology is given by the family
{[-1=p.~; N > 0} of norms.

The space D_, « is a domain of the Lévy Laplacian that we mentioned
in the beginning of this section. It should be noticed that D_, ., depends
not only on p > 5/12, but also on the diagonalization function h(\).
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Theorem 5.2. The Lévy Laplacian Ay is a continuous linear operator
from D_,, o into itself. (Hence all powers A} of Ay are also continuous
linear operators from D_j, o into itself.)

We summary the above discussion regarding to various spaces and the
Lévy Laplacian Aj, as follows:

(1) We have the spaces Ex, Ex —p, D_p n, D_} .

(2) The Lévy Laplacian Ay, when regarded as an operator on E) and
Ex,—p, is a multiplication operator by h(\).

(3) The Lévy Laplacian Ay, as an operator on D_, y and D_, o is a
diagonal operator.

(4) On the space D_, o, we can apply the Lévy Laplacian any number
of times. Moreover, we can construct a semigroup on D_, o, for
Ar, which we will do in the next section.

6. Associated Semigroups and Stochastic Processes

Let (H,B) be an abstract Wiener space and let p:(x,-) be the Gaussian
measure defined in Eq. (3). For a bounded continuous function f on B and
for t > 0, define

Pf(x) = /B £ () pie, dy). (36)

Let Py = I. Then the family {P;; ¢t > 0} is a semigroup and its infinitesimal
generator is the Gross Laplacian Ag. On the other hand, let W; be a
standard Wiener process with state space B. Then

Pif(x) = E[f(W;) | W = z]. (37)

Note that (L?*(R), (S)—,) is an abstract Wiener space for any p > 1/2.
Hence we can easily formulate the above two equations in the white noise
space for the Gross Laplacian Ag with domain being the space (S) of test
functions in Eq. (12).

Question: For the Lévy Laplacian, what are the corresponding objects of
the semigroup {P;; t > 0} in Eq. (36), the stochastic process W; in Eq. (37),
and the domain space (S)?

First of all, we take D_, o, to be the analogue of (S) for the Lévy
Laplacian. As we have seen in the previous section, the Lévy Laplacian
Ap is a continuous linear operator from D_, o into itself. Thus we can
repeatedly apply Ar on D_, .
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6.1. Semigroups generated by the Lévy Laplacian

To construct a semigroup {Gy; ¢t > 0} for the Lévy Laplacian, note that G;
is informally given by G = e*AL. Since Ay, is diagonalized along the Ey _,,
spaces with eigenvalues h(A), A € R, we can define G; as follows. Each
® € D_, o can be uniquely represented by

D= / O(N)dr, P(N) € Ex_p.
R
For this ®, we define

Gi® = / PNV B(N) dA.
R

Observe that by Eq. (33) we have Rh(A) < 0. Hence by Eq. (35),

(Gl = [ e P02 (Zm )
= [ ez, (Zm ) ax

<[22 ( |<A>|2")dA

= [[(I)]]Q—p,N

Thus the family {Gy; t > 0} of linear operators from D_, ., into itself is
equi-continuous. In fact, we have the next theorem from the papers by
Kuo-Obata-Sait658:69,

Theorem 6.1. The family {G; t > 0} is an equi-continuous semigroup
of class (Cy) generated by the Lévy Laplacian Ap as a continuous linear
operator defined on the space D_p o

We should mention that the semigroup {G¢; ¢ > 0} depends on the
choice of the diagonalization function h(A) in Eq. (33). For a different
choice of the function h(\), we would get a different semigroup. On the
other hand, the domain D_,, o of the Lévy Laplacian and the semigroup
depends on p. But this dependence is not so essential.
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6.2. Associated stochastic processes

Unlike the Gross Laplacian, we cannot expect the analogue of Eq. (37) in
the following form

G®(z) = E[®(W;) | W = z].

This is obviously because ® € D_,, -, is a generalized function and so is
not defined pointwise. However, we can consider the Lévy Laplacian as an
operator acting on S-transforms of generalized functions in ® € D_,,  as
defined in Eq. (17). In that case, we will be able to obtain an analogue of
Eq. (37) for the Lévy Laplacian.

Let ]]3),1,’00 = SD_, - and endow the topology induced from D_,, o, by
the S-transform. To avoid confusion, we now use Ay to denote the Lévy

Laplacian acting on the space ﬁ,p,x,, namely,
EL =SA; S Iﬁ)_ppo —_— Iﬁ)_ppo.

Thus A 1, is a continuous linear operator from fD,pm into itself. Define
G =S8GS™: Dy — D_peo

By the above Theorem 6.1, the family {ét; t > 0} is an equi-continuous
semigroup of class (Cp) generated by the Lévy Laplacian A 1 as a continuous
linear operator defined on the space ﬁ),p,oo.

Recall the stochastic process X (¢) in Eq. (33) which has characteristic
function e!™("). Take a function nr € S such that g7 = 1/v/T on T. By
using X (¢) and 7y, we define an S-valued stochastic process by

X, =€+iX(t)nr, £€S.

The next theorem is from the papers by Kuo-Obata-Sait658:69.

Theorem 6.2. For all F' € Iﬁ)_pyoo, the following equality holds
GiF(€) = B[F(X) | Xo = £].

This theorem is the analogue of Eq. (37) for the Lévy Laplacian. We
can interpret X; as an S-valued stochastic process generated by the Lévy
Laplacian A - Note that A . and X; are intrinsically linked together by
the diagonalization function h(r).
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